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Abstract. In spite of its simple formulation, the problem about the
synchronization of a finite deterministic automaton is not yet properly
understood. The present paper investigates this and related problems
within the general framework of a composition theory for functions over
a finite domain N with n elements. The notion of depth introduced in
this connection is a good indication of the complexity of a given func-
tion, namely, the complexity with respect to the length of composition
sequences in terms of functions belonging to a basic set. Our results show
that the depth may vary considerably with the target function. We also
establish criteria about the reachability of some target functions, notably
constants. Properties of n such as primality or being a power of 2 turn
out to be important, independently of the semantic interpretation. Most
of the questions about depth, as well as about the comparison of differ-
ent notions of depth, remain open. Our results show that the study of
functions of several variables may shed light also to the case where all
functions considered are unary.

1 Introduction

We will consider an old unsolved problem about finite deterministic automata
in a more general setup. The generalization shows the close interconnection of
the original problem with issues in many-valued logic, graph theory and combi-
natorics. Moreover, the notion of depth introduced in this connection is a good
indication of the complexity of a given function, namely, the complexity with
respect to the length of composition sequences in terms of functions belonging
to a basic set.

The old problem we are concerned with deals with the synchronization of
finite deterministic automata. It falls within the framework of the classical
”Gedanken experiments” by Moore, [9]. We have some information about an
automaton but basically the latter remains a ”black box” for us. We want to
learn more by feeding in some input words and making conclusions based on the
behavior of the automaton.

To come to our problem, suppose you know the structure (graph, transition
function, transition table) of a given finite deterministic automatonA, but do not
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know the state A is in. How can you get the situation under control? For some
automata, not always, there are words, referred to as synchronizing, bringing the
automaton always to the same state q, no matter from which state you started
from. Thus, you first have to feed A a synchronizing word, after which you have
the situation completely under control. Automata possessing a synchronizing
word are referred to as synchronizable.

If w is a synchronizing word, then so is xwy, for any words x and y. This is
very obvious as regards y: if w merges all states to the same state, so does every
continuation of w. But it holds also as regards x: since w merges all states to the
same state, it does so also for the subset of states where the automaton can be
after reading x. Thus, every synchronizable automaton possesses arbitrarily long
synchronizing words. But suppose we are looking for the shortest synchronizing
word - a very natural approach. How long is it in the worst case?

J. C̆erný conjectured in [3] in 1964 that in a synchronizable automaton the
length of the shortest synchronizing word never exceeds (n − 1)2, where n is
the cardinality of the state set. The conjecture remained rather unknown in
the early years, although it was discussed in some papers (see [4] and its refer-
ences). It became known through the many important contributions of J.-E. Pin
(for instance, see [12]) around 1980. During very recent years, there has been
a considerable interest around this topic, for instance, see [5,6,7] or the surveys
[8,2].

The Conjecture of C̆erný is still open. We also do not know any characteriza-
tion of synchronizable automata. Both problems belong to the general framework
of the composition theory of functions over a finite domain. The state set of our
automaton is a finite set, and each input letter defines (via the transition map-
ping) a function of this finite set into itself. Thus, our automaton defines a basic
set of functions, and we can consider functions generated by the basic set un-
der composition. (Clearly, in the automaton, compositions correspond to input
words.) The automaton is synchronizable iff a constant is generated by the basic
set. We can also view constants as targets and search for the shortest composition
sequence for a target.

The above general framework can be applied also to the truth-functions of
many-valued logic, [13,14]. Many combinatorial problems fall also within the
same framework. In the road coloring problem one is given a finite directed
graph G, where the edges are unlabeled. The task is to find a labeling of the
edges that turns G into a deterministic automaton possessing a synchronizing
word, [1]. (Clearly, a condition necessary for making G an automaton is that
all vertices have the same outdegree.) The term ”road coloring” is due to the
following interpretation. A traveler lost in the graph G can always find a way
back home regardless of where he/she actually started, provided he/she follows
a sequence of labels (colors) constituting a synchronizing word.

We can still summarize the motivation for studying the original conjecture
as follows.
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– It is an old unsolved problem about the very basics of finite automata.
– The problem fits in the framework of compositions of functions over a finite

domain.
– This is a very basic class of functions, coming up in automata, many-valued

logic, combinatorics, . . .
– Some parts of the theory of such functions are well understood, for instance,

completeness, some others not (minimal length of composition sequences).
– The problem is closely related to various other problems (road coloring, ex-

periments with automata, structural theory of many-valued truth functions).

A brief description about the contents of this paper follows. Although the
reader is supposed to know the very basics of automata theory, no previous
knowledge about the actual subject matter is needed. The next section gives
the basic definitions, in particular, the fundamental notion of depth. Also some
rather general results are established. Section 3 discusses some provably hard
cases. The notions of completeness and synchronizability will be investigated in
Section 4. Functions of several variables, also with respect to completeness, are
investigated in Section 5, whereas the notion of depth is extended to concern
functions of several variables in Section 6. The statement corresponding to the
C̆erný Conjecture does not hold in this more general setup.

2 Basic Results about Unary Depth

In the following formal definition we introduce a finite deterministic automaton
as a triple, without specified initial or final states. This was customary in the
early days of the theory and suits very well for our present purposes.

Definition 1 Consider a finite deterministic automaton A = (Q,Σ, δ), where
Q and Σ are finite nonempty disjoint sets (states and input letters), and δ (the
transition function) is a mapping of Q×Σ into Q. The domain of δ is extended
in the usual way to Q × Σ∗. If Q1 ⊆ Q and w is a word over Σ, we define
δ(Q1, w) = {q′|δ(q, w) = q′, q ∈ Q1}. A word w is synchronizing (for A) if
δ(Q,w) is a singleton set. The automaton A is synchronizable if it possesses a
synchronizing word.

We will consider in this paper functions g(x) whose domain is a fixed finite set
N with n elements, n ≥ 2, and whose range is included in N . It is clear that such
a setup occurs in many and very diverse situations, interpretations. Depending
on the interpretation, different questions can be asked. The two interpretations
we have had mostly in mind are many-valued logic and finite automata. In the
former, the set N consists of n truth values and the functions are truth functions.
In the latter, the set N consists of the states of a finite automaton, whereas each
letter of the input alphabet induces a specific function: the next state when
reading that letter.

To start with, our attention is restricted to functions with one variable only.
In many contexts, especially in many-valued logic, it is natural to consider func-
tions of several variables. We will return to this in Sections 5 and 6.
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We make the following convention, valid throughout the paper: n always
stands for the number of elements in the basic set N . In most cases we let N
simply be the set consisting of the first n natural numbers:

N = {1, 2, . . . , n}.

Clearly, there are altogether nn unary functions, that is, functions of one variable.
Consider a couple of examples. If we are dealing with n-valued logic, and the

function g is defined by the equation

g(x) = n− x+ 1, x = 1, 2, . . . , n,

then g is the well-known $Lukasiewicz negation. (1 is the truth value ”true”, n is
the truth value ”false”, whereas the other numbers represent the intermediate
truth values.) If we are dealing with a finite deterministic automaton whose state
set equals N , the function g defined by the equation above could be viewed as
transitions affected by a specific input letter a. Under this interpretation, the
letter a interchanges the states n and 1, the states n − 1 and 2, and so forth.
Whether or not there is a loop affected by the letter a, that is, whether or not
some state is mapped into itself, depends on the parity of n.

When we speak of ”functions”, without further specifications, we always
mean functions in the setup defined above. Clearly, the composition ab of two
functions a and b is again a function.

Our point of departure will be a nonempty set F of functions. The only
assumption about the set F is that it is a nonempty subset of the set NN of
all functions; F may consist of one function or of all functions. We will consider
the set G(F) of all functions generated by F, that is, obtained as compositions
(with arbitrarily many composition factors) of functions from F. If a particular
function f can be expressed as a composition of functions ai, i = 1, 2, . . . , k,
belonging to F:

f = a1a2 . . . ak,

where some of the functions ai may coincide, then the word a1a2 . . . ak is referred
to as a composition sequence for f . (In this brief notation we assume that the set
F is understood.) The number k is referred to as the length of the composition
sequence. The function f is often referred to as the target function. Observe
that our composition sequences have to be nonempty, implying that the identity
function is not necessarily in G(F); it is in there exactly in case the set F
contains at least one permutation.

Clearly, G(F) can be viewed as the semigroup generated by F. However,
we will prefer the more straightforward approach and will not use semigroup-
theoretic terminology in the sequel.

The set F is termed complete if all of the nn functions are in G(F). Com-
pleteness in this setup is fairly well understood, see [14,15,16,17]. On the other
hand, fairly little is known about the length of composition sequences and about
the question concerning how completeness affects the length. When do two per-
mutations generate the whole symmetric group Sn? (At least two are needed for
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n ≥ 3.) Quite much is known about this problem, [11], but very little about the
lengths of the corresponding composition sequences.

Since n is finite, a specific function f can always be defined by a table.
Omitting the argument values, this amounts to giving the value sequence of f ,
that is, the sequence f(1), f(2), . . . , f(n) of its values for the increasing values
of the argument. The ILukasiewicz negation can be defined in this way by its
value sequence

n, n− 1, . . . , 2, 1.

When there is no danger of confusion, we omit the commas from the value
sequence. Thus, for n = 6, the value sequence of the ILukasiewicz negation reads
654321.

We denote by L(F, f) the set of all composition sequences for f , that is, the
language over the alphabet F whose words, viewed as composition sequences,
yield the function f . (Depending on the context, we will read composition se-
quences from left to right or from right to left. Whereas the latter way is cus-
tomary in algebra, the former way corresponds to the usual reading of words
in automata theory.) Clearly, the language L(F, f) can be empty (this is the
case when f cannot be expressed as a composition of functions in F) or infinite
(composition sequences may contain redundant parts and be arbitrarily long).
Clearly, this language is always regular.

We now come to the central notions concerning the length of composition
sequences. For any language L, we denote by min(L) the length of the shortest
word in L. (If L is empty, we agree that min(L) = ∞.)

Definition 2 The depth of a function f with respect to the set F, in symbols
D′(F, f), is defined by the equation

D′(F, f) = min(L(F, f)).

Thus, the depth of a function with respect to a particular set can also be ∞.
The depth of a function f is defined by the equation

D′(f) = max(D′(F, f)),

where F ranges over all sets with the property L(F, f) �= ∅.

Because, for any f , there are sets F with the property mentioned in the defi-
nition, we conclude that the depth of a function is always a positive integer. (The
notion of depth was introduced in [8], where it was referred to as ”complexity”.)

Definition 3 The complete depth D′
C(f) of a function f is defined by the equa-

tion
D′

C(f) = max(D′(F, f))

where now F ranges over complete sets of functions.
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In the latter definition it is a priori clear that L(F, f) �= ∅.
It follows by the definitions that every function f satisfies

D′
C(f) ≤ D′(f).

However, lower bounds are much harder to obtain for D′
C(f), for the simple

reason that we have much less leeway if we have to restrict the attention to
complete sets F only. We have used the primed notation D′ to indicate that we
are, in these definitions, dealing with unary functions. The unprimed notation D
is reserved to the general case, where functions with arbitrarily many variables
are considered.

Among the unary functions, we are especially interested in the constants

ci(x) = i, for all x and i = 1, 2, . . . , n.

We use the notation SYNCHRO for the class of all sets F such that at least one
of the constants ci is in G(F). (In defining SYNCHRO we have some fixed n in
mind. Thus, SYNCHRO actually depends on n.) Analogously to the definitions
above, we now define the depths

D′(const), D′
C(const).

By definition,
D′(const) = max

F
min{D′(F, ci)|1 ≤ i ≤ n},

where F ranges over SYNCHRO. The depth D′
C(const) is defined in exactly the

same way, except that F ranges over complete sets. Thus, the notions introduced
do not deal with the depth of an individual function but rather give the smallest
depth of a constant, among the constants generated. Similarly as SYNCHRO,
the notions depend on n.

The C̆erný Conjecture can now be expressed in the following form.

Conjecture 1 (C̆erný) D′(const) = (n − 1)2.

We now present some facts related to Conjecture 1. The first question is:
Could one do better, that is, obtain a still smaller depth? The answer is negative,
as shown by the following example.

Consider the finite deterministic automaton A′ defined as follows. The au-
tomaton A′ has the state set N , and two input letters a (affects a circular
permutation) and b (identity except sends n to 1). The transitions are defined
by the table

δ 1 2 . . . n − 1 n
a 2 3 . . . n 1
b 1 2 . . . n − 1 1

We still depict the automaton for n = 4.
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The word (ban−1)n−2b is synchronizing and, moreover, there are no shorter
synchronizing words and this word is the only synchronizing word of length
(n − 1)2. The reader might want to prove this fact. The first impression is that
there could be shorter synchronizing words. Indeed, there are many possibilities
of applying a ”greedy” algorithm, that is, using the ”reduction” b earlier than
after n − 1 uses of the circular a. (Clearly, b has to be used in the reduction
sense altogether n−1 times.) But if one does so, one has to pay a price later on,
which makes the indicated synchronizing word shortest.

Let F consist of the functions a and b defining this particular automaton A′,
and consider the constant functions ci, 1 ≤ i ≤ n.

Lemma 1 D′(F, ci) = (n − 1)2 + i− 1, for i = 1, 2, . . . , n.

See [17] for a proof of the lemma. The lemma yields the lower bounds in the
following theorem. The reference [17] contains also a proof of the upper bound;
various cubic upper bounds are known in the literature for different setups. The
upper bound 2n − n− 1 (agreeing with (n− 1)2 for n = 2, 3) follows directly by
the definition: if a synchronizing word w can be decomposed as w = xyz, where
δ(Q, x) = δ(Q, xy), then also the word xz is synchronizing. We will discuss this
in more detail in Section 3 in connection of reduced synchronizing words.

Theorem 1 For a constant ci, we have n(n − 1) ≤ D′(ci) < n3/2. Moreover,
D′(const) ≥ (n − 1)2.

Thus, Conjecture 1 is actually open only as regards the upper bound. On the
other hand, the automaton defined above is the only automaton (when isomor-
phic variants are disregarded) known, which is defined for an arbitrary n and
which reaches the lower bound. For n = 3, there are many automata reaching
the lower bound 4. For n = 4, also the following automaton due to [4] reaches
the lower bound 9:
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Thus, (n − 1)2 seems to be a rare exception for the length of the minimal
synchronizing word for a finite deterministic automaton, the length being ”nor-
mally” smaller. This supports Conjecture 1. On the other hand, we will see that
if functions of several variables are considered, then the statement analogous to
Conjecture 1 is not valid.

The variant of Conjecture 1, dealing with the depths of individual functions,
can be expressed as follows.

Conjecture 2 If ci is a constant, then D′(ci) = n(n − 1).

It is a consequence of Theorem 1 that the depth n(n−1) cannot be reduced.
If Conjecure 1 holds, so does Conjecture 2. This is a consequence of the following
simple result.

Lemma 2 For a constant ci, we have D′(ci) ≤ D′(const) + (n − 1).

On the other hand, it is conceivable (although very unlikely) that Conjecture
2 holds but Conjecture 1 fails.

It is not known whether the upper bound ((n − 1)2 or n(n − 1)) is reached
for the complete depth. Thus, it is possible that

D′
C(const) < (n− 1)2,

and D′
C(ci) < n(n− 1) holds for the constant ci.

Conjecture 3 D′
C(const) ≤ (n − 1)2 − (n − 3). Moreover, the complete depth

of a constant ci satisfies

D′
C(ci) ≤ (n − 1)2 + 2.

If true, Conjecture 3 gives also an example of a function whose complete depth
is strictly smaller than its depth. Various claims have been made in the literature
about the validity of Conjecture 1 for ”small” values of n. The Conjecture clearly
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holds for n = 2, 3 because, as we already pointed out, in this case the bound
(n−1)2 coincides with the bound obtained from the number of all subsets. Really
convincing proofs are missing from the other cases. The number of possibilities
is huge. For n = 5, one has to go through 255

subcases.

3 Exponential Lower Bounds and Np-hard Problems

As seen above, the bound in Conjecture 1 holds as a lower bound, whereas also
a cubic (but no quadratic) upper bound is known. We will present in this section
results about related, provably intractable problems. We will discuss the depth of
functions other than constants, as well as the problem of determining whether or
not a specific function is in G(F). Finally, we present some observations about
the length of reduced synchronising words. No polynomial upper bounds are
possible in any of these cases.

We show first that there are specific functions and classes of functions whose
depth cannot be bounded from above by a polynomial in n. We give the basic
definition in automata-theoretic terms. Coming back to Gedanken experiments,
[9], we might sometimes want to keep the black box as it was, unchanged. This
leads to Definition 4. A stabilizing word might give some information about the
behavior of the automaton, especially if the latter has outputs, but in any case
we do not lose anything since we always return to the starting point.

Definition 4 A nonempty word w over the alphabet Σ of a finite deterministic
automaton (Q,Σ, δ) is stabilizing if δ(q, w) = q holds for all states q. Similarly,
w is transposing if there are two distinct states q1 and q2 such that

δ(q1, w) = q2, δ(q2, w) = q1, δ(q, w) = q for q �= q1, q2.

Observe that, from the point of view of functions over the finite domain N =
Q, a stabilizing word defines the identity function, whereas transposing words
correspond to a class of functions. Analogously to the notation SYNCHRO, we
use the notations STABIL and TRANSP. Thus, TRANSP stands for the class
of all sets F such that at least one of the transposing functions is in G(F). The
depths

D′(stabil), D′
C(stabil), D′(transp), D′

C(transp)

are defined in the same way as for SYNCHRO and const. For instance,

D′(transp) = max
F

min{D′(F, t)|t is transposing},

where F ranges over TRANSP. All of these notions depend on n. Whenever
important, we will indicate this in the notation.

Theorem 2 There is no polynomial P (n) such that D′(stabil(n)) ≤ P (n), for
all n. There is no polynomial P(n) such that D′(transp(n)) ≤ P (n), for all n.
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Proof. It suffices to consider an infinite sequence of numbers n of a specific
form. Consider first the case of STABIL. Let pi be the ith prime, and consider
numbers n of the form

n = p1 + p2 + · · ·+ pk.

Let a be a permutation in the symmetric group Sn, defined as the product of
k cycles of lengths p1, p2, . . . , pk. Let the set F consist of a only. Let the target
function id be the identity function. Clearly,

D′(F, id) = p1p2 · · · pk = Π,

where the last equality is only a notation. By the well-known estimate pk ≤ k2,
we obtain n ≤ kpk ≤ k3, whence k ≥ 3

√
n. Since obviously Π ≥ k!, we obtain

finally

D′(id) ≥ [ 3
√

n]!

which shows that D′(stabil(n)) cannot have any upper bound P (n). (Observe
that the situation described above can be viewed as an automaton with only
one input letter a. A similar technique has often been used in connection with
trade-offs between deterministic and nondeterministic finite automata. The au-
tomaton is disconnected: the states form cycles with prime lengths. However,
the automaton can easily be replaced by a connected one by adding a dummy
letter not affecting the shortest stabilizing word.)

The case of TRANSP is handled in almost the same way. We just omit the
first prime p1 = 2 from the product Π , obtaining the product Π ′. Since Π ′ is
odd, the word w′ = aΠ′

interchanges the two states in the first cycle. For this
particular automaton, the word w′ is the shortest transposing word. The above
argument is now applicable for upper bounds of D′(transp(n)), because division
by 2 does not affect any of the conclusions.

Corresponding questions about the complete depth, such as whether or not
D′

C(transp(n)) possesses a polynomial upper bound, remain open. If one has to
deal with functionally complete automata, lower bounds such as the ones in the
above proof are hard to obtain.

Due to finite upper bounds, all reasonable problems are decidable in our
setup. For instance, given a function f and a set set F, we can decide whether
or not f is in G(F). This follows because of the trivial upper bound nn for the
length of minimal composition sequences. We can also test, by trying out all of
the finitely many possibilities, whether or not a given composition sequence for f
is minimal. On the other hand many such problems, notably the ones mentioned
above, are NP-hard. The reader is referred to [17] for results along these lines.
Here we just point out, in terms of an example, a very useful technique for
establishing intractability in setups like ours. The technique uses reduction to
the satisfiability problem.
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Consider the following propositional formula α in 3-conjunctive normal form:

α = (∼ x1∨ ∼ x2∨ ∼ x3) ∧ (∼ x1 ∨ x2∨ ∼ x3) ∧ (x1 ∨ x2∨ ∼ x4)

∧(∼ x1 ∨ x2 ∨ x4) ∧ (x1 ∨ x2∨ ∼ x5) ∧ (x1∨ ∼ x2∨ ∼ x5)

∧(x1 ∨ x3 ∨ x4) ∧ (∼ x1 ∨ x3∨ ∼ x5) ∧ (x1∨ ∼ x4 ∨ x5)

∧(x2∨ ∼ x3 ∨ x4) ∧ (x3 ∨ x4 ∨ x5) ∧ (x3∨ ∼ x4 ∨ x5).

Thus, there are 5 variables and altogether 12 clauses. To get n, we take the
product of these numbers added by 2, yielding n = 62.

The basic set F consists of two functions a and b defined by the following
array in the way described below.

1b 2b 3a 4b 5a 6a 7a 8b 9a 10 11 12
13b 14a 15a 16a 17a 18b 19 20 21 22a 23 24
25b 26b 27 28 29 30 31a 32a 33 34b 35a 36a
37 38 39b 40a 41 42 43a 44 45b 46a 47a 48b
49 50 51 52 53b 54b 55 56b 57a 58 59a 60a

Each number in the array is mapped by both a and b to the next number in
the same column, whereas numbers in the last row are mapped (by both a and
b) to the number 61 (not shown in the array). Exceptions to this general rule,
marked in the array by a or b, indicate that the number in question is mapped
to 62, by a or b as marked. Thus, 26 is mapped by b and 47 by a to 62. Finally,
both a and b map both 61 and 62 to itself.

Consider now the following membership problem. Does G(F) contain a func-
tion mapping each of the numbers from 1 to 12 to the number 62? The answer
is positive exactly in case α is satisfiable. This follows by the way the array was
constructed: a (resp. b) appears in the position (i, j) if and only if the variable
xi appears unnegated (resp. negated) in the jth clause of α. In this particular
example, α turns out to be satisfiable, and the word baabb defines a function in
G(F) satisfying the required condition. As already pointed out, this technique
is applicable to various similar problems. For instance, one can show, [17,6],
that the problem of deciding, whether a given synchronizing word is shortest, is
NP-hard.

Our starting point was short synchronizing words. Since a synchronizing word
remains synchronizing if arbitrary prefixes or suffixes are added, we can construct
arbitrarily long synchronizing words. Therefore, it is natural to consider synchro-
nized words reduced in some sense. The following definition is very suitable in
this context.

Definition 5 Assume that F is in SYNCHRO and w is a composition sequence
for a constant. Then w is termed reduced if it cannot be written as w = xyz,
where y is nonempty and the ranges of the functions defined by x and xy coincide.
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It is clear that, in the situation described in the definition, also xz is a
composition sequence for the same constant. Since the target is a constant, we are
only interested in the sequence of ranges obtained by reading through prefixes of
various lengths. For instance, in the case of the exceptional automaton depicted
in Section 2, the shortest synchronizing word baababaab yields the sequence of
(distinct) ranges

1234, 234, 123, 134, 34, 23, 24, 12, 14, 3.

Words ”reduced” according to the definition above were referred to as ”range-
reduced” in [17]. Observe that if the target function is not a constant then, in
general, the information provided by the sequence of ranges is not sufficient and
xz is not any more a composition sequence for the target.

If we have enough input letters (enough functions in the set F), we can
construct reduced synchronized words of the ”full” lenght 2n − 2. (We can go
through all the nonempty subsets of N in any cardinality-decreasing order.)
We hope to return to a detailed discussion of reduced synchronized words in
another context. It turns out that, even for two letters (two basic functions),
no polynomial upper bound can be given for the length of reduced synchronized
words. The basic idea is to go through subsets of half the size of n. As an example,
we consider the automatonA′ discussed in Section 2, for the specific value n = 8.
We consider subsets of cardinality 4 obtainable by a and b, starting from 1234.
(Since there is no danger of confusion, we denote the subset {1, 2, 3, 4} in this
simple fashion. This particular subset results after reading the word ba7ba7ba7b.)
The following array should be read by rows. We have indicated only the positions
where b is applied; a is applied in the remaining positions. Observe that, even in
this very simple setup, 51 of the 70 subsets are obtained. Moreover, the length
of the subword of the synchronizing word, resulting by going through subsets of
cardinality n/2, already exceeds the bound (n − 1)2.

1234 2345 3456 4567 5678b
1567 2678 1378 1248 1235
2346 3457 4568b 1456 2567
3678 1478 1258 1236 2347
3458b 1345 2456 3567 4678b
1467 2578 1368 1247 2358
1346 2457 3568b 1356 2467
3578 1468 1257 2368 1347
2458b 1245 2356 3467 4578b
1457 2568b 1256 2367 3478
1458 145

4 Completeness and Synchronizability

In functional constructions such as ours, classifications of functions are useful
in various connections. We now introduce the simple notions of the genus and
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type of a function, similarly as in [14]. A function f is said to be of genus t if
it assumes exactly t values. Thus, the genus equals the cardinality of the range
of f . A function f of genus t is said to be of type m1 ⊕ m2 ⊕ . . . ⊕ mt, where
m1+m2+. . .+mt = n if, for each i with 1 ≤ i ≤ t, there is a number yi such that
f assumes yi as a value exactly mi times. Obviously we do not change the type
if we change the order of the numbers mi, which means that the operator ⊕ is
commutative. For instance, permutations are of genus n and of type 1⊕1⊕. . .⊕1,
whereas constants are of genus 1 and type n. The type of a function f tells us
how many values f assumes and how many times it assumes each value. It does
not tell us what these values are and in what order they are assumed.

We now present two results useful in many constructions. We use the simple
expression ”a set F of functions generates another set F’ of functions” to mean
that F’ is contained in G(F).

Lemma 3 Assume that n ≥ 4 and f is of genus < n. Then the set consisting
of f and of the members of the alternating group An generates every function of
the same type as f .

Lemma 4 The set of all functions of type m1⊕m2⊕ . . .⊕mt, where 1 < t < n,
generates every function of type (m1 +m2)⊕ . . .⊕mt.

The proofs of the two lemmas are not difficult. A minor difficulty in the
former is to use only even permutations in the construction. The lemmas indicate
the possibilities for constructing new functions if adequate permutations are
available. For instance, by Lemma 4, all constants are generated by the set given
in Lemma 3.

It is often possible to show that a composition sequence cannot any more be
continued to yield a given target function. Thus, in many cases, a wrong choice
at the beginning destroys the possibilities of obtaining the target function. For
instance, if the numbers in the type of a composition sequence are all even,
then the sequence cannot be continued to yield a target function whose type
contains an odd number. Similarly, a composition sequence of type 3⊕ 2 cannot
be continued to yield a target function of type 4 ⊕ 1. On the other hand, if
the target function is a constant, then the situation is entirely different: wrong
choices may be corrected later on. In other words, if a composition sequence
for a constant is at all possible, a composition sequence can also be obtained
by continuing an arbitrary prefix. Constants are the only functions having this
property. This is obvious also in view of the following lemma, which contains
some simple observations along these lines.

Lemma 5 The genus of the conposition fg exceeds neither the genus of f nor
the genus of g. Assume that f is of type m1 ⊕ . . . ⊕ mt. Then the type of the
composition ((x)f)g is obtained by addition: each number in the latter type is
the sum of some of the numbers mi, whereby each of the numbers mi is used
exactly once.
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For the proof of the following main completeness theorem for unary functions,
we refer to [17].

Theorem 3 Given a nonidentical function f of genus n and a function g of
genus n−1, a function h can be effectively constructed such that the set {f, g, h}
is complete, provided it is not the case that n = 4 and f is one of the three
permutations (12)(34), (13)(24) and (14)(23). For n ≥ 3, no less than three
functions suffice to generate all functions and, whenever three functions form a
complete set, then two of them constitute a basis of the symmetric group Sn and
the third is of genus n − 1.

An essential tool in the proof is a result by Piccard (see [11], pp.80-86),
according to which a companion can be found to any nonidentical permutation
such that the two permutations constitute a basis of the symmetric group Sn.
The exceptional case here is n = 4: no permutation in the Klein Four-Group can
be extended to a basis of S4.

In the remainder of this section, we discuss the problem of synchronizability.
No good characterization is known for synchronizability, that is, for determining
of a given finite deterministic automaton whether or not it is synchronizable.
An equivalent formulation for the problem is to ask whether or not a given set
F of functions is in SYNCHRO. Since a set consisting of permutations only
can never be in SYNCHRO, we denote by PRESYNCHRO the collection of all
sets F containing at least one function of genus less than n. Thus the problem
consists of finding a characterization for those sets in PRESYNCHRO that are
in SYNCHRO.

It is an immediate consequence of Lemmas 3 and 4 that, whenever F is in
PRESYNCHRO and contains the alternating group, then F is in SYNCHRO.
The following result is somewhat stronger.

Theorem 4 If a set in PRESYNCHRO contains a doubly transitive group, then
it is in SYNCHRO.

Proof. Let F be the given set and g a function in F of genus < n. Hence, there
are two distinct numbers i and j such that g(i) = g(j). Consequently, whenever
f is a function whose range contains the numbers i and j, then fg is of smaller
genus than f . (We read here the composition from left to right: first f , then g.)
Suppose we have a composition sequence w for a function of genus t > 1. We
take two arbitrary numbers i1 and j1 from the range of this function, as well
as a permutation h from the doubly transitive group mapping the pair (i1, j1)
onto the pair (i, j). Now the composition sequence whg defines a function of
genus < t. Continuing in the same way, a constant (genus 1) is obtained, which
concludes the proof.

Observe that the proof does not directly yield any estimates for the length
of the composition sequence for a constant, because the doubly transitive group
might be given in terms of some generators and the required permutations h
might have long composition sequences.
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The above result cannot be extended to concern (simply) transitive groups.
Indeed, it is not necessarily the case that a set belonging to PRESYNCHRO
and containing a circular permutation is in SYNCHRO. A general method of
providing counterexamples is to consider self-conjugate functions. The latter have
been widely studied in many-valued logic. With the following sections in mind,
the next definition is stated for functions with several variables. The variables
still range over the set N , and also the function values are in N .

Definition 6 A function f(x1, . . . , xk) is self-conjugate under the permutation
g if

f(x1, . . . , xk) = g(f(g−1(x1), . . . , g−1(xk))).

For unary functions, self-conjugacy means simply that the function and the
permutation commute: gf = fg.

Lemma 6 A set of functions is not in SYNCHRO if every function in the set
is self-conjugate under a permutation g and, moreover, g maps no element of N
into itself.

Proof. Since g commutes with every function in F, it commutes also with
every function in G(F). On the other hand, g cannot commute with any constant
i because, by the assumption, g maps i to j �= i.

We now give an example of a set in PRESYNCHRO that contains circular
permutations and is not in SYNCHRO. The example could be given for any even
value of n but we prefer to consider n = 4 and state the example in terms of the
four nucleotides of DNA-computing, [10]. This means that the functions are not
over the set {1, 2, 3, 4} but rather over the set {A,T,C,G}. The latter set is listed
in the order of the argument values and, thus, we can consider value sequences.
Hence, the value sequences ATGC and TACG correspond to the transpositions
(CG) and (AT), respectively, whereas the value sequences CGTA and GCAT
correspond to the circular permutations (ACTG) and (AGTC).

Let now F consist of the three functions defined by the value sequences
TACG, CGTA and TAAT. Thus F is in PRESYNCHRO and contains a circular
permutation. On the other hand, all the functions in F are self-conjugate un-
der the permutation (AT)(CG) and, consequently, G(F) does not contain any
constants. (The permutation (AT)(CG) is often referred to as the Watson-Crick
morphism.) In fact, G(F) contains altogether 16 functions: 8 permutations and
8 functions of type 2 ⊕ 2. The permutations consist of the Klein Four-Group,
as well as of the two transpositions and the two circular permutations already
mentioned. The functions of type 2⊕2 are defined by the value sequences TAAT,
ATTA, TATA, ATAT, as well as by the corresponding sequences for C and G.

In DNA-computing, the nucleotides A and T, as well as C and G, are referred
to as complementary. (In the formation of DNA double strands, A always bonds
with T, and C with G.) The functions in the set G(F) have the following inter-
esting property. Whenever the argument value is changed to its complementary,
then also the function value will change to its complementary: each function
commutes with the Watson-Crick morphism.



52 Arto Salomaa

In our setup for functions, stronger results, in general, can be obtained for
prime values of n. In this case, a set in PRESYNCHRO that contains a circular
permutation actually is in SYNCHRO.

The following lemma is not valid for any composite value of n. The proof is
not difficult and can be found in [20], pp. 105-106.

Lemma 7 Assume that n is prime and f is a circular permutation. Let N =
N1 ∪ . . . ∪ Nt, where 1 < t < n and the sets Ni are nonempty and pairwise
disjoint. Let M contain exactly one element from each of the sets Ni. Then
there are numbers r and j such that the set f r(M) contains at least two elements
belonging to the set Nj.

Lemma 7 is valid also for composite values of n, under the additional as-
sumption that the sets Ni are not all of the same cardinality. If n is prime, this
assumption is always satisfied.

Theorem 5 Assume that n is prime, f is a circular permutation and g is a
function of genus less than n. Then f and g generate all constants.

Proof. Since f is circular, it suffices to prove that some function of genus 1 is
generated. If g is of genus 1, there is nothing to prove. We assume, inductively,
that a function h of genus t, where 1 < t < n, has already been generated and
claim that a function of genus u < t can be generated.

Let b1, . . . , bt be the values assumed by h, and let N1, . . . , Nt be maximal
subsets of the set N satisfying the condition h(Ni) = bi, for i = 1, . . . , t. If h2 is
of genus smaller that t, we have established the claim. Otherwise, the numbers
bi are in different sets Ni. Choose now

M = {b1, . . . , bt}.

Choose, further, r and j according to Lemma 7. Then the function hf rh is of
genus u < t.

5 Several Variables and Completeness

We have so far restricted our discussions to unary functions. ¿From now on
we will consider functions of several variables. Although the main notions and
definitions remain basically the same, some results are remarkably different.

Unary functions are conveniently defined by value sequences. For binary func-
tions f(x, y), we use tables where the values of x are read from the rows and
those of y from the columns. For instance, consider the $Lukasiewicz implication
defined by f(x, y) = max(1, 1− x+ y). For n = 8, its table is
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1 2 3 4 5 6 7 8
1 1 2 3 4 5 6 7
1 1 1 2 3 4 5 6
1 1 1 1 2 3 4 5
1 1 1 1 1 2 3 4
1 1 1 1 1 1 2 3
1 1 1 1 1 1 1 2
1 1 1 1 1 1 1 1

Thus, we consider functions f(x1, . . . , xk) whose variables range over a fixed
finite set N of n elements and whose function values are also in N . For each
k ≥ 1, there are altogether nnk

functions with k variables (or with arity k). In
order to extend the definitions of depth to this more general case, we have to
define what we mean by a composition sequence and its length.

When defining composition sequences, we start with a given finite set F
of functions. Intuitively, a composition sequence is a well-formed sequence of
function symbols (letters) from F and variables. Its length is the maximal amount
of nested function symbols in the sequence. The variables come from a fixed
denumerably infinite collection.

Definition 7 Let F be a given finite (nonempty) set of functions. A composition
sequence (over F) and its length are defined inductively as follows. A variable
alone constitutes a composition sequence of length 0. Assume that f of arity k
(≥ 1) is in F, and f1, . . . , fk are composition sequences of lengths ri, 1 ≤ i ≤ k.
Then f(f1, . . . , fk) is a composition sequence of length max{ri|1 ≤ i ≤ k}+ 1.

For instance, if F consists of two functions f(x, y) and g(x), then

g(f(g(f(x, g(x))), f(f(x, y), g(z))))

is a composition sequence of length 5. Thus, using a binary function, we obtain
composition sequences with arbitrarily many variables.

Every composition sequence defines a function; the set of all functions de-
fined in this way is denoted again by G(F). Observe that, in the case of unary
functions, composition sequences and their lengths (in our earlier definitions) are
a special case Definition 7. Thus, our previous definition of the depth D′(F, f)
is a special case of the following Definition 8.

Definition 8 Consider a set F and a function f . The depth of f with respect
to F, in symbols D(F, f), is defined as follows. If f is in G(F), then D(F, f)
equals the length of the shortest composition sequence defining f . Otherwise,
D(F, f) = ∞.

We have used the notation D, rather than the earlier D′, to indicate that we
are dealing with the general case. As before, the defined notion of depth relative
to a given set F can be extended to the absolute notions of depth D(f) and
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DC(f). This will be done in the next section. Now we will go into the notion of
completeness in the general setup of functions of several variables.

As already mentioned, there are altogether nnk

functions with k variables. A
set F is termed complete if all functions, independently of the arity, are in G(F).
It was shown by Post already in the 20’s, [13], that F is complete if all binary
functions are in G(F). There is now a remarkable difference with respect to the
unary case and Theorem 3: single functions may constitute complete sets. Such
functions are referred to as Sheffer functions, analogously to the Sheffer stroke
in propositional logic. The following functions are examples of Sheffer functions
in cases n = 5, 6, 7.

2 1 ∗ ∗ ∗
∗ 3 1 ∗ ∗
∗ ∗ 4 ∗ ∗
∗ ∗ ∗ 5 ∗
∗ ∗ ∗ ∗ 1

3 ∗ ∗ ∗ ∗
∗ 4 ∗ ∗ ∗
2 ∗ 5 ∗ ∗
∗ 2 ∗ 1 ∗
∗ ∗ ∗ ∗ 2

2 2 ∗ ∗ ∗ ∗
∗ 3 1 ∗ ∗ ∗
∗ ∗ 4 3 ∗ ∗
∗ ∗ ∗ 5 4 ∗
∗ ∗ ∗ ∗ 6 5
6 ∗ ∗ ∗ ∗ 1

2 1 ∗ ∗ ∗ ∗ ∗
∗ 3 1 ∗ ∗ ∗ ∗
∗ ∗ 4 ∗ ∗ ∗ ∗
∗ ∗ ∗ 5 ∗ ∗ ∗
∗ ∗ ∗ ∗ 6 ∗ ∗
∗ ∗ ∗ ∗ ∗ 7 ∗
∗ ∗ ∗ ∗ ∗ ∗ 1

The positions marked by the star * can be filled arbitrarily. This shows the
remarkable leeway we have in constructing Sheffer functions. The leeway is still
considerably greater for prime values of n. As shown by the examples, it suffices
to fix n+ 2 values of a binary function in order to guarantee that the function
will always be a Sheffer function, no matter how the remaining values are chosen.
For composite values of n, always more than n + 2 values are needed for this
purpose. For prime values of n, no fewer than n+ 2 values suffice.

We will now give some completeness criteria. In general, completeness is
fairly well understood but very little is known about the length of composition
sequences, that is, about the various notions of depth. Are some complete sets
more likely to have shorter composition sequences (for specific functions) than
others? Do some functions have inherently longer composition sequences than
others, no matter what complete set we are considering? Such problems are open
already on the unary level, and also for groups. The knowledge of the bases, [11],
does not tell much about the length of composition sequences. Shortest solutions
for a configuration in Rubik’s Cube are hard to find, which is another example
about finding the shortest length of a composition sequence, in terms of the
generators for a group.
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Since unary functions generate only unary functions, we must have something
non-unary in a complete set. In the following definition, mildest conceivable
conditions are imposed upon such an additional function.

Definition 9 A function f(x1, . . . , xk) depends essentially on the variable xi if
there are numbers b1, . . . , bk, b

′
i such that

f(b1, . . . , bi−1, bi, bi+1, . . . , bk) �= f(b1, . . . , bi−1, b
′
i, bi+1, . . . , bk).

A function f(x1, . . . , xk) satisfies SIlupecki conditions if it depends essentially on
at least two variables and assumes all n values.

Theorem 6 Assume that n ≥ 5. Every set F containing all permutations and
an arbitrary function satisfying S$lupecki conditions is complete.

Theorem 6 has been established in [14]. The condition n ≥ 5 is necessary. If
n = 4 and F consists of all permutations and the function

2 1 1 2
4 3 3 4
3 4 4 3
1 2 2 1

then G(F) contains no unary functions of types 2 ⊕ 1 ⊕ 1 or 3 ⊕ 1. Counter-
examples can be constructed also for the cases n = 2, 3.

Natural improvements of Theorem 6 consist of having a smaller group of
permutations in F. (It is clear that SIlupecki conditions cannot be weakened
further.) As we saw in the preceding section, a transitive group is not even
enough to generate constants. Doubly transitive groups do not in some cases
escape self-conjugacy. However, triple transitivity is sufficient, [16].

Theorem 7 Assume that n is greater than 3 and is not a power of 2. Then
a set F is complete if it contains a function satisfying S$lupecki conditions and
permutations generating a triply transitive group of degree n.

Again, counter-examples can be constructed for the cases n = 2r. Although
much more complicated, they are in some sense analogous to the counter-ex-
amples discussed above. As an example, we consider the case n = 8 and the
function f(x, y) defined by

1 2 3 4 5 6 7 8
8 7 6 5 4 3 2 1
1 2 3 4 5 6 7 8
8 7 6 5 4 3 2 1
1 2 3 4 5 6 7 8
8 7 6 5 4 3 2 1
1 2 3 4 5 6 7 8
8 7 6 5 4 3 2 1
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Consider, further, the two permutations (1376528) and (17)(46). They gen-
erate a triply transitive group of degree 8. However, if F consists of f and the
two permutations, G(F) contains no other unary functions except all constants,
some permutations (altogether 1344 of them), some functions of type 2⊕2⊕2⊕2
(2352 of them), and some functions of type 4⊕ 4 (392 of them).

Remark. The group generated by the two permutations is, in fact, the holo-
morph of an abelian group of order 8 and type (1,1,1). If it is expressed as a
permutation group of degree 8, it is triply transitive and consists of the identity,
384 7-cycles, as well as permutations with cyclic structures

3× 3, 6× 2, 4× 4, 2× 2× 2× 2, 2× 2, 4× 2.

The case n = 4 is similarly exceptional, the exceptional group being the holo-
morph of the Klein Four-Group (which equals the symmetric group S4).

We mention, finally, that the function mentioned after Theorem 6 is self-
conjugate (see Definition 6) under the permutation (13)(24). We go back to the
DNA interpretation given in Section 4. If we write the nucleotides in the order
A=1, C=2, T=3, G=4, which order makes the permutation (13)(24) equal to
the Watson-Crick morphism, our function f(x, y) gets the form

C A A C
G T T G
T G G T
A C C A

Which unary functions does f(x, y) generate? For instance, f(x, x) yields the
circular permutation (ACTG), f(x, f(x, x)) yields the function of type 2 ⊕ 2
with the value sequence ATTA, and f(x, f(f(x, x), f(x, x))) yields the transpo-
sition (CG). It is easy to show that f(x, y) generates, among unary functions,
exactly the functions in the set G(F) discussed after Lemma 6. In particular, no
constants are generated. This is obvious because f(x, y) is self-conjugate under
the Watson-Crick morphism (AT)(CG).

This example is easily extended to even values of n ≥ 4. The Watson-Crick
morphism will always be a product of transpositions covering the whole N . Func-
tions can have more than two variables. But if all functions are self-conjugate
under the Watson-Crick morphism, no constants will be generated.

6 The Depth of Functions Revisited

We are now ready to generalize the different notions of (absolute) depth to the
case, where the basic sets F of functions may contain functions with arbitrar-
ily many variables. The depth D(F, f) was defined in Definition 8. Based on
this notion, the (absolute) depth and complete depth can now be defined as in
Definitions 2 and 3.

Definition 10 The depth D(f) of a function f is defined by the equation

D(f) = max(D(F, f)),
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where F ranges over all sets with the property that f is in G(F). The complete
depth DC(f) of a function f is defined by the right side of the same equation,
where now F ranges over complete sets.

The following lemma is immediate by the definitions.

Lemma 8 The relation DC(f) ≤ D(f) holds for all functions, and the relations
D′

C(f) ≤ DC(f) and D′
C(f) ≤ D′(f) ≤ D(f) hold for all unary functions.

Not much is known about the cases where the inequalities are strict. Also
the interrelation between D′(f) and DC(f) is unknown for unary functions f .
Similarly as before, we use the notation SYNCHRO for the class of all sets F
such that at least one of the constants ci is in G(F). (Recall that in defining
SYNCHRO we have some fixed n in mind.) Analogously to the definitions above,
we now define the depths D(const) and DC(const).

A detailed case study was given in [18] showing that, for n = 3, we have
D(const) > (n − 1)2 and even DC(const) > (n − 1)2. The depths D(F, g) were
considered, where F consists of one function only, namely, the Sheffer function
f(x, y) defined by the table

2 2 1
1 3 3
1 2 1

Since F is complete it follows that, for any function g,

DC(g) ≥ D(F, g).

It turns out that all of the constants are of depth 5 or 6 as regards this particular
F.

For the general n, consider the set F′ consisting of two functions g(x) and
f(x, y), where g(x) is the circular permutation (12 . . . n) and f(x, y) is defined
by

f(x, y) = x except f(n, 1) = 1.

Thus, for n = 4, the value sequence of g is 2341, and f(x, y) is defined by the
table

1 1 1 1
2 2 2 2
3 3 3 3
1 4 4 4

The following result was established in [19].

Lemma 9 All constants ci satisfy D(F′, ci) > (n−1)2. The constant cn satisfies
D(F′, cn) > n(n− 1).

This lemma yields immediately the following theorem which should be con-
trasted to Conjectures 1 and 2. Since the set F′ is not complete, analogous
conclusions cannot be made with respect to Conjecture 3.

Theorem 8 For a constant ci we have D(ci) > n(n− 1). Moreover,

D(const) > (n − 1)2.
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7 Conclusion

Completeness, both in the case of functions of one variable and in the general
case, has been widely investigated in connection with many-valued logic. On
the other hand, very little is known about the complexity of generating various
functions by complete sets (or other sets F such that the target function is in
G(F)). The recent interest in problems such as the road coloring or C̆erný Con-
jecture shows the significance of such complexity issues in automata theory. The
complexity issues can be formulated in terms of the various notions of depth con-
sidered above. The general approach dealing with compositions of functions over
a finite domain N with n elements has turned out to be very useful: semantically
very different problems can be treated under the same formalism.

We have shown that the depth may vary considerably with the target func-
tion. We have also established criteria about the reachability of some target
functions, notably constants. (It is interesting to note that here the theory comes
rather close to some issues in DNA computing.) Properties of n such as primality
or being a power of 2 turn out to be important, independently of the semantic
interpretation. Most of the questions about depth, as well as about the compar-
ison of different notions of depth, remain open. However, our results show that
the study of functions of several variables may shed light also to the case where
all functions considered are of one variable.

Dedication. This paper is dedicated to Neil Jones on his 60th birthday. Our
friendship and discussions, ranging from specific technical to general philosoph-
ical matters, have meant much to me over the years. Neil was also my doctoral
student at the University of Western Ontario in 1966-67, where I took over the
job of supervising Neil’s Thesis from Dr. Satoru Takasu. I am convinced that I
learned more from the student than the other way round. The present paper,
although not directly connected with Neil’s work, is still related to it: the no-
tion of depth measures complexity and, besides, Neil was always interested in
classical problems.
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