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Jindřich Nečas Center for Mathematical Modeling

Lecture notes

Volume 5

Qualitative
properties of
solutions to

partial
differential
equations

Volume edited by E. Feireisl, P. Kaplický and J. Málek
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Preface

The aim of the present volume is to acquaint the interested reader with various
qualitative properties of solutions to evolutionary equations. The topics written by
leading experts in their respective fields are not necessarily related. A part of the
volume consists of lecture notes of the international summer school EVEQ 2008,
held in Prague, 16–20 June 2008. The contributions are presented in alphabetical
order according to the name of the first author.

The article by Dorin Bucur documents a series of lectures delivered by the au-
thor at the Nečas Center for Mathematical Modeling in 2006 and 2007. Its aim is to
study the behavior of solutions to certain partial differential equations posed on do-
mains with the rough (rapidly oscillating) boundaries. Grzegorz Karch in his EVEQ
lecture addresses a new topic, namely evolutionary equations with anomalous dif-
fusion. The contribution of Roger Lewandowski is devoted to problems related to
turbulence associated with fluid motions. The paper of Andro Mikelić is closely
related to that of Dorin Bucur. It addresses the problem of effective boundary con-
ditions on domains with rough boundaries. The final contribution to the volume
is written by another EVEQ lecturer Paolo Secchi and his collaborators Alessan-
dro Morando and Paola Trebeschi. Here, they present general results concerning
regularity of solutions to hyperbolic systems with characteristic boundary.

We firmly believe that the fascinating variety of rather different topics covered
in this volume will contribute to inspiring and motivating research studies in the
future.

This volume is dedicated to the memory of Tetsuro Miyakawa. He visited the
Nečas Center spending two months in Prague in fall 2008 as a senior lecturer. He
gave a series of lectures on “On the existence and asymptotic behavior of dissipa-
tive 2D quasi-geostrophic flows” and we felt that the extended form of his lecture
notes should be included in this volume. However, his sudden death makes this
impossible.

We are very thankful to Yoshiyuki Kagei for a commemorative note with the
complete list of research papers of Tetsuro Miyakawa.

Prague, 30 June 2009
Eduard Feireisl

Petr Kaplický
Josef Málek
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Abstract. This is the review article on nonlinear pseudodifferential equations
involving Lévy semigroup generators–used in physical models where the diffu-
sive behavior is affected by hopping and trapping phenomena. In first chapter,
properties of Lévy generators are discussed. Results on the large time asymp-
totics of solutions to the fractal Burgers equation are presented in Chapter 2.
A generalization of the Kardar–Parisi–Zhang equation modeling the ballistic
rain of particles onto the surface is discussed in Chapter 3. In the last chap-
ter, some other classes of nonlinear evolution equations with Lévy operators
are briefly described. These are the lectures notes presented by the author at
EVEQ 2008—International Summer School on Evolution Equations Prague,
Czech Republic, June 16-20, 2008.
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CHAPTER 1

Lévy operator

1. Probabilistic motivations – Wiener and Lévy processes

In 1827 the Scottish botanist Robert Brown observed that pollen grains sus-
pended in liquid performed an irregular motion, caused by the random collisions
with the molecules of the liquid, see Figure 1. The hits occur a large number of
times in any small interval of time, independently of each other and the effect of
a particular hit is small compared to the total effect. The physical theory of this
motion (and the probabilistic derivation of the heat equation, see (1.2)) was set up
by Einstein in 1905. All those facts suggest that this motion is random, and has
the following properties:

(i) it has independent increments;
(ii) increments are Gaussian random variables;

(iii) the motion is continuous.

Property (i) means that the displacements of a pollen particle over disjoint time
intervals are independent random variables. Property (ii) is not surprising in view
of the central-limit theorem.

To describe this motion mathematically, we recall first that a random variable
X : Ω → R is called Gaussian with mean m and variance σ2 (and one uses the

Figure 1. Starting at the origin trajectory of a Brownian motion.

29
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notation X ∼ N (m,σ2)) if, for every Borel set A ⊂ R

P ({ω ∈ Ω : X(ω) ∈ A}) =

∫

A

1√
2πσ

exp
(
− (x−m)2

2σ2

)
dx.

A random variable X = (X1, ..., Xn) : Ω → Rn is called Gaussian if all linear
combinations of the random variables Xk, k = 1, ..., n, are Gaussian.

Norbert Wiener proposed to model the Brownian motion by a continuous time
stochastic process {W (t)}t≥0 (see Definition 1.1, below). Here, W (t, ω) is a random
variables for each t ≥ 0 which is interpreted as the position at time t of the pollen
grain ω.

Definition 1.1. The stochastic process {W (t)}t≥0 is called the Wiener pro-
cess, if it fulfils the following conditions

• W (0) = 0 with probability equal to one: P ({ω ∈ Ω : W (0, ω) = 0}) = 1,
• W (t) has independent increments: for every sequence 0 ≤ t0 < t1 < · · · <
tn, the random variables W (t0),W (t1)−W (t0), . . . ,W (tn)−W (tn−1) are
independent,

• trajectories of W are continuous with probability equal to one
• for all 0 ≤ s ≤ t, we have Wt −Ws ∼ N (0, t− s).

It is possible to prove that such processes exist and probabilists have studied
systematically their properties, see the book by Revuz and Yor [55].

Now, for every x ∈ Rn and every function u0 ∈ C(Rn)∩L∞(Rn) we define the
average

u(x, t) = E(u0(x+W (t))) =

∫

Rn

u0(x+ y) N (0, t)(dy), (1.1)

where “E” denotes the mathematical expectation and

N (0, t)(dy) = (2πt)−n/2e−|x|2/(2t) dy

is the probability measure on Rn called the centered Gaussian measure. Here, the
process x + W (t) denotes the Wiener process (or Brownian motion) started at x.
By a direct calculation, it is possible to check that the function u = u(x, t) from
(1.1) is the solution of the initial value problem for the heat equation

ut =
1

2
∆u for x ∈ Rn, t > 0,

u(x, 0) = u0(x).
(1.2)

In other words, in (1.1), we obtained a solution of the heat equation starting a
Wiener process at each point x ∈ Rn and computing the average (the mathematical
expectation) of all trajectories started at x.

However, there are several examples from fluid mechanics, solid state physics,
polymer chemistry, and mathematical finance leading to non-Gaussian processes
where the trajectories are no longer continuous (they have jumps as shown on
Figure 1). Such phenomena appear to be well modeled by Lévy processes (named
after the French mathematician Paul Lévy), where the assumption on the continuity
of trajectories from the definition of a Wiener process is replaced by the more general
notion of continuity in probability.



“volumeV” — 2009/8/3 — 0:35 — page 31 — #47

2. CONVOLUTION SEMIGROUP OF MEASURES AND LÉVY OPERATOR 31

Figure 2. Two pictures of the same trajectory of a pure jump
Lévy process. On the right hand side, points of jumps of this
trajectory were connected by straight lines in order to make the
motion more visible.

Definition 1.2. The stochastic process {X(t)}t≥0 on the probability space
(Ω, F, P ) is called the Lévy process if it fulfils the following conditions:

• X(0) = 0 with probability equal to one,
• X(t) has independent increments,
• the probability distribution of X(s+ t) −X(s) is independent of s,
• the process X(t) is continuous in probability, namely, lims→t P (|Xs −
Xt| > ε) = 0.

Note that the mathematical assumption on the continuity in probability ad-
mits Lévy processes having trajectories with jumps (see Remark 1.13). We refer the
reader to the review articles by Applebaum [6] and Woyczyński [59] for several ap-
plications of Lévy processes as well as to the book by Bertoin [12] for mathematical
results.

Now, with a given Lévy process X(t), we associate the family of probability
measures µt on Rn defined by the formula∫

A

µt(dy) ≡ P ({ω ∈ Ω : X(t, ω) ∈ A})

for every Borel set A ⊂ Rn. Next, similarly as in the case of a Wiener process, for
every u0 ∈ C(Rn) ∩ L∞(Rn) and x ∈ Rn, we define the function

u(x, t) = E(u0(x+X(t))) =

∫

Rn

u0(x+ y)µt(dy) (1.3)

where x+X(t) is a Lévy process started at x.
In the next section, using purely non-probabilistic language, we shall identify

the initial value problem satisfied by the function u = u(x, t).

2. Convolution semigroup of measures and Lévy operator

As it was explained in the previous section, the chaotic motion described by
the Wiener process or, more generally, by the Lévy process can be described (in a
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purely analytic way) by the family of probability measures {µt}t≥0 on Rn with the
properties stated in the following definition.

Definition 1.3. The family of nonnegative Borel measures {µt}t≥0 on Rn is
called the convolution semigroup if

(1) µt(Rn) = 1 for all t ≥ 0;
(2) µs ∗ µt = µt+s for s, t ≥ 0 and µ0 = δ0 (the Dirac delta)
(3) µt → δ0 vaguely as t→ 0, namely,

∫

Rn

ϕ(y) µt(dy) → ϕ(0) as t → 0

for every test function ϕ ∈ Cc(Rn) (smooth and compactly supported).

Obviously, we deal with probability measures by condition (1). Item (2) is the
analytic way to say that the increments of the corresponding stochastic process are
independent. The continuity in probability of the process is encoded in (3).

The following theorem results directly from Definition 1.3.

Theorem 1.4. Let {µt}t≥0 be a convolution semigroup of measure on Rn.

There exists a function a : Rn → C such that the equality µ̂t(ξ) = (2π)−n/2e−ta(ξ)

holds for all ξ ∈ Rn and t ≥ 0.

Proof. Recall that the Fourier transform of a measures is defined as

µ̂t(ξ) = (2π)−n/2

∫

Rn

e−ixξµt(dx).

Now, for fixed ξ ∈ Rn we consider the mapping φξ : [0,∞) 7→ C defined by

φξ(t) = (2π)n/2µ̂t(ξ) =

∫

Rn

e−ixξ µt(dx).

By condition (ii) from Definition 1.3, we obtain

φξ(s+ t) = φξ(t)φξ(s), (1.4)

because the Fourier transform changes a convolution into a product. Moreover, the
convergence stated in (3) of Definition 1.3 implies limt→0 φξ(t) = 1.

The functional equation (1.4) has the well-known unique (continuous at zero)
solution. Hence, for every ξ ∈ Rn there is a unique complex number a(ξ) such that
φξ(t) = e−ta(ξ) for all t ≥ 0. �

Definition 1.5. The function a = a(ξ) obtained in Theorem 1.4 is called the
symbol of the convolution semigroup of measures {µt}t≥0.

Now, we are in a position to define the pseudodifferential operator, which plays
the main role in these lecture notes.

Definition 1.6. Lévy operator L is the pseudodifferential operator with the
symbol a = a(ξ) corresponding to a certain convolution semigroup of measures. In

other words, L̂v(ξ) = a(ξ)v̂(ξ).

Let us now explain the connection between the convolution semigroup and
the corresponding initial value problem with Lévy operator. This is the first step
toward studying evolution equations with Lévy operators.
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Theorem 1.7. Denote by a = a(ξ) the symbol of the convolution semigroup
{µt}t≥0 in Rn. For every sufficiently regular (bounded) function u0 = u0(x) the
convolution

u(x, t) =

∫

Rn

u0(x− y)µt(dy). (1.5)

is the solution of the initial value problem

ut = −Lu, x ∈ Rn, t ≥ 0 (1.6)

u(x, 0) = u0(x). (1.7)

Proof. If we compute the Fourier transform of the function in (1.5) and of
the equation (1.6), we see that, for every ξ ∈ Rn, the function

û(ξ, t) = (2π)−n/2e−a(ξ)û0(ξ)

(cf. Theorem 1.4) is the solution of the ordinary differential equation

ût(ξ, t) = −a(ξ)û(ξ, t)

supplemented with the initial datum û0(ξ). �

The initial value problem (1.6)-(1.7) describes so-called anomalous diffusion.

Remark 1.8. Notice that the convolution stated in (1.5) differs from the con-
volutions in (1.1) and in (1.3). Obviously, both expressions are equivalent because
it suffices to replace any probability measure µt(dy) by µt(−dy). In this work, we
prefer to use the standard notation from (1.5).

Remark 1.9. Using a more sophisticated language, one can say that the op-
erator −L generates a strongly continuous semigroup e−tL of linear operators on
L2(R) given by (1.5). This is the sub-Markovian semigroup, namely,

0 ≤ v ≤ 1 implies 0 ≤ e−tLv ≤ 1

almost everywhere (see e.g. [37, Chapter 4] for more details).

Example 1.10. There is the well-known connection between the Cauchy prob-
lem for the heat equation

ut = ∆u, x ∈ Rn, t ≥ 0

u(x, 0) = u0(x)
(1.8)

and the following convolution semigroup (“dy” means the Lebesgue measure)

µt(dy) = (4πt)−n/2e−|y|2/(4t) dy for all t > 0.

Indeed, the solution of the initial value problem (1.8) (for not too bad initial condi-
tions) has the form

u(x, t) =

∫

Rn

u0(x− y)(4πt)−n/2e−|y|2/(4t) dy.

In this case, we have the equality µ̂t(ξ) = (2π)−n/2e−t|ξ|2 from which we imme-
diately obtain the symbol a(ξ) = |ξ|2 of this convolution semigroup and the corre-
sponding Lévy operator L = −∆.
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Example 1.11. Now, let us show that, for every fixed b ∈ Rn, the first order
differential operator L = b · ∇ is the Lévy operator with the symbol a(ξ) = ib · ξ.
Indeed, in this case, we should consider the initial value problem for the transport
equation

ut + b · ∇u = 0, u(x, 0) = u0(x) (1.9)

with the well-known solution u(x, t) = u0(x − bt). Note that this solution takes the
form from (1.5) for the convolution semigroup of measures

µt(dx) = δtb (the Dirac delta at tb).

It is possible to characterize all Lévy operators.

Theorem 1.12 (Lévy–Khinchin formula). Assume that a : Rn → C is the
symbol of a certain convolution semigroup of measures on Rn. Then there exist

• a constant c ≥ 0,
• a vector b ∈ Rn,
• a symmetric positive semidefinite quadratic form q on Rn

q(ξ) =

n∑

j,k=1

ajkξjξk,

• a nonnegative Borel measure Π on Rn satisfying Π({0}) = 0 and

∫

Rn

min(1, |η|2) Π(dη) <∞ (1.10)

such that the following representation is valid

a(ξ) = ib · ξ + q(ξ) +

∫

Rn

(
1 − e−iηξ − iηξ1I{|η|<1}(η)

)
Π(dη). (1.11)

Moreover, this representation is unique.

In other words, taking into account Theorem 1.4, we may reformulate the
Lévy–Khinchin Theorem 1.12 as follows: the Fourier transform of any convolution
semigroup {µt}t≥0 of measures on Rn is of the form µ̂t(ξ) = (2π)−n/2e−ta(ξ) where
the symbol a = a(ξ) is given by (1.11). One should also remember the reverse
implication: for every c, b, q,Π as in Theorem 1.12, the function a = a(ξ) in (1.11)
is the symbol of certain convolution semigroup of measures (see [37, Thm. 3.7.8])
hence the corresponding pseudodifferential operator is a Lévy operator.

Here, we skip the long proof of Theorem (1.12) and we refer the reader to
[37, Ch. 3.7] for an analytic reasoning (based on properties of the Fourier trans-
form of a measure) which leads to representation (1.11). However, to understand
deeper this representation, one should look at probabilistic arguments which lead
to Theorem 1.12. We sketch and discuss them in Remark 1.13, below.

Now, let us emphasize that, since every Lévy operator is defined by the Fourier

transform as L̂u(ξ) = a(ξ)û(ξ), using the explicit form of the symbol a = a(ξ) given
in (1.11) and inverting the Fourier transform we obtain the most general form of
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the Lévy operator:

Lu(x) =b · ∇u(x) −
n∑

j,k=1

ajk
∂2u

∂xj∂xk

−
∫

Rn

(
u(x− η) − u(x) − η · ∇u(x)1I{|η|<1}(η)

)
Π(dη).

(1.12)

The first term on the right-hand side of (1.12) corresponds to the transport
operator recalled in Example 1.11. Note that the matrix (ajk)n

j,k=1 is assumed
to be nonnegative-definite; if it is not degenerate, a linear change of the variables
transforms the second term in (1.12) into the usual Laplacian −∆ on Rn which
corresponds to the Brownian part of the diffusion modeled by L. The integral on
the right-hand side of (1.12) is called the pure jump part of the Lévy operator and the
Lévy measure Π describes the statistical properties of jumps of the corresponding
Lévy process.

Remark 1.13. In the study of evolution equations with Lévy operator, it is
useful to keep in mind probabilistic arguments which lead to the Lévy–Khinchin
formula (1.12). The probabilistic proof of Theorem 1.12 consists in showing that
any Lévy process {X(t)}t≥0 (cf. Definition 1.2) can be expressed as the sum of three
independent Lévy processes

X(t) = X(1)(t) +X(2)(t) +X(3)(t),

where

• X(1) is a linear transform of a Brownian motion with drift
• X(2) is a compound Poisson process having only jumps of size at least 1,
• X(3) is a pure-jump martingale only with jumps of size less than 1.

Moreover, this decomposition is unique.
Note that the process X(1) has continuous trajectories almost surely, and is

expressed by the first and the second term on the right-hand side of (1.12). Now,
we should decompose the integral term in (1.12) into two parts: the integral de-
scribing large jumps |η| ≥ 1 modeled by Poisson process X(2) and to the integral
corresponding to the pure-jump martingale X(3) for small jumps |η| < 1.

Details of this proof, which can be understood by non-probabilists, can be found
in the first chapter of the excellent book by J. Bertoin [12].

3. Fractional Laplacian

Let us now present the most important example of the Lévy operator which
will often appear in these lectures. Choosing, in formula (1.12), b = 0, ajk = 0 for
all j, k ∈ {1, ..., n}, and the following Lévy measure

Π(dη) =
C(α)

|η|n+α
with α ∈ (0, 2) (1.13)

and with a certain explicit constant C = C(α) > 0 we obtain the so-called α-stable
anomalous diffusion operator

L = (−∆)α/2 with the symbol a(ξ) = |ξ|α for 0 < α ≤ 2. (1.14)
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Using the symmetry of the Lévy measure, we can rewrite (1.12) in this particular
case as

(−∆)α/2u(x) = −C(α) lim
ε→0

∫

|η|≥ε

u(x− η) − u(x)

|η|n+α
dη. (1.15)

Calculations based only on the properties of the Fourier transform which shows the
equivalence of definitions (1.14) and (1.15) can be also found e.g. in [27, Thm. 1].

The corresponding convolution semigroup of measures has a density µt(dx) =
pα(x, t) dx for all t > 0, where the function pα(x, t) can be computed via the Fourier
transform p̂α(ξ, t) = e−t|ξ|α (c.f. Theorem 1.4). In particular,

pα(x, t) = t−n/αPα(xt−1/α), (1.16)

where Pα is the inverse Fourier transform of e−|ξ|α (see [37, Ch. 3] for more details).
It is well known that for every α ∈ (0, 2) the function Pα is smooth, nonnegative,
and satisfies the estimates

0 < Pα(x) ≤ C(1 + |x|)−(α+n) and |∇Pα(x)| ≤ C(1 + |x|)−(α+n+1) (1.17)

for a constant C and all x ∈ Rn. Moreover,

Pα(x) = c0|x|−(α+n) +O
(
|x|−(2α+n)

)
, as |x| → ∞, (1.18)

and

∇Pα(x) = −c1 x|x|−(α+n+2) +O
(
|x|−(2α+n+1)

)
, as |x| → ∞, (1.19)

where

c0 = α2α−1π−(n+2)/2 sin(απ/2)Γ
(α+ n

2

)
Γ
(α

2

)
,

and

c1 = 2πα2α−1π−(n+4)/2 sin(απ/2)Γ
(α+ n+ 2

2

)
Γ
(α

2

)
.

We refer to [21] for a proof of the formula (1.18) with the explicit constant c0. The
optimality of the estimate of the lower order term in (1.18) is due Kolokoltsov [46,
Eq. (2.13)], where higher order expansions of Pα are also computed. The proof of
the asymptotic expression (1.19) and the value of c1 can be deduced from (1.18)
using an identity by Bogdan and Jakubowski [22, Eq. (11)].

4. Maximum principle

In this section and in the next one, we recall properties of Lévy operators
which are useful in the study of nonlinear equations. We begin with the maximum
principle which is well known in the case of elliptic and parabolic problems. Here,
we present results for Lévy operators, but they can be formulated in a much more
general case of generators of Feller semigroups, see [37, Sec. 4.5].

Definition 1.14. We say that the operator (A,D(A)) satisfies the positive
maximum principle if for any ϕ ∈ D(A) the fact that 0 ≤ ϕ(x0) = supx∈Rn ϕ(x)
for some x0 ∈ Rn implies Aϕ(x0) ≤ 0.

Remark 1.15. Obviously, the operators Aϕ = ϕ′′ and , more generally, Aϕ =
∆ϕ satisfy the positive maximum principle.
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Theorem 1.16. Denote by L the Lévy diffusion operator. Then A = −L
satisfies the positive maximum principle.

Proof. We present two different arguments which are based on different prop-
erties of the Lévy operator L. Let ϕ ∈ D(L) and assume that

0 ≤ ϕ(x0) = sup
x∈Rn

ϕ(x) for some x0 ∈ Rn.

First argument. Using the Lévy–Khinchin representation (1.12) we obtain that
the following quantity

−Lϕ(x0)

= −b · ∇ϕ(x0) +

n∑

j,k=1

ajk
∂2ϕ(x0)

∂xj∂xk

+

∫

Rn


ϕ(x0 − η) − ϕ(x0) −

n∑

j=1

ηj
∂ϕ(x0)

∂xj
1I{|η|<1}(η)


 Π(dη)

is nonpositive because the first term on the right-hand side is equal to zero since
x0 is the point of the maximum of ϕ, the second term is nonpositive due to the
property of the matrix {ajk}n

j,k=1 (see Theorem 1.12), and the integrand of the

third term is nonpositive because ϕ(x0 − η) ≤ ϕ(x0) for all η ∈ Rn.
Second argument. Recall that, by Theorem 1.7, the solution of the problem

ut = −Lu, x ∈ Rn, t ≥ 0,

u(x, 0) = ϕ(x)

is given by

u(x, t) =

∫

Rn

ϕ(x− y)µt(dy).

Hence, by the definition of the derivative ∂t, we have

−Lϕ(x0) = lim
t→0+

u(x0, t) − ϕ(x0)

t
.

Now, the right-hand side is nonpositive for any t > 0 because
∫

Rn µt(dy) = 1 and
because

u(x0, t) − ϕ(x0) =

∫

Rn

(
ϕ(x0 − y) − ϕ(x0)

)
µt(dy) ≤ 0

by the definition of x0 and since the measures µt are nonnegative. �

Next, we prove an analogous result for bounded functions which not necessarily
attain their points of global maximum. Here, we follow an argument from [27,
Thm. 2].

Lemma 1.17. Let ϕ ∈ C2
b (Rn). Assume that the sequence {xn}n≥1 ⊂ Rn

satisfies ϕ(xn) → supx∈Rn ϕ(x). Then

lim
n→∞

∇ϕ(xn) = 0 and lim sup
n→∞

−Lϕ(xn) ≤ 0.
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Proof. By the assumption, the matrix D2ϕ has bounded coefficients, hence
there exists C > 0 such that

sup
x∈Rn

ϕ(x) ≥ ϕ(xn + z) ≥ ϕ(xn) + ∇ϕ(xn) · z − C|z|2. (1.20)

Since the sequence ∇ϕ(xn) is bounded, passing to the subsequence, we can as-
sume that ∇ϕ(xn) → p. Consequently, passing to the limit in (1.20) we obtain the
inequality

0 ≥ p · z − C|z|2 for every z ∈ Rn.

Choosing z = tp and letting t→ 0+, we get p = 0.
Now, we prove that lim supn→∞ −Lϕ(xn) ≤ 0. Note first that, by the definition

of the sequence {xn}n, we have

ϕ(xn + z) − ϕ(xn) ≤ sup
x∈Rn

ϕ− ϕ(xn) → 0 as n→ ∞.

Hence lim supn→∞

(
ϕ(xn + z) − ϕ(xn)

)
≤ 0 and equivalently for ∇ϕ(xn) → 0,

lim sup
n→∞

(
ϕ(xn + z) − ϕ(xn) −∇ϕ(xn) · z

)
≤ 0.

Finally, it suffices to use the Fatou lemma in the expression

Lϕ(xn) =

∫

Rn

(
ϕ(xn − z) − u(xn) − z · ∇ϕ(xn)1I{|z|<1}(z)

)
Π(dz),

because the Lévy measure Π is nonnegative. �

We are in a position to prove the main comparison principle for equations with
Lévy operators.

Theorem 1.18. Assume that u ∈ Cb(R
n×[0, T ])∩C2

b (Rn×[ε, T ]) is the solution
of the equation

ut = −Lu+ v(x, t) · ∇u, (1.21)

where L is the Lévy operator represented by (1.12) and v = v(x, t) is a given and
sufficiently regular function with values in Rn. Then

u(x, 0) ≤ 0 implies u(x, t) ≤ 0 for all, x ∈ Rn, t ∈ [0, T ].

Proof. We extract this proof from [27, Proof of Prop. 2].
It is an easy exercise using assumptions imposed on u to show that the function

Φ(t) = sup
x∈Rn

u(x, t)

is well-defined and continuous. Our goal is to show that Φ is locally Lipschitz and
Φ′(t) ≤ 0 almost everywhere.

To show the Lipschitz continuity of Φ, for every ε > 0 we chose xε such that

sup
x∈Rn

u(x, t) = u(xε, t) + ε.

Now, we fix t, s ∈ I, where I ⊂ (0, T ) is a bounded and closed interval and we
suppose (without loss of generality) that Φ(t) ≥ Φ(s). Using the definition of Φ
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and regularity of u we obtain

0 ≤ Φ(t) − Φ(s) = sup
x∈Rn

u(x, t) − sup
x∈Rn

u(x, s)

≤ ε+ u(xε, t) − u(xε, s)

≤ ε+ sup
x∈Rn

|u(x, t) − u(x, s)|

≤ ε+ |t− s| sup
x∈Rn,t∈I

|∇tu(x, t)|.

Since ε > 0 and t, s ∈ I are arbitrary, we immediately obtain that the function
Φ is locally Lipschitz hence, by the Rademacher theorem, differentiable almost
everywhere, as well.

Let us now differentiate Φ(t) = supx∈Rn u(x, t) with respect to t > 0. By the
Taylor expansion, for 0 < s < t, we have

u(x, t) ≤ u(x, t− s) + sut(x, t) + Cs2.

Hence, using equation (1.21), we obtain

u(x, t) ≤ sup
x
u(x, t− s) + s

(
− Lu(x, t) + v(x, t)∇u(x, t)

)
+ Cs2. (1.22)

Substituting in (1.22) x = xn, where u(xn, t) → supx u(x, t) as n → ∞, passing to
the limit using Lemma 1.17, we obtain the inequality

sup
x
u(x, t) ≤ sup

x
u(x, t− s) + Cs2

which can be transformed into

Φ(t) − Φ(s)

s
≤ Cs.

For sց 0, we obtain Φ′(t) ≤ 0 in those t, where Φ is differentiable. �

5. Integration by parts and the Lévy operator

We have seen in the previous section that any pseudodifferential operator given
by the Lévy-Khinchin formula (1.12) satisfies the maximum principle typical for the
Laplace operator. Now, we present other properties of Lévy operators which will
allow us to show energy-type estimates for solutions of some evolution equations.
It is worth to emphasize that equalities and inequalities, proved in the case of
Laplacian integrating by parts, can be generalized for any Lévy operator by using
suitable convex inequalities.

Let us illustrate this phenomenon by proving the Kato inequality.

Theorem 1.19 (Kato inequality for Laplacian). For every ϕ ∈ C∞
c (Rn),

∫

Rn

(−∆ϕ) sgnϕ dx ≥ 0.

Proof. Let us begin with the following smooth approximation of the sign
function

gε(s) =
d

ds

(√
ε+ s2

)
=

s√
ε + s2

.
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Note that g′ε(s) ≥ 0 and gε(s) → sgn s as ε → 0. Now, we integrate by parts to
obtain ∫

Rn

(−∆ϕ) gε(ϕ) dx =

∫

Rn

|∇ϕ|2 g′ε(ϕ) dx ≥ 0.

To complete the proof, it suffices to pass to the limit ε → 0 on the left-hand side
using the Lebesgue dominated convergence theorem. �

Theorem 1.20 (Kato inequality for Lévy operator). For every ϕ ∈ C∞
c (Rn)

and for every Lévy operator represented by (1.12), we have
∫

Rn

(Lϕ) sgnϕ dx ≥ 0.

Proof. According to Definitions 1.6 and 1.3 we denote by {µt}t≥0 the convo-
lution semigroup of measures corresponding to the Lévy operator L. Recall that

e−tLu0(x) ≡ u(x, t) =

∫

Rn

u0(x− y)µt(dx) (1.23)

is the solution of the initial value problem (1.6)-(1.7). In particular, we have

Lϕ = lim
t→0+

ϕ− e−tLϕ

t
.

Consequently, it suffices to show that, for every t > 0, we have the inequality
∫

Rn

(ϕ− e−tLϕ) sgnϕ dx ≥ 0

which is equivalent to
∫

Rn

|ϕ| dx ≥
∫

Rn

(e−tLϕ) sgnϕ dx. (1.24)

We complete the proof of inequality (1.24) by using the formula (1.23), the Fubini
theorem, and the fact that µt is the probability measure for every t ≥ 0 as follows

∣∣∣∣
∫

Rn

(e−tLϕ) sgnϕ dx

∣∣∣∣ ≤
∫

Rn

∫

Rn

|ϕ(x− y)| µt(dy) dx =

∫

Rn

|ϕ| dx.

�

Let us present the next result which looks like an integration by parts for any
Lévy operator.

Theorem 1.21 (Strook–Varopoulos inequality). Assume that L is a Lévy op-
erator. For every p ∈ (1,∞) and ϕ ∈ C∞

c (Rn) such that ϕ ≥ 0 we have

4
p− 1

p2

∫

Rn

(Lϕp/2)ϕp/2 dx ≤
∫

Rn

(Lϕ)ϕp−1 dx. (1.25)

Remark 1.22. Note that, for L = b ·∇ with any fixed b ∈ Rn, both sides of the
Strook–Varopoulos inequality (1.25) are equal to 0. On the other hand, if L = −∆,
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we integrate by parts to obtain the equality
∫

Rn

(−∆ϕ)ϕp−1 dx = (p− 1)

∫

Rn

|∇ϕ|2 ϕp−2 dx

= (p− 1)

∫

Rn

|∇ϕϕp/2−1|2 dx

= 4
p− 1

p2

∫

Rn

|∇ϕp/2|2 dx.

Sketch of proof of Theorem 1.21. Inequality (1.25) was proved by Strook
[56] and Varopoulos [57]. We also refer the reader to the review article by Liskevich
and A. Semenov [48] (the preprint is available on the V.A. Liskevisch webpage) for
the proof of this inequality in the case of much more general Markov semigroups.
Here, we emphasize the main steps of the proof of (1.25), only.

Step 1. Let α > 0 and β > 0 be such that α + β = 2. Then the following
inequality

(xα − yα)(xβ − yβ) ≥ αβ(x − y)2

holds true for all x ≥ 0 and y ≥ 0.
Step 2. As before, we use the relation

∫

Rn

(Lf) g dx = lim
t→0+

1

t

∫

Rn

(f − e−tLf) g dx,

valid for all f, g ∈ D(L).
Step 3. We use inequality from Step 1 and formula (1.5) (remember that µt is

a probability measure) to show
∫

Rn

(fα − e−tLfα) fβ dx ≥ αβ

∫

Rn

(f − e−tLf) f dx

for every f ∈ D(L) such that f ≥ 0 and for α+ β = 2.
Step 4. Finally, we substitute in the inequality form Step 3

f = ϕp/2, α =
2

p
, β = 2 − 2

p
, αβ = 4

p− 1

p2
,

and, after dividing by t, we pass to the limit t→ 0+ to conclude the proof. �

Remark 1.23 (General Strook–Varopoulos inequality). The Kato inequality
combined with the Strook–Varopoulos inequality give the following estimate

4(p− 1)

p2
〈L|ϕ|p/2, |ϕ|p/2〉 ≤ 〈Lϕ, |ϕ|p−1sgnϕ〉 (1.26)

for every ϕ ∈ D(L). This inequality is more suitable for studying sign changing
solutions.

Theorem 1.24 (Convexity inequality, see e.g. [25, 27, 40]). Let u ∈ C2
b (Rn)

and g ∈ C2(R) be a convex function. Then

Lg(u) ≤ g′(u)Lu. (1.27)

Remark 1.25. Note that, in the one dimensional case, for L = −∂2
x we have

−(g(u))xx = −g′′(u)u2
x − g′(u)uxx ≤ −g′(u)uxx since g′′ ≥ 0.
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Proof of Theorem 1.24. The convexity of the function g leads to the in-
equality

g(u(x− η)) − g(u(x)) ≥ g′(u(x))[u(x − η) − u(x)],

which can by immediately reformulate as follows

g(u(x− η)) − g(u(x)) − η · ∇g(u(x)) ≥ g′(u(x))[u(x − η) − u(x) − η · ∇u(x)]

for any η ∈ Rn. To complete the proof, it suffices to apply the Lévy-Khinchin form
of any Lévy operator given in (1.12). �

Now, we state an important application of the convexity inequality (1.27).

Corollary 1.26. Let g ∈ C2(R) be a convex function. Assume g(u) ∈ D(L)
and Lg(u) ∈ L1(Rn). Then

0

(
=

∫

Rn

Lg(u(x)) dx

)
≤
∫

Rn

g′(u(x))Lu(x) dx.

Proof. Denoting v(x) = g(u(x)) and using properties of the (inverse) Fourier
transform we obtain∫

Rn

Lv(x) dx =

∫

Rn

(a v̂)̌ (x) dx = (2π)n/2a(0)v̂(0) = 0,

because a(0) = 0 (cf. (1.11)). Now, it suffices to apply inequality (1.27). �

Corollary 1.27. Any Lévy diffusion operator L satisfies

∫

Rn

(Lu)
(

(u− k)+

)p

dx ≥ 0

for each 1 < p <∞ and all constants k ≥ 0.

Remark 1.28. Note that the general Strook–Varopoulos inequality

C(p)〈L|ϕ|p/2, |ϕ|p/2〉 ≤ 〈Lϕ, |ϕ|p−1sgnϕ〉
can be obtained immediately from the convexity inequality (1.27), applied with the
convex function g(ϕ) = |ϕ|p/2 for p > 2. Here, however, we have got the non-
optimal constant

C(p) =
2

p

(
≤ 4(p− 1)

p2

)
for every p > 2.

We conclude this section by the proof of a particular case of the Gagliardo–
Nirenberg inequality. The proof of the following theorem uses an argument from
the celebrated work by Nash [53] where, on page 935, the author emphasized that
this argument was shown to him by E.M. Stein.

Theorem 1.29 (Nash inequality). Let 0 < α. There exists a constant CN > 0
such that

‖w‖2(1+α)
2 ≤ CN‖Λα/2w‖2

2‖w‖2α
1 (1.28)

for all functions w = w(x) satisfying w ∈ L1(R) and Λα/2w ∈ L2(R).
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Proof. For every R > 0, we decompose the L2-norm of the Fourier transform
of w as follows

‖w‖2
2 = C

∫

R

|ŵ(ξ)|2 dξ

≤ C‖ŵ‖2
∞

∫

|ξ|≤R

dξ + CR−α

∫

|ξ|>R

|ξ|α|ŵ(ξ)|2 dξ

≤ CR‖w‖2
1 + CR−α‖Λα/2w‖2

2.

Choosing R =
(
‖Λα/2w‖2

2/‖w‖2
1

)1/(1+α)
we obtain (1.28). �
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CHAPTER 2

Fractal Burgers equation

1. Statement of the problem

To see properties of a Lévy operator “in action”, we present recent results
on the asymptotic behavior of solutions of the Cauchy problem for the nonlocal
conservation law

ut + Λαu+ uux = 0, x ∈ R, t > 0, (2.1)

u(0, x) = u0(x) (2.2)

where Λα = (−∂2/∂x2)α/2 is the Lévy operator defined via the Fourier transform

(̂Λαv)(ξ) = |ξ|αv̂(ξ), see Section 3.

Remark 2.1. Following [13], we will call equation (2.1) the fractal Burgers
equation. There are two reasons for using here the word “fractal”. We want to
emphasize the fractal nature of the symmetric α-stable stochastic process which
corresponds to the operator Λα. In this sense, the usual viscous Burgers equation
(i.e. (2.1) with α = 2) should be also called the fractal Burgers equation. Moreover,
we would like to distinguish our equation (2.1) from the fractional Burgers equation
with the fractional derivative with respect to time t.

Equations of this type appear in the study of growing interfaces in the pres-
ence of self-similar hopping surface diffusion [49]. Moreover, in their recent pa-
pers, Jourdain, Méléard, and Woyczynski [38, 39] gave probabilistic motivations
to study equations with the anomalous diffusion, when Laplacian (corresponding
to the Wiener process) is replaced by a more general pseudodifferential operator
generating the Lévy process. In particular, the authors of [38] studied problem
(2.1)-(2.2), where the initial condition u0 is assumed to be a nonconstant function
with bounded variation on R. In other words, a.e. on R,

u0(x) = c+

∫ x

−∞
m(dy) = c+H ∗m(x) (2.3)

with c ∈ R, m being a finite signed measure on R, and H(y) denoting the unit step
function 1I{y≥0}. Observe that the gradient v(x, t) = ux(x, t) satisfies

vt + Λαv + (vH ∗ v)x = 0, v(·, 0) = m. (2.4)

If m is a probability measure on R, the equation (2.4) is a nonlinear Fokker-Planck
equation. In the case of an arbitrary finite signed measure, the authors of [38]
associate (2.4) with a suitable nonlinear martingale problem. Next, they study
the convergence of systems of particles with jumps as the number of particles tends
to +∞. As a consequence, the weighted empirical cumulative distribution functions

45
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of the particles converge to the solution of the martingale problem connected to
(2.4). This phenomena is called the propagation of chaos for problem (2.1)–(2.2)
and we refer the reader to [38] for more details and additional references.

Motivated by the results from [38], we study problem (2.1)–(2.2) under the
crucial assumption α ∈ (1, 2) and with the initial condition of the form (2.3). In
our main result, we assume that u0 is a function satisfying

u0 − u− ∈ L1((−∞, 0)) and u0 − u+ ∈ L1((0,+∞)) with u− < u+, (2.5)

where u− = c and u+ − u− =
∫

R
m(dx).

Remark 2.2. For c = 0 and a probability measure m, the function u0 is called
the probability cumulative distribution function.

2. Viscous conservation laws and rarefaction waves

It is well known [31, 35, 50] that the asymptotic profile as t → ∞ of solutions
of the viscous Burgers equation

ut − uxx + uux = 0 (2.6)

(i.e. equation (2.1) with α = 2) supplemented with an initial datum satisfying (2.5)
is given by the so-called rarefaction wave. This is the continuous function

wR(x, t) = WR(x/t) =





u− , x/t ≤ u−,

x/t , u− ≤ x/t ≤ u+,

u+ , x/t ≥ u+,

(2.7)

which is the unique entropy solution of following Riemann problem

wR
t + wRwR

x = 0, (2.8)

wR(x, 0) = wR
0 (x) =

{
u− , x < 0,

u+ , x > 0.
(2.9)

Below, we use the smooth approximations of rarefaction waves, namely, the
solutions of the following Cauchy problem

wt − wxx + wwx = 0, (2.10)

w(x, 0) = w0(x) =

{
u− , x < 0,

u+ , x > 0.
. (2.11)

Lemma 2.3. Let u− < u+. Problem (2.10)–(2.11) has the unique, smooth,
global-in-time solution w(x, t) satisfying

i) u− < w(t, x) < u+ and wx(t, x) > 0 for all (x, t) ∈ R × (0,∞);
ii) for every p ∈ [1, ∞], there exists a constant C = C(p, u−, u+) > 0 such

that

‖wx(t)‖p ≤ Ct−1+1/p, ‖wxx(t)‖p ≤ Ct−3/2+1/(2p)

and

‖w(t) − wR(t)‖p ≤ Ct−(1−1/p)/2,

for all t > 0, where wR(x, t) is the rarefaction wave (2.7).
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All results stated in Lemma 2.3 are deduced from the explicit formula for
solutions of (2.10)–(2.11) and detailed calculations can be found in [31] with some
additional improvements contained in [44, Section 3].

Finally, let us necessarily recall the fundamental paper of Il’in and Oleinik [35]
who showed the convergence toward rarefaction waves of solutions of the nonlinear
equation ut − uxx + f(u)x = 0 under strict convexity assumption imposed on f .
That idea was next extended in several different directions and we refer the reader,
e.g., to [31, 50, 51, 54] for an overview of know results and additional references.

3. Existence o solutions

The basic questions on the existence and the uniqueness of solutions of problem
(2.1)–(2.2) with α ∈ (1, 2) have been answered in the papers [26, 27].

Theorem 2.4. ([26, Thm. 1.1], [27, Thm. 7]) Let α ∈ (1, 2) and u0 ∈ L∞(R).
There exists the unique solution u = u(x, t) to problem (2.1)–(2.2) in the following
sense: for all T > 0,

u ∈ Cb((0, T ) × R) and, for all a ∈ (0, T ), u ∈ C∞
b ((a, T ) × R),

u satisfies (2.1) on (0, T ) × R,

u(t, ·) → u0 in L
∞(R) weak − ∗ as t→ 0.

Moreover, the following inequality holds true

‖u(t)‖∞ ≤ ‖u0‖∞ for all t > 0. (2.12)

Remark 2.5. Notice that L∞(R) is not a separable Banach space. Hence, the
statement u(t, ·) → u0 in L∞(R) weak–∗ means that, for every ϕ ∈ L1(R), we have∫

R

(
u(x, t) − u0(x)

)
ϕ(x) dx → 0 as t→ 0.

The proof of Theorem 2.4 is based on the Banach fixed point argument applied
to the integral formulation of the Cauchy problem (2.1)–(2.2)

u(t) = Sα(t)u0 −
∫ t

0

Sα(t− τ)u(τ)ux(τ) dτ, (2.13)

where
Sα(t)u0 = pα(t) ∗ u0(x). (2.14)

Here, the fundamental solution pα(x, t) of the linear equation ∂tv + Λαv = 0 can
be computed via the Fourier transform p̂α(ξ, t) = e−t|ξ|α and its properties are
discussed in Section 3. Hence, by the Young inequality for the convolution, we
obtain the estimates

‖Sα(t)v‖p ≤ Ct−(1−1/p)/α‖v‖1, (2.15)

‖(Sα(t)v)x‖p ≤ Ct−(1−1/p)/α−1/α‖v‖1 (2.16)

for every p ∈ [1,∞] and all t > 0. Moreover, we can replace v in (2.15) and in
(2.16) by any signed measure m. In that case, ‖v‖1 should be replaced by ‖m‖.

Note also that inequality (2.12) is the immediate consequence of Theorem 1.18.
Now, let us deal with α ∈ (0, 1]. It was shown in [2] (see also [45]) that solutions

of the initial value problem (2.1)–(2.2) can become discontinuous in finite time if
0 < α < 1. Hence, in order to deal with discontinuous solutions, the notion of



“volumeV” — 2009/8/3 — 0:35 — page 48 — #64

48 2. FRACTAL BURGERS EQUATION

entropy solutions in the sense of Kruzhkov was extended by Alibaud [1] to nonlocal
problem (2.1)–(2.2).

Theorem 2.6 ([1]). Assume that 0 < α ≤ 1 and u0 ∈ L∞(R). There exists
the unique entropy solution u = u(x, t) to the Cauchy problem (2.1)–(2.2). This
solution u belongs to C([0,∞);L1

loc(R)) and satisfies u(0) = u0. Moreover, we have
the following maximum principle: essinfu0 ≤ u ≤ esssupu0.

The occurrence of discontinuities in finite time of entropy solutions of (2.1)–
(2.2) with α = 1 seems to be not clear. Regularity results have recently been
obtained [24, 45, 52] for a large class of initial conditions, that does unfortunately
not include general L∞ initial data. Nevertheless, Theorem 2.6 provides the exis-
tence and the uniqueness of global-in-time the entropy solution even for the critical
case α = 1.

4. Decay estimates

Due to possible singularities of solutions of (2.1)–(2.2) with α ∈ (0, 1), from now
on, we study solutions of the Cauchy problem for the regularized fractal Burgers
equation with ε > 0 if α ∈ (0, 1] and ε = 0 for α ∈ (1, 2)

uε
t + Λαuε − εuε

xx + uεuε
x = 0, x ∈ R, t > 0, (2.17)

uε(x, 0) = u0(x). (2.18)

The procedure now is, roughly speaking, to make the asymptotic study of uε

with stability estimates uniform in ε. Next, we pass to the limit ε → 0 using the
theory developed in [3] in order to obtain for solutions of (2.1)–(2.2). Most of the
results of this section are inspired from [41] and, when it is the case, the reader is
referred to precise proofs in that paper.

One can show (as in Theorem 2.4) that problem (2.17)–(2.18) admits the unique
global-in-time smooth solution that satisfies the maximum principle. If, moreover,
the initial datum u0 can be written in the form (2.3) for a constant c ∈ R and a
signed finite measure m on R, the solution uε = uε(x, t) of problem (2.17)–(2.18)
satisfies uε

x ∈ C((0, T ];Lp(R)) for each 1 ≤ p ≤ ∞ and every T > 0. Here, for the
proofs of those properites, one should follow [41, Thm. 2.2].

Main properties of uε
x(x, t) are contained in the following theorem.

Theorem 2.7. Assume that 0 < α ≤ 2, ε > 0, and u0 is of the form (2.3) with
c ∈ R and a finite nonnegative measure m(dx) on R. Denote by uε = uε(x, t) the
unique solution of problem (2.17)–(2.18). Then

(i) uε
x(x, t) ≥ 0 for all x ∈ R and t > 0,

(i) for every p ∈ [1,∞] there exists C = C(p) > 0 independent of ε such that

‖uε
x(t)‖p ≤ C(p) min

{
t−(1/α)(1−1/p)‖m‖, t−(1−1/p)‖m‖1/p

}
(2.19)

for all t > 0

Sketch of proof. To prove this result, it suffices to modify slightly the ar-
gument from [41, Thm. 2.3] as follows. We write the equation for v = uε

x

vt + Λαv − εvxx + (uεuε
x)x = 0 (2.20)
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and we note that, due to the Kato inequality (c.f. Theorems 1.19 and 1.20), we
have the “good” sign of the following quantities

−ε
∫

R

vxx(x, t)ϕ(v(x)) dx ≥ 0 and

∫

R

Λαv(x, t)ϕ(v(x)) dx ≥ 0

for any nondecreasing function ϕ. Hence, to prove Theorem 2.7 it suffices to rewrite
all inequalities from [41, Proof of Thm. 2.3] skipping each term containing ε. Here,
we recall that argument proving inequality (2.19) for p = 2, only.

For v = uε
x ≥ 0, we multiply equation (2.20) by v and integrate over R:

1

2

d

dt
‖v‖2

2 + ε

∫

R

(vx)2 dx+

∫

R

vΛαv dx+
1

2

∫

R

v3 dx = 0. (2.21)

Note that second, third, and forth term of identity (2.21) are nonnegative. Let
us use the third term and skip the other two. Applying Nash inequality (1.28) to
estimate the third term of (2.21) we obtain

d

dt
‖v(t)‖2

2 + 2C−1
N ‖m‖−2α‖v(t)‖2(1+α)

2 ≤ 0,

which, after integration, leads to

‖v(t)‖2 ≤ C1‖m‖t−1/(2α) with C1 = (CN/2α)1/(2α).

This is the first decay estimate on the right-hand side of (2.19) with p = 2. To
show the second inequality in (2.19), one should proceed analogously using the term∫

R
v3 dx.

The idea of the proof of (2.19) for p 6= 2 is similar and uses Strook-Varopoulos
inequality (1.25) combined with Nash inequality (1.28), see [41] for more details.
To show Theorem 2.7.i, one should apply either the comparison principle from
Theorem 1.18 (see [27]) or an energy argument based on Corollary 1.27 (see [41,
Thm. 2.3]) . �

In the study of the large time asymptotics to (2.1)–(2.2), we also need the
following asymptotic stability result.

Theorem 2.8. Let α ∈ (0, 2). Assume that uε and ũε are two solutions of
the regularized problem (2.17)–(2.18) with initial conditions u0 and ũ0 of the form
(2.3), the both of with finite signed measures m and m̃, respectively. Suppose,
moreover, that the measure m̃ is nonnegative and u0− ũ0 ∈ L1(R). Then, for every
p ∈ [1,∞] there exists a constant C = C(p) > 0 independent of ε such that for all
t > 0

‖uε(t) − ũε(t)‖p ≤ Ct−(1−1/p)/α‖u0 − ũ0‖1 .

Proof. Here, it suffices to copy calculations from [41, Proofs of Thm. 2.2 and
Lemma 3.1] skipping each term containing ε as it was explained in the proof of
Theorem 2.7. �

5. Convergence toward rarefaction waves for α ∈ (1, 2)

Now, we are in a position to state the result for the large time asymptotics of
solutions of (2.1)–(2.2) with α ∈ (1, 2). Here, we use estimates from the previous
section assuming that ε = 0.
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Theorem 2.9 ([41]). Let α ∈ (1, 2) and the initial datum u0 be of the form
(2.3) with c ∈ R and m being a finite measure on R (not necessarily nonnegative).

We assume, moreover, the (2.5) holds true. For every p ∈
(

3−α
α−1 ,∞

]
there exists

C > 0 independent of t such that

‖u(t) − wR(t)‖p ≤ Ct−[α−1−(3−α)/p]/2 log(2 + t)

for all t > 0.

Proof. In view of Lemma 2.3, we my replace the rarefaction wave wR(x, t)
by its smooth approximation w = w(x, t). Next, using the Gagliardo-Nirenberg
inequality we have

‖u(t) − w(t)‖p ≤ C
(
‖ux(t)‖∞ + ‖wx(t)‖∞

)a

‖u(t) − w(t)‖1−a
p0

for every 1 < p0 < p <∞. Since both quantities ‖ux(t)‖∞ and ‖wx(t)‖∞ decay in
time by (2.19), the proof is completed by applying Lemma 2.10, stated below. �

Lemma 2.10. For p0 = (3 − α)/(α − 1), the following estimate is valid

‖u(t) − w(t)‖p0
≤ C log(2 + t).

Proof. The function v = u− w satisfies

vt + Λαv +
1

2
[v2 + 2vw]x = −Λαw + wxx.

We multiply this equation by |v|p−2v and we integrate over R to obtain

1

p

d

dt

∫
|v|p dx+

∫
(Λαv)(|v|p−2v) dx+

1

2

∫
[v2 + 2vw]x|v|p−2v dx

=

∫
(−Λαw + wxx)(|v|p−2v) dx.

The second and the third term on the left hand side are nonnegative, hence
we skip them. Using the Hölder inequality on the right-hand side we obtain the
following differential inequality

d

dt
‖v(t)‖p

p ≤ p (‖Λαw(t)‖p + ‖wxx(t)‖p) ‖v(t)‖p−1
p ,

which, after integration, leads to

‖v(t)‖p ≤ ‖v(t0)‖p +

∫ t

t0

‖Λαw(τ)‖p + ‖wxx(τ)‖p dτ.

Now, we use the decay properties of the smooth approximation of rarefaction waves
from Lemma 2.3 to complete the proof (see [41, Lemma 3.3] for more details). �

6. Self-similar solution for α = 1

Using the uniqueness result from [1] (see Theorem 2.6 above) combined with
a standard scaling technique, one can show that equation (2.1) with α = 1 has
self-similar solutions.
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Theorem 2.11. Assume α = 1. The unique entropy solution U = U(x, t) of
the initial value problem (2.1)–(2.2) with the initial condition

U0(x) =

{
u− , x < 0,

u+ , x > 0,
(2.22)

is self-similar, i.e. it has the form U(x, t) = U (x/t, 1) for all x ∈ R and all t > 0.

Note that the function U0 from (2.22) is of the form (2.3) for the measure
m := (u+ − u−)δ0 (here, δ0 denotes the Dirac delta at 0).

In [3], we show that the self-similar profile U(x, 1) from Theorem 2.11 enjoys
the following properties:

• Regularity: U(·, 1) is Lipschitz-continuous.
• Monotonicity: U(·, 1) is non-decreasing with limx→±∞ U(x, 1) = u±.
• Symmetry: For all y ∈ R, we have the equality

U (c+ y, 1) = c− U (c− y, 1) , where c :=
u− + u+

2
.

• Convexity: U(·, 1) is convex (resp. concave) on (−∞, c] (resp. on [c,+∞)).

• Decay at infinity: We have Ux(x, 1) ∼ u+−u−

2π2 |x|−2, as |x| → ∞.

This self-similar solution U = U(x, t) describes the large time asymptotics of
other solutions of (2.1)–(2.2) with α = 1.

Theorem 2.12. Let α = 1. Let u = u(x, t) be the entropy solution of problem
(2.1)–(2.2) corresponding to the initial condition of the form (2.3) satisfying (2.5).
Denote by U = U(x, t) the self-similar solution from Theorem 2.11. For every
p ∈ [1,∞] there exists a constant C = C(p) > 0 such that

‖u(t) − U(t)‖p ≤ Ct−(1−1/p)‖u0 − U0‖1

for all t > 0.

Proof. This result is the immediate consequence of Theorem 2.8 by passing
to the limit ε→ 0. �

We refer the reader to [3] for more details concerning self-similar solutions of
equation (2.1).

7. Linear asymptotics for 0 < α < 1

In the case where α < 1, the Duhamel principle (2.13) combined with the decay
estimates (2.19) allow us to show that the nonlinearity in (2.1) is negligible in the
asymptotic expansion of solutions.

Theorem 2.13 ([3]). Let 0 < α < 1 and u = u(x, t) be the entropy solution of
(2.1)–(2.2) corresponding to the initial condition of the form (2.3) satisfying (2.5).
Denote by Sα(t)u0 the solution of the linear initial value problem ut + Λαu = 0,
u(x, 0) = u0(x). For every p ∈

(
1

1−α ,∞
]

there exists C = C(p) > 0 such that

‖u(t) − Sα(t)u0‖p ≤ C‖u0‖∞‖m‖t1−(1/α)(1−1/p) (2.23)

for all t > 0.
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It follows from the proof of Theorem 2.13 that inequality (2.23) is valid for
every p ∈ [1,∞]. Its right-hand-side, however, decays for p ∈

(
1

1−α ,∞
]
, only.

Actually, the asymptotic term Sα(t)u0 in (2.23) can be written in a self-similar
way.

Corollary 2.14. Under the assumptions of Theorem 2.13, we have
∥∥∥c+Hα(t)

∫

R

m(dx) − u(t)
∥∥∥

p
→ 0 as t→ ∞,

where Hα(x, t) :=
∫ x

−∞ pα(y, t) dy and pα(x, t) is the fundamental solution of the lin-

ear equation ut +Λαu = 0. Moreover, if we assume in addition that
∫

R
|x||m|(dx) <

∞, then we have the following rate of convergence
∥∥∥c+Hα(t)

∫

R

m(dx) − u(t)
∥∥∥

p

≤ C ‖u0‖∞
(
‖m‖ +

∫
|x||m|(dx)

)
t1−(1/α)(1−1/p), (2.24)

for some constant C = C(p).

Notice that c + Hα(x, t)
∫
m(dx) is nothing else than the solution of problem

ut + Λαu = 0, u(x, 0) = U0(x) (U0 being defined in (2.22)). It is well-known that
this solution is effectively self-similar with the scaling Hα(x, t) = Hα

(
xt−1/α, 1

)
,

see also the homogeneity property (1.16).

8. Probabilistic summary

Let us summarize our results on large time behavior of solutions of the initial
value problem (2.1)–(2.2). In the case α > 1, the diffusive term in (2.1) is negligible
in the asymptotic expansion of solutions (see Theorem 2.9), whereas in the case α <
1, the nonlinear convection term does not appear in the asymptotics of solutions
(cf. Theorem 2.13). In the case α = 1, both terms have to be taken into account
(cf. Theorem 2.12).

To conclude, let us emphasize the probabilistic meaning of these results. We
have already mentioned that the solution u of (2.1)–(2.2) supplemented with the
initial datum of the form (2.3) with c = 0 and with a probability measure m on R

is the cumulative distribution function for every t ≥ 0. This family of probabilities
defined by problem (2.1)–(2.2) converges, as t→ ∞, toward

• the uniform distribution on the interval [0, t] if 1 < α ≤ 2 (see Theo-
rem 2.9);

• the one parameter family of new laws constructed in Theorem 2.11 if α = 1
(see Theorem 2.12);

• the symmetric α-stable laws pα(t) if 0 < α < 1 (cf. Theorem 2.13 and
Corollary 2.14).
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CHAPTER 3

Fractal Hamilton–Jacobi–KPZ equations

1. Kardar, Parisi & Zhang and Lévy operators

The well-known Kardar–Parisi–Zhang (KPZ) equation

ht = ν∆h+
λ

2
|∇h|2

was derived in [43] as a model for growing random interfaces. Recall that the
interface is parameterized here by the transformation Σ(t) = (x, y, z = h(x, y, t)),
so that h = h(x, y, t) is the surface elevation function, ν > 0 is identified in [43]
as a “surface tension” or “high diffusion coefficient”, ∆ and ∇ stand, respectively,
for the usual Laplacian and gradient differential operators in spatial variables, and
λ ∈ R scales the intensity of the ballistic rain of particles onto the surface.

An alternative, first-principles derivation of the KPZ equation (cf. [49], for more
detailed information and additional references) makes three points:

• The Laplacian term can be interpreted as a result of the surface transport
of adsorbed particles caused by the standard Brownian diffusion;

• In several experimental situations a hopping mechanism of surface trans-
port is present which necessitates augmentation of the Laplacian by a
nonlocal term modeled by a Lévy stochastic process;

• The quadratic nonlinearity is a result of truncation of a series expansion
of a more general, physically justified, nonlinear even function.

These observations lead us to consider in this paper a nonlinear nonlocal equa-
tion of the form

ut = −Lu+ λ|∇u|q, (3.1)

where the Lévy diffusion operator defined in (1.12). In this chapter, we assume
(for the sake of the simplicity of the exposition) that there is no transport term in
the Lévy operator (1.12), namely b = 0. Recall also that if the matrix (ajk)n

j,k=1

in (1.12) is not degenerate, a linear change of the variables transforms the corre-
sponding term in (1.12) into the usual Laplacian −∆ on Rn.

Relaxing the assumptions that led to the quadratic expression in the classical
KPZ equation, the nonlinear term in (3.1) has the form

λ|∇u|q = λ
(
|∂x1

u|2 + ...+ |∂xnu|2
)q/2

,

where q is a constant parameter. To study the interaction of the “strength” of the
nonlocal Lévy diffusion parameterized by the Lévy measure Π, with the “strength”
of the nonlinear term, parameterized by λ and q, we consider in (3.1) the whole
range, 1 < q <∞, of the nonlinearity exponent.

53
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Finally, as far as the intensity parameter λ ∈ R is concerned, we distinguish
two cases:

• The deposition case: Here, λ > 0 characterizes the intensity of the ballistic
deposition of particles on the evolving interface,

• The evaporation case: Here, λ < 0, and the model displays a time-decay
of the total “mass” M(t) =

∫
Rn u(x, t) dx of the solution (cf. equation

(3.12), below).

Equation (3.1) will be supplemented with the nonnegative initial datum,

u(x, 0) = u0(x), (3.2)

and our standing assumptions are that u0 ∈ W 1,∞(Rn), and u0 − K ∈ L1(Rn),
for some constant K ∈ R; as usual, W , with some superscripts, stands for various
Sobolev spaces.

Remark 3.1. The long-time behavior of solutions of the viscous Hamilton-
Jacobi equation ut = ∆u+λ|∇u|q, with λ ∈ R, and q > 0, has been studied by many
authors, see e.g. [5, 9, 10, 11, 30, 47], and the references therein. The dynamics of
solutions of this equation is governed by two competing effects, one resulting from
the diffusive term ∆u, and the other corresponding to the “hyperbolic” nonlinearity
|∇u|q. The above-cited papers aimed at explaining how the interplay of these two
effects influences the large-time behavior of solutions depending on the values of q
and the initial data.

Below, we are going to present results from [42] where we follow strategy from
Remark 3.1, as well. Hence, in [42], we want to understand the interaction of
the diffusive nonlocal Lévy operator (1.12) with the power-type nonlinearity. Our
results can be viewed as extensions of some of the above-quoted work. However,
their physical context is quite different and, to prove them, new mathematical tools
have to be developed.

2. Assumptions and preliminary results

The basic assumption throughout the paper is that the Lévy operator L is a
“perturbation” of the fractional Laplacian (−∆)α/2 (see Section 3) or, more pre-
cisely, that it satisfies the following condition:

• The symbol a of the operator L can be written in the form

a(ξ) = ℓ|ξ|α + k(ξ), (3.3)

where ℓ > 0, α ∈ (0, 2]. and the pseudodifferential operator K, corre-
sponding to the symbol k, generates a strongly continuous semigroup of
operators on Lp(Rn), 1 ≤ p ≤ ∞, with norms uniformly bounded in t.

Observe that, without loss of generality (rescaling the spatial variable x), we
can assume that the scaling constant ℓ in (3.3) is equal to 1. Also, note that the
above assumptions on the operator K are satisfied if the Fourier transform of the
function e−tk(ξ) is in L1(Rn), for every t > 0, and its L1-norm is uniformly bounded
in t.

The study of the large time behavior of solutions of the nonlinear problem
(3.1)-(3.2) will necessitate the following supplementary asymptotic condition on
the Lévy operator L:
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• The symbol k = k(ξ) appearing in (3.3) satisfies the condition

lim
ξ→0

k(ξ)

|ξ|α = 0. (3.4)

The assumptions (3.3) and (3.4) are fulfilled, e.g., by multifractal diffusion
operators

L = −a0∆ +

k∑

j=1

aj(−∆)αj/2,

with a0 ≥ 0, aj > 0, 1 < αj < 2, and α = min1≤j≤k αj , but, more generally, one
can consider here

L = (−∆)α/2 + K,
where K is a generator of another Lévy semigroup. Nonlinear conservation laws
with such nonlocal operators were studied in [16, 17, 18].

In view of the assumption (3.3) imposed on its symbol a(ξ), the semigroup e−tL

satisfies the following decay estimates analogous to those in (2.15)–(2.16) (cf. [18,
Sec. 2], for details):

‖e−tLv‖p ≤ Ct−n(1−1/p)/α‖v‖1, (3.5)

‖∇e−tLv‖p ≤ Ct−n(1−1/p)/α−1/α‖v‖1, (3.6)

for each p ∈ [1,∞], all t > 0, and a constant C depending only on p and n. The
sub-Markovian property of e−tL implies that, for every p ∈ [1,∞],

‖e−tLv‖p ≤ ‖v‖p. (3.7)

Moreover, for each p ∈ [1,∞], we have

‖∇e−tLv‖p ≤ Ct−1/α‖v‖p. (3.8)

Let us also note that under the assumption (3.4), the large time behavior of e−tL

is described by the fundamental solution pα(x, t), defined in (1.16), of the linear
equation ut + (−∆)α/2u = 0, see [42, Lemma 6.1] for more details.

We are now in a position to present our results concerning the nonlinear problem
(3.1)-(3.2) starting with the fundamental problems of the existence, the uniqueness,
and the regularity of solutions. Note that at this stage no restrictions are imposed
on the sign of the parameter λ and the initial datum u0. Consequently, all results
of Theorem 3.2 are valid for both the deposition and the evaporation cases.

Theorem 3.2. Assume that the symbol a = a(ξ) of the Lévy operator L
satisfies condition (3.3) with an α ∈ (1, 2]. Then, for every u0 ∈ W 1,∞(Rn),
λ ∈ R, and T > 0, problem (3.1)-(3.2) has the unique solution u in the space
X = C([0, T ),W 1,∞(Rn)).

If, additionally, there exists a constant K ∈ R such that u0−K ∈ L1(Rn), then

u−K ∈ C([0, T ], L1(Rn)), and sup
0<t≤T

t1/α‖∇u(t)‖1 <∞. (3.9)

Moreover, for all t ≥ 0,

‖u(t)‖∞ ≤ ‖u0‖∞, and ‖∇u(t)‖∞ ≤ ‖∇u0‖∞, (3.10)
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and the following comparison principle is valid: for any two initial data satisfying
condition, for all x ∈ Rn, u0(x) ≤ ũ0(x), the corresponding solutions satisfy the
inequality u(x, t) ≤ ũ(x, t), for all x ∈ Rn, and t ≥ 0.

Remark 3.3. Note that if u is a solution of (3.1) then so is u − K, for any
constant K ∈ R. Hence, without loss of generality, in what follows we will assume
that K = 0.

In a recent publication, Droniou and Imbert [27] study a nonlinear-nonlocal
viscous Hamilton-Jacobi equation of the form

ut + (−∆)α/2u+ F (t, x, u,∇u) = 0.

For α ∈ (0, 2), and under very general assumptions on the nonlinearity, they con-
struct a unique, global-in-time viscosity solution for initial data from W 1,∞(Rn),
and emphasize (cf. [27, Remark 5]) that an analogous result can be obtained in the
case of more general nonlocal operators, including those given by formula (1.12).
That unique solution also satisfies the maximum principle (cf. Theorem 1.18) which
implies inequalities (3.10), and the comparison principle contained in Theorem 3.2.
Finally, the L1-property of solutions stated in (3.9) (under the additional assump-
tion u0 −K ∈ L1(Rn)) is proved in [42, Section 3]. Here we only mention that the
reasoning used in the construction of solutions of (3.1)-(3.2) involves the integral
(mild) equation

u(t) = e−tLu0 + λ

∫ t

0

e−(t−τ)L|∇u(τ)|q dτ, (3.11)

estimates (3.10), and the Banach fixed point argument.

3. Large time asymptotics – the deposition case

Once the global-in-time solution u is constructed, it is natural to ask questions
about its behavior as t → ∞. From now onwards, equation (3.1) will be supple-
mented with the nonnegative integrable initial datum (3.2). In view of Theorem 3.2,
the standing assumption u0 ∈ W 1,∞(Rn) ∩ L1(Rn) allows as to define the “mass”
of the solution of (3.1)-(3.2) by the formula

M(t) = ‖u(t)‖1 =

∫

Rn

u(x, t) dx

=

∫

Rn

u0(x) dx+ λ

∫ t

0

∫

Rn

|∇u(x, s)|q dxds
(3.12)

To show last equality, note that since, for every t ≥ 0, µt in the representation
(1.5) is a probability measure it follows from the Fubini theorem, and from the
representation (1.5), that

∫

Rn

e−tLu0(x) dx =

∫

Rn

∫

Rn

u0(x− y) µt(dy)dx =

∫

Rn

u0(y) dy,

and, similarly,
∫

Rn

∫ t

0

e−(t−τ)L|∇u(x, τ)|q dτdx =

∫ t

0

∫

Rn

|∇u(x, τ)|q dxdτ.
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Hence, identity (3.12) is immediately obtained from equation (3.11) by integrating
it with respect to x.

The large-time behavior of M(t) is one of the principal objects of presented in
this chapter. It turns out that in the deposition case, i.e., for λ > 0, the function
M(t) is nondecreasing in t (cf. equation (3.12)) and, for sufficiently small q, escapes
to +∞, as t→ ∞.

Theorem 3.4. Let λ > 0, 1 < q ≤ n+α
n+1 , and suppose that the symbol a

of the Lévy operator L satisfies conditions (3.3) and (3.4) with α ∈ (1, 2]. If
u = u(x, t) is a solution of (3.1) with an initial datum satisfying conditions 0 ≤
u0 ∈ L1(Rn) ∩W 1,∞(Rn), and u0 ≡\ 0, then limt→∞M(t) = +∞.

When q is greater that the critical exponent (n + α)/(n + 1), we are able to
show that, for sufficiently small initial data, the mass M(t) is uniformly bounded
in time.

Theorem 3.5. Let λ > 0, q > n+α
n+1 , and suppose that the symbol a of the Lévy

operator L satisfies conditions (3.3) and (3.4) with α ∈ (1, 2]. If, either ‖u0‖1 or
‖∇u0‖∞ is sufficiently small, then limt→∞M(t) = M∞ <∞.

The smallness assumption from Theorem 3.5 can be easily formulated if we
limit ourselves to L = (−∆)α/2 . In this case, it suffices to assume that the

quantity ‖u0‖1‖∇u0‖(q(n+1)−α−n)/(α−1)
∞ is smaller than a given (and small) number

independent of u0. This fact, for α = 2, is in perfect agreement with the assumption
imposed in [47]. To see this result, note that, for every R > 0, the equation
ut = −(−∆)α/2u + λ|∇u|q is invariant under rescaling uR(x, t) = Rbu(Rx,Rαt),

with b = (α − q)/(q − 1). Choosing R = ‖∇u0‖−1/(1+b)
∞ we immediately obtain

‖∇u0,R‖∞ = R1+b‖∇u0‖∞ = 1. Hence, the conclusion follows from the smallness
assumption imposed on ‖u0,R‖1 in Theorem 3.5 and from the identity ‖u0,R‖1 =

‖u0‖1R
b−n = ‖u0‖1‖∇u0‖(q(n+1)−α−n)/(α−1)

∞ .
If the Lévy operator L has a non-degenerate Brownian part, and if q ≥ 2,

we can strengthen the assertion of Theorem 3.5 and show that the mass of every
solution (not necessary small) is bounded as t→ ∞.

Theorem 3.6. Let λ > 0, q ≥ 2, and suppose that the Lévy diffusion operator L
has a non-degenerate Brownian part. Then, each nonnegative solution of (3.1)-(3.2)
with an initial datum u0 ∈W 1,∞(Rn)∩L1(Rn) has the mass M(t) =

∫
Rn u(x, t) dx

increasing to a finite limit M∞, as t→ ∞.

The smallness assumption imposed in Theorem 3.5 seems to be necessary. In-
deed, for L = −∆, it is known that if λ > 0, and (n+2)/(n+1) < q < 2, then there
exists a solution of (3.1)-(3.2) such that limt→∞M(t) = +∞ (cf. [11] and [9, Thm.
2.4]). Moreover, if ‖u0‖1 and ‖∇u0‖∞ are “large”, then the large-time behavior of
the corresponding solution is dominated by the nonlinear term ([9]), and one can
expect that M∞ = ∞. We conjecture that analogous results hold true at least for
the α-stable operator (fractional Laplacian) L = (−∆)α/2, and for q satisfying the
inequality (n + α)/(n + 1) < q < α. We also conjecture that the critical exponent
q = 2, for L = −∆, should be replaced by q = α if L has a nontrivial α-stable part.
In this case, for q ≥ α, we expect that, as t → ∞, the mass of any nonnegative
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solution converges to a finite limit, just like in Theorem 3.6. Our expectation is that
the proof of this conjecture can be based on a reasoning similar to that contained
in the proof of Theorem 3.6. However, at this time, we were unable to obtain those
estimates in a more general case.

4. Large time asymptotics – the evaporation case

In the evaporation case, λ < 0, the mass M(t) is a nonincreasing function of
t (see equation (3.12)), and the question, answered in the next two theorems, is
when it decays to 0 and when it decays to a positive constant.

Theorem 3.7. Let λ < 0, 1 ≤ q ≤ n+α
n+1 , and suppose that the symbol a of the

Lévy operator L satisfies conditions (3.3) and (3.4). If u is a nonnegative solution
of (3.1)-(3.2) with an initial datum satisfying 0 ≤ u0 ∈ W 1,∞(Rn) ∩ L1(Rn), then
limt→∞M(t) = 0.

Again, when q is greater than the critical exponent, the diffusion effects prevails
for large times and, as t→ ∞, the mass M(t) converges to a positive limit.

Theorem 3.8. Let λ < 0, q > n+α
n+1 , and suppose that the symbol a of the Lévy

operator L satisfies condition (3.3). If u is a nonnegative solution of (3.1)-(3.2)
with an initial datum satisfying 0 ≤ u0 ∈ W 1,∞(Rn)∩L1(Rn), then limt→∞M(t) =
M∞ > 0.

The proof of Theorem 3.8 is based on the decay estimates of ‖∇u(t)‖p proven
in [42, Thm. 3.8]. However, as was the case for λ > 0, we can significantly simplify
that reasoning for Lévy operators L with nondegenerate Brownian part, and q ≥ 2;
see [42, Remark 5.3].

Our final result shows that when the mass M(t) tends to a finite limit M∞,
as t → ∞, the solutions of problem (3.1)-(3.2) display a self-similar asymptotics
dictated by the fundamental solution of the linear equation ut + (−∆)α/2u = 0
which is given by the formula

pα(x, t) = t−n/αpα(xt−1/α, 1) =
1

(2π)/2

∫

Rn

eixξe−t|ξ|α dξ, (3.13)

see Section 3. More precisely, we have

Theorem 3.9. Let u = u(x, t) be a solution of problem (3.1)-(3.2) with u0 ∈
L1(Rn)∩W 1,∞(Rn), and suppose that the symbol a of the Lévy operator L satisfies
conditions (3.3) and (3.4). If limt→∞M(t) = M∞ exists and is finite, then

lim
t→∞

‖u(t) −M∞pα(t)‖1 = 0. (3.14)

If, additionally,
‖u(t)‖p ≤ Ct−n(1−1/p)/α, (3.15)

for some p ∈ (1,∞], all t > 0, and a constant C independent of t, then, for every
r ∈ [1, p),

lim
t→∞

tn(1−1/r)/α‖u(t) −M∞pα(t)‖r = 0. (3.16)

Remark 3.10. Note that, in the case M∞ = 0, the results of Theorem 3.9 only
give that, as t→ ∞, ‖u(t)‖r decays to 0 faster than t−n(1−1/r)/α.
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CHAPTER 4

Other equations with Lévy operator

1. Lévy conservation laws

In this section, we present asymptotic results for the Cauchy problem for non-
linear pseudodifferential equations of the form

ut + Lu + ∇Nu = 0, u(x, 0) = u0(x), (4.1)

where u = u(x, t), x ∈ Rn, t ≥ 0, u : Rn × R+ → R, −L is a (linear) generator of
a symmetric positive semigroup e−tL on L1(Rn), with the symbol defined by the
Lévy–Khintchine formula (1.12).

The solutions of the Cauchy problem (4.4) have to be understood in some weak
sense and several options are here available and have been studied in the papers
quoted below. For the sake of this presentation let us just say that as the mild
solution of (4.4) we mean a solution of the integral equation

u(t) = e−tLu0 −
∫ t

0

∇ · e−(t−τ)L(Nu)(τ) dτ, (4.2)

motivated by the classical Duhamel formula.
Such equations are used in physical models where the diffusive behavior is

affected by hopping, trapping and other nonlocal, but possibly self-similar, phe-
nomena (see, e.g., [7, 8, 23, 29, 58, 59]).

Recently, the questions of existence, uniqueness, regularity, and temporal asy-
mptotics have been studied for certain special cases of equation (4.4), in particular,
the fractal Burgers equation (see, [14]),

ut + (−∆)α/2u+ c · ∇(u|u|r−1) = 0, c ∈ Rn, (4.3)

and the one-dimensional multifractal conservation laws (see [16]),

ut + Lu+ f(u)x = 0, (4.4)

with the multifractal operator

L = −a0∆ +
k∑

j=1

aj(−∆)αj/2, (4.5)

0 < αj < 2, aj > 0, j = 0, 1, . . . , k, where (−∆)α/2, 0 < α < 2, is the fractional
Laplacian defined is defined in Section 3. All these equations are generalizations of
the classical Burgers equation

ut − uxx + (u2)x = 0. (4.6)

59
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Let us briefly sketch our results from [16, 17, 18] in the particular case of the
Cauchy problem

ut + (−∆)α/2u+ b · ∇ (u|u|q) = 0, u(x, 0) = u0(x). (4.7)

Intuitively speaking, our results from [16, 17] have shown that, for q sufficiently
large, the first order asymptotics (as t → ∞) for solutions of (4.7) is essentially
linear.

Theorem 4.1 (Linear asymptotics). Assume that α ∈ (1, 2) and q > 1. Let u
be the solution of the Cauchy problem (4.7). Suppose that the initial datum satisfies

u0 ∈ L1(Rn) and

∫

Rn

u0(x) dx = M

for some fixed M ∈ R. If q > (α− 1)/n, then then

tn(1−1/p)/α‖u(t) −Mpα(t)‖p → 0 as t→ ∞,

for each p ∈ [1,∞], where pα(x, t) is defined in (1.16).

By contrast with the results in Theorem 4.1, let us note, that the first order
asymptotics of solutions of the Cauchy problem for the Burgers equation (4.6) is
described by the relation

t(1−1/p)/2‖u(t) − UM (t)‖p → 0, as t→ ∞,

where

UM (x, t) = t−1/2 exp(−x2/4t)

(
K(M) +

1

2

∫ x/
√

t

0

exp(−ξ2/4) dξ

)−1

is the, so-called, source solution such that u(x, 0) = Mδ0. It is easy to verify that
this solution is self-similar, i.e., UM (x, t) = t−1/2U(xt−1/2, 1). Thus, the long time
behavior of solutions of the classical Burgers equation is genuinely nonlinear, i.e.,
it is not determined by the asymptotics of the linear heat equation.

As it turns out that genuinely nonlinear behavior of the Burgers equation is due
to the precisely matched balancing influence of the regularizing Laplacian diffusion
operator and the gradient-steepening quadratic inertial nonlinearity.

The next result finds such a matching critical nonlinearity exponent for the
nonlocal multifractal Burgers equation.

Theorem 4.2 (Nonlinear asymptotics). Assume that α ∈ (1, 2) and q > 0. Let
u be the solution of the Cauchy problem (4.7). Suppose that

u0 ∈ L1(Rn) and

∫

Rn

u0(x) dx = M.

If q = (α− 1)/n, then

tn(1−1/p)/α‖u(t) − UM (t)‖p → 0 as t→ ∞,

for each p ∈ [1,∞], where UM (x, t) = t−n/αUM (xt−1/α, 1) is the unique self-similar
solution of the equation

ut + (−∆)α/2u+ b · ∇(u|u|(α−1)/n) = 0

with the initial datum Mδ0.
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2. Nonlocal equation in dislocation dynamics

Dislocations are line defects in crystals whose typical length is ∼ 10−6 m and
their thickness is ∼ 10−9 m. When the material is submitted to shear stresses,
these lines can move in the crystallographic planes and this dynamics can be ob-
served using electron microscopy. The elementary mechanisms at the origin of the
deformation of monocrystals are rather well understood, however, many questions
concerning the plastic behavior of materials containing a high density of defects are
still open. Hence, in recent years, new physical theories describing the collective
behavior of dislocations have been developed and numerical simulations of disloca-
tions have been performed. We refer the reader to the recent publications [4, 36]
for the comprehensive references about modeling of dislocation dynamics.

One possible (simplified) model of the dislocation dynamics is given by the
system of ODEs

ẏi = F − V ′
0(yi) −

∑

j∈{1,...,N}\{i}
V ′(yi − yj) for i = 1, ..., N, (4.8)

where F is a given constant force, V0 is a given potential and V is a potential of
two-body interactions. One can think of yi as the position of dislocation straight
lines. In this model, dislocations can be of two types, + or −, depending on the
sign of their Burgers vector (see the book by Hirth and Lothe [34] for a physical
definition of the Burgers vector).

Self-similar solutions (i.e. solutions of the form yi(t) = g(t)Yi with constant Yi)
of system (4.8) with the particular potential V ′(z) = 1

z as well as their role in the
asymptotic behavior of other solutions of (4.8) were studied by Head in [32]. More
recently, Forcadel et al. showed in [28, Th. 8.1] that, under suitable assumptions
on V0 and V in (4.8), the rescaled “cumulative distribution function”

ρε(x, t) = ε

(
−1

2
+

N∑

i=1

H

(
x− εyi

(
t

ε

)))
(4.9)

(where H is the Heaviside function) satisfies (as a discontinuous viscosity solution)
the following nonlocal eikonal equation

ρε
t (x, t) =

(
c
(x
ε

)
+M ε

(
ρε(·, t)
ε

)
(x)

)
|ρε

x(x, t)| (4.10)

for (x, t) ∈ R× (0,+∞), with c(y) = V ′
0(y)−F . Here, M ε is the nonlocal operator

defined by

M ε(U)(x) =

∫

R

J(z)E
(
U(x+ εz) − U(x)

)
dz, (4.11)

where J(z) = V ′′(z) on R \ {0} and E is the modification of the integer part:
E(r) = k + 1/2 if k ≤ r < k + 1. Note that the nonlocal operator M ε describes
the interactions between dislocation lines, hence, interactions are completely char-
acterized by the kernel J .

Next, under the assumption that the kernel J is a sufficiently smooth, even,
nonnegative function with the following behavior at infinity

J(z) =
1

|z|2 for all |z| ≥ R0 (4.12)
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and for some R0 > 0, the rescaled cumulative distribution function ρε, defined in
(4.9), is proved to converge (cf. [28, Th. 2.5]) towards the unique solution of the
corresponding initial value problem for nonlinear diffusion equation

ut = H̃(−Λu, ux), (4.13)

where the Hamiltonian H̃ is a continuous function and Λ is a Lévy operator of
order 1. It is defined for any function U ∈ C2

b (R) and for r > 0 by the formula

−ΛU(x) = C(1)

∫

R

(
U(x+ z) − U(x) − zU ′(x)1{|z|≤r}

) 1

|z|2 dz (4.14)

with a constant C(1) > 0. Finally, in the particular case of c ≡ 0 in (2.6), we have

H̃(L, p) = L|p| (cf. [28, Th. 2.6]) which allows us to rewrite equation (4.13) in the
form

ut + |ux|Λu = 0. (4.15)

One can show that the definition of Λ is independent of r > 0, hence, we

fix r = 1. In fact, for suitably chosen C(1), Λ = Λ1 =
(
−∂2/∂x2

)1/2
is the

pseudodifferential operator defined in the Fourier variables by (̂Λ1w)(ξ) = |ξ|ŵ(ξ)
(cf. formula (4.21) below). In this particular case, equation (4.15) is an integrated
form of a model studied by Head [33] for the self-dynamics of a dislocation density
represented by ux. Indeed, denoting v = ux we may rewrite equation (4.15) as

vt + (|v|Hv)x = 0, (4.16)

where H is the Hilbert transform defined by

(̂Hv)(ξ) = −i sgn(ξ) v̂(ξ). (4.17)

Let us recall two well known properties of this transform

Hv(x) =
1

π
P.V.

∫

R

v(y)

x− y
dy and Λ1v = Hvx. (4.18)

Motivated by physics described above, in [15], we study the following initial
value problem for the nonlinear and nonlocal equation involving u = u(x, t)

ut = −|ux| Λαu on R × (0,+∞), (4.19)

u(x, 0) = u0(x) for x ∈ R. (4.20)

where the assumptions on the initial datum u0 will be precised later. Here, for α ∈
(0, 2), Λα =

(
−∂2/∂x2

)α/2
is the pseudodifferential operator discussed in Section

3. Recall that the operator Λα has the Lévy–Khintchine integral representation for
every α ∈ (0, 2)

−Λαw(x) = C(α)

∫

R

(
w(x+ z) − w(x) − zw′(x)1{|z|≤1}

) dz

|z|1+α
, (4.21)

where C(α) > 0 is a constant. This formula (discussed in Chapter 1 for functions w
in the Schwartz space) allows us to extend the definition of Λα to functions which
are bounded and sufficiently smooth, however, not necessarily decaying at infinity.

As we have already explained (cf. equation (4.15)), in the particular case α = 1,
equation (4.19) is a mean field model that has been derived rigorously in [28] as the
limit of a system of particles in interactions (cf. (4.8)) with forces V ′(z) = 1

z . Here,
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the density ux means the positive density |ux| of dislocations of type of the sign of
ux. Moreover, the occurrence of the absolute value |ux| in the equation allows the
vanishing of dislocation particles of the opposite sign. In the work [15], we study
the general case α ∈ (0, 2) that could be seen as a mean field model of particles
modeled by system (4.8) with repulsive interactions V ′(z) = 1

zα .
Here, we would like also to keep in mind that (4.19) is the simplest nonlinear

anomalous diffusion model (described by the Lévy operator Λα) which degenerates
for ux = 0.

In work [15], we construct explicitly the self-similar solution of (4.19)-(4.20)
and we prove its asymptotic stability. Moreover, we show the existence and the
uniqueness of viscosity solutions of (4.19)-(4.20) as well as decay estimates using
properties of the Lévy operator Λα presented in Chapter 1.
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Figure 1. Wroc law. The view of the Grunwaldzki Bridge

From: http://wikitravel.org/en/Wroclaw

Wroc law in Polish, formally known as Breslau in German, is a large undis-
covered gem of a city in southwestern Poland in the historic region of Silesia. It
boasts fascinating architecture, many rivers and bridges, and a lively and metro-
politan cultural scene. It is a city with a troubled past, having seen much violence
and devastation, and was almost completely destroyed during the end of the Sec-
ond World War. However, it has been brilliantly restored and can now be counted
amongst the highlights of Poland, and all of Central Europe. As Poland rushes
headlong into further integration with the rest of Europe, now is the time to visit
before the tourist hordes (and high prices) arrive. Read Norman Davies’ and Roger
Moorhouse’s Microcosm: Portrait of a Central European City to understand the
complicated history of the town.
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