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Two-dimensional fractal Burgers equation
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We consider the two-dimensional convection–diffusion equation with a fractional Laplacian, supplemented with step-like
initial conditions. We show that the large time behavior of solutions to this IVP is described either by rarefaction waves, or
diffusion waves, or suitable self-similar solutions, depending on the order of the fractional dissipation and on a direction
of a convective nonlinearity. Copyright © 2014 John Wiley & Sons, Ltd.
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1. Introduction

Formulation of the problem. The goal of this work is to study asymptotic properties of solutions to the Cauchy problem for the nonlocal
conservation law

ut Cƒ
˛uC b � ru2 D 0 for .x, y/ 2 R2 and t > 0, (1.1)

u.x, y, 0/ D u0.x, y/ for .x, y/ 2 R2, (1.2)

whereƒ˛ D .��/˛=2 is the pseudodifferential operator defined via the Fourier transform

bƒ˛v.�1, �2/ D
�
�2

1 C �
2
2

�˛=2
Ov.�1, �2/, (1.3)

and we always assume that ˛ 2 .0, 2�. Moreover, b D .b1, b2/ 2 R2 is a fixed vector with b1 � 0. Here, we consider bounded step-like
initial conditions u0 satisfying

u0 � u� 2 L1..�1, 0� �R/ and u0 � uC 2 L1.Œ0,1/ �R/ (1.4)

for some constants u� < uC, and without loss of generality, we may assume that u� D 0 and uC D 1. Indeed, it suffices to rescale this
model replacing its solution u.x, y, t/ by the new function given by the formula

1

uC � u�

"
u

 
x � 2u�b1t

.uC � u�/
1
˛�1

,
y � 2u�b2t

.uC � u�/
1
˛�1

,
t

.uC � u�/
˛
˛�1

!
� u�

#
.

Our goal is to show that the large time behavior of solutions to problem (1.1)-(1.2) with step-like initial conditions satisfying (1.4)
depends on the order ˛ 2 .0, 2� of the diffusion operator ƒ˛ and on the direction of the convection b D .b1, b2/ 2 R2. We show
that certain particular profiles such as two-dimensional rarefaction waves, two-dimensional diffusion waves, and self-similar solutions
to Equation (1.1) appear in asymptotic expansions, as t ! 1, of solutions to this problem. In this way, we extend results from [1, 2],
obtained in the case of the one-dimensional fractal Burgers equation, to its planar counterpart.
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Previous results. Recently, there has been increasing interest in models involving fractional dissipation, where the usual Brownian diffu-
sion is replace by a Lévy flight. Linear and nonlinear equations with such a kind of an anomalous diffusion appear in different physical
problems; see, for example, [3] and references therein. In this work, we consider one particular equation of this type, which we call as
the fractal Burgers equation following the terminology introduced in [4]. Equation (1.1) may be treated as a toy model where one can
study interactions of the lineal fractional ‘diffusion’ with a nonlinearity that is typical in fluid dynamic equations. Equations of this type
appear in the study of growing interfaces in the presence of self-similar hopping surface diffusion [5]. Probabilistic motivations to study
such equations can be also found in [6, 7]. In particular, the authors of [7] obtained a one-dimensional counterpart of problem (1.1)-
(1.2), where an initial condition u0 is assumed to be of the form u0.x/ D cC

R x
�1

m.dy/with c 2 R and m being a finite signed measure
on R.

Now, let us review other results on problem (1.1)-(1.2) and its generalizations, where initial conditions do not necessarily satisfy
condition (1.4).

The existence and regularity of solutions to conservation laws with an anomalous diffusion and supplemented with integrable initial
conditions has been proved [8–10]. Moreover, for ˛ 2 .1, 2�, a large time asymptotics of solutions to such problems is described either
by a self-similar fundamental solution of the liner equation vt C ƒ

˛v D 0 [8, 9] or by a suitable self-similar solution to a nonlinear
equation ([10]). It is proved in [11, 12] that the fractal Burgers equation with ˛ 2 .1, 2� has a unique, smooth, global-in-time solution
for initial data u0 2 L1.R/. For ˛ 2 .0, 1/, singularities of solutions to (1.1)-(1.2) may appear in a finite time [13, 14]. The uniqueness
of such solutions under an entropy conditions is shown in [15]. A regularity of solutions to Equation (1.1) in the critical case ˛ D 1 has
been proved in [14, 16–18]. Here, we would like also to mention the recent progress in the understanding of properties of solutions of
a quasi-geostrophic equation with an anomalous diffusion, which has similar properties as the fractal Burgers Equation (1.1), compare
with [16, 19, 20] and the references therein.

Finally, let us recall papers concerning an asymptotic behavior of solutions to conservation laws in two (or more) dimensional space
with the ‘usual’ Laplacian. In this work, we were motivated by results on a convergence of solutions to such equations with step-like
initial conditions toward rarefaction waves that were proved, for example, in [21–35].
Notation. The symbol k � kp denotes the standard norm of the Lebesgue space Lp.R2/. If we consider the Lebesgue norm in space
Lp.R/, to avoid confusion, we use the notation k � kLp.R/. The space BV.R2/ consists of functions with finite total variations. Constants,
independent of t, will be denoted by the same letter C, and they may vary from line to line. We write, for example, C.˛, l/, when we
want to emphasize the dependence of the constant C on parameters ˛, l.

2. Main results

To formulate our results, we should begin by defining the two-dimensional step function on R2 by the formula

wR
0.x, y/ D wR

0.x/ �

(
0 if x < 0,

1 if x > 0.
(2.1)

In the following, the two-dimensional rarefaction wave wR D wR.x, y, t/ is a function on R2 � Œ0,1/ given for b1 > 0 by the
explicit formula

wR.x, y, t/ D wR.x, t/ �

8̂̂
<
ˆ̂:

0 if x
2b1t � 0,

x
2b1t if 0 � x

2b1t � 1,

1 if x
2b1t � 1.

(2.2)

It is well known that wR is a weak solution to the nonviscous conservation law

wt C b � rw2 D 0 for .x, y/ 2 R2 and t > 0,

supplemented with the two-dimensional step initial condition wR
0 .

In our first result, we describe the case when solutions of problem (1.1)-(1.2) converge toward the rarefaction wave wR.

Theorem 2.1 (Asymptotics by rarefaction wave)
Assume that

˛ 2 .1, 2�, b D .b1, b2/, where b1 > 0 and b2 2 R,

and an initial condition u0 2 L1.R2/ satisfies u0 � wR
0 2 L1.R2/. Then, there exists a unique regular solution to problem (1.1)-(1.2).

Moreover, there is a constant C D C.˛, u0/ > 0 such that

ku.t/ � wR.t/k1 � Ct�
˛�1

2 log
3�˛

2 .2C t/ for all t > 0.
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Next, we deal with cases when the long-time behavior of solution to problem (1.1)-(1.2) is determined by the linear part in
equation (1.1). First, we recall the fundamental solution p˛.x, t/ of the one-dimensional linear equation ut C ƒ

˛u D 0 on R � .0,1/,
which is defined by the Fourier transform

p˛.x, t/ D
1
p

2�

Z
R

eix�e�tj�j˛d�

and which is a smooth and positive function on R� .0,1/. Moreover, p˛.�, t/ 2 L1.R/\ L1.R/ for all t > 0. Here, by a two-dimensional
diffusion wave, we call the following function

P˛.x, y, t/ D P˛.x, t/ �

Z x

�1

p˛.z, t/dz for .x, y/ 2 R2 and t > 0. (2.3)

Theorem 2.2 (Asymptotics by diffusion wave)
Assume that

˛ 2 .1, 2�, b D .0, b2/, where b2 2 R

and an initial condition u0 2 L1.R2/ satisfies u0 � wR
0 2 L1.R2/. Then, there exists a unique regular solution to problem (1.1)-(1.2).

Moreover, there is a constant C D C.˛/ > 0 independent of t and u0 such that

ku.t/ � P˛.t/k1 � Ct�
2
˛

��u0 � wR
0

��
1

for all t > 0.

Next, we discuss the case of ˛ 2 .0, 1�. Here, a solution is obtained as a limit of solutions to certain regularized problem (see Section 4
for more details) and satisfies problem (1.1)-(1.2) in a weak sense. It is beyond the scope of this work to study uniqueness and regularity
properties of such weak solutions.

Theorem 2.3 (Asymptotics by diffusion wave)
Assume that

˛ 2 .0, 1/, b D .b1, b2/, where b1 � 0 and b2 2 R,

and an initial condition u0 2 L1.R2/\BV.R2/ satisfies u0�wR
0 2 L1.R2/. Then, there exists a global-in-time weak solution u D u.x, y, t/

to problem (1.1)-(1.2). Moreover, there is a constant C D C.˛/ > 0 independent of t such that

ku.t/ � P˛.t/k1 � Ct�
2
˛

��u0 � wR
0

��
1
C Ct1�1=˛ for all t > 0.

Finally, we consider the so-called balanced case, that is, when ˛ D 1. We recall that the one-dimensional equation

vt Cƒ
1v C b1.v

2/x D 0 (2.4)

with b1 > 0 and supplemented with the one-dimensional step function wR
0 as the initial datum has a unique entropy solution [2] of

the self-similar form v.x, t/ D V.x=t/. Here, the profile V D V.z/ is a nondecreasing Lipschitz function such that V 0.z/ � 1
2�2 jzj

�2 as
jzj ! 1. We refer the reader to [2, Section 1.3] for other properties of the self-similar solution v.x, t/ D V.x=t/.

Theorem 2.4 (Asymptotics by self-similar solution)
Let

˛ D 1, b D .b1, b2/ 2 R2, where b1 � 0 and b2 2 R,

and u0 2 L1.R2/ \ BV.R2/ satisfies u0 � wR
0 2 L1.R2/. Then, there exists a weak global-in-time weak solution of problem (1.1)-(1.2). If

b1 > 0, this solution satisfies

ku.t/ � V.�=t/k1 � Ct�2
��u0 � wR

0

��
1

for all t > 0,

where a constant C > 0 is independent of t and u0.
On the other hand, if b1 D 0, then

ku.t/ � P1.t/k1 � Ct�2
��u0 � wR

0

��
1

for all t > 0,

where P1.x, t/ is the diffusion wave given by formula (2.3) with ˛ D 1.

In this work, we do not discuss asymptotic properties of solutions to problem (1.1)-(1.2) with step-like initial conditions in the case of
a vector b D .b1, b2/, where b1 < 0. Here, we expect that, as in the classical case of ˛ D 2 [21, 36], an asymptotic profile of solutions is
given by a certain two-dimensional traveling wave.

Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2015, 38 2830–2839

2
8

3
2



G. KARCH, A. PUDEŁKO AND X. XU

3. Existence of solutions

First, we prove that the following regularized IVP with " � 0

ut � "�uCƒ˛uC b � ru2 D 0 for .x, y/ 2 R2 and t > 0, (3.1)

u.x, y, 0/ D u0.x, y/ for .x, y/ 2 R2, (3.2)

has a unique solution.

Theorem 3.1 (Existence of regular solutions)
Assume u0 2 L1.R2/. Let

" > 0 if ˛ 2 .0, 1� and " � 0 if ˛ 2 .1, 2�. (3.3)

Then, there exists a unique mild solution u" D u".x, y, t/ of problem (3.1)-(3.2). Moreover, this solution satisfies the following:

(i) u" 2 C1.R2 � .0,1// and all its derivatives are bounded on Œt0,1/ for each t0 > 0,
(ii) for all .x, y, t/ 2 R2 � .0,1/

ess inf
.x,y/2R2

u0.x, y/ � u".x, y, t/ � ess sup
.x,y/2R2

u0.x, y/, (3.4)

(iii) u" satisfies equation (3.1) in the classical sense,
(iv) u".t/! u0 as t! 0, in L1.R2/weak-	 and in Lp

loc.R
2/ for all p 2 Œ1,1/.

In the proof of this theorem, we use the fundamental solution G˛,".x, y, t/ of the equation

ut � "�uCƒ˛u D 0 on R2 � .0,1/. (3.5)

Thus, using the Fourier transform, we have

G˛,".x, y, t/ D
1

2�

Z
R2

eix�1Ciy�2�t
�
".�2

1C�
2
2/C.�

2
1C�

2
2/
˛=2

�
d�1d�2.

It is rather standard to prove that G˛,".x, y, t/ is a non-negative C1-function onR2�.0,1/, which satisfies G˛,".�, �, t/ 2 L1.R2/\L1.R2/

for each t > 0. Now, we recall that, by a mild solution of problem (3.1)-(3.2), we understand a solution of the integral equation

u.t/ D G˛,".t/ 	 u0 �

Z t

0
b � rG˛,".t � s/ 	 u2.s/ ds, (3.6)

where the convolution denoted by ‘	’ is computed with respect to the space variables.

Proof of Theorem 3.1
This is more-or-less standard reasoning; hence, we sketch this proof, only. Given u0 2 L1.R2/, the first step is to construct a
local-in-time solution u D u.x, y, t/ on an interval Œ0, T� for certain small T D T.u0/ > 0. Here, one should use the Banach con-
traction mapping principle to the operator defined by the right-hand side of Equation (3.6), which maps the space C.Œ0, T�; L1.R2//

into itself.
In the next step, it suffices to follow the reasoning from [12] to show that this local-in-time solution is in fact a C1-function on

R2 � .0, T/, all its space–time derivatives are bounded on R2 � Œt0, T/ for each t0 > 0, and u.x, y, t/ satisfies Equation (3.1) in a classical
sense for t > 0. Because this local-in-time solution is regular, we may follow the reasoning from [11, Prop. 2] to show inequalities (3.4).
Finally, a priori estimates (3.4) allow us to extend the local-in-time solution u.x, y, t/ to global one.

Next, we recall that solutions of the regularized problem (3.1)-(3.2) converge as "! 0 toward a weak solution of (1.1)-(1.2).

Theorem 3.2 (Convergence to weak solution)
Let the assumptions of Theorem 3.1 hold true. Suppose, moreover, that u0 2 L1.R2/ \ BV.R2/ and let u" be the solution of the
regularized problem (3.1)-(3.2) with " > 0. Then, there exists a sequence "n ! 0 such that u"n ! u in C.Œt1, t2�, L1.K// for all 0 < t1 < t2

and all compact sets K 
 R2, where u D u.x, y, t/ is a weak solution of problem (1.1)-(1.2).

We skip the proof of Theorem 3.2 because it is completely analogous to the one given in [2, Proof of Theorem 4.1].

Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2015, 38 2830–2839
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4. Stability theorem

Now, our goal is to prove a result on a global asymptotic stability of solutions to the regularized problem (3.1)-(3.2). Here, we would like
to emphasize that the crucial estimate (4.1) is independent of " � 0; hence, it retains after passing to the limit "! 0.

Theorem 4.1 (Stability Theorem)
Let " � 0 if ˛ 2 .1, 2� and " > 0 if ˛ 2 .0, 1�. Assume that u and Qu are two solutions of problem (3.1)-(3.2) with b 2 R2 and with initial
conditions u0, Qu0 2 L1.R2/, respectively. Suppose that u0 � Qu0 2 L1.R2/ and

b � r Qu.x, y, t/ � 0 for all .x, y/ 2 R2 and t > 0.

Then, for each p 2 Œ1,1�, there exists a constant C > 0 independent of ", of t, and of initial values u0, Qu0 such that

ku.t/ � Qu.t/kp � Ct�2.1�1=p/=˛ ku0 � Qu0k1 for all t > 0. (4.1)

The proof of this theorem is based on a systematic use of the following Strook–Varopoulos and Nash inequalities.

Lemma 4.2 (Strook–Varopoulos inequality)
Let 0 � ˛ � 2. For every p > 1, we have

Z
R2
.ƒ˛w/jwjp�2w dxdy �

4.p � 1/

p2

Z
R2

�
ƒ
˛
2 jwj

p
2

�2
dxdy (4.2)

for all w 2 Lp.R2/ such thatƒ˛w 2 Lp.R2/. Ifƒ˛w 2 L1.R2/, we obtain

Z
R2
.ƒ˛w/sgn w dxdy � 0. (4.3)

This lemma is well known in the theory of Markov processes, and it is proved, for example, in [37, Thm. 2.1 and the Beurling-Deny
condition (1.7)]. Another proof of Lemma 4.2, however with non-optimal constants, can be found in [19, 20].

Lemma 4.3 (Nash inequality)
Let ˛ > 0. Assume that w 2 L1.R2/ andƒ˛w 2 L2.R2/. Then there exists a Nash constant CN > 0 such that

kwk2C˛
2 � CNkƒ

˛=2wk2
2kwk˛1 . (4.4)

Proof
Let us recall this short and elegant reasoning. For every R > 0, we decompose the L2-norm of the Fourier transform of w as follows:

kwk2
2 D C

Z
R2

ˇ̌
Ow.�/

ˇ̌2
d�

� C
�� Ow��2

1

Z
j�j�R

d� C CR�˛
Z
j�j>R

j�j˛
ˇ̌
Ow.�/

ˇ̌2
d�

� CR2kwk2
1 C CR�˛kƒ˛=2wk2

2.

It suffices to choose R D
�
kƒ˛=2wk2=kwk1

�2=.2C˛/
to obtain inequality (4.4).

Stability Theorem 4.1 was proved in [1, Thm. 3.1] in the case of one-dimensional conservation laws with the fractional Laplacian.
Because the proof of its higher-dimensional counterpart is analogous, we shall be brief in detail.

Proof of Theorem 4.1
Let w D u� Qu, where u and Qu are solutions of the regularized problem (3.1)-(3.2) with initial data u0, Qu0 2 L1.R2/ and where Qu satisfies
inequality (4.1). The difference w satisfies the following IVP:

wt � "�w Cƒ˛wC b � rw2 C 2b � r.w Qu/ D 0 (4.5)

w.x, y, 0/ D w0.x, y/ D u0.x, y/ � Qu0.x, y/. (4.6)

Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2015, 38 2830–2839
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Let us consider an arbitrary nondecreasing function ' 2 C1.R/ such that

� '.0/ D 0
� s'.s/ �ˆ.s/ � 0 for all s 2 R, where ˆ.s/ D

R s
0'.�/ d� .

Multiplying Equation (4.5) by '.w/ and integrating with respect to .x, y/ 2 R2, we obtain

d

dt

Z
R2
ˆ.w/ dxdy � "

Z
R2
'.w/�w dxdy C

Z
R2
'.w/ƒ˛w dxdy

C

Z
R2

b � '.w/rw2 dxdy C

Z
R2

2b � '.w/r .w Qu/ dxdy D 0.

(4.7)

Integrating by parts in second term, we have

�"

Z
R2
'.w/�w dxdy D "

Z
R2
jrwj2'0.w/ dxdy � 0,

because ' is nondecreasing and " � 0. Analogous calculations lead to

Z
R2
'.w/ b � rw2dxdy D

Z
R2

b � rw 2w'.w/ dxdy D

Z
R2
r � H.w/ dxdy D 0,

where H0.w/ D b � 2w'.w/ such that H.0/ D 0. Next, integrating by parts, we may rewrite the last term on the right-hand side of (4.7)
in the following way:

Z
R2

b � r .w Qu/ '.w/ dxdy D

Z
R2

b � rw Qu'.w/ dxdy C

Z
R2

b � r Qu w'.w/ dxdy

D

Z
R2

b � r Qu.w'.w/ �ˆ.w// dxdy � 0,

by the assumptions on Qu and on '.
In this way, we have obtained the inequality

d

dt

Z
R2
ˆ.w/ dxdy C

Z
R2
'.w/ƒ˛w dxdy � 0. (4.8)

First, we use inequality (4.8) with '.w/ D wjwjp�2 for p > 1 andˆ.w/ D jwjp=p. By the Strook–Varopoulos inequality (4.2), we haveR
R2 wjwjp�2ƒ˛w dxdy � 0; hence,

1

p

d

dt

Z
R2

wp dxdy � 0,

and, in consequence, we obtain

kw.t/kp � kw0kp for all t > 0, (4.9)

and for each p 2 .1,1/. Passing to the limit p! 1 in (4.9), we also obtain

kw.t/k1 � kw0k1 for all t > 0. (4.10)

Next, applying inequality (4.8) with '.w/ D w, we have

1

2

d

dt
kw.t/k2

2 C kƒ
˛=2w.t/k2

2 � 0. (4.11)

Hence, using the Nash inequality (4.4) together with (4.10), we obtain

kw.t/k2C˛
2 � CNkw.t/k˛1 kƒ

˛=2w.t/k2
2 � CNkw0k

˛
1 kƒ

˛=2w.t/k2
2. (4.12)

Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2015, 38 2830–2839
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Substituting the estimate kƒ˛=2w.t/k2
2 � C�1

N kw.t/k2C˛
2 kw0k

�˛
1 into (4.11), we obtain the differential inequality for kw.t/k2

2, which,
after integrating, leads to the following estimate for all t > 0

kw.t/k2 � C1t�
1
˛ kw0k1 with C1 D .CN=˛/

1=˛ .

Next, we combine inequality (4.8) for '.w/ D wjwjp�2 again with the Strook–Varopoulos inequality (4.2) to obtain

d

dt

Z
R2
jwjp dxdy C 4

�
1 �

1

p

�Z
R2
.ƒ˛=2jwjp=2/2 dxdy � 0. (4.13)

Suppose now that

kw.t/k2n � Cnt�2.1�2�n/=˛kw0k1 for all t > 0. (4.14)

We consider (4.13) with p D 2nC1, where the second term is estimated, first, by the Nash inequality (4.4) for function jwj2
n
, next, by the

inductive hypothesis (4.14). This two-step estimate leads to the differential inequality

d

dt
kw.t/k2nC1

2nC1 C 4.1 � 2�n�1/C�1
N .Cnkw0k1/

� ˛2 2nC1
t2nC1�2

�
kw.t/k2nC1

2nC1

�1C ˛
2
� 0.

Integrating it, we obtain

kw.t/k2nC1 � CnC1t�
2
˛ .1�2�n�1/kw0k1 for all t > 0, (4.15)

with

CnC1 D Cn

�
.CN=˛/

1=˛
�2�n �

2n2�n
�1=˛

. (4.16)

Thus, we have proved inequality (4.14) with n replaced by n C 1 for all n 2 N . In the following text, in Lemma 4.4, we show that
limn!1 Cn exists and is finite. Hence, passing to the limit n ! 1 in (4.15), we obtain inequality (4.1) for p D 1. Finally, the
interpolation inequality

kw.t/kp � kw.t/k2nC1=p�1
2n kw.t/k2�2nC1=p

2nC1

completes the proof for every p 2 .2n, 2nC1/.

Lemma 4.4
Define the sequence fCng

1
nD1 by the recurrence formula (4.16), where C1 > 0 is arbitrary. Then, the sequence fCng

1
nD1 is convergent to

a finite limit.

Proof
Denote An D log Cn. Hence, using the formula (4.16), we obtain

AnC1 D A1 C

nX
kD1

.AkC1 � Ak/ D A1 C

nX
kD1

.2�kBC 2�kkD/, (4.17)

where B D 1
˛

log CN
˛

and D D log 2
˛

. Thus, limn!1 An D A1 C
P1

kD1.B2�k C D2�kk/.

5. Proofs of main results

In this section, we show that theorems formulated in Section 2 can be obtained as immediate consequences of Stability Theorem 4.1
combined with results on asymptotic behavior of solutions to one-dimensional conservation laws with the fractional Laplacian. Here,
we use the following notation to distinguish between one-dimensional and two-dimensional fractional Laplacians:

ƒ˛d ' D

0
@� dX

jD1

@2

@x2
j

1
A
˛=2

' for d 2 f1, 2g.
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In the following, it is convenient to use the integral representation of the fractional Laplacian (see, e.g., [11, Thm.1])

ƒ˛d '.x/ D �Cd.˛/

Z
Rd

'.x C z/ � '.x/ � r'.x/ � z

jzjdC˛
dz, if ˛ 2 Œ1, 2/, (5.1)

and

ƒ˛d '.x/ D �Cd.˛/

Z
Rd

'.x C z/ � '.x/

jzjdC˛
dz, if ˛ 2 .0, 1/. (5.2)

In both formulas (5.1) and (5.2), we have the explicit constants

Cd.˛/ D
˛�. dC˛

2 /

2�
d
2C˛�

�
1 � ˛

2

� .

Lemma 5.1
Assume that ' 2 C2

b.R
2/ is a constant function with respect to the second variable, namely, '.x, y/ D Q'.x/ for all x, y 2 R with some

Q' 2 C2
b.R/. Then for all ˛ 2 .0, 2�, we haveƒ˛2 ' D ƒ

˛
1 Q'.

Proof
This lemma is obviously true if ˛ D 2. For ˛ 2 Œ1, 2/, we use the integral representation (5.1) of the operator ƒ˛d . Hence, for '.x, y/ D
Q'.x/, we obtain

ƒ˛2 '.x, y/ D � C2.˛/

Z
R2

'.x C z1, y C z2/ � '.x, y/ � r'.x, y/ � .z1, z2/�
z2

1 C z2
2

� 2C˛
2

dz1dz2

D � C2.˛/

Z
R

dz2�
z2

1 C z2
2

� 2C˛
2

Z
R

	
Q'.x C z1/ � Q'.x/ � Q'

0.x/ � z1



dz1.

Now, a direct calculation shows that

C2.˛/

Z
R

dz2�
z2

1 C z2
2

� 2C˛
2

D C1.˛/ �
1

jz1j1C˛

for every z1 ¤ 0.
For ˛ 2 .0, 1/, the proof is completely analogous and involves formula (5.2).

The following corollary is an immediate consequence of Lemma 5.1.

Corollary 5.2
Assume that u D u.x, t/ is a solution of the one-dimensional Lévy conservation law

ut D �ƒ
˛
1 uC f .u/x , for x 2 R, t > 0.

Then Qu.x, y, t/ D u.x, t/ is the solution of the two-dimensional Lévy conservation law

Qut D �ƒ
˛
2 QuC f .Qu/x C g .Qu/y , for .x, y/ 2 R2, t > 0,

for every function g.

Now, we are in a position to prove main results of this work.

Proof of Theorem 2.1
First, we recall that by [1, Thm. 1.1], the one-dimensional IVP

vt Cƒ
˛
1 v C b1.v

2/x D 0, for x 2 R and t > 0, (5.3)

v.x, 0/ D wR
0.x/, for x 2 R (5.4)

has a unique solution v D v.x, t/ that satisfies the following estimate

kv.t/ � wR.t/kLp.R/ � Ct�ˇ log1�ˇ.2C t/ for all t > 0, (5.5)
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for each p 2 ..3� ˛/=.˛ � 1/,1�, where ˇ D Œ˛ � 1� .3� ˛/=p�=2 and C D C.˛, p, u0/ > 0 is a constant. Because of Corollary 5.2, the
function Qu.x, y, t/ D v.x, t/, is a solution of the two-dimensional problem (1.1)–(1.2) . Moreover, b � r Qu.x, y, t/ D b1vx.x, t/ � 0, because
b1 > 0 and because v.x, t/ is nondecreasing in x; see [1, Thm. 2.3]. Thus, to complete the proof, it suffices to apply Theorem 4.1 with
p D1 and Qu.x, y, t/ D v.x, t/ and estimate (5.5) with p D1 in the following way:

ku.t/ � wR.t/k1 � ku.t/ � Qu.t/k1 C
��Qu.t/ � wR.t/

��
1

� Ct�
2
˛ ku0 � Qu0k1 C Ct�

˛�1
2 log

3�˛
2 .2C t/

� Ct�
˛�1

2 log
3�˛

2 .2C t/,

for all t � 1.

Proof of Theorem 2.2
It is well known [10, Lemma 3.3] that a solution of the one-dimensional linear Cauchy problem

ut Cƒ
˛
1 u D 0, for x 2 R and t > 0, (5.6)

u.x, 0/ D wR
0.x/ for x 2 R, (5.7)

where u0 2 L1.R/, and u0 � wR
0 2 L1.R/, satisfies

ku.t/ � P˛.t/kLp.R/ � Ct�
2
˛

�
1� 1

p

� ��u0 � wR
0

��
L1.R/ ,

for all t > 0 and for a constant C D C.˛, p/ independent of t > 0 and of u0. Now, it suffices to apply Stability Theorem 4.1 with p D 1
and with Qu.x, y, t/ D P˛.x, t/. Notice that, because b1 D 0, we have b � r Qu.x, y, t/ D 0.

Proof of Theorem 2.3
Let v" D v".x, t/ be a solution of the one-dimensional regularized problem

vt � "vxx Cƒ
˛
1 v C b1.v

2/x D 0, for x 2 R and t > 0, (5.8)

v.x, 0/ D wR
0.x/ for x 2 R. (5.9)

It was proved in [2, Thm. 3.5] that this solution v" satisfies for each ˛ 2 .0, 1/ estimate

��v".t/ � S"˛.t/w
R
0

��
1
� Ct1� 1

˛ for all t > 0, (5.10)

where the constant C D C.˛/ > 0 is independent of t and of " and S"˛.t/ is the semigroup of linear operators given as the convolution
with the fundamental solution p"˛.x, t/ of the linear equation vt � "�v Cƒ˛1 v D 0.

By Corollary 5.2, v" D v".x, t/ is also a solution of the two-dimensional regularized equation (3.1) with the initial datum wR
0 . Let u" D

u".x, y, t/ be another solution of the regularized problem (3.1)-(3.2). Thus, by Stability Theorem 4.1, there exists a constant C D C.˛/ > 0
independent of t and of " > 0 such that

ku".t/ � v".t/k1 � Ct�
2
˛

��u0 � wR
0

��
1

for all t > 0. (5.11)

Hence, by the triangle inequality and by (5.10), we have

��u".t/ � S"˛.t/w
R
0

��
1
� Ct�

2
˛

��u0 � wR
0

��
1
C Ct1� 1

˛ for all t > 0. (5.12)

The proof of Theorem 2.3 is completed by passing "! 0, in a completely analogous way as it was carried out in [2, Section 5].

Proof of Theorem 2.4
Here, the reasoning is similar to the one in the proof of Theorem 2.3. Let v".x, t/ be a solution to the one-dimensional problem (5.8)-
(5.9) with ˛ D 1 and b1 � 0. In the case of b1 > 0, by [2, Thm.1.7], we have v".x, t/! V.x=t/ as "! 0 for all .x, t/ 2 R � .0,1/, where
V.x=t/ is a unique self-similar solution of the equation vt Cƒ

1
1v C b1.v2/x D 0, with initial value wR

0 .
On the other hand, in the case b1 D 0, we have v".x, t/! P1.x, t/ as "! 0.
Finally, if u" D u".x, y, t/ is another solution to the two-dimensional regularized problem, by Stability Theorem 4.1, we have

ku".t/ � v".t/k1 � Ct�
2
˛

��u0 � wR
0

��
1

for all t > 0. (5.13)

Passing to the limit "! 0, we complete the proof of Theorem 2.4.
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8. Biler P, Karch G, Woyczyński W. Asymptotics for multifractal conservation laws. Studia Mathematica 1999; 135:231–252.
9. Biler P, Karch G, Woyczyński WA. Asymptotics for conservation laws involving Lévy diffusion generators. Studia Mathematica 2001; 148:171–192.

10. Biler P, Karch G, Woyczyński WA. Critical nonlinearity exponent and self-similar asymptotics for Lévy conservation laws. Annales de l’Institute Henri
Poincaré, Analyse Non-Linéaire 2001; 18:613–637.

11. Droniou J, Imbert C. Fractal first order partial differential equations. Archive for Rational Mechanics and Analysis 2006; 182:299–331.
12. Droniou J, Gallouët T, Vovelle J. Global solution and smoothing effect for a non-local regularization of a hyperbolic equation. Journal of Evolution

Equations 2002; 3:499–521.
13. Alibaud N, Droniou J, Vovelle J. Occurrence and non-appearance of shocks in fractal Burgers equations. Journal of Hyperbolic Differential Equations

2007; 4:479–499.
14. Kiselev A, Nazarov F, Shterenberg R. Blow up and regularity for fractal Burgers equation. Dynamics of Partial Differential Equations 2008; 3:211–240.
15. Alibaud N. Entropy formulation for fractal conservation laws. Journal of Evolution Equations 2007; 7:145–175.
16. Caffarelli L, Vasseur A. Drift diffusion equations with fractional diffusion and the quasi-geostrophic equation. Annals of Mathematics 2010; 171:

1903–1930.
17. Chan CH, Czubak M. Regularity of solutions for the critical N-dimensional Burgers equation. Annales de l’Institute Henri Poincaré, Analyse Non Linéaire

2010; 27:471–501.
18. Miao Ch, Wu G. Global well-posedness of the critical Burgers equation in critical Besov spaces. Journal of Differential Equations 2009; 247:1673–1693.
19. Córdoba A, Córdoba D. A maximum principle applied to quasi-geostrophic equations. Communications in Mathematical Physics 2004; 249:511–528.
20. Ju N. The maximum principle and the global attractor for the dissipative 2D quasi-geostrophic equations. Communications in Mathematical Physics

2005; 255:161–181.
21. Goodman J. Stability of viscous scalar shock fronts in several dimensions. Transactions of the American Mathematical Society 1989; 311:683–695.
22. Harabetian E. Rarefactions and large time behavior for parabolic equations and montone schemes. Communications in Mathematical Physics 1988;

114:527–536.
23. Il’in AM, Oleinik OA. Behavior of the solution of the Cauchy problem for certain quasilinear equations for unbounded increase of the time. Doklady

Akademii Nauk SSSR 1958; 120:25–28.
24. Ito K. Asymptotic decay toward the planar rarefaction waves of solutions of viscous conservation laws in several space dimensions. Mathematical

Models and Methods in Applied Sciences 1996; 6:315–338.
25. Kawashima S, Nishibata S, Nishikawa M. Lp-energy method for multi-dimensional viscous conservation laws and application to the stability of planar

waves. Journal of Hyperbolic Differential Equations 2004; 1:581–603.
26. Kawashima S, Tanaka Y. Stability of rarefaction waves for a model system of a radiating gas. Kyushu Journal of Mathematics 2004; 58:211–250.
27. Liu T-P, Matsumura A, Nishihara K. Behaviors of solutions for the Burgers equation with boundary corresponding to rarefaction waves. SIAM Journal

on Mathematical Analysis 1998; 29:293–308.
28. Liu Y, Zhu Ch. Lp-decay rates of planar viscous rarefaction wave for scalar conservation law with degenerate viscosity in n-dimensions. Nonlinear

Analysis 2009; 70:1984–1999.
29. Nakamura T. Asymptotic decay toward the rarefaction waves of solutions for viscous conservation laws in a one-dimensional half space. SIAM Journal

on Mathematical Analysis 2003; 34:1308–1317.
30. Nishikawa M, Nishihara K. Asymptotics toward the planar rarefaction wave for viscous conservation law in two space dimensions. Transactions of the

American Mathematical Society 2000; 352:1203–1215.
31. Xin ZP. Asymptotic stability of planar rarefaction waves for viscous conservation laws in several dimensions. Transactions of the American

Mathematical Society 1990; 319:805–820.
32. Xin ZP. Asymptotic stability of rarefaction waves for 2�2 viscous hyperbolic conservation laws the two mode case. Journal of Differential Equations

1989; 78:191–219.
33. Hattori Y, Nishihara K. A note on the stability of the rarefaction wave of the Burgers equation. Japan Journal of Industrial and Applied Mathematics

1991; 8:85–96.
34. Matsumura A, Nishihara K. Asymptotics toward the rarefaction waves of the solutions of a one-dimensional model system for compressible viscous

gas. Japan Journal of Industrial and Applied Mathematics 1986; 3:1–13.
35. Matsumura A, Nishihara K. Global stablilty of the rarefaction wave of a one-dimensional model system for compressible viscous gas. Communications

in Mathematical Physics 1992; 144:325–335.
36. Liu T-P. Nonlinear stability of shock waves for viscous conservation laws. Memoirs of the American Mathematical Society 1985; 328:1–108.
37. Liskevich VA, Semenov YUA. Some problems on Markov semigroups. In Schrödinger Operators, Markov Semigroups, Wavelet Analysis, Operator

Algebras, Math. Top. 11. Akademie Verlag: Berlin, 1996; 163–217.

Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2015, 38 2830–2839

2
8

3
9


	Two-dimensional fractal Burgers equation with step-like initial conditions
	Introduction
	Main results
	Existence of solutions
	Stability theorem
	Proofs of main results
	Acknowledgements
	References


