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Abstract. In this note, our results from [Comm. Pure Appl. Math. 63
(2010), 747–778] on infinite energy solutions to the homogeneous Boltzmann

equation for Maxwellian-type molecules are discussed, presented in a different

context, and improved by using recent observations by Morimoto and Yang.
In particular, similarities between the homogeneous Boltzmann equation and

the fractional heat equation are emphasized. Moreover, we show that a certain
conjecture by Bobylev and Cercignani on regularity of self-similar solutions

to the homogeneous Boltzmann equation for Maxwellian-type molecules has a

positive answer.

1. Introduction. Due to the celebrated Boltzmann H-theorem, it is natural to
conjecture that solutions of the Boltzmann equation converge towards an equi-
librium which is given by the Maxwellian distribution. A substantial progress in
proving this conjecture was done in the case of several models from the collision ki-
netic theory which are variants of the Boltzmann equation: e.g. the Fokker-Planck
type equation, a model for granular media, the homogeneous Boltzmann equation.
We refer the reader to the review article [17] for a discussion of those results and
for several references.

In this work, we will show that the convergence of solutions towards Maxwellians
is not the only possible scenario in the study of the large time behavior of solutions
to Boltzmann equations. Here, we consider the homogeneous Boltzmann equation
in R3

∂tf(v, t) = Q(f, f)(v, t) (1)
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with the bilinear form corresponding to a Maxwellian-type gas

Q(g, f)(v) =

∫
R3

∫
S2

B
(
v − v∗
|v − v∗|

· σ
)(

f(v′)g(v′∗)− f(v)g(v∗)
)
dσ dv∗. (2)

The unknown density f = f(v, t) is independent of the space variable and as usual
we denote

v′ =
v + v∗

2
+
|v − v∗|

2
σ, v′∗ =

v + v∗
2
− |v − v∗|

2
σ (3)

with σ varying in the unit sphere S2. The collision kernel B = B(τ) in (2) is
supposed to be a nonnegative function and, as in the case of Maxwellian molecules,
it depends only on the deviation angle; moreover, it has a non-integrable singularity
as τ → 1 (this is the so-called non cutoff assumption).

Equations (1)–(2) are supplemented with a nonnegative initial datum

f(v, 0) = f0(v) (4)

which is assumed to be either a density of a probability distribution or, more gen-
erally, a probability measure. If the initial datum f0 has a finite second moment,
then the corresponding solution to problem (1)-(4) is global-in-time and converges
in various norms as t → ∞ towards Maxwellian, see [17, Ch. 3 and 4] for several
references. It is natural to interpret this convergence as a central limit theorem,
analogously as in the probability theory, where a sequence of independent random
variables with finite second moments converges towards the normal distribution.

In our recent work [9], we developed a theory for problem (1)-(4), which allowed
us to construct infinite energy solutions (that is solutions with infinite second mo-
ments) and to study their large time behavior. In particular, we obtained results
on the convergence of solutions towards profiles which are no longer Maxwellians
and which resemble α-stable distributions from the theory of Lévy processes.

In this note, we review our results from [9] improving them slightly by using recent
results by Morimoto and Yang [12, 15]. Moreover, we show that a certain conjecture
formulated by Bobylev and Cercignani [8] on regularity of self-similar solutions to
problem (1)-(4) has a positive answer. We would like also to emphasize similarities
between the large time asymptotics of solutions to problem (1)-(4) and solutions to
the Cauchy problem for the “heat equation” with the fractional Laplacian.

2. Main results. In this work, the Fourier transform of f ∈ L1(R3) (or, more
generally, of a finite measure on R3) is denoted by

ϕ(ξ) = f̂(ξ) = F(f)(ξ) =

∫
R3

e−iv·ξf(v) dv.

Recall that, due to the Bochner theorem, each characteristic function is the Fourier
transform of a probability measure.

We begin by recalling a space from our work [9]. For each α ∈ [0, 2], we define

Kα =
{
ϕ : R3 → C is a characteristic function such that ‖ϕ− 1‖α <∞

}
,

where

‖ϕ− 1‖α ≡ sup
ξ∈R3

|ϕ(ξ)− 1|
|ξ|α

.

The set Kα endowed with the distance

‖ϕ− ϕ̃‖α ≡ sup
ξ∈R3

|ϕ(ξ)− ϕ̃(ξ)|
|ξ|α
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is a complete metric space. The definition of Kα makes sense also for α > 2,
however, Kα = {1} in this case. On the other hand, K0 coincides with the set of all
characteristic functions and the following imbeddings hold true

{1} ⊆ Kα ⊆ Kα0 ⊆ K0 for all 2 ≥ α ≥ α0 ≥ 0.

We refer the reader to [9, Sec. 3], were properties of the metric space Kα are studied
in detail.

Next, also for α ∈ [0, 2], we introduce the space of probability measures with
finite moments of order α:

Pα =
{
µ− prob. measure on R3 :

∫
R3

|v|α µ(dv) < +∞ and for i ∈ {1, 2, 3}∫
R3

vi µ(dv) = 0 if α ∈ [1, 2).
}

Let us emphasize that the Fourier transform of every probability measure form Pα
belongs to Kα, see [9, Lemma 3.15]. The set Kα is, in fact, bigger than F(Pα),
because e−|ξ|

α ∈ Kα \ F(Pα), see [9, Remark 3.16] and Remark 4 below. Hence,

following [15] we introduce the space P̃α = F−1(Kα).
In our work [9], we constructed global-in-time weak solutions to problem (1)-(4)

under the assumption (1 − τ)α/4(1 + τ)α/4B(τ) ∈ L1(−1, 1) for some α ∈ [0, 2].
It was, however, noticed by Morimoto [12] that to obtain our results it suffices to
impose the following weaker condition

(1− τ)α/2B(τ) ∈ L1(0, 1) for some α ∈ [0, 2]. (5)

Moreover, in order to use the recent result by Morimoto and Yang [15] on smoothing
effects of solutions to problem (1)-(4) with a strongly singular kernel, we also assume
that

B(cos θ)θ2+2s → b0 when θ → 0+, for some 0 < s < 1 and b0 > 0. (6)

Under both assumptions (5) and (6) with some 0 < s < 1 and α ∈ (2s, 2], a global-

in-time unique solution to problem (1)-(4) exists for every f0 ∈ P̃α (see [9, 15]) and
is smooth on a time interval [0, T ] (cf. [15]). Below, we reformulate our results from
[9] under both assumptions (5) and (6) and we limit ourselves to those of them
which are devoted to the large time behavior of solutions.

For α ∈ [0, 2], we define the constant which appears systematically in our con-
siderations:

µ = µα =
λα
α
, where λα ≡

∫
S2

B
(
ξ · σ
|ξ|

)(
|ξ−|α + |ξ+|α

|ξ|α
− 1

)
dσ. (7)

The number λα is finite under the condition (5) and independent of ξ because the
integral in (7) is invariant under rotations, see [9, Corollary 4.2].

Now, we are in a position to formulate a result on the existence of particular
solutions to the homogeneous Boltzmann equation (1)-(2).

Theorem 2.1 (Existence of self-similar solutions). Fix α ∈ (0, 2). Assume that
the collision kernel B satisfies the non cutoff assumptions (5) and (6) with some
0 < s < 1 and α ∈ (2s, 2]. Let µα = λα/α be given by formula (7). For every
constant K > 0, there exists a radially symmetric nonnegative function Ψα,K ∈
L1(R3) ∩H∞(R3) with the following properties∫

R3

Ψα,K(v) dv = 1, Ψ̂α,K ∈ Kα, lim
|η|→0

1− Ψ̂α,K(η)

|η|α
= K, (8)
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such that the rescaled function

fα,K(v, t) = e−3µαtΨα,K(ve−µαt)

is a solution of equation (1)-(2).

Remark 1. Theorem 2.1 holds true for α = 2, as well. In this case, however,
µ2 = λ2 = 0 and the only stationary solution of the Boltzmann equation satisfying
relations (8) with α = 2 and K > 0 is the Maxwellian

Ψ2,K(v) = (2πK)−3/2e−|v|
2/(2K), thus Ψ̂2,K(η) = e−K|η|

2

. (9)

On the other hand, for α ∈ (0, 2), the self-similar profile Ψα,K resembles the α-stable

probability distribution which is the Fourier transform of the function e−K|ξ|
α

. In
particular, we have

∫
R3 Ψα,K(v)|v|α dv = +∞, see Remarks 3 and 4.

Self-similar solutions described in Theorem 2.1 are constructed by Bobylev and
Cercignani [8] as characteristic functions i.e. the Fourier transforms of probability
measures. In [8, Remark on page 1055], they formulated the following conjecture
concerning such solutions

It seems quite probable that the corresponding self-similar solutions [...]
of the Boltzmann equation are L1 functions, not measures. This conjec-
ture will be justified for some particular cases in Section 7. Our argu-
ments are not sufficient, however, to prove the conjecture in the general
case.

Theorem 2.1 gives a positive answer to this conjecture: self-similar solutions by
Bobylev and Cercignani are, in fact, smooth and integrable functions. Below, in
the proof of Theorem 2.1, we explain that this property of self-similar solutions is
a direct consequence of the recent regularity result by Morimoto and Yang [15].

Next, we show that self-similar solutions attract other infinite energy solutions
of the Cauchy problem (1)-(4) in the following sense.

Theorem 2.2 (Central limit theorem). Fix α ∈ (0, 2) and K > 0. Assume that the
collision kernel B satisfies the non cutoff assumptions (5) and (6) with some 0 <
s < 1 and α ∈ (2s, 2]. Let Ψα,K be a self-similar profile obtained in Theorem 2.1.
Denote by f = f(v, t) a global-in-time solution of problem (1)-(4) with an initial

datum f0 ∈ P̃α. If
f0 −Ψα,K ∈ Pα (10)

then
e3µαtf

(
eµαtv, t

)
→ Ψα,K(v) as t→∞, (11)

weakly in the sense of probability measures. On the other hand, if f0 ∈ Pα then

e3µαtf
(
eµαtv, t

)
→ δ0 as t→∞,

weakly in the sense of probability measures.

Roughly speaking, Theorem 2.2 states that solutions to problem (1)–(4) with
infinite energy (cf. Remark 3) converge in self-similar variables towards the function
constructed by Bobylev and Cercignani. Such a convergence, in a pointwise sense
and for radially symmetric initial conditions was proved in [8, Thm. 6.2]. In our case,
for simplicity of the exposition, we state this convergence in a weak sense, however,
the limit in (11) holds true in the metric of the space Kα. This convergence has
a very simple proof and it is valid for every solution corresponding to an arbitrary
initial datum from Kα satisfying condition (10).
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Remark 2. Theorem 2.2 should be treated as an extension of the classical result
on the convergence of finite energy solutions of the Boltzmann equation towards
Maxwellian. Indeed, we have already recalled in Remark 1 that µ2 = λ2 = 0

and Ψ̂2,K(ξ) = e−K|ξ|
2

is the Fourier transform of Maxwellian. The large time
asymptotics of solutions to problem (1)–(4) in the space K2 was studied by Toscani
and Villani [16]. We are not able to adapt the proof of Theorem 2.2 to show the
convergence of solutions to (1)-(4) from the space K2 towards Maxwellian, because
the assumption λα 6= 0 is essential in our reasoning.

Remark 3. It follows immediately from Theorem 2.2 that the self-similar profile
Ψα,K has an infinite moment of order α. Indeed, since problem (1)-(4) with the
initial datum f0 = Ψα,K has a unique solution f(v, t) = e−3µαtΨα,K(ve−µαt), it is
obvious that this function cannot converge in the self-similar variables towards the
Dirac measure δ0.

3. Comparison with the fractional heat equation. There are several works
on the Cauchy problem for a non cutoff homogeneous Boltzmann equation which
emphasize its similarities with the initial value problem for the fractional heat equa-
tion

ut + (−∆)α/2u = 0 for x ∈ Rn, t > 0, (12)

especially in the context of the smoothing effects of weak solutions, see e.g. [1, 2,
13, 14, 10] and references therein. Our asymptotic result in Theorem 2.2 is another
example confirming that a homogeneous Boltzmann equation resembles the linear
equation (12) for large values of time. Let us explain it in detail.

It is well-known that the solution of equation (12) supplemented with an initial
datum u0 ∈ L1(Rn) is given by the convolution

u(x, t) = pα(t) ∗ u0(x), (13)

where the fundamental solution pα = pα(x, t) has a self-similar form and is defined
by the Fourier transform

pα(x, t) = t−
n
α pα

(
xt−

1
α , 1
)

=
1

(2π)n/2

∫
Rn
e−ix·ξe−t|ξ|

α

dξ.

The function p̂α(ξ, t) = e−t|ξ|
α

is a characteristic function for each α ∈ (0, 2],
because this is the Fourier transform of the probability distribution of an α-stable
symmetric Lévy process, see e.g. [11, Examples 3.5.23 and 3.9.17] for more details.
Hence, p̂α(·, t) ∈ Kβ for each β ∈ [0, α] and t ≥ 0.

Now, using the explicit formula (13) and the self-similar form of the kernel pα, one
can easily show that the solution of the Cauchy problem for the linear equation (12)
completed by an integrable initial datum u0 satisfying

∫
Rn u0(x) dx = 1 converges

in the self-similar variables towards the profile pα(x, 1):

t
n
αu
(
xt

1
α , t
)
→ pα(x, 1) as t→∞.

This convergence holds true in various topologies and the proof can be found e.g. in
[3, Sec. 2].

Remark 4. Let us recall (cf. [9, Remark 3.16]) that p̂α(ξ, 1) = e−|ξ|
α ∈ Kα \

F(Pα). This is due to the fact that, for every α ∈ (0, 2), the function pα(x, 1) is
smooth, nonnegative, and satisfies pα(x, 1)|x|α+n → c0, when |x| → ∞, where c0
is a positive and explicit constant (see [4]). In particular, in view of this limit, we
have

∫
R3 pα(x)|x|α dx =∞.
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4. Proofs Theorems 2.1 and 2.2. Bobylev [5, 6] noticed that the homogeneous
Boltzmann equation for Maxwellian-type molecules can be written in the Fourier
variables in the following simple form

∂tϕ(ξ, t) =

∫
S2

B
(
ξ · σ
|ξ|

)(
ϕ(ξ+, t)ϕ(ξ−, t)− ϕ(ξ, t)ϕ(0, t)

)
dσ, (14)

where the quantities

ξ+ =
ξ + |ξ|σ

2
, ξ− =

ξ − |ξ|σ
2

(15)

satisfy the well-known relations

ξ+ + ξ− = ξ and |ξ+|2 + |ξ−|2 = |ξ|2. (16)

Bobylev and Cercignani [7, 8] studied self-similar solutions of equation (14) in
the following form

ϕ(ξ, t) = Φ(ξeµt) for some µ ∈ R (17)

with µ = µα defined in (7). Substituting the function ϕ from (17) into equation
(14), they obtained the equation for the profile Φ (here, η = ξeλt)

µη · ∇Φ(η) =

∫
S2

B
(
η · σ
|η|

)(
Φ(η+)Φ(η−)− Φ(η)Φ(0)

)
dσ, (18)

where η+ and η− are defined analogously as the vectors in (15).

Theorem 4.1 (Bobylev and Cercignani [8]). Assume that the collision kernel B
satisfies the non cutoff assumption (5) for some α ∈ (0, 2). For every K > 0 and
for µ = µα defined in (7) there exists a radially symmetric solution Φ = Φα,K ∈ Kα
of equation (18) satisfying

lim
|η|→0

1− Φα,K(η)

|η|α
= K. (19)

To prove this theorem, Bobylev and Cercignani looked for solutions to equation
(18) in the form of a power series in |η|. They found a recurrence relation for
coefficients which allowed them to show the convergence of that series towards a
characteristic function. We refer the reader to our work [9, Ch. 6] for more comments
on the construction by Bobylev and Cercignani.

Proof of Theorem 2.1. In view of Theorem 4.1, it remains to prove that Φα,K is the
Fourier transform of a smooth and integrable function. Here, it suffices to apply a
recent result by Morimoto and Yang [15] to show that, in fact, we have

Ψα,K ≡ Φ̂α,K ∈ L1(R3) ∩H∞(R3) (20)

under the non cut off assumption (6). Here, one should use [15, Theorem 1.3] in the
following way. Let Φα,K ∈ Kα be a characteristic function provided by Theorem 4.1.

The initial value problem (1)-(4) with the initial datum f0 = Ψα,K = Φ̂α,K ∈ P̃α

has a unique solution f ∈ C([0,∞), P̃α), see [9, Theorem 2.2] and the improvement
in [12, Theorem 1.3]. Thus, [15, Theorem 1.3] implies that there exists T > 0 such
that for all 0 < t ≤ T , we have f(·, t) ∈ H∞(R3). However, by the uniqueness
of solutions, the self-similar form (17), and the scaling property of the Fourier
transform we obtain

f(v, t) = e−3µtΦ̂α,K
(
ve−µt

)
= e−3µtΨα,K

(
ve−µt

)
for 0 < t ≤ T.

Hence, necessarily, relation (20) holds true.
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Proof of Theorem 2.2. We prove this theorem only in the case when f0 satisfies
condition (10), because the reasoning in the case of initial data with finite moments
of order α is completely analogous.

Denote by Φα,K the self-similar profile of Bobylev and Cercignani from Theorem
4.1. We proved in [9, Theorem 2.7, Corollary 2.8, Remark 2.9] that, under the
assumption (5), for every initial datum ϕ0 ∈ Kα such that

lim
|ξ|→0

ϕ0(ξ)− Φα,K(ξ)

|ξ|α
= 0 (21)

the corresponding solution ϕ(ξ, t) of equation (14) satisfies

lim
t→∞

‖ϕ(· e−µt, t)− Φα,K(·)‖α = 0 if K > 0 (22)

and

lim
t→∞

‖ϕ(· e−µt, t)− 1‖α = 0 if K = 0

To show that assumption (10) implies (21), we observe that

ϕ0(ξ)− Φα,K(ξ)

|ξ|α
=

∫
R3

eiξ·v − 1

(|ξ||v|)α
|v|α

(
f0(v)−Ψα,K(v)

)
dv if α ∈ (0, 1)

and

ϕ0(ξ)− Φα,K(ξ)

|ξ|α
=

∫
R3

eiξ·v − 1− iξ · v
(|ξ||v|)α

|v|α
(
f0(v)−Ψα,K(v)

)
dv if α ∈ [1, 2).

Hence, the implication “(10)⇒ (21)” is an immediate consequence of the Lebesgue
dominated convergence theorem applied to both identities.

Next, we show that equation (22) implies the weak convergence (11). For every

test function g ∈ S(R3) (the Schwartz class) we choose h ∈ S(R3) such that g = ĥ.
Hence, by properties of the Fourier transform, we obtain∣∣∣ ∫

R3

(
e3µαtf

(
eµαtv, t

)
−Ψα,K(v)

)
g(v) dv

∣∣∣
≤
∫
R3

∣∣ϕ(e−µαtξ, t)− Φα,K(ξ)
∣∣|h(ξ)| dξ

≤ ‖ϕ(· e−µt, t)− Φα,K(·)‖α
∫
R3

|ξ|α|h(ξ)| dξ.

This completes the proof, because the right-hand side converges to zero by (22).
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