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RAMSEY THEORY AND TOPOLOGICAL DYNAMICS FOR

FIRST ORDER THEORIES

KRZYSZTOF KRUPIŃSKI, JUNGUK LEE, AND SLAVKO MOCONJA

Abstract. We investigate interactions between Ramsey theory, topological

dynamics, and model theory. We introduce various Ramsey-like properties for
first order theories and characterize them in terms of the appropriate dynam-

ical properties of the theories in question (such as [extreme] amenability of a

theory or some properties of the associated Ellis semigroups). Then we relate
them to profiniteness and triviality of the Ellis groups of first order theories.

In particular, we find various criteria for [pro]finiteness and for triviality of the

Ellis group of a given theory from which we obtain wide classes of examples
of theories with [pro]finite or trivial Ellis groups. We also find several con-

crete examples illustrating the lack of implications between some fundamental

properties. In the appendix, we give a full computation of the Ellis group of
the theory of the random hypergraph with one binary and one 4-ary relation.

This example shows that the assumption of NIP in the version of Newelski’s
conjecture for amenable theories (proved in [15]) cannot be dropped.

1. Introduction

In their seminal paper [14], Kechris, Pestov and Todorčević discovered surpris-
ing interactions between dynamical properties of the group of automorphisms of
a Fräıssé structure and Ramsey-theoretic properties of its age. For example, they
proved that this group is extremely amenable iff the age has the structural Ramsey
property and consists of rigid structures (equivalently, the age has the embedding
Ramsey property in the terminology used by Zucker in [31]). This started a wide
area of research of similar phenomena. Recently, Pillay and the first author [17] gave
a model-theoretic account for the fundamental results of Kechris-Pestov-Todorčević
(shortly KPT) theory, generalizing the context to arbitrary, possibly uncountable,
structures. However, KPT theory (including such generalizations) is not really
about model-theoretic properties of the underlying theory, because: on the dy-
namical side, it talks about the topological dynamics of the topological group of
automorphisms of a given structure, which can be expressed in terms of the action
of this group on the universal ambit rather than on type spaces of the underlying
theory, and, on the Ramsey-theoretic side, it considers arbitrary colorings (without
any definability properties) of the finite subtuples of a given model. Definitions of
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Ramsey properties for a given structure stated in [17] suggest the corresponding
definitions for first order theories just by applying them to a monster model. In
this paper, we go much further and define various “definable” versions of Ramsey
properties for first order theories by restricting the class of colorings to “definable”
ones. And then we find the appropriate dynamical characterizations of our “de-
finable” Ramsey properties in terms of the dynamics of the underlying theory (in
place of the dynamics of the group of automorphisms of a given model) some of
which are surprising and different comparing to classical KPT theory.

The classes of amenable and extremely amenable theories introduced and stud-
ied in [12] are defined in a different way than typical Shelah-style, combinatorially
defined classes of theories (such as NIP, simple, NTP2). In this paper, we give
Ramsey-theoretic characterizations of [extremely] amenable theories; these char-
acterizations are clearly combinatorial, but still of different flavor than Shelah’s
definitions. Also, the new classes of theories introduced in this paper via some
Ramsey-theoretic properties or via their dynamical characterizations do not follow
the usual Shelah-style way of defining new classes of theories. This makes the whole
topic rather novel in model theory.

We find the interaction between “definable” Ramsey properties and the dynamics
of first order theories natural and interesting in its own right. However, our original
motivation to introduce the “definable” Ramsey properties has some specific origins
in model theory and topological dynamics in model theory, which we explain in the
next paragraph.

Some methods of topological dynamics were introduced to model theory by
Newelski in [22]. Since then a wide research on this topic has been done by
Chernikov, Hrushovski, Newelski, Pillay, Rzepecki, Simon, the first author, and
others. For any given theory T , a particularly important place in this research is
reserved for the investigation of the flow (Aut(C), Sc̄(C)), where c̄ is an enumeration
of a monster model C |= T and Sc̄(C) is the space of global types extending tp(c̄/∅),
as it turns out that topological properties of this flow carry important information
about the underlying theory. In particular, in [18] it was proved that there exists a
topological quotient epimorphism from the Ellis group of the flow (Aut(C), Sc̄(C))
(also called the Ellis group of T , as it does not depend on the choice of the monster
model by [15]) to GalKP(T ) (the Kim-Pillay Galois group of T ), and even to the
larger group GalL(T ) (the Lascar Galois group of T ); in particular, the Ellis group
of T captures more information about T than the Galois groups of T . This was
the starting point for the research in this paper. Namely, from the aforementioned
result from [18] one easily deduces that profiniteness of the Ellis group implies
profiniteness of GalKP(T ), which in turn is known to be equivalent to the equality
of the Shelah and Kim-Pillay strong types. The question for which theories the
Shelah and Kim-Pillay strong types coincide is fundamental in model theory (note
that it can be viewed as “elimination of bounded hyperimaginaries”; in the context
of simple theories, it is equivalent to the independence theorem being true over the
(imaginary rather than hyperimaginary) algebraically closed sets). This is known
to be true in e.g. stable or supersimple theories, but remains a well-known open
question in simple theories in general. This led us to the question for which theories
the Ellis group is profinite, which is also interesting in its own rights (keeping in
mind that the Ellis group of T captures more information than any of the Galois
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groups of T ). And among the main outcomes of this paper are results saying that
various Ramsey-like properties of T imply profiniteness of the Ellis group.

Let us briefly discuss the Ramsey properties which we investigate in this paper.
They are given with respect to a monster model C of a first-order theory T , but we
will show that they do not depend on the choice of C, so they are really properties of
T . We say that T has separately finite elementary embedding Ramsey degree (sep.
fin. EERdeg) if for every finite ā ⊆ C there exists l < ω such that for every finite

b̄ ⊇ ā, r < ω, and coloring c :
(
C
ā

)
→ r there exists b̄′ ∈

(
C
b̄

)
such that #c[

(
b̄′

ā

)
] 6 l.

Here, for a tuple ā and a set B (or a tuple which is treated as the set of coordinates),(
B
ā

)
denotes the set of all ā′ ⊆ B such that ā′ ≡ ā. If l above can be taken to be

1 for every finite ā, we say that T has the elementary embedding Ramsey property
(EERP ). If l can be taken to be 1 and we restrict ourselves to considering only
[externally] definable colorings (see Section 3 for definitions), we say that T has the
[externally] definable elementary embedding Ramsey property ([E]DEERP). If for
every finite set of formulae ∆ and every finite ā the above holds (for some l) for the
externally definable ∆-colorings, then we say that T has separately finite externally
definable elementary embedding Ramsey degree (sep. fin. EDEERdeg).

Theories with EERP and sep. fin. EERdeg are generalizations of the classical
notions of embedding Ramsey property and finite embedding Ramsey degree in
the following sense: If K is an ℵ0-saturated Fräıssé structure, then its age has the
embedding Ramsey property [sep. fin. embedding Ramsey degree] iff Th(K) has
EERP [sep. fin. EERdeg].

We also consider the following convex Ramsey-like properties. We say that
T has the elementary embedding convex Ramsey property (EECRP ) if for every

ε > 0 and finite ā ⊆ b̄ ⊆ C, n < ω, and coloring c :
(
C
ā

)
→ 2n there exist k < ω,

λ0, . . . , λk−1 ∈ [0, 1] with λ0 + · · ·+λk−1 = 1, and σ0, . . . , σk−1 ∈ Aut(C) such that

for any two tuples ā′, ā′′ ∈
(
b̄
ā

)
the convex combinations

∑
j<k λjc(σj(ā

′))(i) and∑
j<k λjc(σj(ā

′′))(i) differ by at most ε for every i < n. If we restrict ourselves to
definable colorings, we say that T has the definable elementary embedding convex
Ramsey property (DEECRP ).

To state our main results, we need to use a natural refinement of the usual space
of ∆-types, denoted by Sc̄,∆(p̄) for a finite set of formulae ∆ = {ϕi(x̄, ȳ)}i<k and
a finite set (or sequence) of types p̄ = {pj(ȳ)}j<m ⊆ Sȳ(∅). (It is defined after
Lemma 2.20.) For a flow (G,X), by EL(X) we denote the Ellis semigroup of this
flow. By Invc̄(C), we denote the space of global invariant types extending tp(c̄/∅).
(All these notations and definitions can be found in Section 2.) Our main result
yields dynamical characterizations of the introduced Ramsey properties.

Theorem 1. Let T be a complete first-order theory and C its monster model. Then:

(i) T has DEERP iff T is extremely amenable (in the sense of [12]).
(ii) T has EDEERP iff there exists η ∈ EL(Sc̄(C)) such that Im(η) ⊆ Invc̄(C).

(iii) T has sep. fin. EDEERdeg iff for every finite set of formulae ∆ and finite
sequence of types p̄ there exists η ∈ EL(Sc̄,∆(p̄)) such that Im(η) is finite.

(iv) T has DEECRP iff T is amenable (in the sense of [12]).

A relation of this to the Ellis group of the theory is given by the next corollary.

Corollary 2. (i) A theory with EDEERP has trivial Ellis group (see Cor. 3.15).
(ii) A theory with sep. fin. EDEERdeg has profinite Ellis group (see Cor. 4.1).
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Item (i) is an easy consequence of Theorem 1(ii). Item (ii) follows from Theorem
1(iii) and the implication (D) =⇒ (A) in Theorem 3 below.

In the next theorem, M denotes a minimal left ideal in EL(Sc̄(C)) and u an
idempotent in this ideal, so uM is the Ellis group of T ; uM/H(uM) is the canonical
Hausdorff quotient of uM (see Section 2). Analogously, u∆,p̄M∆,p̄ is the Ellis group
of the flow (Aut(C), Sc̄,∆(p̄)). The main idea behind the next result is that a natural
way to obtain that the Ellis group of T is profinite is to present the flow Sc̄(C) as
the inverse limit of some flows each of which has finite Ellis group, and if it works,
it should also work for the natural presentation of Sc̄(C) as the inverse limit of the
flows Sc̄,∆(p̄) (where ∆ and p̄ vary).

Theorem 3. Consider the following conditions:

(A”) GalKP(T ) is profinite;
(A’) uM/H(uM) is profinite;
(A) uM is profinite;
(B) the Aut(C)-flow Sc̄(C) is isomorphic to the inverse limit lim←−i∈IXi of some

Aut(C)-flows Xi each of which has finite Ellis group;
(C) for every finite sets of formulae ∆ and types p̄ ⊆ S(∅), u∆,p̄M∆,p̄ is finite;
(D) for every finite sets of formulae ∆ and types p̄ ⊆ S(∅), there exists η ∈

EL(Sc̄,∆(p̄)) with Im(η) finite.

Then (D) =⇒ (C) ⇐⇒ (B) =⇒ (A) =⇒ (A’) =⇒ (A”).

We also find several other criteria for [pro]finiteness of the Ellis group. Applying
Corollary 2 or our other criteria together with some well-known theorems from
structural Ramsey theory (saying that various Fräıssé classes have the appropriate
Ramsey properties), we get wide classes of examples of theories with [pro]finite
or sometimes even trivial Ellis groups. But we also find some specific examples
illustrating interesting phenomena, e.g. we give examples showing that in Theorem
3: (A”) does not imply (A’), and (A’) does not imply (B). The example showing
that (A”) does not imply (A’) is supersimple of SU-rank 1, so it shows that even
for supersimple theories the Ellis group of the theory need not be profinite. We
have not found examples showing that (C) does not imply (D), and (A) does not
imply (B), which we leave as open problems.

One of our most important examples is Example 5.7 which is analyzed in details
in the appendix: we give there a precise computation of the Ellis group of the theory
of the random hypergraph with one binary and one 4-ary relation. This group turns
out to be Z/2Z. This example is interesting for various reasons. Firstly, by classical
KPT theory, we know that it has sep. finite EERdeg, so the Ellis group is profinite
by the above results (in fact, it satisfies the assumptions of some other criteria
that we found, which implies that the Ellis group is finite), and the example shows
that it may be non-trivial. A variation of this example (see Example 5.8) yields an
infinite Ellis group, which shows that in some of our criteria for profiniteness, we
cannot expect to get finiteness of the Ellis group. Example 5.7 also shows that in
general sep. fin. EERdeg does not imply EDEERP and that DEERP does not
imply EDEERP . Finally, this example is easily seen to be extremely amenable in
the sense of [12], so its KP-Galois group is trivial. But the Ellis group is non-trivial.
Hence, the epimorphism (found in [18]) from the Ellis group to the KP-Galois group
is not an isomorphism. On the other hand, by [15, Theorem 0.7], we know that
under NIP, even amenability of the theory is sufficient for this epimorphism to be
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an isomorphism. So our example shows that one cannot drop the NIP assumption
in [15, Theorem 0.7], which was not known so far.

Using our observations that both properties EERP and EECRP do not de-
pend on the choice of the monster model, or even an ℵ0-saturated and strongly
ℵ0-homogeneous model M |= T , and the results from [17] saying that EERP (de-
fined in terms of M) is equivalent to extreme amenability of the topological group
Aut(M), and EECRP (defined in terms of M) is equivalent to amenability of
Aut(M), we get the following corollary.

Corollary 4. Let T be a complete first-order theory. The group Aut(M) is [ex-
tremely] amenable as a topological group for some ℵ0-saturated and strongly ℵ0-
homogeneous model M |= T iff it is [extremely] amenable as a topological group for
all ℵ0-saturated and strongly ℵ0-homogeneous models M |= T .

This means that [extreme] amenability of the group of automorphisms of an
ℵ0-saturated and strongly ℵ0-homogeneous structure is actually a property of its
theory, which seems to be a new observation.

The paper is organized as follows. In Section 2, we recall or introduce all the
necessary notions from model theory, topological dynamics, and classical structural
Ramsey theory. Furthermore, we prove several new fundamental and useful ob-
servations, which for example are helpful to compute Ellis groups or show some
dynamical properties of concrete theories. Section 3 is the central part of the pa-
per. We introduce and characterize all the aforementioned Ramsey properties for
first order theories. We prove Theorem 1 and Corollary 4. In Section 4, we prove
Theorem 3 and find some other conditions which imply [pro]finiteness of the Ellis
group of the theory. In Section 5, we give a long list of examples to which our results
apply, and find several examples with some specific properties, e.g. the aforemen-
tioned examples showing the lack of two of the implications between the items of
Theorem 3. In the appendix, we give a complete computation of the Ellis group of
the theory of the random hypergraph with one binary and one 4-ary symbol.

Some “definable” versions of Ramsey properties were also introduced and consid-
ered in a recent paper by Nguyen Van Thé [24]. Also, Hrushovski [11] has recently
introduced some version of Ramsey properties in a first-order setting. But all these
notions seem to be different and they are introduced for different reasons. It would
be interesting to see in the future if there are any relationships.

2. Preliminaries and fundamental observations

Most of this section consists of definitions, notations and facts needed in this
paper. But there are also new ingredients, especially in Subsection 2.4, where we
obtain some new reductions and introduce the type spaces S∆,c̄(p̄) playing a key
role in this paper.

2.1. Model theory. We use standard model-theoretic concepts and terminology.
By a theory we always mean a complete first-order theory T in a language L. For
simplicity, we will be assuming that L is one-sorted, but the whole theory developed
in this paper works almost the same for many-sorted languages. We usually work
in a monster model C of T , i.e. a κ-saturated and strongly κ-homogeneous model of
T for a large enough cardinal κ (called the degree of saturation of C). Elements of
C are denoted by a, b, . . . and tuples (finite or infinite) of C are denoted by ā, b̄, . . . .
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By a small set [model] we mean a subset [elementary submodel] of C of cardinality
less than κ; small subsets of C are denoted by A,B, . . . , and small submodels by
M,N, . . . .

Global types are complete types over C. By Sx̄(A) we denote the space of all
complete types over A in variables x̄; if A = ∅, we also write Sx̄(T ) for Sx̄(∅). For
a type π(x̄) over some B ⊆ A, Sπ(A) denotes the subspace of Sx̄(A) consisting of
all types extending π(x̄). For a tuple ā, Sā(A) denotes the space of all complete
types over A extending tp(ā); in other words, Sā(A) = Stp(ā)(A). These spaces

are naturally compact, Hausdorff, 0-dimensional topological spaces. For tuples ā, b̄,
ā ≡ b̄ means that ā and b̄ have the same type over ∅.

Aut(C) is the group of all automorphisms of C, and Aut(C/A) is the pointwise
stabilizer of A. A subset of a power of C is invariant [A-invariant] if it is invariant
under Aut(C) [Aut(C/A)]. Having the same type over ∅ [small A] is the equivalence
relation of lying in the same orbit of Aut(C) [Aut(C/A)] on the appropriate power of
C. By ≡Sh we denote the intersection of all ∅-definable, finite equivalence relations
(i.e. with finitely many classes) on a given power of C; the classes of ≡Sh are
called Shelah strong types. By AutfSh(C) we denote the group of all Shelah strong
automorphisms of C, i.e. all automorphisms of C fixing all Shelah strong types.
An equivalence relation is bounded if it has less than κ classes. ≡KP and ≡L are
respectively the finest bounded ∅-type-definable equivalence relation and the finest
bounded ∅-invariant equivalence relation (on a fixed power of C); the classes of ≡KP

and ≡L are called Kim-Pillay strong types and Lascar strong types, respectively.
By AutfKP(C) and AutfL(C) we denote respectively the groups of all Kim-Pillay
strong automorphism and all Lascar strong automorphisms, i.e. automorphisms of
C fixing all ≡KP-classes and all ≡L-classes, respectively. It turns out that ≡Sh, ≡KP,
and ≡L are the orbit equivalence relations of AutfSh(C), AutfKP(C), and AutfL(C),
respectively.

AutfSh(C), AutfKP(C), AutfL(C) are normal subgroups of Aut(C), and the cor-
responding quotients do not depend on the choice of the monster C and are called
respectively the Shelah Galois group, the Kim-Pillay Galois group, and the Lascar
Galois group of T ; we denote them by GalSh(T ), GalKP(T ), and GalL(T ), respec-
tively. Since AutfL(C) 6 AutfKP(C) 6 AutfSh(C), we have natural epimorphisms
GalL(T )→ GalKP(T )→ GalSh(T ).

All the above Galois groups of T are topological groups. The topology on
GalL(T ) is defined as follows. Let M be a small model and let m̄ be an enumer-
ation of M . The natural projection Aut(C) → GalL(T ) factors through Sm̄(M):
Aut(C) → Sm̄(M) → GalL(T ), and we equip GalL(T ) with the quotient topology
induced by Sm̄(M) → GalL(T ). This does not depend on the choice of the model
M . It turns out that GalL(T ) is a compact (but not necessarily Hausdorff) topologi-
cal group. The topologies on GalSh(T ) and GalKP(T ) are defined in similar fashion.
GalSh(T ) is a profinite group, and GalKP(T ) is a compact, Hausdorff group. The
epimorphisms GalL(T )→ GalKP(T )→ GalSh(T ) are topological quotient maps.

Furthermore, GalSh(T ) is the largest profinite quotient of GalKP(T ). Thus,
GalKP(T ) is profinite iff it equals GalSh(T ), and the last condition is clearly equiv-
alent to saying that ≡KP and ≡Sh are equal on all powers of C, i.e. the Kim-Pillay
and Shelah strong types coincide.

For more details concerning strong types and Galois groups the reader is referred
to [4], [30], or [25, Chapter 2.5].
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2.2. Topological dynamics. We quickly introduce and state some facts from
topological dynamics. As a general reference we can recommend [1] and [7].

By a G-flow we mean a pair (G,X) where G is a topological group acting con-
tinuously on a (non-empty) compact, Hausdorff space X. The Ellis semigroup of
a G-flow (G,X), denoted by EL(X), is the closure of the set {πg | g ∈ G} in XX

(equipped with the topology of pointwise convergence), where πg is the function
given by x 7→ gx, with composition as semigroup operation; this semigroup opera-
tion is continuous in the left coordinate. EL(X) itself is a G-flow, where the action
is defined by gη = πg ◦ η for g ∈ G and η ∈ EL(X). By abusing notation, we
denote πg simply by g, treat G as a subset of EL(X) (although this “inclusion” is
not necessarily 1-1), and then EL(X) = cl(G). The minimal G-subflows of EL(X)
coincide with the minimal left ideals of EL(X). If M is any minimal left ideal of
EL(X), then the set J (M) of all idempotents in M is non-empty. Furthermore,
M is a disjoint union of subsets uM for u ∈ J (M). For each u ∈ J (M), uM is
a group with respect to the composition of functions (a subgroup of EL(X)) with
neutral u. Moreover, the isomorphism type of this group does not depend on the
choice of M and u ∈ J (M), and it is called the Ellis group of the flow (G,X);
abusing terminology, any uM is also called an (or the) Ellis group of (G,X). Note
that for every η ∈M, ηM = uM where u is the unique idempotent with η ∈ uM.

The existence of an element in the Ellis semigroup with finite image will be one
of the key properties in this paper. The fundamental observation in this situation is
given by the next fact, which follows from Lemmas 4.2 and 4.3 in [15]. The idea of
the proof of this fact is that if η ∈ EL(X) has finite image, then for any u ∈ J (M)
(whereM is a minimal left ideal in EL(X)), the element uηu ∈ uM also has finite
image, and so has u. Then one checks that the map uM→ Sym(Im(u)) given by
the restriction τ 7→ τ�Im(u) is a monomorphism, so uM is finite.

Fact 2.1. If there exists η ∈ EL(X) with Im(η) finite, then the Ellis group is also
finite. �

On an Ellis group uM we have a topology inherited from EL(X). Besides this
topology, a coarser, so-called τ -topology is defined. First, for a ∈ EL(X) and
B ⊆ EL(X) let a ◦ B be the set of all limits of the nets (gibi)i such that gi ∈ G,
bi ∈ B and limi gi = a. For B ⊆ uM we define clτ (B) = uM∩ (u ◦ B). clτ is a
closure operator on uM; the τ -topology is a topology on uM induced by clτ . uM
with the τ -topology is a compact, T1 semitopological group (i.e. group operation
is separately continuous). The isomorphism types of the Ellis groups (for all M
and u ∈ J (M)) as semitopological groups do not depend on the choice of u and
M. Put H(uM) =

⋂
U clτ (U), where the intersection is taken over all τ -open

neighbourhoods of u in uM. This is a τ -closed normal subgroup of uM, and
the quotient uM/H(uM) is a compact, Hausdorff topological group. Moreover,
H(uM) is the smallest τ -closed normal subgroup of uM such that uM/H(uM) is
Hausdorff. uM/H(uM) will be called the canonical Hausdorff quotient of uM.

Remark 2.2. (a) If uM/H(uM) is profinite, then uM is profinite iff it is Hausdorff.
(b) uM is 0-dimensional iff it is profinite.

Proof. (a) (⇒) is trivial. (⇐) holds, as uM is Hausdorff iff H(uM) is trivial.
(b) (⇐) is trivial. For (⇒), since H(uM) =

⋂
U clτ (U) with the intersection

taken over all τ -open neighbourhoods U of u, we get H(uM) ⊆
⋂
U U , where the

intersection is taken over all τ -clopen neighbourhoods of u. Since uM is T1 and
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0-dimensional, the previous intersection is just {u}, so H(uM) is trivial. Hence,
uM = uM/H(uM) is a compact, Hausdorff, 0-dimensional topological group, so
it is profinite. �

A mapping Φ : X → Y between two G-flows (G,X) and (G, Y ) is a G-flow homo-
morphism if it is continuous and for every g ∈ G and x ∈ X we have Φ(gx) = gΦ(x).
A surjective [bijective] G-flow homomorphism is a G-flow epimorphism [G-flow iso-
morphism]; note that a G-flow epimorphism is necessarily a topological quotient
map, and an inverse of a G-flow isomorphism is necessarily a G-flow isomorphism.

The proof of the next fact is basically the argument from the proof of [25, Propo-
sition 5.41], so we will not repeat it.

Fact 2.3. Let (G,X) and (G, Y ) be two G-flows, and let Φ : EL(X)→ EL(Y ) be a
G-flow and semigroup epimorphism. Let M be a minimal left ideal of EL(X) and
u ∈ J (M). Then:

(i) M′ := Φ[M] is a minimal left ideal of EL(Y ) and u′ := Φ(u) ∈ J (M′);
(ii) Φ�uM : uM → u′M′ is a group epimorphism and a quotient map in the

τ -topologies. �

Corollary 2.4. Let (G,X) and (G, Y ) be two G-flows, and let Φ : EL(X)→ EL(Y )
be a G-flow and semigroup isomorphism. Let M be a minimal left ideal of EL(X)
and u ∈ J (M). Then Φ�uM : uM → Φ(u)Φ[M] is a group isomorphism and a
homeomorphism (in the τ -topologies). �

A natural way of obtaining a G-flow and semigroup epimorphism EL(X) →
EL(Y ) is to induce it from a G-flow epimorphism X → Y or a G-flow monomor-
phism Y → X. This is explained in the next fact whose proof is left as an exercise.

Fact 2.5. Let (G,X) and (G, Y ) be G-flows.

(i) If f : X → Y is a G-flow epimorphism, then it induces a G-flow and semi-

group epimorphism f̂ : EL(X)→ EL(Y ) given by:

f̂(η)(y) = f(η(x))

for η ∈ EL(X) and y ∈ Y , where x ∈ X is any element such that f(x) = y.
(ii) If f : Y → X is a G-flow monomorphism, then it induces a G-flow and

semigroup epimorphism f̂ : EL(X)→ EL(Y ) given by:

f̂(η)(y) = f−1(η(f(y)))

for η ∈ EL(X) and y ∈ Y , where f−1 : Im(f)→ Y is the inverse of f . �

Corollary 2.6. Let f : X → Y be a G-flow epimorphism and let f̂ : EL(X) →
EL(Y ) be the induced epimorphism given by Fact 2.5(i). Then, for any η ∈ EL(X),

Im(f̂(η)) = f [Im(η)]. Thus, if Im(η) is finite, so is Im(f̂(η)). �

Corollary 2.7. If (G, Y ) is a subflow of (G,X) and there is an element η ∈ EL(X)
with Im(η) ⊆ Y , then the Ellis groups of the flows X and Y are topologically
isomorphic.

Proof. Let f = id : Y → X. Then the map f̂ : EL(X) → EL(Y ) from Fact
2.5(ii) is the restriction to Y . Let M be a minimal left ideal of EL(X). Replacing
η by any element of ηM, we can assume that η ∈ M. Let u ∈ J (M) satisfy

η ∈ uM. Then Im(u) = Im(η) ⊆ Y . Let M′ = f̂ [M] and u′ = f̂(u). By Fact
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2.3, u′M′ is the Ellis group of (G, Y ) and f̂�uM : uM→ u′M′ is an epimorphism

and a topological quotient map. Finally, f̂�uM is injective, as for τ1, τ2 ∈ uM:
τ1�Y = τ2�Y =⇒ τ1�Im(u) = τ2�Im(u) ⇐⇒ τ1u = τ2u ⇐⇒ τ1 = τ2. �

We further consider an inverse system of G-flows ((G,Xi))i∈I , where I is a
directed set, and for each i < j in I a G-flow epimorphism πi,j : Xj → Xi is
given. Then X := lim←−i∈IXi is a compact, Hausdorff space and G acts naturally

and continuously on X. Denote by πi : X → Xi the natural projections; they are
G-flow epimorphisms. By Fact 2.5, we have G-flow and semigroup epimorphisms
π̂i,j : EL(Xj)→ EL(Xi) for i < j and π̂i : EL(X)→ EL(Xi). It turns out that the
previous inverse limit construction transfers to Ellis semigroups, and furthermore
to Ellis groups. We state this in the next fact; for the proof see [25, Lemma 6.42].

Fact 2.8. Fix the notation from the previous paragraph.
The family (EL(Xi))i∈I , together with the mappings π̂i,j, is an inverse system of

semigroups and of G-flows. There exists a natural G-flow and semigroup isomor-
phism EL(X) ∼= lim←−i∈I EL(Xi), and after identifying EL(X) with lim←−i∈I EL(Xi),

the natural projections of this inverse limit are just the π̂i’s.
For every minimal left ideal M of EL(X), each Mi := π̂i[M] is a minimal left

ideal of EL(Xi) and M = lim←−i∈IMi. Also, if u ∈ J (M), then ui := π̂i(u) ∈
J (Mi). Furthermore, uM = lim←−i∈IuiMi and the τ -topology on uM coincides

with the inverse limit topology induced from the τ -topologies on the uiMi’s. �

The material in the rest of this subsection will be needed in the analysis of
Examples 5.10 and 5.11.

Recall that a G-ambit is a G-flow (G,X, x0) with a distinguished point x0 with
dense orbit. It is well-known that for any discrete group G, (G, βG,Ue) is the
universal G-ambit, where Ue is the principal ultrafilter concentrated on e; we will
identify e with Ue. This easily yields a unique left continuous semigroup operation
on βG extending the action of G on βG, and for any G-flow (G,X) this also yields a
unique left continuous action ∗ of the semigroup βG on (G,X) extending the action
of G. Thus, there is a unique G-flow and semigroup epimorphism βG → EL(X)
(mapping e to the identity): it is given by p 7→ lp, where lp(x) := p ∗ x. Applying
this to X := βG, we get an isomorphism βG ∼= EL(βG). For some details on this
see [7, Chapter 1].

It is also well-known (see [8, Exercise 1.25]) that for the Bernoulli shift X := 2G

the above map βG → EL(X) is an isomorphism of flows and of semigroups, i.e.
βG ∼= EL(2G).

Proposition 2.9. Let (G,X) be a G-flow for which there is a G-flow epimorphism
ϕ : X → 2G. Then,

(i) EL(X) ∼= βG as G-flows and as semigroups.
(ii) The Ellis group of X is topologically isomorphic with the Ellis group of βG.

Proof. (i) By Fact 2.5(i), we have the induced G-flow and semigroup epimorphism
ϕ̂ : EL(X) → EL(2G). On the other hand, by the above discussion, there is
a G-flow and semigroup epimorphism ψ : βG → EL(X). So the composition
ϕ̂ ◦ ψ : βG → EL(2G) is a G-flow and semigroup epimorphism. By the above
discussion, it is an isomorphism. Therefore, ψ must be an isomorphism, too.
(ii) follows from (i) and Corollary 2.4. �
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Recall that the Bohr compactification of a topological group G is a unique (up
to isomorphism) universal object in the category of group compactifications of G,
i.e. continuous homomorphisms G → H with dense image, where H is a compact,
Hausdorff group. We often identify the Bohr compactification with the target
compact group, and denote it by bG. For a discrete group G, a minimal left ideal
M in βG and an idempotent u ∈M, the quotient uM/H(uM) turns out to be the
generalized Bohr compactification of G in the terminology from [7]. There is always
a continuous epimorphism from the generalized Bohr compactification to the Bohr
compactification. We will need the following result, which is Corollary 4.3 of [7].
(See also [16] for a more general, model-theoretic account.) We do not recall here
the notion of strongly amenable group. We only need to know that abelian groups
are strongly amenable. For more details see [7].

Fact 2.10. If a discrete group G is strongly amenable (e.g. G is abelian), then
the generalized Bohr compactification of G and the Bohr compactification of G
coincide. �

We will also need the following consequence of the presentation of bG (for an
abelian discrete group G) as the “double Pontryagin dual”, which can be found in
[29]; a short proof based on Pontryagin duality is given in [5, Section 1].

Fact 2.11. Let G be a discrete abelian group. Then, bG is profinite iff G is of
finite exponent. �

2.3. Structural Ramsey theory. Recall that a first order structure K is called a
Fräıssé structure if it is countable, locally finite (finitely generated substructures of
K are finite; although this property is not always taken as a part of the definition)
and ultrahomogeneous (every isomorphism between finite substructures of K lifts
to an automorphism of K). Every Fräıssé structure K is uniquely determined by its
age, Age(K), i.e. the class of all finite structures which are embeddable in K. The
age of a Fräıssé structure is a Fräıssé class, i.e. a class of finite structures which is
closed under isomorphisms, countable up to isomorphism, and satisfies hereditary,
joint embedding and amalgamation property. On the other hand, for every Fräıssé
class C of first order structures there exists a unique Fräıssé structure, called the
Fräıssé limit of C, whose age is exactly C.

Structural Ramsey theory, invented by Nešetřil and Rödl in the 1970s, investi-
gates combinatorial properties of Fräıssé classes (and, more generally, categories).
Originally, these structural combinatorial properties are given by colorings of iso-
morphic copies of A in B, where A and B are members of the given class such that A
is embeddable in B. We follow the approach from [31]. Let K be a Fräıssé structure.
For A,B ∈ Age(K), Emb(A,B) stands for the set of all embeddings A→ B. K (or
Age(K)) has separately finite embedding Ramsey degree if for every A ∈ Age(K)
there exists l < ω such that for every B ∈ Age(K) with Emb(A,B) 6= ∅ and every
r < ω there exists C ∈ Age(K) such that for every coloring c : Emb(A,C) → r
there exists f ∈ Emb(B,C) with #c[f ◦Emb(A,B)] 6 l. We added the word “sep-
arately” to emphasize that l depends on A. If in the previous definition l can be
chosen to be 1 for every A, we obtain the notion of the embedding Ramsey property.
By [31, Proposition 4.4], K has separately finite embedding Ramsey degree iff it has
separately finite structural Ramsey degree (defined by using colorings of isomorphic
copies of A in B in place of embeddings). Moreover, by [31, Corollary 4.5], K has
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the embedding Ramsey property iff it has the structural Ramsey property and all
structures in Age(K) are rigid (have trivial automorphism groups).

Both the property of having separately finite embedding Ramsey degree and the
embedding Ramsey property for a Fräıssé structure K can be alternatively defined

as follows. For finite ā ⊆ K and C ⊆ K denote by
(
C
ā

)qf
the set of all ā′ ⊆ C such

that ā′ ≡qf ā (ā′ and ā have the same quantifier-free type).

Fact 2.12. A Fräıssé structure K has separately finite embedding Ramsey degree iff
for every finite ā ⊆ K there exists l < ω such that for any finite b̄ ⊆ K containing

ā and r < ω there exists a finite C ⊆ K such that for every coloring c :
(
C
ā

)qf → r

there exists b̄′ ∈
(
C
b̄

)qf
with #c[

(
b̄′

ā

)qf
] 6 l.

The same holds for the embedding Ramsey property and l = 1. �

2.4. Flows in model theory. As mentioned in the introduction, the methods of
topological dynamics were introduced to model theory by Newelski over ten years
ago, and since then this approach has gained a lot of attention which resulted in
various applications (e.g. to strong types in [18, 19]). Flows in model theory occur
naturally in two ways. One way is to consider the action of a definable group
on various spaces of types concentrated on this group. The other is to consider
the action of the automorphism group of a model on various spaces of types. In
this paper, we consider the second situation. We are mostly interested in the flow
(Aut(C), Sc̄(C)), where C is a monster model of a theory T , c̄ is an enumeration of
C, Sc̄(C) is the space of all types over C extending tp(c̄), and the action of Aut(C)
on Sc̄(C) is the obvious one.

Recall that the question when the group GalKP(T ) is profinite was an initial
motivation behind this paper. In [18] it is proved that there is a sequence of
quotient topological maps and group epimorphisms:

uM→ uM/H(uM)→ GalL(T )→ GalKP(T ),

for any minimal left ideal M of EL(Sc̄(C)) and u ∈ J (M), where uM is equipped
with the τ -topology, uM/H(uM) with the corresponding quotient topology, and
GalL(T ) and GalKP(T ) with the topologies described in Subsection 2.1. The fol-
lowing easy consequence of this result gives a sufficient condition for profiniteness
of GalKP(T ).

Proposition 2.13. GalKP(T ) is profinite if uM/H(uM) is profinite. Further-
more, uM/H(uM) is profinite if uM is 0-dimensional.

Proof. Both assertions are consequences of the following more general, easy fact:
If G is a compact semitopological group, H is a Hausdorff topological group, and
f : G → H is a quotient topological map and group epimorphism, then H is
profinite if G is 0-dimensional. �

Thus, by Remark 2.2, for profiniteness of GalKP(T ) it is enough to prove profinite-
ness (equiv. 0-dimensionality) of either uM or uM/H(uM).

The investigation of the flow (Aut(C), Sc̄(C)) in concrete examples is not easy,
thus we need reductions of it to flows which are easier to deal with. Some reductions
of this kind appeared in Section 2 of [15], but here we need more specific ones.

Let d̄ be a tuple of all elements of C in which each element of C is repeated
infinitely many times. It is clear that Sd̄(C) and Sc̄(C) are isomorphic Aut(C)-flows.
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Hence, their Ellis semigroups are isomorphic as semigroups and as Aut(C)-flows.
So, in fact, one can work with Sd̄(C) in place of Sc̄(C) whenever it is convenient.

Let us fix some notation. Let x̄ be a tuple of variables corresponding to d̄. For
x̄′ ⊆ x̄, z̄ with |z̄| = |x̄′|, and for p(x̄′) ∈ Sx̄′(C) we denote by p[x̄′/z̄] the type from
Sz̄(C) obtained by replacing the variables x̄′ by z̄. Denote by z̄ a sequence (zi)i<n
of variables, where n 6 ω. We discuss connections between the Aut(C)-flows Sd̄(C)
and Sz̄(C). The proof of the next lemma is left as an exercise.

Lemma 2.14. Let Φ : EL(Sd̄(C)) → EL(Sz̄(C)) be defined by Φ(η) := η̂, where η̂
is given by:

η̂(p(z̄)) = η(q(x̄))�x̄′ [x̄
′/z̄],

where p(z̄) ∈ Sz̄(C), and x̄′ ⊆ x̄ and q(x̄) ∈ Sd̄(C) are such that q(x̄)�x̄′ [x̄
′/z̄] = p(z̄).

Then Φ is a well-defined epimorphism of Aut(C)-flows and of semigroups. �

Having in mind that the flows Sd̄(C) and Sc̄(C) are isomorphic, we get:

Corollary 2.15. There exists an Aut(C)-flow and semigroup epimorphism from
EL(Sc̄(C)) to EL(Sz̄(C)). In particular, such an epimorphism exists from EL(Sc̄(C))
to EL(Sn(C)) for all n < ω. �

Corollary 2.16. If z̄ = (zi)i<ω, then EL(Sc̄(C)) and EL(Sz̄(C)) are Aut(C)-flow
and semigroup isomorphic. Thus, the Ellis groups of the flows (Aut(C), Sc̄(C)) and
(Aut(C), Sz̄(C)) are topologically isomorphic.

Proof. It is enough to prove that Φ from Lemma 2.14 is injective. Let η1 6= η2 ∈
EL(Sd̄(C)), and take q(x̄) and ϕ(x̄, ā) such that ϕ(x̄, ā) ∈ η1(q(x̄)) and ¬ϕ(x̄, ā) ∈
η2(q(x̄)). Take x̄′ ⊆ x̄ such that |x̄′| = ω and all variables occurring in ϕ(x̄, ā) are in
x̄′, so we may write ϕ(x̄, ā) as ϕ′(x̄′, ā). Let p(z̄) = q(x̄)�x̄′ [x̄

′/z̄]. By the definition
of η̂1 and η̂2, ϕ′(z̄, ā) ∈ η̂1(p(z̄)) and ¬ϕ′(z̄, ā) ∈ η̂2(p(z̄)). Thus, η̂1 6= η̂2. �

If |z̄| = n < ω, then in general we do not have injectivity of Φ, but we may
distinguish a sufficient condition on T for which Φ is injective for some n. We say
that a theory T is m-ary (for some m < ω) if every L-formula is equivalent modulo
T to a Boolean combination of L-formulae with at most m free variables.

Corollary 2.17. If T is (m+ 1)-ary, then EL(Sc̄(C)) and EL(Sm(C)) are Aut(C)-
flow and semigroup isomorphic. Thus, the Ellis groups of the flows (Aut(C), Sc̄(C))
and (Aut(C), Sm(C)) are topologically isomorphic.

Proof. If |z̄| = m, we prove that Φ is injective. Let η1 6= η2 ∈ EL(Sd̄(C)) and let
q(x̄) ∈ Sd̄(C) be such that η1(q(x̄)) 6= η2(q(x̄)). By (m + 1)-arity of the theory,
there is a formula ϕ(x̄′′, ȳ) with x̄′′ ⊆ x̄ and |x̄′′| + |ȳ| 6 m + 1, and ā such that
ϕ(x̄′′, ā) ∈ η1(q(x̄)) and ¬ϕ(x̄′′, ā) ∈ η2(q(x̄)). Note that |ȳ| > 1, as otherwise
ϕ(x̄′′, ā) is a formula without parameters, so it belongs to η1(q(x̄)) iff it belongs to
η2(q(x̄)). So |x̄′′| 6 m, and we can write ϕ(x̄′′, ā) as ϕ′(x̄′, ā) for some x̄′ ⊆ x̄ such
that |x̄′| = m. Now, the final step of the proof of Corollary 2.16 goes through. �

We will need the following general, easy observation.

Remark 2.18. Let (G,X) and (G, Y ) be G-flows. Denote by Inv(X) and Inv(Y ) the
sets of all points fixed by G in X and Y , respectively. Assume that F : EL(X) →
EL(Y ) is a G-flow epimorphism. Then for any η ∈ EL(X) we have: Im(η) ⊆ Inv(X)
iff Im(η) = Inv(X), and these equivalent conditions imply Im(F (η)) = Inv(Y ). So,
if F is an isomorphism, then Im(η) = Inv(X) iff Im(F (η)) = Inv(Y ). �
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By Corollary 2.17 and Remark 2.18, we get:

Corollary 2.19. If T is (m + 1)-ary, then the existence of η ∈ EL(Sc̄(C)) with
Im(η) = Invc̄(C) is equivalent to the existence of η′ ∈ EL(Sm(C)) with Im(η′) =
Invm(C) (where Invm(C) is the set of all invariant types in Sm(C)). �

We will need one more consequence of the above investigations. Let L ⊆ L∗ be
two languages, let T ∗ be a complete L∗-theory and T := T ∗�L. Assume that C∗ is
a monster of T ∗ such that C := C∗�L is a monster of T . Let c̄ be an enumeration

of C (and C∗). We can treat Sc̄(C) as an Aut(C∗)-flow, and when we do that
(in this section) we write S∗c̄ (C) in place of Sc̄(C); similarly for S∗z̄ (C). Note that
Aut(C∗) 6 Aut(C), and so EL(S∗c̄ (C)) ⊆ EL(Sc̄(C)) and EL(S∗z̄ (C)) ⊆ EL(Sz̄(C)).

Lemma 2.20. Take the previous notation.

(i) There is an Aut(C∗)-flow and semigroup epimorphism Ψ : EL(Sc̄(C
∗)) →

EL(S∗c̄ (C)).
(ii) If there is η∗ ∈ EL(Sc̄(C

∗)) such that Im(η∗) ⊆ Invc̄(C
∗) (equiv. = Invc̄(C

∗)),
then there is η ∈ EL(Sc̄(C)) such that Im(η) = Inv∗c̄(C), where Invc̄(C

∗) ⊆
Sc̄(C

∗) and Inv∗c̄(C) ⊆ S∗c̄ (C) are the subsets of all Aut(C∗)-invariant types in
Sc̄(C

∗) and S∗c̄ (C), respectively.
(iii) There is an Aut(C∗)-flow and semigroup epimorphism Ψz̄ : EL(Sc̄(C

∗)) →
EL(S∗z̄ (C)).

(iv) If there is η∗ ∈ EL(Sc̄(C
∗)) such that Im(η∗) ⊆ Invc̄(C

∗) (equiv. = Invc̄(C
∗)),

then there is η ∈ EL(Sz̄(C)) such that Im(η) = Inv∗z̄(C), where Inv∗z̄(C) ⊆
S∗z̄ (C) is the subset of all Aut(C∗)-invariant types in S∗z̄ (C).

Proof. (i) Let z̄ = (zi)i<ω. By Corollary 2.16, we have an Aut(C∗)-flow and semi-
group isomorphism Φ∗ : EL(Sc̄(C

∗))→ EL(Sz̄(C
∗)), and an Aut(C)-flow and semi-

group isomorphism Φ : EL(Sc̄(C)) → EL(Sz̄(C)). Since Aut(C∗) 6 Aut(C), we
get that Φ�EL(S∗c̄ (C)) is an Aut(C∗)-flow and semigroup isomorphism EL(S∗c̄ (C)) →
EL(S∗z̄ (C)). We also have an Aut(C∗)-flow epimorphism Sz̄(C

∗) → S∗z̄ (C) given
by the restriction of the language; hence, by Fact 2.5, there exists an Aut(C∗)-
flow and semigroup epimorphism Θ : EL(Sz̄(C

∗)) → EL(S∗z̄ (C)). Then Ψ :=
Φ−1
�EL(S∗c̄ (C)) ◦Θ ◦ Φ∗ is as required.

(ii) Since EL(S∗c̄ (C)) ⊆ EL(Sc̄(C)), (ii) follows from (i) and Remark 2.18 applied
to X := Sc̄(C

∗), Y := S∗c̄ (C), and G := Aut(C∗).
(iii) Ψz̄ := Θ◦Φ∗ from the proof of (i) does the job (but here Φ∗ : EL(Sc̄(C

∗))→
EL(Sz̄(C

∗)) is an epimorphism provided by Corollary 2.15).
(iv) follows from (iii) and Remark 2.18. �

We now describe a natural way of presenting Sc̄(C) as an inverse limit of Aut(C)-
flows, which is one of the key tools in this paper.

For any ā ⊆ C∗ � C, ∆ = {ϕi(x̄, ȳ)}i<k where |x̄| = |ā|, and p̄ = {pj}j<m ⊆
Sȳ(T ), by tp∆(ā/p̄) we mean the ∆-type of ā over

⋃
j<m pj(C), i.e. the set of all

formulae of the form ϕi(x̄, b̄)
ε such that ε ∈ 2, b̄ realizes one of pj ’s, and |= ϕi(ā, b̄)

ε.
(Here, as usual, ϕ0 denotes ¬ϕ, and ϕ1 denotes ϕ.)

For ∆ = {ϕi(x̄, ȳ)}i<k, where x̄ is reserved for c̄, and p̄ = {pj}j<m ⊆ Sȳ(T ),
by Sc̄,∆(p̄) we denote the space of all complete ∆-types over

⋃
j<m pj(C) consistent

with tp(c̄); equivalently:

Sc̄,∆(p̄) = {tp∆(c̄∗/p̄) | c̄∗ ⊆ C∗ and c̄∗ ≡ c̄}.
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In the usual way, we endow Sc̄,∆(p̄) with a topology, turning it into a 0-dimensional,
compact, Hausdorff space. Moreover, it is naturally an Aut(C)-flow.

Let F be the family of all pairs (∆ = {ϕi}i<k, p̄ = {pj}j<m) as above. We order
F naturally by:

(∆ = {ϕi(x̄, ȳ)}i<k, p̄ = {pj}j<m) 6 (∆′ = {ϕ′i(x̄, ȳ′)}i<k′ , p̄′ = {p′j}j<m′)
if ȳ ⊆ ȳ′, {ϕi(x̄, ȳ)}i<k ⊆ {ϕ′i(x̄, ȳ′)}i<k′ by using dummy variables, and {pj}j<m ⊆
{pj′�ȳ}j<m′ . Then F is directed by 6, and for pairs t = (∆, p̄) and t′ = (∆′, p̄′) in
F , if t 6 t′, we have an Aut(C)-flow epimorphism given by the restriction:

πt,t′ : Sc̄,∆′(p̄
′)→ Sc̄,∆(p̄).

Therefore, we have an inverse system of Aut(C)-flows ((Aut(C), Sc̄,∆(p̄)))(∆,p̄)∈F ,
and we clearly have:

Lemma 2.21. Sc̄(C) ∼= lim←−(∆,p̄)∈FSc̄,∆(p̄) as Aut(C)-flows. �

The usual Aut(C)-flow Sc̄,∆(C) of complete ∆-types over the whole C consistent
with tp(c̄) projects onto Sc̄,∆(p̄). We also have Sc̄(C) ∼= lim←−∆∈FSc̄,∆(C), but this

presentation is not sufficient to be used in our main results (see Example 5.9).

2.5. Contents and strong heirs. The following definition was introduced in [15].

Definition 2.22 ([15, Definition 3.1]). Fix A ⊆ B.

(a) For p(x̄) ∈ S(B), the content of p over A is defined as:

ctA(p) = {(ϕ(x̄, ȳ), q(ȳ)) ∈ L(A)× S(A) | ϕ(x̄, b̄) ∈ p(x̄) for some b̄ |= q}.
(b) The content of a sequence p0(x̄), . . . , pn−1(x̄) ∈ S(B) overA, ctA(p0, . . . , pn−1),

is defined as the set of all (ϕ0(x̄, ȳ), . . . , ϕn−1(x̄, ȳ), q(ȳ)) ∈ L(A)n×S(A) such
that for some b̄ |= q and for every i < n we have ϕi(x̄, b̄) ∈ pi.

If A = ∅, we write just ct(p) and ct(p0, . . . , pn−1).

A fundamental connection between contents and the Ellis semigroup is given by:

Fact 2.23 ([15, Proposition 3.5]). Let π(x̄) be a type over ∅, and (p0, . . . , pn−1)
and (q0, . . . , qn−1) sequences from Sπ(C). Then ct(q0, . . . , qn−1) ⊆ ct(p0, . . . , pn−1)
iff there exists η ∈ EL(Sπ(C)) such that η(pi) = qi for every i < n. �

As was explained in [15], contents expand the concept of fundamental order of
Lascar and Poizat, hence an analogous notion of heir can be defined.

Definition 2.24 ([15, Definition 3.2]). Let M ⊆ A and p(x̄) ∈ S(A). p(x̄) is a
strong heir over M if for every finite m̄ ⊆ M and ϕ(x̄, ā) ∈ p(x̄), where ā ⊆ A
is finite and ϕ(x̄, ȳ) ∈ L(M), there is ā′ ⊆ M such that ϕ(x̄, ā′) ∈ p(x̄) and
tp(ā′/m̄) = tp(ā/m̄).

Fact 2.25 ([15, Lemma 3.3]). Let M ⊆ A, where M is ℵ0-saturated. Then every
p(x̄) ∈ S(M) has an extension p′(x̄) ∈ S(A) which is a strong heir over M . �

2.6. Amenability of a theory. Amenable and extremely amenable theories were
introduced and studied in [12]. We will not give the original definitions but rather
the characterizations which we will use in this paper. For the details see [12].

Definition 2.26. (a) A theory T is amenable if every finitary type p ∈ S(T ) is
amenable, i.e. there exists an invariant, (regular) Borel probability measure on
Sp(C).
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(b) A theory T is extremely amenably if every finitary type p ∈ S(T ) is extremely
amenable, i.e. there exists an invariant type in Sp(C).

In fact, in the above definitions we can remove the adjective “finitary”. We also
get the same notions if we use only p := tp(c̄) (where c̄ is an enumeration of C).

These definitions do not depend on the choice of the monster model C, i.e. they
are indeed properties of the theory T . In fact, it is enough to assume only that C
is ℵ0-saturated and strongly ℵ0-homogeneous.

One should also recall that a regular, Borel probability measure on the space
Sp(C) (or on any 0-dimensional compact space) is the same thing as a Keisler
measure, i.e. finitely additive probability measure on the Boolean algebra of all
clopen sets. All such measures form a compact subspace Mp of [0, 1]clopens equipped
with the product topology.

3. Definable structural Ramsey theory and topological dynamics

As mentioned in the introduction, in order to find interactions between Ramsey-
like properties of a given theory T and dynamical properties of T , one has to impose
the appropriate definability conditions on colorings.

For a finite tuple ā and a subset C ⊆ C, by
(
C
ā

)
we denote the set of all realizations

of tp(ā) in C:
(
C
ā

)
:= {ā′ ∈ C |ā| | ā′ ≡ ā}. If instead of C we have a tuple d̄, the

meaning of
(
d̄
ā

)
is the same, i.e. it is

(
D
ā

)
, where D is the set of all coordinates of d̄.

For r < ω, a coloring of the realizations of tp(ā) in C into r colors is any

mapping c :
(
C
ā

)
→ r. A subset S ⊆

(
C
ā

)
is monochromatic with respect to c if c[S]

is a singleton.

Definition 3.1. (a) A coloring c :
(
C
ā

)
→ 2n is definable if there are formulae with

parameters ϕi(x̄), i < n, such that:

c(ā′)(i) =

{
1, |= ϕi(ā

′)
0, |= ¬ϕi(ā′)

for any ā′ ∈
(
C
ā

)
and i < n.

(b) A coloring c :
(
C
ā

)
→ 2n is externally definable if there are formulae without

parameters ϕi(x̄, ȳ) and types pi(ȳ) ∈ Sȳ(C), i < n, such that:

c(ā′)(i) =

{
1, ϕi(ā

′, ȳ) ∈ pi(ȳ)
0, ¬ϕi(ā′, ȳ) ∈ pi(ȳ)

for any ā′ ∈
(
C
ā

)
and i < n.

(c) If ∆ is a set of formulae in variables x̄ and ȳ and q ∈ Sȳ(∅), then an exter-
nally definable coloring c is called externally definable (∆, q)-coloring if all the
formulae ϕi(x̄, ȳ)’s defining c are taken from ∆ and pi(ȳ) ∈ Sq(C) for i < n.

Remark 3.2. A coloring c :
(
C
ā

)
→ 2n is definable iff it is externally definable via

realized (in C) types p0(ȳ), . . . , pn−1(ȳ) ∈ Sȳ(C). �

Remark 3.3. (i) An externally definable coloring c :
(
C
ā

)
→ 2n given by ϕi(x̄, ȳ)

and pi(ȳ) ∈ Sȳ(C), i < n, can be defined by using n formulae ψi(x̄, z̄), i < n,
and only one type p(z̄) ∈ Sz̄(C). Moreover, we can require that |z̄| = |c̄| and
p(z̄) ∈ Sc̄(C).
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(ii) In the definition of definable coloring, we can assume that all formulae ϕi(x̄),
i < n, have the same parameters ē, and then the coloring is externally definable
witnessed by the single realized type p(ȳ) := tp(ē/C).

(iii) In the definition of externally definable (∆, q)-coloring, without loss of gener-
ality we can assume that |ȳ| = |c̄| and q(ȳ) = tp(c̄/∅). Whenever |ȳ| = |c̄| and
q(ȳ) = tp(c̄/∅), instead of “externally definable (∆, q)-coloring” we will just
say externally definable ∆-coloring.

Proof. (i) Let z̄ = (ȳ0, . . . , ȳn−1), where each ȳi is of length |ȳ| (where wlog ȳ
is finite) and the ȳi’s are pairwise disjoint. Let p(z̄) ∈ Sz̄(∅) be any completion
of
⋃
i<n pi(ȳi) and let ψi(x̄, z̄) := ϕi(x̄, ȳi). Then ψi(ā

′, z̄) ∈ p(z̄) iff ϕi(ā
′, ȳ) ∈

pi(ȳ). For the “moreover part”, by adding dummy variables, we can assume that
z̄ corresponds to d̄ and p(z̄) ∈ Sd̄(C), where d̄ is a tuple of all elements of C in
which each element is repeated infinitely many times. Finally, we can identify the
variables in the tuple z̄ which correspond to the same elements in d̄, and we obtain
a shorter tuple, still denoted by z̄, corresponding to c̄ and a type, still denoted by
p(z̄), in Sc̄(C) which satisfy the requirements.
(ii) follows by adding dummy parameters, and (iii) by adding dummy variables. �

The next remark explains that Definition 3.1 coincides with the usual definition
of [externally] definable map from a type-definable set to a compact, Hausdorff
space (in our case this space is finite). Recall that a function f : X → C, where
X is a type-definable subset of a sufficiently saturated model and C is a compact,
Hausdorff space, is said to be [externally] definable if the preimages of any two
disjoint closed subsets of C can be separated by a relatively [externally] definable
subset of X. In particular, if C is finite, then this is equivalent to saying that all
fibers of f are relatively [externally] definable subsets of X.

Remark 3.4. (i) For a coloring c :
(
C
ā

)
→ 2n, c is [externally] definable in the sense

of Definition 3.1 iff it is [externally] definable in the above sense (i.e. the fibers

are relatively [externally] definable subsets of the type-definable set
(
C
ā

)
).

(ii) If c :
(
C
ā

)
→ r is [externally] definable in the above sense, then it remains so as

a coloring with the target space 2n, where 2n > r. So we can always assume
that r = 2n. �

3.1. Ramsey properties. Motivated by the embedding Ramsey property for
Fräıssé structures, we introduce the following natural notion.

Definition 3.5. A theory T has EERP (the elementary embedding Ramsey prop-
erty) if for any two finite tuples ā ⊆ b̄ ⊆ C and any r < ω there exists a finite subset

C ⊆ C such that for any coloring c :
(
C
ā

)
→ r there exists b̄′ ∈

(
C
b̄

)
such that

(
b̄′

ā

)
is

monochromatic with respect to c.

Remark 3.6. The definition of EERP does not depend on the choice of the monster
(or just an ℵ0-saturated) model C of T , i.e. EERP is indeed a property of T . �

Remark 3.7. Definition 3.5 generalizes the definition of the embedding Ramsey
property for Fräıssé structures in the following sense: If K is an ℵ0-saturated Fräıssé
structure, then K has the embedding Ramsey property iff Th(K) has EERP.

Proof. Recall that if K is an ℵ0-saturated Fräıssé structure, then Th(K) has q.e.,

so
(
C
ā

)qf
=
(
C
ā

)
for any finite ā, C ⊆ K. Therefore, we conclude using Fact 2.12 and

Remark 3.6. �
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The next remark is standard and follows from [17, Remark 3.1].

Remark 3.8. A theory T has EERP iff for any two finite tuples ā ⊆ b̄ ⊆ C,

any r < ω, and any coloring c :
(
C
ā

)
→ r there exists b̄′ ∈

(
C
b̄

)
such that

(
b̄′

ā

)
is

monochromatic with respect to c. �

In [17], the class of first order structures with ERP (the embedding Ramsey
property) is introduced. A first order structure M has ERP if for any finite ā ⊆
b̄ ⊆M and any r < ω there exists a finite subset C ⊆M such that for any coloring

c :
(
C
ā

)Aut → r there exists b̄′ ∈
(
C
b̄

)Aut
such that

(
b̄′

ā

)Aut
is monochromatic with

respect to c. Here, for finite ā ⊆M and C ⊆M :(
C

ā

)Aut

:= {ā′ ⊆ C | ā′ = f(ā) for some f ∈ Aut(M)}.

For Fräıssé structures the next fact is one of the main results from [14], which was
later generalized to arbitrary locally finite ultrahomogeneous structures in [26]. The
formulation below comes from [17], but it can be checked (by passing to canonical
ultrahomogeneous expansions and using an argument as in Fact 2.12) that it is
equivalent to the one from [26].

Fact 3.9 ([17, Theorem 3.2]). A first order structure M has ERP iff Aut(M) is
extremely amenable as a topological group. �

Note that if M is strongly ℵ0-homogeneous, then
(
C
ā

)Aut
=
(
C
ā

)
, so if we in

addition assume that M is ℵ0-saturated, then by Remark 3.6, M has ERP iff
Th(M) has EERP . Hence, by Fact 3.9, we obtain the following.

Corollary 3.10. For a theory T , Aut(M) is extremely amenable (as a topological
group) for some ℵ0-saturated and strongly ℵ0-homogeneous model M |= T iff it is
so for all ℵ0-saturated and strongly ℵ0-homogeneous models of T . �

We now introduce and study two new classes of theories by restricting our con-
siderations to definable and externally definable colorings, which makes the whole
subject more general and more model-theoretic.

Definition 3.11. A theory T has [E]DEERP (the [externally] definable elemen-
tary embedding Ramsey property) if for any finite ā ⊆ b̄ ⊆ C, any n < ω and any

[externally] definable coloring c :
(
C
ā

)
→ 2n there exists b̄′ ∈

(
C
b̄

)
such that

(
b̄′

ā

)
is

monochromatic with respect to c.

Proposition 3.12. The previous definitions do not depend on the choice of the
monster (or just an ℵ0-saturated) model, i.e. DEERP and EDEERP are indeed
properties of T .

Proof. We fix the following notation. For any finite ā ⊆ b̄ in a model of T , let
x̄′ be some variables corresponding to b̄ and denote by Vā,b̄ the set of all x̄ ⊆ x̄′

corresponding to the elementary copies of ā within b̄. Note that Vā,b̄ depends only

on tp(ā), tp(b̄) and the choice of x̄′.
In order to see the DEERP case, it is enough to note that (even assuming only

that C is ℵ0-saturated) the statement defining DEERP inside C is equivalent to
the following condition: for any finite ā ⊆ b̄ (in any model of T ), any formula
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ϕ(x̄′) ∈ tp(b̄), and any formulae ϕ0(x̄, ȳ), . . . , ϕn−1(x̄, ȳ) without parameters with
x̄ corresponding to ā:

T ` (∀ȳ)(∃x̄′)

ϕ(x̄′) ∧
∧

x̄1,x̄2∈Vā,b̄

∧
i<n

(ϕi(x̄1, ȳ)↔ ϕi(x̄2, ȳ))

 .

We now turn to EDEERP . Suppose that C is a monster (or ℵ0-saturated) model
which satisfies the property given in the externally definable case of Definition 3.11.
It suffices to prove that any monster (or ℵ0-saturated) model C∗ such that C∗ ≺ C
or C∗ � C satisfies it as well.

Let C∗ ≺ C. Consider any finite ā ⊆ b̄ ⊆ C∗, n < ω, and an externally definable

coloring c∗ :
(
C∗

ā

)
→ 2n given by formulae ϕ0(x̄, ȳ), . . . , ϕn−1(x̄, ȳ) and a type

p∗(ȳ) ∈ Sȳ(C∗) (see Remark 3.3). By Fact 2.25, let p(ȳ) ∈ Sȳ(C) be a strong

heir extension of p∗(ȳ), and let c :
(
C
ā

)
→ 2n be the externally definable extension

of c∗ given by ϕ0(x̄, ȳ), . . . , ϕn−1(x̄, ȳ) and p(ȳ). For a color ε ∈ 2n consider the

formula θε(x̄
′, ȳ) :=

∧
x̄∈Vā,b̄

∧
i<n ϕi(x̄, ȳ)ε(i). Note that for b̄′ ∈

(
C
b̄

)
, c[
(
b̄′

ā

)
] = {ε}

iff θε(b̄
′, ȳ) ∈ p(ȳ). By assumption, there is a color ε ∈ 2n and b̄′ ∈

(
C
b̄

)
such that

c[
(
b̄′

ā

)
] = {ε}, hence θε(b̄

′, ȳ) ∈ p(ȳ). Since p∗(ȳ) ⊆ p(ȳ) is a strong heir extension,

there is b̄′′ ⊆ C∗ such that b̄′′ ≡ b̄′ and θε(b̄
′′, ȳ) ∈ p∗(ȳ). But this means that

b̄′′ ∈
(
C∗

b̄

)
and c[

(
b̄′′

ā

)
] = {ε}, so

(
b̄′′

ā

)
is monochromatic with respect to c, and hence

with respect to c∗. The case C∗ � C is very easy. �

The following remark describes the connections between the introduced notions.
Both implications below are strict: the lack of the converse of the first implication
is witnessed by the theory of the random graph (see Example 5.6) or by T := ACF0

with named constants from the algebraic closure of Q (see example 5.2), and the
second one by the theory of a certain random hypergraph (see Example 5.7).

Remark 3.13. For every theory T , EERP =⇒ EDEERP =⇒ DEERP .

We now turn to dynamical characterizations of theories with DEERP and
EDEERP . Let T be a theory. In order to unify some proofs below, it is con-
venient to work with local versions of [E]DEERP . We say that a finitary type
q ∈ S(∅) has [E]DEERP if for some (equivalently, any) ā |= q, any finite b̄ ⊆ C

containing ā, any n < ω and any [externally] definable coloring c :
(
C
ā

)
→ 2n there

exists b̄′ ∈
(
C
b̄

)
such that

(
b̄′

ā

)
is monochromatic with respect to c. Clearly, a theory

T has [E]DEERP iff every finitary type has it. For q ∈ Sx̄(T ), a type p ∈ Sc̄(C)
is q-invariant if for every formula ϕ(x̄, ȳ) and ā, ā′ |= q: ϕ(ā, ȳ) ∈ p iff ϕ(ā′, ȳ) ∈ p
holds. The set of all q-invariant types from Sc̄(C) is denoted by Invq,c̄(C). Clearly,
Invq,c̄(C) is a subflow of Sc̄(C), so for every η ∈ EL(Sc̄(C)):

(†) η[Invq,c̄(C)] ⊆ Invq,c̄(C).

Theorem 3.14. (i) A finitary type q has EDEERP iff there is η ∈ EL(Sc̄(C))
such that Im(η) ⊆ Invq,c̄(C).

(ii) T has EDEERP iff there exists η ∈ EL(Sc̄(C)) such that Im(η) ⊆ Invc̄(C).

Proof. (i) (⇒) Suppose that q has EDEERP and take ā |= q. Fix a finite b̄ ⊆
C containing ā, L(ā)-formulae ϕi(ā, ȳ) and types pi ∈ Sc̄(C), i < n. Consider

the externally definable coloring c :
(
C
ā

)
→ 2n given via ϕi(x̄, ȳ)’s and pi’s. By
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EDEERP there is b̄′ ∈
(
C
b̄

)
with

(
b̄′

ā

)
being monochromatic; take σ ∈ Aut(C)

such that σ(b̄′) = b̄. Then for i < n and ā′ ∈
(
b̄
ā

)
we have ϕi(ā, ȳ) ∈ σ(pi) iff

ϕi(ā
′, ȳ) ∈ σ(pi).

Consider the family F of pairs (b̄, {(ϕi(ȳ), pi)}i<n), for finite b̄ ⊇ ā, n < ω,
pi ∈ Sc̄(C) and ϕi(ȳ) ∈ L(ā) for i < n. We order F naturally by:

(b̄, {(ϕi(ȳ), pi)}i<n) 6 (b̄′, {(ϕ′i(ȳ), p′i)}i<n′)

iff b̄ ⊆ b̄′, n 6 n′ and {(ϕi(ȳ), pi)}i<n ⊆ {(ϕ′i(ȳ), p′i)}i<n′ ; clearly, F is directed
by 6. Consider a net (σf )f∈F of automorphisms, where each σf is chosen by the
previous paragraph for f ∈ F . It is easy to check that any accumulation point
η ∈ EL(Sc̄(C)) of this net satisfies our requirements.

(⇐) Let η ∈ EL(Sc̄(C)) be such that Im(η) ⊆ Invq,c̄(C). Take ā |= q and finite

b̄ ⊆ C containing ā, n < ω, and an externally definable coloring c :
(
C
ā

)
→ 2n given

by formulae ϕi(x̄, ȳ), i < n, and type p ∈ Sc̄(C) (see Remark 3.3). Since η(p) is

q-invariant, (ϕi(ā, ȳ)↔ ϕi(ā
′, ȳ)) ∈ η(p) holds for all ā′ ∈

(
b̄
ā

)
and i < n. This is an

open condition on η, so there is σ ∈ Aut(C) such that (ϕi(ā, ȳ)↔ ϕi(ā
′, ȳ)) ∈ σ(p)

for all ā′ ∈
(
b̄
ā

)
and i < n. For b̄′ := σ−1(b̄) we get that

(
b̄′

ā

)
is monochromatic with

respect to c.
(ii) (⇐) is clear by (i), so we prove (⇒). Suppose that T has EDEERP . By

(i), for every finitary type q, choose ηq ∈ EL(Sc̄(C)) with Im(ηq) ⊆ Invq,c̄(C). For
a finite set S = {q1, . . . , qn} of finitary types from S(∅) put ηS := ηq1 ◦ · · · ◦ ηqn
(the order of the composition is irrelevant). By the choice of ηqi and (†), we obtain
Im(ηS) ⊆

⋂n
i=1 Invqi,c̄(C). Let S be the family of all finite sets of finitary types in

S(∅). Direct S by inclusion, and let η be an accumulation point of the obtained
net of the ηS ’s. One easily concludes that Im(η) ⊆ Invc̄(C). �

Corollary 3.15. If T has EDEERP , then any minimal left ideal MCEL(Sc̄(C))
is trivial, hence uM (i.e. the Ellis group of T ) and GalL(T ) = GalKP(T ) are trivial
as well.

Proof. Assume that T has EDEERP . LetMCEL(Sc̄(C)) be a minimal left ideal
and let η0 ∈ M be arbitrary. By Theorem 3.14, there exists η ∈ EL(Sc̄(C)) with
Im(η) ⊆ Invc̄(C). Set η1 = ηη0; clearly η1 ∈ M and Im(η1) ⊆ Invc̄(C). Then
Aut(C)η1 = {η1}, so {η1} is a minimal subflow. Therefore, M = {η1}, and so
uM is trivial. Triviality of GalL(T ) follows from the existence of an epimoprhism
uM→ GalL(T ) found in [18]. �

Theorem 3.16. (i) For a finitary type q, TFAE:
(1) q has DEERP .
(2) There is an element η ∈ EL(Sc̄(C)) mapping all realized types in Sc̄(C) to

Invq,c̄(C).
(3) Invq,c̄(C) 6= ∅

(ii) For a theory T , TFAE:
(1) T has DEERP ,
(2) There is an element η ∈ EL(Sc̄(C)) mapping all realized types in Sc̄(C) to

Invc̄(C),
(3) T is extremely amenable, that is Invc̄(C) 6= ∅.

Proof. (i) For (1)⇒ (2) it suffices to note that by working with the realized types
in Sc̄(C) in place of arbitrary types pi ∈ Sc̄(C), the construction in the proof of
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Theorem 3.14(i,⇒) yields η mapping all realized types in Sc̄(C) to Invq,c̄(C). The
implication (2)⇒ (3) is obvious, so it remains to prove (3)⇒ (1).

Assume that Invq,c̄(C) 6= ∅ and take any p ∈ Invq,c̄(C). Fix ā |= q. Consider

any finite b̄ ⊆ C containing ā, n < ω, and a definable coloring c :
(
C
ā

)
→ 2n given

by ϕi(x̄, d̄), i < n, with d̄ finite. Let p0(ȳ) ∈ Sȳ(b̄) be the restriction of p, where
ȳ are the variables corresponding to d̄ within c̄, and note that, by q-invariance of

p, p0 contains ϕi(ā, ȳ) ↔ ϕi(ā0, ȳ) for all ā0 ∈
(
b̄
ā

)
and i < n. Take d̄0 |= p0 and

f ∈ Aut(C) such that f(d̄0) = d̄; let ā′ = f(ā) and b̄′ = f(b̄). Then tp(d̄/b̄′)

contains ϕi(ā
′, ȳ) ↔ ϕi(ā0, ȳ) for all ā0 ∈

(
b̄′

ā′

)
and i < n. This means that

(
b̄′

ā

)
is

monochromatic with respect to c, as
(
b̄′

ā

)
=
(
b̄′

ā′

)
.

(ii) (2)⇒(3) is obvious, and (3)⇒(1) follows by (i). To prove (1)⇒(2), for every
finite ā ⊆ C choose, by (i), ηā ∈ EL(Sc̄(C)) mapping all realized types in Sc̄(C) to
Invtp(ā),c̄(C). Direct all finite tuples ā from C by inclusion and take any accumula-
tion point η of the net of the ηā’s. It is easy to see that η maps all realized types
in Sc̄(C) to Invc̄(C). �

Proposition 3.12 together with the observation that in the proofs of Theorems
3.14 and 3.16 it is enough to assume only ℵ0-saturation and strong ℵ0-homogeneity
of C and consider EDEERP [resp. DEERP ] only in the chosen model C yield
that both the existence of η ∈ EL(Sc̄(C)) with Im(η) ⊆ Invc̄(C) as well as extreme
amenability of T are independent of the choice of the ℵ0-saturated and strongly
ℵ0-homogeneous model C. On the other hand, the fact that extreme amenability of
T is absolute was easily observed directly in [14], so, using the above observation on
the proof of Theorem 3.16, we get the first part of Proposition 3.12, i.e. absoluteness
of DEERP (at least for ℵ0-saturated and strongly ℵ0-homogeneous models).

Note that DEERP implies that GalL(T ) is trivial, because, by Theorem 3.16, T
is extremely amenable and so GalL(T ) is trivial by [12, Proposition 4.2]. However,
in contrast with EDEERP , Examples 5.7 and 5.8 show that a theory withDEERP
need not have trivial or even finite Ellis group.

In Corollaries 2.17 and 2.19, we saw that in an (m + 1)-ary theory, in order to
compute the Ellis group or to test the existence of an element in the Ellis semigroup
with image contained in invariant types, we can restrict ourselves to the Aut(C)-flow
Sm(C). The next proposition shows a similar behavior of EDEERP .

Proposition 3.17. If T is (m+ 1)-ary and each type from Sm(T ) has EDEERP ,
then T has EDEERP .

Proof. The construction from Theorem 3.14(ii,⇒), but working with types qi ∈
Sm(T ) instead of arbitrary finitary types, yields η ∈ EL(Sc̄(C)) such that Im(η) ⊆⋂
q∈Sm(T ) Invq,c̄(C). By (m + 1)-arity of T , this intersection equals Invc̄(C), so T

has EDEERP by Theorem 3.14(ii). �

3.2. Separately finite externally definable elementary embedding Ramsey
degree. By a direct analogy with the introduced notions of elementary embedding
Ramsey properties, one may define the notions of finite elementary embedding
Ramsey degrees. We introduce here theories with separately finite EERdeg and a
weak form of separately finite EDEERdeg, as they play an essential role in this
paper. In order to state this weak version, we need to use externally definable
∆-colorings (see Definition 3.1 and Remark 3.3).
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Definition 3.18. (a) A theory T has separately finite EERdeg (separately finite
elementary embedding Ramsey degree) if for any finite tuple ā there exists
l < ω such that for any finite tuple b̄ ⊆ C containing ā, r < ω, and coloring

c :
(
C
ā

)
→ r there exists b̄′ ∈

(
C
b̄

)
such that #c[

(
b̄′

ā

)
] 6 l.

(b) A theory T has separately finite EDEERdeg (separately finite externally de-
finable elementary embedding Ramsey degree) if for any finite tuple ā, finite
set of formulae ∆ in variables x̄ (where |x̄| = |ā|) and ȳ, and q ∈ Sȳ(∅), there
exists l < ω such that for any finite tuple b̄ ⊆ C containing ā, n < ω, and
externally definable (∆, q)-coloring c :

(
C
ā

)
→ 2n there exists b̄′ ∈

(
C
b̄

)
such that

#c[
(
b̄′

ā

)
] 6 l. By Remark 3.3(iii), wlog we can assume here that |ȳ| = |c̄| and

q := tp(c̄/∅), so c is then an externally definable ∆-coloring.
The word “separately” is used here to stress that l depends on ā (in (b), l also
depends on (∆, q), or only on ∆ if q = tp(c̄/∅)). The least such number will be
called the [externally definable] elementary embedding Ramsey degree of ā [with
respect to (∆, q), or ∆ if q = tp(c̄/∅)].

As in Remark 3.8, a theory T has sep. fin. EERdeg iff the following holds: For
any finite tuple ā there exists l < ω such that for any finite tuple b̄ ⊆ C and any
r < ω there exists a finite subset C ⊆ C such that for any coloring c :

(
C
ā

)
→ r there

exists b̄′ ∈
(
C
b̄

)
such that #c[

(
b̄′

ā

)
] 6 l. By using this characterization, as in Remark

3.6 one shows that the property of having sep. fin. EERdeg does not depend on the
choice of the monster (or just an ℵ0-saturated) model C, i.e. it is indeed a property
of the theory. The counterpart of Remark 3.7 also holds:

Remark 3.19. Definition 3.18(a) generalizes the definition of sep. fin. embedding
Ramsey degree for Fräıssé structures in the following sense: If K is an ℵ0-saturated
Fräıssé structure, then it has sep. fin. embedding Ramsey degree iff Th(K) has sep.
fin. EERdeg. �

The property of having sep. fin. EDEERdeg is absolute, too, i.e. does not de-
pend on the choice of the monster model. To see this, one should follow the lines
of the proof of absoluteness of EDEERP in Proposition 3.12 with the following
modifications. Fix ā, ∆ and q as in the definition of EDEERdeg. For any finite
b̄ ⊇ ā consider the same Vā,b̄ as in the proof of Proposition 3.12. For any n < ω
and formulae ϕ0(x̄, ȳ), . . . , ϕn−1(x̄, ȳ) ∈ ∆ consider the formula:

θ(x̄′, ȳ0, . . . , ȳn−1) :=
∨

V⊆Vā,b̄
|V |=l

∧
x̄0∈Vā,b̄

∨
x̄∈V

∧
i<n

ϕi(x̄0, ȳi)↔ ϕi(x̄, ȳi),

where l is the EDEERdeg of ā with respect to (∆, q) computed in C, and the ȳi’s are
pairwise disjoint copies of ȳ. Note that for an externally definable (∆, q)-coloring

c :
(
C
ā

)
→ 2n given by ϕi(x̄, ȳ) and pi(ȳ) ∈ Sq(C), i < n, for b̄′ ∈

(
C
b̄

)
we have:

#c[
(
b̄′

ā

)
] 6 l iff θ(b̄′, ȳ0, . . . , ȳn−1) is consistent with

⋃
i<n pi(ȳi), iff

⋃
i<n pi(ȳi) `

θ(b̄′, ȳ0, . . . , ȳn−1). Using this, one can argue as in the proof of Proposition 3.12,
starting from p∗i (ȳ) ∈ Sq(C∗), i < n, choosing a completion p∗(ȳ0, . . . , ȳn−1) ∈ S(C∗)
of
⋃
i<n p

∗
i (ȳi), and using a strong heir extension p ∈ S(C) of p∗.

Note that the diagram in Remark 3.13 expands to:

EERP ⇒ EDEERP ⇒ DEERP
⇓ ⇓

sep. fin. EERdeg ⇒ sep. fin. EDEERdeg
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All the implications written above are strict. The converse of the first vertical
implication fails for the random graph; the converse of the second one fails for the
hypergraph from Example 5.7; the converse of the lower horizontal implication fails
e.g. in ACF0 (see Example 5.2).

We now prove the counterpart of Theorem 3.14 for sep. finite EDEERdeg, which
is one of the main results of this paper. For a formula ϕ(x̄, ȳ) put ϕopp(ȳ, x̄) :=
ϕ(x̄, ȳ). For ∆ = {ϕi(x̄, ȳ)}i<k put ∆opp := {ϕopp

i (ȳ, x̄)}i<k .

Theorem 3.20. T has sep. fin. EDEERdeg iff for every ∆ = {ϕi(x̄, ȳ)}i<k and
p̄ = {pj}j<m ⊆ Sȳ(T ) there exists η ∈ EL(Sc̄,∆(p̄)) such that Im(η) is finite.

Proof. (⇒) Suppose that T has sep. fin. EDEERdeg. Fix any ∆ = {ϕi(x̄, ȳ)}i<k
and p̄ = {pj}j<m ⊆ Sȳ(T ), where x̄ corresponds to c̄ and ȳ is finite. Fix āj |= pj
for j < m, and put ā = (ā0, . . . , ām−1). Let ∆′ := {φi,j(z̄, x̄) | i < k, j < m},
where φi,j(z̄, x̄) := ϕi(x̄, ȳj) and z̄ = (ȳ0, . . . , ȳm−1) with ȳi corresponding to āi.
Let l < ω be the EDEERdeg of ā with respect to ∆′.

For any n < ω, q0, . . . , qn−1 ∈ Sc̄(C), and finite b̄ ⊇ ā consider the externally

definable ∆′-coloring c :
(
C
ā

)
→ 2kmn given by:

c(ā′)(i, j, t) =

{
1, ϕi(x̄, ā

′
j) ∈ qt

0, ¬ϕi(x̄, ā′j) ∈ qt
,

where ā′j ⊆ ā′ is the subtuple corresponding to ȳj . (Note that c is indeed an
externally definable ∆′-coloring via the formulae φi,j,t(z̄, x̄) := ϕi(x̄, ȳj) and types
ri,j,t(x̄) := qt(x̄) for i < k, j < m, and t < n.) By the choice of l, we can find

b̄′ ∈
(
C
b̄

)
such that #c[

(
b̄′

ā

)
] 6 l. Let σb̄,q̄ ∈ Aut(C) be such that σb̄,q̄(b̄

′) = b̄; here q̄

denotes (q0, . . . , qn−1). Consider the naturally directed family F of all pairs (b̄, q̄),
and let η be an accumulation point of the net (σb̄,q̄)(b̄,q̄)∈F in EL(Sc̄,∆(p̄)).

We claim that Im(η) is finite. Suppose not, i.e. we can find q0, q1, . . . ∈ Sc̄(C)
such that the η(q̂t)’s are pairwise distinct, where q̂t ∈ Sc̄,∆(p̄) denotes the restriction
of qt. For each t 6= t′ the fact that η(q̂t) 6= η(q̂t′) is witnessed by one of the formulae
ϕ0(x̄, ȳ), . . . , ϕk−1(x̄, ȳ) and a realization of one of the types p0, . . . , pm−1. By
Ramsey theorem, passing to a subsequence, we can assume that there are i0 < k
and j0 < m such that for each t 6= t′ the fact that η(q̂t) 6= η(q̂t′) is witnessed by

ϕi0(x̄, ȳ) and a realization of pj0 . Let n > 2l, and for t < t′ < n denote by āt,t
′

j0
a

realization of pj0 such that ϕi0(x̄, āt,t
′

j0
) ∈ η(q̂t) iff ¬ϕi0(x̄, āt,t

′

j0
) ∈ η(q̂t′). Note that

this is an open condition on η, so if we let āt,t
′

to be a copy of ā extending āt,t
′

j0
,

then we can find a tuple (b̄, q̄) greater than (ā_(āt,t
′
)t<t′<n, (q0, . . . , qn−1)) in F

such that ϕi0(x̄, āt,t
′

j0
) ∈ σb̄,q̄(q̂t) iff ¬ϕi0(x̄, āt,t

′

j0
) ∈ σb̄,q̄(q̂t′). By the choice of σb̄,q̄,

b̄′ = σ−1
b̄,q̄

(b̄) satisfies #c[
(
b̄′

ā

)
] 6 l.

For ā′ ∈
(
b̄′

ā

)
let S(ā′) := {t < n | ϕi0(x̄, ā′j0) ∈ qt}. Since #c[

(
b̄′

ā

)
] 6 l, we have

#{S(ā′) | ā′ ∈
(
b̄′

ā

)
} 6 l. Put l′ = #{S(ā′) | ā′ ∈

(
b̄′

ā

)
}, so l′ 6 l, and let {S(ā′) |

ā′ ∈
(
b̄′

ā

)
} = {S0, . . . , Sl′−1}. Note that the mapping f : n → P({S0, . . . , Sl′−1})

given by f(t) = {Su | u < l′, t ∈ Su} is injective. Indeed, for t < t′ < n, by the

choice of b̄, we have āt,t
′ ⊆ b̄, so ā′ := σ−1

b̄,q̄
(āt,t

′
) ⊆ b̄′. But since ϕi0(x̄, āt,t

′

j0
) ∈

σb̄,q̄(q̂t) iff ¬ϕi0(x̄, āt,t
′

j0
) ∈ σb̄,q̄(q̂t′), we have ϕi0(x̄, ā′j0) ∈ q̂t iff ¬ϕi0(x̄, ā′j0) ∈ q̂t′ ,

i.e. ϕi0(x̄, ā′j0) ∈ qt iff ¬ϕi0(x̄, ā′j0) ∈ qt′ , hence t ∈ S(ā′) iff t′ /∈ S(ā′). Thus, S(ā′)
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distinguishes f(t) and f(t′), and f is injective. Therefore, n 6 2l
′
6 2l, which

contradicts the choice of n.
(⇐) Suppose now that the right hand side of the theorem holds. Take a finite

tuple ā ⊆ C and a finite set of formulae ∆ in variables x̄, ȳ, where ȳ corresponds to
c̄; let #∆ = k and set p = tp(ā). By assumption, we may find η ∈ EL(Sc̄,∆opp(p))
with Im(η) finite, say #Im(η) = t. We claim that l := 2kt satisfies our requirements
for ā and ∆.

Fix a finite b̄ containing ā, n < ω, and an externally definable ∆-coloring
c :

(
C
ā

)
→ 2n given by ϕi(x̄, ȳ) ∈ ∆ and qi(ȳ) ∈ Sc̄(C), i < n. Actually, we

may assume that the types qi(ȳ)’s are from Sc̄,∆opp(C) by taking their appropriate

restrictions, as the coloring c depends only on these restrictions. For each ā′ ∈
(
C
ā

)
find εā′ ∈ 2n such that ϕi(ā

′, ȳ)εā′ (i) ∈ η(qi(ȳ)) for all i < n. Note that we have
only 2kt possibilities for εā′ , as we only have k-many formulae in ∆ and t-many
types in Im(η) (namely, if ϕi(x̄, ȳ) = ϕi′(x̄, ȳ) and η(qi(ȳ)) = η(qi′(ȳ)), then, by
consistency, we must have εā′(i) = εā′(i

′)). Consider the open condition on η given

by: ϕi(ā
′, ȳ)εā′ (i) ∈ η(qi(ȳ)) for all ā′ ∈

(
b̄
ā

)
and i < n. Let σ ∈ Aut(C) be such

that: ϕi(ā
′, ȳ)εā′ (i) ∈ σ(qi(ȳ)), i.e. ϕi(σ

−1(ā′), ȳ)εā′ (i) ∈ qi(ȳ), for all ā′ ∈
(
b̄
ā

)
and

i < n. Put b̄′ = σ−1(b̄); we have: ϕi(ā
′, ȳ)εā′ (i) ∈ qi(ȳ) for all ā′ ∈

(
b̄′

ā

)
and i < n.

But since we only had 2kt possibilities for ε’s, this means that #c[
(
b′

ā

)
] 6 2kt. �

In fact, a slight elaboration on our proof yields concrete bounds.

Corollary 3.21. (i) Let ∆ = {ϕi(x̄, ȳ)}i<k and p̄ = {pj}j<m ⊆ Sȳ(T ), where
|x̄| = |c̄| and ȳ is finite. Fix āj |= pj for j < m, and put ā = (ā0, . . . , ām−1).
Let ∆′ := {φi,j(z̄, x̄) | i < k, j < m}, where φi,j(z̄, x̄) := ϕi(x̄, ȳj) and
z̄ = (ȳ0, . . . , ȳm−1). Assume l < ω is the EDEERdeg of ā with respect to
∆′. Then there exists η ∈ EL(Sc̄,∆(p̄)) such that #Im(η) 6 2mkl.

(ii) Let ā be a finite tuple and ∆ = {ϕi(x̄, ȳ)}i<k, where |ȳ| = |c̄|. Put p = tp(ā).
Assume that there is η ∈ EL(Sc̄,∆opp(p)) with #Im(η) = t < ω. Then the
EDEERdeg of ā with respect to ∆ is bounded by 2kt.

Proof. (ii) was obtained in the proof of (⇐) in Theorem 3.20. To get (i), one
needs to elaborate on the proof of (⇒) as follows. We do not use Ramsey theorem.
Instead, suppose we have n types q0, . . . qn−1 ∈ Sc̄(C) with the η(q̂t)’s pairwise dis-
tinct. Then for any t < t′ < n we can find i(t, t′) < k, j(t, t′) < m, and a realization

āt,t
′

j(t,t′) of pj(t,t′) such that ϕi(t,t′)(x̄, ā
t,t′

j(t,t′)) ∈ η(q̂t) iff ¬ϕi(t,t′)(x̄, āt,t
′

j(t,t′)) ∈ η(q̂t′).

Then we continue with obvious adjustments until the definition of S(ā′). Next, for

any ā′ ∈
(
b̄′

ā

)
, i < k, and j < m put S(ā′)i,j := {t < n | ϕi(x̄, ā′j) ∈ qt}; define

S(ā′) := (S(ā′)i,j)i<k, j<m. Then still #{S(ā′) | ā′ ∈
(
b̄′

ā

)
} 6 l, so {S(ā′) | a′ ∈(

b̄′

ā

)
} = {S0, . . . , Sl′−1} for some l′ 6 l. Let f : n → (2k×m)l

′
be defined by saying

that f(t) is the unique function δ : l′ → 2k×m such that for all u < l′, i < k, j < m
one has δ(u)(i, j) = 1 ⇐⇒ t ∈ Si,ju , where Si,ju is the (i, j)-th coordinate of Su. As
before, one shows that f is injective, which clearly implies that n 6 2kml. �

The fact that the property of having sep. fin. EDEERdeg does not depend on
the choice of C together with the fact that in the proof of Theroem 3.20 we work in
the given C imply that the right hand side of Theorem 3.20 does not depend on the
choice of C, too. By examining the above proofs, one can also see that it is enough
to assume here only that C is ℵ0-saturated and strongly ℵ0-homogeneous.
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The main consequence of Theorem 3.20 will be Corollary 4.1 which leads to many
examples of theories with profinite Ellis group.

3.3. Elementary embedding convex Ramsey property. We briefly explain
here the counterpart of Corollary 3.10 for amenability in place of extreme amenabil-
ity, leaving some details to the reader.

In [20], Moore characterized amenability of the automorphism group of a Fräıssé
structure via the so-called convex Ramsey property. This was generalized to arbi-
trary structures in [17], where the notion of ECRP (the embedding convex Ramsey
property) for a first order structure is introduced. A structure M has ECRP if
for any ε > 0, any two finite tuples ā ⊆ b̄ ⊆ M , and any n < ω there exists a

finite subset C ⊆ M such that for any coloring c :
(
C
ā

)Aut → 2n there exist k < ω,
λ0, . . . , λk−1 ∈ [0, 1] with λ0 + · · · + λk−1 = 1, and σ0, . . . , σk−1 ∈ Aut(M) such

that σ0(b̄), . . . , σk−1(b̄) ⊆ C and for any two tuples ā′, ā′′ ∈
(
b̄
ā

)Aut
we have:

max
i<n
|
∑
j<k

λjc(σj(ā
′))(i)−

∑
j<k

λjc(σj(ā
′′))(i)| 6 ε.

Recall that for finite ā ⊆ M and C ⊆ M ,
(
C
ā

)Aut
denotes the set of all f(ā) for

f ∈ Aut(M) with f(ā) ⊆ C. Also, recall that if M is strongly ℵ0-homogeneous,

then
(
C
ā

)Aut
=
(
C
ā

)
. By [17, Remark 4.2], in the above definition we can equivalently

remove the part “there is a finite subset C ⊆M such that” and everywhere replace
C by M . The following fact was proved in [17].

Fact 3.22. [17, Theorem 4.3] Let M be a first-order structure. TFAE:

(1) Aut(M) is amenable as a topological group;
(2) M has ECRP;
(3) M has strong ECRP. �

By analogy with EERP , we introduce the following definition.

Definition 3.23. A theory T has EECRP (the elementary embedding convex Ram-
sey property) if it has a monster model C with ECRP.

A proof of the next lemma is left as an exercise.

Lemma 3.24. If M and M∗ are two elementarily equivalent ℵ0-saturated and
strongly ℵ0-homogeneous models, then M has ECRP iff M∗ does. Thus, a theory
T has EECRP iff some (equiv. every) ℵ0-saturated and strongly ℵ0-homogeneous
model of T has ECRP . �

By Fact 3.22 and Lemma 3.24, we get the main conclusion of Subsection 3.3.

Corollary 3.25. For a theory T , Aut(M) is amenable (as a topological group) for
some ℵ0-saturated and strongly ℵ0-homogeneous model M |= T iff it is amenable
for all ℵ0-saturated and strongly ℵ0-homogeneous models of T . �

3.4. Definable elementary embedding convex Ramsey property. By Theo-
rem 3.16, a theory T is extremely amenably iff it has DEERP . In this subsection,
we will get an analogous result for amenable theories (see Definition 2.26). The cor-
responding Ramsey property-like condition which describes amenability of a theory
is the definable elementary embedding convex Ramsey property.
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Definition 3.26. A theory T has DEECRP (the definable elementary embedding
convex Ramsey property) iff for any ε > 0, any two finite tuples ā ⊆ b̄ ⊆ C, any n <

ω, and any definable coloring c :
(
C
ā

)
→ 2n there exist k < ω, λ0, . . . , λk−1 ∈ [0, 1]

with λ0 + · · ·+ λk−1 = 1, and σ0, . . . , σk−1 ∈ Aut(C) such that for any two tuples

ā′, ā′′ ∈
(
b̄
ā

)
we have:

max
i<n
|
∑
j<k

λjc(σj(ā
′))(i)−

∑
j<k

λjc(σj(ā
′′))(i)| 6 ε.

A theory T has the strong DEECRP if the previous holds for ε = 0.

Remark 3.27. By a direct argument, one may see that the previous definition does
not depend on the choice of the monster model C of T . Moreover, it is enough to
ask that C is ℵ0-saturated and strongly ℵ0-homogeneous.

Theorem 3.28. For a theory T the following conditions are equivalent:

(1) T is amenable;
(2) T has DEECRP ;
(3) T has strong DEECRP .

Proof. (3)⇒(2) is obvious.
(2)⇒(1) Assume that T has DEECRP . Toward a contradiction, suppose that

for a finite d̄ there is no an invariant, finitely additive probability measure on the
Boolean algebra of clopens in Sd̄(C). By compactness, for some ε > 0, formulae
ϕi(x̄i, ȳ) and tuples āi ≡ ā′i, i < n, there is no measure µ ∈ Md̄ := Mtp(d̄) (see

Subsection 2.6) satisfying:

(†) |µ([ϕi(āi, ȳ)])− µ([ϕi(ā
′
i, ȳ)])| 6 ε for all i < n.

By using dummy variables we may assume that all x̄i’s are mutually equal, as well
as all āi’s; denote them by x̄ and ā, respectively.

Set b̄ = ā_ā′_0 . . ._ ā′n−1. Consider the definable coloring c on
(
C
ā

)
given by the

ϕi(x̄, d̄)’s. By DEECRP , there are k < ω, λ0, . . . , λk−1 ∈ [0, 1] with
∑
λi = 1, and

σ0, . . . , σk−1 ∈ Aut(C) such that for any two tuples ā′, ā′′ ∈
(
b̄
ā

)
and for any i < n

we have |
∑
j<k λjc(σj(ā

′))(i)−
∑
j<k λjc(σj(ā

′′))(i)| 6 ε.
Consider µ = λ0 tp(σ−1

0 (d̄)/C) + · · ·+ λk−1 tp(σ−1
k−1(d̄)/C), defined by:

µ([φ(ȳ)]) :=
∑
j<k

{λj | φ(ȳ) ∈ tp(σ−1
j (d̄)/C)},

for φ(ȳ) ∈ L(C); it is easy to see that µ ∈ Md̄, as well as that for i < n, j < k,

and ā′ ∈
(
b̄
ā

)
we have c(σj(ā

′))(i) = 1 iff ϕi(ā
′, ȳ) ∈ tp(σ−1

j (d̄)/C), and thus,∑
j<k λjc(σj(ā

′))(i) = µ([ϕi(ā
′, ȳ)]). Therefore, µ satisfies (†). A contradiction.

(1)⇒(3) Assume that T is amenable. Fix ā ⊆ b̄ ⊆ C, n < ω, and a definable

coloring c :
(
C
ā

)
→ 2n given by ϕ0(x̄, d̄), . . . , ϕn−1(x̄, d̄). By amenability, we can

find an invariant, finitely additive probability measure µ on the clopens of Sd̄(C).

Let
(
b̄
ā

)
= {ās}s<t and let us consider clopens [ϕi(ās, ȳ)] in Sd̄(C) for i < n, s < t.

Let F be the family of all ε ∈ 2n×t such that ψε(ȳ) :=
∧
i<n
s<t

ϕi(ās, ȳ)ε(i,s) is

consistent with tp(d̄). (Note that the [ψε(ȳ)]’s are the atoms of the Boolean algebra
generated by the [ϕi(ās, ȳ)]’s in Sd̄(C).) Set k = #F and λε = µ([ψε(ȳ)]) for ε ∈ F ;
clearly

∑
ε∈F λε = 1. Further, for each ε ∈ F choose σε ∈ Aut(C) such that

σ−1
ε (d̄) |= ψε(ȳ). We claim that the chosen λε’s and σε’s satisfy our requirements.
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First, note the following: for s < t and ε ∈ F , c(σε(ās))(i) = 1 iff |= ϕi(σε(ās), d̄)
iff |= ϕi(ās, σ

−1
ε (d̄)) iff ε(i, s) = 1. Hence,∑

ε∈F
λεc(σε(ās))(i) =

∑
ε∈F

ε(i,s)=1

µ([ψε(ȳ)]) = µ(
⊔
ε∈F

ε(i,s)=1

[ψε(ȳ)]) = µ([ϕi(ās, ȳ)]),

so for any s < s′ < t we have:∑
ε∈F

λεc(σε(ās))(i)−
∑
ε∈F

λεc(σε(ās′))(i) = µ([ϕi(ās, ȳ)])− µ([ϕi(ās′ , ȳ)]) = 0

by the invariance of µ. Thus, (3) holds. �

As usual, Remark 3.27 together with the fact that in the proof of Theorem
3.28 we work in the given C imply that amenability of T is absolute (i.e. does not
depend on the choice of C). But this was proved directly in [12], which together
with the observation that in the proof of Theorem 3.28 we work in the given C
implies Remark 3.27. By examining the above proofs, one can also see that we can
assume here only that C is ℵ0-saturated and strongly ℵ0-homogeneous.

4. Around profiniteness of the Ellis group

In this section, we will prove Theorem 3 as well as several other criteria for
[pro]finiteness of the Ellis group of the theory in question.

Proof of Theorem 3. The implications (D) =⇒ (C) =⇒ (B) =⇒ (A) =⇒ (A’) =⇒
(A”) follow from various facts or observations made so far: the first implication
follows by Fact 2.1, the second one is clear by Lemma 2.21, the third one by Fact
2.8, and the last two by Proposition 2.13.

It remains to show (B) =⇒ (C). Denote by F the set of all pairs (∆, p̄), where
∆ is a finite set of formulae and p̄ a finite set of types from S(T ) with the same
variables as the parameter variables of the formulae in ∆. For any t = (∆, p̄) ∈ F
put St := Sc̄,∆(p̄).

Let F : Sc̄(C)→ lim←−t∈FSt be the flow isomorphism given by restrictions, and let

G : Sc̄(C) → lim←−i∈IXi be a flow isomorphism. Also, let ft0 : lim←−t∈FSt → St0 and

gi0 : lim←−i∈IXi → Xi0 be projections. Consider: Ft := {(p, q) ∈ Sc̄(C)2 | ft ◦ F (p) =

ft ◦ F (q)} and Gi := {(p, q) ∈ Sc̄(C)2 | gi ◦ G(p) = gi ◦ G(q)} for t ∈ F and i ∈ I.
Both the Ft’s and the Gi’s are obviously equivalence relations on Sc̄(C). They are
closed: Ft is the inverse image of the diagonal on St under ft ◦ F , and similarly
for the Gi’s. Moreover, they are clearly Aut(C)-invariant and also directed in the
sense that t 6 t′ ∈ F implies Ft′ ⊆ Ft, and i 6 i′ ∈ I implies Gi′ ⊆ Gi.

Notice that
⋂
t∈F Ft = D and

⋂
i∈I Gi = D, where D = {(p, p) | p ∈ Sc̄(C)}.

Claim. For any t ∈ F there is i ∈ I such that Gi ⊆ Ft.

Proof of Claim. Observe that for any clopen C ⊆ Sc̄(C) we can find i0 ∈ I such
that C is a union of Gi0 -classes. To see this, note that

⋂
i∈I Gi = D implies

that
⋃
i∈I G

c
i ∪ (C × C) ∪ (Cc × Cc) = Sc̄(C)2, where each member is open. By

compactness,
⋃
i∈I0 G

c
i ∪ (C × C) ∪ (Cc × Cc) = Sc̄(C)2 for some finite I0, so⋂

i∈I0 Gi ⊆ (C ×C) ∪ (Cc ×Cc). By choosing i0 to be greater than all elements of

I0, we get Gi0 ⊆ (C × C) ∪ (Cc × Cc), and the conclusion follows.
Let t = (∆, p̄), where ∆ = {ϕl(x̄, ȳ)}l<k and p̄ = {pj(ȳ)}j<m ⊆ Sȳ(T ). For

j < m choose āj |= pj . Then [ϕl(x̄, āj)] is a clopen subset of St for l < k and
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j < m, so (ft ◦F )−1[[ϕl(x̄, āj)]] is clopen in Sc̄(C). By the the previous paragraph,
we can find il,j ∈ I such that (ft ◦F )−1[[ϕl(x̄, āj)]] is a union of Gil,j -classes. Since
Gil,j is Aut(C)-invariant and ft ◦ F is a homomorphism of flows, we get that for

every ā |= pj , (ft ◦ F )−1[[ϕl(x̄, ā)]] is a union of Gil,j -classes. Let i ∈ I be greater
than or equal to all il,j ’s, for l < k and j < m. It follows that for every clopen C
in St we have that (ft ◦ F )−1[C] is a union of Gi-classes.

Therefore, for any q ∈ St, since (ft ◦ F )−1[{q}] =
⋂
C(ft ◦ F )−1[C], with the

intersection taken over all clopens C containing q, we get that (ft ◦ F )−1[{q}] is a
union of Gi-classes. This means that any Ft-class is a union of Gi-classes, hence
Gi ⊆ Ft. � Claim

By the claim, for any t ∈ F we can find i ∈ I such that the identity map
Sc̄(C) → Sc̄(C) induces a flow epimorphism Sc̄(C)/Gi → Sc̄(C)/Ft. On the other
hand, Sc̄(C)/Gi ∼= Xi and Sc̄(C)/Ft ∼= St as flows. Therefore, there exists a flow
epimorphism Xi → St, and we are done by Fact 2.5(i) and Fact 2.3. �

By Theorem 3.20, for a theory with sep. finite EDEERdeg Condition (D) holds.
Hence, since (D) =⇒ (A), we obtain:

Corollary 4.1. If T has sep. fin. EDEERdeg, then the Ellis group of T is profi-
nite. �

As mentioned in the introduction, we will give examples showing that (A”) does
not imply (A’) (see Example 5.11) and (A’) does not imply (B) (see Example 5.10).
We do not know however whether Example 5.10 satisfies (A), so we do not know
whether it shows that (A’) does not imply (A) or that (A) does not imply (B). We
have also not found an example showing that (C) does not imply (D).

We do not expect that (A) =⇒ (C) is true. However, we can easily see that (A)
is equivalent to a weaker version of (C):

(C’) for every finite set of formulae ∆ and types p̄ ⊆ S(T ), the Ellis group of
the flow (Aut(C), Sc̄,∆(p̄)) is profinite.

By Lemma 2.21 and Fact 2.8, we see that (C’) =⇒ (B’) =⇒ (A), where (B’) is
the weaker version of (B) in which we require only profinitenes of the Ellis groups
of the flows Xi.

Proposition 4.2. Conditions (A), (B’), and (C’) are equivalent.

Proof. It remains to prove (A) =⇒ (C’). Consider an Aut(C)-flow epimorphism
Sc̄(C) → Sc̄,∆(p̄) given by the restriction. By Fact 2.5, it induces an Aut(C)-flow
and semigroup epimorphism f : EL(Sc̄(C)) → EL(Sc̄,∆(p̄)). Let M be a minimal
left ideal of EL(Sc̄(C)) and u ∈ J (M). By Fact 2.3, M′ := f [M] is a minimal left
ideal of EL(Sc̄,∆(p̄)), u′ := f(u) ∈ J (M′), and f�uM : uM → u′M′ is a group
epimorphism and quotient map (in the τ -topology). By Remark 2.2(b), it is enough
to prove that u′M′ is 0-dimensional. For this, it suffices to prove that f�uM[U ] is
clopen for any clopen U ⊆ uM (as uM is 0-dimensional), which boils down to
showing that f−1

�uM[f�uM[U ]] is clopen. Since f−1
�uM[f�uM[U ]] = ker(f�uM) · U , this

set is clopen by the fact that u′M′ is T1, compactness of uM, and continuity of
multiplication in uM. �

We now state two criteria which in some quite common situations guarantee
profiniteness (or even finiteness) of the Ellis group.
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Proposition 4.3. Suppose that L ⊆ L∗ are finite relational languages, T ∗ is a
complete L∗-theory with q.e. such that T := T ∗�L also has q.e. Let C∗ be a monster

model of T ∗ such that C := C∗�L is a monster model of T . If there is η∗ ∈ EL(Sc̄(C
∗))

such that Im(η∗) ⊆ Invc̄(C
∗), then for any finite z̄ there exists η ∈ EL(Sz̄(C)) such

that Im(η) is finite. In particular, the Ellis group of the flow (Aut(C), Sz̄(C)) is
finite.

We should stress that here we consider two different flows: (Aut(C∗), Sc̄(C
∗)) and

(Aut(C), Sc̄(C)), defined with respect to two different languages. In order to avoid
confusions, we denote by asterisk notions defined with respect to the language L∗,
and without asterisk notions defined with respect to the language L.

Proof. By Lemma 2.20(iv), there is η ∈ EL(Sz̄(C)) with Im(η) = Inv∗z̄(C), where
Inv∗z̄(C) ⊆ Sz̄(C) is the set of all Aut(C∗)-invariant types. Hence, since T has q.e.,
each type p ∈ Im(η) is determined by saying whether R(z̄, b̄) ∈ p or not for some
(every) b̄ |= q, for all R(z̄, ȳ) ∈ L and q ∈ Sȳ(T ∗). On the other hand, Sȳ(T ∗) is
finite by q.e. of T ∗ and finiteness of L∗. Since L is also finite, we see that we have
only finitely many possibilities for p ∈ Im(η), and thus Im(η) is finite. (Implicitly
we also used here that the languages are relational.)

The “In particular” part follows by Fact 2.1. �

Corollary 4.4. Under the assumptions of Proposition 4.3, the Ellis group of the
flow (Aut(C), Sc̄(C)) is finite.

Proof. Since L is a finite relational language and T has q.e., T is m-ary, where m
is the maximal arity of the symbols in L. By Corollary 2.17, the Ellis groups of the
flows (Aut(C), Sc̄(C)) and (Aut(C), Sm−1(C)) are isomorphic. The latter is finite by
Proposition 4.3. �

Proposition 4.5. Suppose that L ⊆ L∗, T ∗ is a complete L∗-theory, and T := T ∗�L.
Let C∗ be a monster of T ∗ such that C := C∗�L is a monster of T . Assume that for

any finitely many variables ȳ there are only finitely many extensions in Sȳ(T ∗) of
each type from Sȳ(T ). If there is η∗ ∈ EL(Sc̄(C

∗)) such that Im(η∗) ⊆ Invc̄(C
∗),

then (D) holds. In particular, the Ellis group of T is profinite.

Proof. The existence of η∗ ∈ EL(Sc̄(C
∗)) with Im(η∗) ⊆ Invc̄(C

∗) implies, by
Lemma 2.20(ii), that there is η ∈ EL(Sc̄(C)) with Im(η) ⊆ Inv∗c̄(C), where Inv∗c̄(C) ⊆
Sc̄(C) is the set of all Aut(C∗)-invariant types. Then, for each finite ∆, p̄, the in-
duced η∆,p̄ ∈ EL(Sc̄,∆(p̄)) satisfies Im(η∆,p̄) ⊆ Inv∗c̄,∆(p̄), where Inv∗c̄,∆(p̄) is the set
of all Aut(C∗)-invariant types from Sc̄,∆(p̄).

Consider any finite ∆ and p̄. For each q∆,p̄ ∈ Inv∗c̄,∆(p̄) and ϕ(x̄, ȳ) ∈ ∆ we have:

ϕ(x̄, b̄) ∈ q∆,p̄(x̄), where tp(b̄) ∈ p̄, iff ϕ(x̄, b̄′) ∈ q∆,p̄(x̄) for all b̄′ realizing the same
extension in Sȳ(T ∗) of tp(b̄) ∈ Sȳ(T ) as b̄. Since ∆ and p̄ are finite and each p0 ∈ p̄
has only finitely many extensions in Sȳ(T ∗), q∆,p̄(x̄) is completely determined by
finitely many conditions. Therefore, Inv∗c̄,∆(p̄) is finite, and so Im(η∆,p̄) is finite.

The “In particular” part follows from (D), as (D) =⇒ (A). �

Remark 4.6. The assumption of Proposition 4.5 that for each finite ȳ there are
only finitely many extensions in Sȳ(T ∗) of each type from Sȳ(T ) holds when L∗ is
relational, L∗ r L is finite, and T ∗ has q.e. �

Corollary 4.7. The assumptions of Proposition 4.3 imply the assumptions of
Proposition 4.5 which in turn imply that T has sep. fin. EDEERdeg.
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Proof. The first part follows from Remark 4.6. To see the rest, note that since
Proposition 4.5 yields (D), we can use Theorem 3.20(⇐). �

Thus, the assumptions of Proposition 4.5 yield a criterion for having sep. fin.
EDEERdeg. In fact, this is a counterpart of the criterion proved by Zucker in
[31, Theorem 8.14], which we now explain (but for the definitions the reader is
referred to [31] and [23]). Zucker shows that a Fräıssé structure has sep. fin. Ramsey
degree iff it has a Fräıssé, precompact (relational) expansion whose age has the
embedding Ramsey property and the expansion property relative to the age of
the original structure. Combining this with [23, Theorem 6] (and noting that the
Fräıssé subclass of Age(FFF ∗) obtained there is a reasonable expansion of Age(FFF )),
we get that a Fräıssé structure has sep. fin. Ramsey degree iff it has a Fräıssé,
precompact (relational) expansion whose age has the embedding Ramsey property.
Now, if both the original and the expanded structure are ℵ0-saturated (so have q.e.),
then being precompact exactly means that for any finitely many variables ȳ there
are only finitely many extensions in Sȳ(T ∗) of each type from Sȳ(T ). Moreover,
by Theorem 3.14, the assumption of Proposition 4.5 saying that there is η∗ ∈
EL(Sc̄(C

∗)) such that Im(η∗) ⊆ Invc̄(C
∗) is equivalent to T ∗ having EDEERP

(which is the appropriate counterpart of the embedding Ramsey property).
However, Example 5.3 shows that, in contrast with Zucker’s result, in our case the

assumptions of Proposition 4.5 are only sufficient to have sep. finite EDEERdeg
for T , but they are not necessary. It could be interesting to find an “iff” criterion
of this kind; we have not tried to do that.

5. Applications and examples

In this section, we use our analysis to prove [pro]finiteness (or triviality) of the
Ellis groups in some classes of theories, as well as give examples illustrating vari-
ous phenomena and showing the lack of implications between some key conditions
considered in this paper.

Example 5.1. We prove that stable theories have sep. fin. EDEERdeg. Denote
by NFc̄(C) the space of all types from Sc̄(C) which do not fork over ∅. Using only
one consequence of stability, namely that forking equals dividing over ∅, the proof
of [15, Proposition 7.11] yields:

Claim. There exists an idempotent u in a minimal left ideal M of EL(Sc̄(C)) with
Im(u) ⊆ NFc̄(C).

Choose u ∈ J (M) given by the claim. Fix a finite set of L-formulae ∆ and

finite tuple of types p̄. Let u∆,p̄ := f̂(u) ∈ EL(Sc̄,∆(p̄)), where f̂ : EL(Sc̄(C)) →
EL(Sc̄,∆(p̄)) is induced by the restriction map f : Sc̄(C)→ Sc̄,∆(p̄) via Fact 2.5(i).
Denote by NFc̄,∆(p̄) the restrictions of all types from NFc̄(C) to Sc̄,∆(p̄). By Corol-
lary 2.6, we conclude that Im(u∆,p̄) ⊆ NFc̄,∆(p̄). On the other hand, by finiteness
of the ∆-multiplicity of tp(c̄), NFc̄,∆(p̄) is finite. Hence, Im(u∆,p̄) is finite. Thus,
Condition (D) is fulfilled, and hence T has sep. fin. EDEERdeg by Theorem 3.20.

If we in addition assume that tp(c̄) is stationary (equivalently, all types in S(∅)
are stationary), then T has EDEERP . Indeed, under this assumption, NFc̄(C)
is a singleton consisting of an invariant type, so u given by the claim has image
contained in the invariant types, and hence T has EDEERP by Theorem 3.14.
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Conversely, if tp(c̄) is not stationary, then there is no global invariant extension of
this type, i.e. T is not extremely amenable, so T does not have DEERP .

This implies that in stable theories the properties EDEERP and DEERP are
equivalent (which is also immediate from definitions, using definability of types).

The next concrete example shows that a stable theory does not need to have sep.
fin. EERdeg; in particular, sep. fin. EDEERdeg does not imply sep. fin. EERdeg.

Example 5.2. Take T := ACF0. Consider on C× the relations ∼n given by
a ∼n a′ iff a′ = ξkna for some k, where ξn denotes an n-th primitive root of unity.
The ∼n’s are equivalence relations on C×, and let Xn be a set of representatives
of the ∼n-classes; then C× =

⊔
k<n ξ

k
nXn. For any transcendental a, take b̄ =

(a, ξna, . . . , ξ
n−1
n a) and consider the coloring c :

(
C
a

)
→ n given by: c(a′) = k iff

a′ ∈ ξknXn. For any b̄′ ∈
(
C
b̄

)
we have that b̄′ = (a′, ωna

′, . . . , ωn−1
n a′) for some

transcendental a′ and primitive n-th root of unity ωn. Note that #c[
(
b̄′

a

)
] = n.

Thus, a transcendental element cannot have finite EERdeg, so T does not have
sep. fin. EERdeg, while T is stable and as such has sep. fin. EDEERdeg.

If we modify T by naming all constants from the algebraic closure of Q, then all
types in S(∅) are stationary, so the resulting theory has EDEERP , but the above
argument shows that it does not have sep. fin. EERdeg.

The next example shows that the criterion for having sep. fin. EDEERdeg given
in Proposition 4.5 (see also Corollary 4.7) is not a necessary condition.

Example 5.3. Let T be a stable theory with a finitary type p ∈ Sȳ(T ) of infinite
multiplicity (i.e. with infinitely many global non-forking extensions). (For example,
one can take T := (Z,+) and p(y) := tp(1).) Then it has sep. fin. EDEERdeg,
but we will show that there is no expansion T ∗ of T satisfying the assumptions of
Proposition 4.5. Suppose for a contradiction that T ∗ is such an expansion. The
assumption that Im(η∗) ⊆ Invc̄(C

∗) implies that T ∗ is extremely amenable, so
acleq,∗(∅) = dcleq,∗(∅) (both computed in C∗). Since p has infinite multiplicity, it
has infinitely many extensions to complete types over acleq(∅) computed in C, so
also over acleq,∗(∅) ⊇ acleq(∅). Therefore, we conclude that p has infinitely many
extensions in Sȳ(T ∗), a contradiction.

In the following example, we list some Fräıssé classes which are known to have the
embedding Ramsey property and whose Fräıssé limits are ℵ0-categorical, and hence
ℵ0-saturated. By Remark 3.7, the theories of these Fräıssé limits have EERP , so
EDEERP as well, and thus their Ellis groups are trivial by Corollary 3.15.

By a hypergraph we mean a structure in a finite relational language such that
each basic relation R is irreflexive (i.e. (R(a0, . . . , an−1) implies that the ai’s are
pairwise distinct) and symmetric (i.e. invariant under permutations of coordinates).

Example 5.4. (a) The class of all finite (linearly) ordered hypergraphs omitting
a fixed class of finite irreducible hypergraphs in a finite relational language
containing 6. See [21, Theorem A]. In particular, the theories of the ordered
random graph and the ordered Kn-free random graph have EERP .

(b) The class of all finite sets with n linear orderings (for a fixed n) in the language
L = {61, . . . ,6n}. See [28, Theorem 4].

(c) The class of all finite structures in the language L = {v,6} for which v is a
partial ordering and 6 is a linear ordering extending v. See [27].
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(d) The class of all finite structures in the language L = {v,6,4} for which v is
a partial ordering, 6 is a linear ordering, and 4 is a linear ordering extending
v. See [28, Theorem 1].

(e) The class of all naturally ordered finite vector spaces over a fixed finite field F
in the language L = {+,ma,6}a∈F , where + is the addition, ma is the unary
multiplication by a ∈ F , and 6 is the anti-lexicographical linear ordering
induced by an ordering of a basis. See [14] together with [9, Corollary 2].

(f) The class of all naturally ordered finite Boolean algebras in the language of
Boolean algebras expanded by 6, where 6 is the anti-lexicographical linear
order induced by an ordering of atoms. See [14, Proposition 6.13] and [10].

(g) The class of all finite linearly ordered structures in the infinite language con-
sisting of relational symbols Rn, n > 0, where Rn is n-ary, such that each Rn
is irreflexive and symmetric. It is easy to see that this is a Fräıssé class whose
limit is ℵ0-categorical. The fact that it has the embedding Ramsey property
follows from the fact that the restrictions to the finite sublanguages have it by
(a). This holds more generally in a situation when for each n there are only
finitely many relational symbols of arity n.

In the examples of Fräıssé structures with the embedding Ramsey property which
are not ℵ0-saturated, the situation is not so obvious, as we cannot use Remark 3.7
to deduce EERP and so EDEERP . We leave as a problem to find an example
of a Fräıssé structure with the embedding Ramsey property whose theory does not
have EERP or even EDEERP , or show that there is none.

We now list some Fräıssé classes which are known to have sep. fin. embedding
Ramsey degree and whose Fräıssé limits are ℵ0-categorical, and hence ℵ0-saturated.
By Remark 3.19, the theories of these Fräıssé limits have sep. fin. EERdeg, so sep.
fin. EDEERdeg, hence their Ellis groups are profinite by Corollary 4.1.

As was recalled after Corollary 4.7, by [31] and [23], to see that a Fräıssé class K
has sep. fin. embedding Ramsey degree, one needs to find a Fräıssé class which is
a reasonable, precompact, relational expansion of K with the embedding Ramsey
property.

Example 5.5. (a) The class of all finite hypergraphs omitting a fixed class of
finite irreducible hypergraphs in a finite relational language. Example 5.4(a)
gives the desired expansion of this class.

(b) The class of all finite vector spaces over a fixed finite field. Example 5.4(e)
gives the desired expansion of this class.

(c) The class of all finite Boolean algebras in the language of all Boolean algebras.
Example 5.4(f) gives the desired expansion of this class.

(d) The age of any homogeneous directed graph. See [13].
(e) The class of all finite structures in the infinite language consisting of relational

symbols Rn, n > 0, where Rn is n-ary, such that each Rn is irreflexive and
symmetric. Example 5.4(g) gives the desired expansion of this class. This
holds more generally in a situation when for each n there are only finitely
many relational symbols of arity n.

Sometimes we can say more. For example, in Example 5.5(b) the Fräıssé limit is
just an infinite dimensional vector space over a finite field, so it is strongly minimal
with the property that NFc̄(C) = Invc̄(C), and hence the Ellis group is trivial by
the claim in Example 5.1 and the argument from the proof of Corollary 3.15. The
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situation in Example 5.5(a) is more interesting. Namely, the Ellis group there is
finite. This follows by Corollary 4.4. Indeed, let L be a finite relational language and
L∗ = L∪{6}. Let K∗ be the Fräıssé limit of the class of all linearly ordered finite L-
hypergraphs (possibly omitting a fixed class of finite irreducible hypergraphs). Then
K := K∗�L is the Fräıssé limit of all finite L-hypergraphs (omitting this fixed class of

finite irreducible hypergraphs). We may find a monster model C∗ of T ∗ := Th(K∗)
such that C := C∗�L is a monster model of T := Th(K) = T ∗�L. By Example 5.4(a),

T ∗ has EDEERP , so we can find η∗ ∈ EL(Sc̄(C
∗)) such that Im(η∗) ⊆ Invc̄(C

∗)
by Theorem 3.14. Moreover, both theories T and T ∗ have q.e. Thus, by Corollary
4.4, the Ellis group of T is finite. The same holds for the homogeneous directed
graphs from Example 5.5(d).

Example 5.6. If T is the theory of the random n-hypergraph (so L in Example
5.5(a) consists of only one n-ary relational symbol R), then one can say even more:
T has EDEERP , so the Ellis group is trivial. To see this, consider L∗ := L∪{6}.
Let T be the theory of the random n-hypergraph (the theory of the Fräıssé limit
of the class of all finite L-hypergraphs), and T ∗ the theory of the ordered random
n-hypergraph (the theory of the Fräıssé limit of the class of all ordered finite n-
hypergraphs); then T = T ∗�L. Choose a monster model C∗ |= T ∗ such that C := C∗�L
is a monster model of T .

By Example 5.4(a), T ∗ has EDEERP , so, by Theorem 3.14, we can find
η∗0 ∈ EL(Sc̄(C

∗)) such that Im(η∗0) ⊆ Invc̄(C
∗). By Lemma 2.20(ii), there is

η0 ∈ EL(Sc̄(C)) such that Im(η0) ⊆ Inv∗c̄(C), where Inv∗c̄(C) is the set of all Aut(C∗)-
invariant types in Sc̄(C). We finish by Theorem 3.14 after noting that each Aut(C∗)-
invariant type from Sc̄(C) is also Aut(C)-invariant. To see this observe that, as T ∗

has q.e. and R is n-ary and irreflexive, for any ā and b̄ with |ā| = |b̄| < n, ā ≡L∗ b̄′
for some permutation b̄′ of b̄. So, by symmetry of R, for any Aut(C∗)-invariant
type p(x̄) ∈ Sc̄(C), z̄ ⊆ x̄, and ā ⊆ C with |z̄| + |ā| = n and |ā| < n, we have
R(z̄, ā) ∈ p(x̄) iff R(z̄, b̄) ∈ p(x̄). So, p(x̄) is Aut(C)-invariant by q.e. of T .

A similar argument to the one in the previous example is viable if L contains
finitely many relational symbols each of which is of one of the two consecutive
arities n and n + 1. We leave to the reader to check the details. However, the
above conclusion does not hold for all random hypergraphs in finite languages. In
the following example, we state that the theory of the random (2, 4)-hypergraph
has a non-trivial Ellis group and describe various consequences of this result. All
computations around this example are contained in Appendix A.

Example 5.7. Let L = {R2, R4}, where R2 is a binary and R4 is a quaternary
relation. The Fräıssé limit K of the class of all finite L-hypergraphs is the random
(2, 4)-hypergraph. We will prove that the Ellis group of the theory T := Th(K) is
Z/2Z. Hence, T does not have EDEERP by Corollary 3.15, although it does have
sep. fin. EERdeg by Example 5.5(a). Furthermore, this theory does have DEERP
by Theorem 3.16, as the class above has free amalgamation and so T is extremely
amenable (see the discussion after Corollary 2.16 in [12]). So the theory T shows
that in general sep. fin. EDEERdeg (or even EERdeg) does not imply EDEERP ,
and that DEERP does not imply EDEERP .

Since T is extremely amenable, GalL(T ) = GalKP (T ) is trivial by [12, Propo-
sition 4.2], whereas the Ellis group of T is non-trivial. On the other hand, [15,
Theorem 0.7] says that a certain natural epimorphism from the Ellis group of an
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amenable theory with NIP to its KP-Galois group is always an isomorphism (this is
a variant of Newelski’s conjecture for groups of automorphisms). Thus, our theory
T shows that in this theorem the assumption that the theory has NIP cannot be
dropped (even assuming extreme amenability of the theory in question). Such an
example was not known so far.

Now, we will describe a variant of the above example which yields a Fräıssé
structure whose theory T satisfies the assumptions of Remark 4.6 and Proposition
4.5, and so has sep. fin. EDEERdeg, and the Ellis group of T is infinite (and
clearly profinite). Also, T is extremely amenable, so GalKP (T ) is trivial. It will be
a many-sorted example. But this is not a problem, because, as we said before, the
whole theory developed in this paper works in a many-sorted context after minor
adjustments. In the case of Proposition 4.5, it is easy to see that the proof goes
through (only in Corollary 2.16, which is involved in this proof, one has to consider
the tuple z̄ in which there are infinitely many variables associated with each sort).

Example 5.8. Consider the language L consisting of infinitely many sorts Sn,
n < ω, and relational symbols Rn2 and Rn4 , n < ω, where each Rn2 is binary,
each Rn4 quaternary, and they are both associated with the sort Sn. Let L∗ :=
L ∪ {6n: n < ω}, where each 6n is a binary symbol associated with Sn. Let K
be the L∗-structure which is the disjoint union of copies of the ordered random
(2, 4)-hypergraph; then K := K∗�L is the disjoint union of copies of the random

(2, 4)-hypergraph. Put T := Th(K) and T ∗ := Th(K∗). Choose a monster model
C∗ of T ∗ such that C := C∗�L is a monster model of T .

Note that the assumptions of the obvious many-sorted version of Remark 4.6 are
satisfied, so we check the remaining assumption of Proposition 4.5 that there is η∗ ∈
EL(Sc̄(C

∗)) such that Im(η∗) ⊆ Invc̄(C
∗). Let C∗n := Sn(C∗) be the {Rn2 , Rn4 ,6n}-

structure induced from C∗, for n < ω. Then Aut(C∗) =
∏
n<ω Aut(C∗n) and

Sc̄(C
∗) =

∏
n<ω Sc̄n(C∗n) after the clear identifications, where c̄n ⊆ c̄ is an enumer-

ation of C∗n. By [25, Lemma 6.44], EL(Sc̄(C
∗)) is naturally isomorphic (as a semi-

group and as an Aut(C∗)-flow) with
∏
n<ω EL(Sc̄n(C∗n)). But in each EL(Sc̄n(C∗n))

we have η∗n whose image is contained in the Aut(C∗n)-invariant types (by Exam-
ple 5.4(a) and Theorem 3.14), so the corresponding η∗ ∈ EL(Sc̄(C

∗)) has image
contained in Invc̄(C

∗).
Now, we will compute the Ellis group of T . Let Cn := Sn(C) be the {Rn2 , Rn4 }-

structure induced from C, for n < ω. Then Aut(C) =
∏
n<ω Aut(Cn) and Sc̄(C) =∏

n<ω Sc̄n(Cn) after the clear identifications (where c̄n ⊆ c̄ is an enumeration of
Cn). By [25, Lemma 6.44], uM ∼=

∏
n<ω unMn (also in the τ -topologies), where

M and Mn are minimal left ideals of EL(Sc̄(C)) and EL(Sc̄n(Cn)), respectively,
and u ∈ J (M), un ∈ J (Mn). Since each unMn

∼= Z/2Z by Example 5.7, we
conclude that uM∼= (Z/2Z)ω as a topological group; in particular, uM is infinite.

Extreme amenability of T can be seen directly: each finitary type p(x̄) ∈ S(∅)
has a global invariant extension determined by the formulae: y 6= a, ¬Rn2 (y, b), and
¬Rn4 (ȳ′, b̄′), for all n < ω, and a, b, b̄′ ⊆ C (with |b̄′| > 1), y ∈ x̄, ȳ′ ⊆ x̄ (with
|ȳ′| ≥ 1) from the sorts for which these formulae make sense.

We now give an example of a theory with sep. fin. EDEERdeg (even EDEERP )
such that for some finite set of formulae ∆ there is no η ∈ EL(Sc̄,∆(C)) with finite
image. This shows that we really need to consider spaces Sc̄,∆(p̄), rather than the
classical spaces of ∆-types Sc̄,∆(C).
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Example 5.9. Let L = {R2, Pn}n<ω, where the Pn’s are unary and R2 is binary.
Put Pω :=

∧
n<ω ¬Pn. Consider the class of all finite L-structures A such that:

• PAn are mutually disjoint for n < ω, and
• RA2 is irreflexive and symmetric.

This class is Fräıssé. Its Fräıssé limit K consists of infinitely many disjoint parts
Pn(K), for n 6 ω, each of which is isomorphic to the random graph, but also there
is the random interaction between them. Also, T := Th(K) has q.e., hence it is
binary, K is ℵ0-saturated, although it is not ℵ0-categorical.

To see that T has EDEERP , by Proposition 3.17, we shall prove that for each
singleton a, finite b̄ containing a, n < ω, and a coloring c :

(
C
a

)
→ 2n there is

b̄′ ∈
(
C
b̄

)
such that

(
b̄′

a

)
is monochromatic with respect to c. For each n 6 ω, Pn(C)

is the set of realizations of a complete 1-type over ∅. Fix a ∈ C; then a ∈ Pn(C) for
some n 6 ω. Take a finite b̄ 3 a and without loss assume b̄ ⊆ Pn(C). Take r < ω

and c :
(
C
a

)
→ r (so c : Pn(C) → r). By saturation, there is a copy G ⊆ Pn(C) of

the random graph. The restriction of c to G corresponds to a finite partition of G,
so there is a monochromatic isomorphic copy G′ of G (see [3, Proposition 3.3]). We

finish by taking a copy b̄′ ⊆ G′ of b̄, as by q.e., b̄′ ∈
(
C
b̄

)
.

Consider now ∆ := {R}. We check that EL(Sc̄,∆(C)) does not contain an element
with finite image. Let x̄ correspond to c̄ and let x0 ∈ x̄ be any fixed single variable.
For every S ⊆ ω + 1 denote by πS(x0) the set:

{R(x0, a) | a ∈ Pn(C) for some n ∈ S} ∪ {¬R(x0, a) | a ∈ Pn(C) for some n /∈ S}.

By randomness, πS(x0) is consistent with tp(c̄), so we can find pS(x̄) ∈ Sc̄,∆(C)
extending it. Each πS(x0) is Aut(C)-invariant, as the Pn(C)’s are sets of realizations
of complete 1-types over ∅. Thus, for each η ∈ EL(Sc̄,∆(C)) we have πS(x0) ⊆ η(pS),
so η(pS) are pairwise distinct for S ⊆ ω + 1. Therefore, Im(η) is infinite.

Next, we give an example of a theory T showing that (A’) does not imply (B)
in Theorem 3. Hence, (D) fails for T , so T does not have sep. fin. EDEERdeg by
Theorem 3.20. Also, T is amenable and so has DEECRP by Theorem 3.28.

Example 5.10. Consider the relational language L = {R,En}n<ω, where each
symbol binary, and consider an L-structure M such that:

• R is irreflexive and symmetric;
• each En is an equivalence relation with exactly two classes;
• equivalences {En}n<ω are independent in the sense that for each choice of
En-class Cn, the family {Cn}n<ω has the finite intersection property;

• for pairwise distinct ai, bj ∈M , where i < l, j < m, and any n < ω, the set⋂
i<lR(M,ai) ∩

⋂
j<m ¬R(M, bj) intersects each

⋂
k6nEk-class.

Note that in particular we have that (M,R) is a model of the theory of the random
graph. Let T := Th(M). By standard arguments, T has q.e. Hence, there is only
one type in S1(T ). Let C |= T be a monster model.

We will first show that Condition (C) (equivalently (B)) fails for T . More
precisely, we will show that the Ellis group of the Aut(C)-flow Sc̄,∆(p) is infi-
nite, where ∆ := {R(x0, y)} and p(y) ∈ Sy(T ) is the unique 1-type over ∅ (so,
Sc̄,∆(p) = Sc̄,∆(C)). Here, x̄ is reserved for c̄ and x0 ∈ x̄ is any fixed variable.
Consider the following global partial types:

πn(x̄) := {(R(x0, a)↔ R(x0, b))↔ En(a, b) | a, b ∈ C}.
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By randomness, each πn(x̄) ∪ tp(c̄) is consistent. So Xn := [πn(x̄)] is an Aut(C)-
subflow of Sc̄(C). By independence of the relations En, the Xn’s are pairwise
disjoint. Let Φ : Sc̄(C) → Sc̄,∆(C) be the Aut(C)-flow epimorphism given by re-
striction to ∆-types. Note that Φ−1[Φ[Xn]] = Xn. Therefore, Yn := Φ[Xn] are
pairwise disjoint Aut(C)-subflows of Sc̄,∆(C). Hence, for any η ∈ EL(Sc̄,∆(C)),
η[Yn] ⊆ Yn, and so Im(η) is infinite. Thus, Condition (D) does not hold, but we
want to show that (C) fails.

Let u ∈ EL(Sc̄,∆(C)) be an idempotent in a minimal left ideal M, and let
qn(x̄) ∈ Yn be in Im(u); so u(qn) = qn. For each n < ω there is σn ∈ Aut(C) such
that σn fixes each Ek-class for k < n and swaps the En-classes. Fix a ∈ C and
k < n. For σ ∈ Aut(C), note that R(x0, σ

−1
n (σ−1(a))) ∈ qk iff R(x0, σ

−1(a)) ∈ qk
iff R(x0, σ

−1
k (σ−1(a))) /∈ qk. Thus R(x0, a) ∈ σ(σn(qk)) iff R(x0, a) /∈ σ(σk(qk)) for

every σ ∈ Aut(C), so R(x0, a) ∈ u(σn(qk)) iff R(x0, a) /∈ u(σk(qk)) holds as well.
This means that uσnu(qk) = uσn(qk) 6= uσk(qk) = uσku(qk), so uσnu 6= uσku.
Since all uσnu ∈ uM, uM is infinite and Condition (C) does not hold.

We now prove amenability of T . We have to find an invariant, Borel probability
measure on Sp(C), for every p(ȳ) ∈ Sȳ(T ) where ȳ = (y0, . . . , ym−1). As the reduct
T ′ of T to the sublanguage L′ := {En}n<ω is stable, it is amenable by [12, Corollary
2.21]. We can choose C so that C′ := C�L′ is a monster model of T ′. Let p′ ∈ Sȳ(T ′)
be the restriction of p to the language L′. By amenability of T ′, there is an Aut(C′)-
invariant, Borel probability measure ν on Sp′(C

′). Consider Φ : Sp(C) → Sp′(C
′)

given by restriction. Let qR(ȳ) := {R(yi, a) | i < m, a ∈ C}; by randomness and q.e.,
qR(ȳ) is a partial type consistent with p(ȳ). It is Aut(C)-invariant, so X := [qR(ȳ)]
is an Aut(C)-subflow of Sp(C). By randomness and q.e., Φ�X : X → Sp′(C

′) is an
isomorphism. Define µ on Borel subsets of Sp(C) by µ(U) := ν(Φ[X ∩ U ]). It is
clear that µ is an Aut(C)-invariant, Borel probability measure on Sp(C).

The rest of the analysis of Example 5.10 is devoted to the proof that Condition
(A’) holds for T , i.e. our goal is to show that the canonical Hausdorff quotient of
the Ellis group of T is profinite. Since the theory is binary, by Corollary 2.17, we
can work with (Aut(C), S1(C)) in place of (Aut(C), Sc̄(C)).

Put E∞ :=
∧
i∈ω Ei and H := 2ω. For each i ∈ ω, fix an enumeration Ci,0, Ci,1

of the Ei-classes, and an enumeration (Cε)ε∈H of the E∞-classes. Let X := S1(C)
and put

X ′ :=
⋂

a,b∈C,E∞(a,b)

[R(x, a)↔ R(x, b)].

It is clear that X ′ is an Aut(C)-subflow of X. By q.e., each p ∈ X ′ is implied by
the union of the following partial types for unique ε ∈ H and δ ∈ 2H :

• pε(x) := {x ∈ Ci,ε(i) | i ∈ ω}; and
• qδ(x) := {R(x, a) | a ∈ Cε′ , δ(ε′) = 1} ∪ {¬R(x, a) | a ∈ Cε′ , δ(ε′) = 0}.

Conversely, for each ε ∈ H and δ ∈ 2H the union of the above partial types implies
a type in X ′. So X ′ is topologically identified with the space H × 2H . Further,
for Stab(X ′) := {σ ∈ Aut(C) | σ�X′ = idX′}, we see that Aut(C)/ Stab(X ′) ∼= H
and the flow (Aut(C)/Stab(X ′), X ′) can be identified with the flow (H,H × 2H)
equipped with the following action: For σ ∈ H and (ε, δ) ∈ H × 2H ,

σ(ε, δ) := (σ + ε, σδ),

where σδ(ε′) := δ(ε′ − σ) = δ(ε′ + σ) for ε′ ∈ H.

Claim. There is η ∈ EL(X) whose image is contained in X ′.
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Proof of Claim. For each ε ∈ H, put ∆ε(x) := {R(x, a) ↔ R(x, b) : a, b ∈ Cε}.
First, we will show that for every ε ∈ H there is ηε ∈ EL(X) such that:

• ηε is the limit of a net of σ ∈ Aut(C) fixing each Cε′ , ε
′ ∈ H, setwise

(equivalently, this is a net of Shelah strong automorphism);
• Im(ηε) ⊆ [∆ε].

For this, choose any representatives aε′ of the classes Cε′ , ε
′ ∈ H, and consider any

p0, . . . , pk−1 ∈ X and a0, . . . , an−1 ∈ Cε. Since (Cε, R�Cε ) is a (monster) model
of the theory of the random graph, by [3, Proposition 3.3] and q.e., there are
a′0, . . . , a

′
n ∈ Cε such that ā := a0 . . . an−1 ≡ a′0 . . . a′n−1 =: ā′ and for each l < k:

pl |=
∧

j,j′<n

R(x, a′j)↔ R(x, a′j′).

By randomness, q.e., and saturation, we can find a′ε′ ∈ Cε′ for all ε′ ∈ H so that

(aj | j < n)_(aε′ | ε′ ∈ H) ≡ (a′j | j < n)_(a′ε′ | ε′ ∈ H).

So, there is σp̄,ā ∈ Aut(C) mapping the latter sequence above to the former one.
Now, it is enough to take ηε to be an accumulation point of the net (σp̄,ā)p̄,ā.

Since the ηε’s are approximated by Shelah strong automorphisms, for each ε, ε′ ∈
H, ηε[[∆ε′ ]] ⊆ [∆ε′ ] holds. For ε̄ = {εi}i<n ⊆ H put ηε̄ := ηεn−1

◦ · · · ◦ ηε0 ,
where ε0 < · · · < εn−1 (say with respect to the lexicographic order). Then, an
accumulation point of the net (ηε̄)ε̄ satisfies Im(η) ⊆

⋂
[∆ε] = X ′. � Claim

By the claim and Corollary 2.7, the Ellis groups of the flows (Aut(C), X) and
(Aut(C), X ′) are topologically isomorphic. By the discussion before the claim,
the latter Ellis group is topologically isomorphic with the Ellis group of the flow
(H,H × 2H) which in turn is topologically isomorphic with the Ellis group of the
flow (H,βH) by Proposition 2.9(ii). As a conclusion, we get that the canonical
Hausdorff quotient of the Ellis group of T is topologically isomorphic with the
canonical Hausdorff quotient of the Ellis group of βH, i.e. with the generalized
Bohr compactification of H. Since H is abelian (and so strongly amenable), Fact
2.10 implies that this generalized Bohr compactification coincides with the Bohr
compactification of H, which is profinite by Fact 2.11, as H is abelian of finite
exponent. So Condition (A’) has been proved.

The next example is a modification of the previous one. It shows that (A”)
does not imply (A’) in Theorem 3. Moreover, the obtained theory is supersimple of
SU-rank 1, so we see that even for supersimple theories the Ellis group need not be
profinite, while GalKP (T ) must be profinite by [2]. Our theory is also amenable.

Example 5.11. The idea is to modify the previous example by considering in-
dependent equivalence relations with growing finite number of classes in order to
get at the end that the canonical Hausdorff quotient of the Ellis group of the re-
sulting theory is topologically isomorphic with the Bohr compactification of the
product

∏
n>2 Z/nZ which is not profinite by Fact 2.11, as

∏
n>2 Z/nZ is not of

finite exponent.
Consider the relational language L′ = {R,En}26n<ω, where each symbol binary,

and consider an L′-structure M ′ satisfying the same axioms as M in Example 5.10,
except each En has exactly n classes. ExpandM ′ to the structureM in the language
L := L′∪{On,k}26n<ω

16k<n
, where each On,k is a binary relational symbol interpreted as

follows: for each 2 6 n < ω enumerate the En-classes as Cn,0, . . . , Cn,n−1 and take
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the cyclic permutation ρn := (0, 1, . . . , n − 1) ∈ Sym(n); set On,k :=
⋃
i<n Cn,i ×

Cn,ρkn(i). Let T := Th(M). A standard back-and-forth argument shows that T has

q.e.; in particular, there is only one type in S1(T ). Let C |= T be a monster model.
Put C̄n := (Cn,0, . . . , Cn,n−1) and define On(x0, . . . , xn) as

∧
16k<nOn,k(x0, xk).

Observe that On(a0, . . . , an−1) holds iff (a0/En, . . . , an−1/En) belongs to the orbit
of C̄n under the action of Z/nZ on (M/En)n defined as follows: for (b0, . . . , bn−1) ∈
(M/En)n and l ∈ Z/nZ, l(b0, . . . , bn−1) := (bρln(0), . . . , bρln(n−1)).

By q.e. and randomness, it easily follows that tp(a/A) does not fork over ∅ for
any a and A with a /∈ A. Hence, T is supersimple of SU-rank 1. (The same is true
in Example 5.10, but supersimplicity is more important here.) So, by [2], GalKP (T )
is profinite, i.e. (A”) holds. Amenability of T can be proved as in Example 5.10.

To show that (A’) fails, one should follow the lines of the argument in Example
5.10 with H :=

∏
n>2 Z/nZ. The fact the On’s are L-formulae is used to see

that (Aut(C)/ Stab(X ′), X ′) can be identified with the flow (H,H × 2H). At the
end, we get that the Ellis group of T is topologically isomorphic with the Bohr
compactification of H, which is not profinite by Fact 2.11, i.e. Condition (A’) fails.

By [12, Proposition 4.2], if a theory T is extremely amenable, then GalL(T ) =
GalKP (T ) is trivial. The next example (whose details are left to the reader) shows
that amenability of T does not even imply that GalKP (T ) is profinite.

Example 5.12. Let N = (M,X, ·) be a two-sorted structure, where:

• M is a real closed field in the language Lor(R) of ordered rings with constant
symbols for all r ∈ R;
• · : S1×X → X is a strictly 1-transitive action of the circle group S1 on X.

N is clearly interpretable in M , hence T := Th(N) has NIP. By [6], we easily get
that GalKP (T ) ∼= S1, so GalKP (T ) is not profinite. By [12, Corollary 2.21], we
know that a NIP theory is amenable iff ∅ is an extension base for forking. We leave
as a non-difficult exercise to check that in T every set is an extension base.

We have determined the relationships between most of the introduced properties.
Let us discuss a few remaining questions.

Question 5.13. Is there an example for which (C) holds but (D) does not?

Question 5.14. (i) Is there an example for which (A) holds but (C) does not?
(ii) Is there an example for which (A’) holds but (A) does not?

Example 5.10 shows that (A’) does not imply (B). So this example either wit-
nesses that (A’) does not imply (A), or that (A) does not imply (B); but we do
not know which of these two lack of implications is witnessed by Example 5.10. By
Remark 2.2(a), it witnesses the lack of the implication (A’) =⇒ (A) if and only if
the Ellis group of the theory in this example is not Hausdorff.

By Example 5.1, we know that having sep. fin. EDEERdeg does not imply
DEERP ; this is witnessed by any stable theory with a non-stationary type in
S1(∅). Is the converse true, i.e. does DEERP (equiv. extreme amenablity) imply
sep. fin. EDEERdeg? Probably not. Example 5.10 shows that DEECRP (equiv.
amenability) does not imply sep. fin. EDEERdeg. In fact, Example 5.12 shows
that amenability does not even imply that GalKP is profinite (i.e. (A”)), whereas
extreme amenability implies that GalKP is trivial by [12, Proposition 4.2].

By Example 5.5(e), we know that the Ellis group there is profinite. Is it infinite?
Can one compute it precisely, as we did for the theory from Example 5.7? The
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same problem for all random hypergraphs, although here we know that the Ellis
groups are finite by the paragraph after Example 5.5.

Appendix A. Example 5.7

We now calculate the Ellis group from Example 5.7. Recall that we consider the
language L := {R2, R4}, where R2 is a binary and R4 is a quaternary relational
symbol. We consider the class of all finite (2, 4)-hypergraphs, i.e. the class of all
finite structures in L for which R2 and R4 are irreflexive and symmetric. This is a
Fräıssé class, and its Fräıssé limit K is called the random (2, 4)-hypergraph. The
theory T := Th(K) is ℵ0-categorical, and so ℵ0-saturated with q.e.

We also consider the following expansion of T . Let L∗ = L ∪ {<}. Consider the
class of all finite linearly ordered (2, 4)-hypergraphs. This is a Fräıssé class, and
its Fräıssé limit K∗ is called the ordered random (2, 4)-hypergraph. The theory
T ∗ := Th(K∗) is ℵ0-categorical, so ℵ0-saturated with q.e. Then K∗�L

∼= K, so
T ∗�L = T , and we may assume that K∗�L = K.

By a straightforward back-and-forth argument one can easily see that there exists
ρ ∈ Aut(K) such that ρ reverses the order on K∗: ρ[<] =>. Take L∗ρ := L∗ ∪ {ρ}
and the obvious expansion K∗ρ of K∗. Take a monster C∗ρ of Th(K∗ρ) such that
C∗ := C∗ρ�L∗ and C := C∗ρ�L are monster models of T ∗ and T , respectively. The
interpretation of ρ in C∗ρ, which will be also denoted by ρ, is an automorphism of C
reversing <. Further on, we fix C∗, C, and ρ.

Since T ∗ has EDEERP (even EERP by Example 5.4(a)), by Theorem 3.14, we
can find u∗ ∈ EL(Sc̄(C

∗)) with Im(u∗) ⊆ Invc̄(C
∗). By Lemma 2.20(iv), for a single

variable z, we can find u ∈ EL(Sz(C)) such that Im(u) ⊆ Inv∗z(C), where Inv∗z(C)
is the set of all Aut(C∗)-invariant types in Sz(C). Moreover, we may assume that
u ∈ J (M) for a minimal left ideal M of EL(Sz(C)).

The elements of Inv∗z(C) are not hard to describe. Let p(z) ∈ Inv∗z(C). Since
there is only one type in Sz(T

∗), p(z) either contains R2(z, a) for all a ∈ C or
¬R2(z, a) for all a ∈ C. Note that Sπ(ȳ)(T

∗), where ȳ = (y0, y1, y2) and π(ȳ) =
{y0 6= y1 6= y2 6= y0}, is completely determined by restriction to {R2, <}. Let
us write [C]3 = O0 t O1 t O2 t O3, where Oi is the set of all {a, b, c} ∈ [C]3

with exactly i-many R2-edges on the set {a, b, c}. Note that by symmetry of R4,
either R4(z, a, b, c) ∈ p(z) for all {a, b, c} ∈ O0, or ¬R4(z, a, b, c) ∈ p(z) for all
{a, b, c} ∈ O0. The same holds for O3. The sets O1 and O2 are more interesting.
Write O1 = O−1 t O◦1 t O

+
1 , where for {a, b, c} ∈ O1 with b being R2-unconnected

with a and c we put:

{a, b, c} ∈

 O−1 if b is minimal among {a, b, c}
O◦1 if b is the middle one among {a, b, c}
O+

1 if b is maximal among {a, b, c}
.

Similarly, we write O2 = O−2 t O◦2 t O
+
2 , where the division is determined by

the element R2-connected to both other elements. By symmetry of R4, we have
either R4(z, a, b, c) ∈ p(z) for all {a, b, c} ∈ O−1 , or ¬R4(z, a, b, c) ∈ p(z) for all
{a, b, c} ∈ O−1 . The same holds for O◦1 , O

+
1 , O

−
2 , O

◦
2 and O+

2 . By q.e., p(z) is
completely determined by the previous information. Moreover, by randomness,
each described possibility occurs. Thus, we see that Inv∗z(C) has 29 elements.

Lemma A.1. u(p) = p for all p ∈ Inv∗z(C). In particular, Im(u) = Inv∗z(C).
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Proof. It is enough to prove the first part. If R2(z, a)ε ∈ p for ε ∈ 2 and a ∈ C, then
R2(z, a)ε ∈ σ(p) for every σ ∈ Aut(C), so R2(z, a)ε ∈ u(p) holds as well. Similarly,
if R4(z, a, b, c)ε ∈ p for ε ∈ 2 and {a, b, c} ∈ O0, then R4(z, a, b, c)ε ∈ σ(p) for every
σ ∈ Aut(C), so R4(z, a, b, c)ε ∈ u(p). The same holds for O3.

Note that if we put q = u(p), then, by idempotency, u(q) = u2(p) = u(p) = q.
Let us focus on O1. We say that p ∈ Inv∗z(C) is of type (ε−, ε◦, ε+), where

ε−, ε◦, ε+ ∈ 2, if Rε?4 (z, a, b, c) ∈ p for all {a, b, c} ∈ O?1 , for each ? ∈ {−, ◦,+}.

Claim. p and q = u(p) have the same type.

Proof of Claim. If p is of type (0, 0, 0) or (1, 1, 1), then q is of the same type, as
all automorphisms in these cases preserve the type of p, and hence u preserves it,
too. Take a, b, c, d such that a < b < c < d, R2(a, d), R2(b, c), and there are no
other R2-edges between a, b, c, d. Let q be of type (ε−, ε◦, ε+). Then the formula
φ(z, a, b, c, d):=

R
ε−
4 (z, a, b, c) ∧Rε◦4 (z, b, a, d) ∧Rε◦4 (z, c, a, d) ∧Rε+4 (z, d, b, c) ∈ q = u(p) = u(q),

We can approximate u by σ ∈ Aut(C) such that φ(z, a, b, c, d) ∈ σ(p), σ(q), i.e.
φ(z, a′, b′, c′, d′) ∈ p, q, where σ(a′, b′, c′, d′) = (a, b, c, d).

To see that p and q are of the same type, we do the following case analysis. E.g.
if q is of type (1, 0, 0), then p is of one of the types (1, 0, 0), (1, 1, 0) or (1, 0, 1), as
R4(z, a′, b′, c′) ∈ q implies a′ < b′, c′, so R4(z, a′, b′, c′) ∈ p. If p is of type (1, 1, 0),
then ¬R4(z, b′, a′, d′) ∧ ¬R4(z, d′, b′, c′) ∈ p implies b′ > a′, d′ and d′ > b′, c′ which
is not possible. Similarly, one eliminates that p is of type (1, 0, 1).

A similar analysis works when q is of type (0, 0, 1) and (0, 1, 0), and also shows
that p is not of type (1,−,−) nor (−,−, 1) when q is of type (0, 0, 0). Exceptionally,
to eliminate the case when q is of type (0, 0, 0) and p is of type (0, 1, 0) a different
trick is required.

Choose elements a0, . . . , a4 such that R2(ai, ai+1) for all i < 5 (+ is modulo 5),
and there are no other R2-edges between them. Then

∧
i<5 ¬R4(z, ai, ai+2, ai+3) ∈

q = u(p) = u(q), as q is of type (0, 0, 0). As above, we can approximate u by σ and
find a copy (a′0, a

′
1, a
′
2, a
′
3, a
′
4) of (a0, a1, a2, a3, a4) such that both p and q contain∧

i<5 ¬R4(z, a′i, a
′
i+2, a

′
i+3). Since p is of type (0, 1, 0), we get that a′i < a′i+2, a

′
i+3

or a′i > a′i+2, a
′
i+3, for all i < 5. But it is easy to see that this is impossible (just

looking at <).
The remaining cases are completely dual by interchanging 0 and 1, and R4 and

¬R4 in the previous cases. � Claim

The above analysis for O1 applies to O2 by interchanging all R2-edges and R2-
non-edges. The lemma is proved. �

We can now easily see that uM is not trivial. Take p, q ∈ Inv∗z(C) such that
p(z) implies that z is not R2-connected to anything and only R4-connected to O−1 ,
and q(z) implies that z is not R2-connected to anything and only R4-connected
to O+

1 . Note that uρu ∈ uM and that ρ[O−1 ] = O+
1 and vice versa. Thus, by

Lemma A.1, uρu(p) = uρ(p) = u(q) = q, so uρu 6= u as u(p) = p. We will see that
uM = {u, uρu}, but this will require more work, involving applications of contents.

Lemma A.2. uM = {u, uρu}, so uM∼= Z/2Z.

Proof. Since Im(u) ⊆ Inv∗z(C), it is enough to prove that for any η ∈ uM: either
η(p) = u(p) for all p ∈ Inv∗z(C), or η(p) = uρu(p) for all p ∈ Inv∗z(C). We define the
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notion of O1-type and O2-type of p ∈ Inv∗z(C) as in the proof of Lemma A.1. Fix
η ∈ uM; p will always range over Inv∗z(C).

Claim. If the O1-type of p is (ε−, ε◦, ε+), then the O1-type of η(p) is (ε−, ε◦, ε+)
or (ε+, ε◦, ε−). The same holds for O2-types.

Proof of Claim. Let us first deal with O1-types. If ε− = ε◦ = ε+, then each auto-
morphism preserves the O1-type of p, hence η preserves it, too, and we are done.

Take elements a0, a1, a2, a3 such that R2(a0, a2) and R2(a1, a3), and there are
no other R2-edges between them. Put q(y0, y1, y2, y3) := tpL(a0, a1, a2, a3). For a
realization b̄ of q we will say that it is of type:

A: if min(b̄) is R2-connected to max(b̄) (min and max are taken in C∗);
B: if min(b̄) and max(b̄) are not R2-connected and min(b̄)? < max(b̄)?, where

b?i = bi+2, so it is the element to which bi is R2-connected;
C: if min(b̄) and max(b̄) are not R2-connected and max(b̄)? < min(b̄)?.

For a type p, let δ0, δ1, δ2, δ3 ∈ {0, 1} be the unique numbers such that the

formula
∧
i<4R

δi
4 (z, bi, bi+1, bi+2) belongs to p. Note that they depend on p and

b̄ |= q. Denote this formula by φp,b̄(z, b̄). In the following table, we calculate∑
i<4 δi depending on the O1-type of p and the type of ordering on b̄:

(0,0,0) (1,0,0) (0,1,0) (0,0,1) (1,1,0) (1,0,1) (0,1,1) (1,1,1)

A/C 0 1 2 1 3 2 3 4
B 0 2 0 2 2 4 2 4

Recall that by Fact 2.23, ct(η(p)) ⊆ ct(p). By our choice, (φp,b̄(z, ȳ), q(ȳ)) ∈ ct(p)

for every b̄ |= q. Consider the following cases.
Case 1. p is of O1-type (1, 0, 0) or (0, 0, 1). If η(p) is of type (0, 0, 0), (0, 1, 0),

(1, 0, 1) or (1, 1, 1), then choose b̄ |= q of type B. Since (φη(p),b̄(z, ȳ), q(ȳ)) ∈ ct(η(p)),

this pair belongs to ct(p) as well. But, by the table, this is not possible, since φη(p),b̄

has either 0 or 4 positive occurrences of R4, whereas this does not happen in ϕp,b̄′

for any b̄′ |= q if p is of type (1, 0, 0) or (0, 0, 1). Similarly, if η(p) is of type (1, 1, 0) or
(0, 1, 1), by choosing b̄ |= q of type A, we have (φη(p),b̄(z, ȳ), q(ȳ)) ∈ ct(η(p)) ⊆ ct(p),

but since φη(p),b̄ has 3 positive occurrences of R4, we again cannot find b̄′ |= q such

that φη(p),b̄(z, b̄
′) ∈ p. So, η(p) is either of O1-type (1, 0, 0) or (0, 0, 1).

Case 2. p is of O1-type (0, 1, 0). By similar considerations to those in Case 1, we
obtain that the only possibilities for the O1-type of η(p) are (0, 0, 0) and (0, 1, 0).
The case when η(p) is of O1-type (0, 0, 0) requires a different trick, but this can be
done in the same way as in the proof of Lemma A.1. So η(p) is of O1-type (0, 1, 0).

The remaining cases are dual. Interchanging R2 edges and R2-non-edges, we
obtain the claim for O2-types. � Claim

Note that if p is of O1-type (ε−, ε◦, ε+), then ρ(p) is of O1-type (ε+, ε◦, ε−), and
similarly for O2-types. Therefore, the previous claim says that η(p) has the same
O1-type [O2-type] as p or as ρ(p).

Claim. Either for every p the O1-types of p and η(p) are equal, or for every p the
O1-types of ρ(p) and η(p) are equal. The same holds for O2-types.

Proof of Claim. Consider the case of O1-types (the case of O2-types follows by
interchanging all R2-edges and R2-non-edges). Suppose not. Then we have types
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p, p′ with O1-types (ε−, ε◦, ε+) and (ε′−, ε
′
◦, ε
′
+) such that η(p) and η(p′) are of O1-

types (ε−, ε◦, ε+) and (ε′+, ε
′
◦, ε
′
−), respectively, where ε− 6= ε+ and ε′− 6= ε′+. We

have two cases.
Case 1. (ε−, ε+) = (ε′−, ε

′
+). Consider ai, i < 4, such that R2(a0, a2), R2(a1, a3),

and there are no other R2-edges between them, and a0, a2 < a1, a3. Let q(ȳ) =

tpL(a0, a1, a2, a3). Choose δ0, δ1, δ2, δ3 such that
∧
i<4R

δi
4 (z, ai, ai+1, ai+2) ∈ η(p).

Then
∧
i<4R

1−δi
4 (z, ai, ai+1, ai+2) ∈ η(p′), so:(∧

i<4

Rδi4 (z, yi, yi+1, yi+2),
∧
i<4

R1−δi
4 (z, yi, yi+1, yi+2), q(ȳ)

)
∈ ct(η(p), η(p′)).

By Fact 2.23, this triple belongs to ct(p, p′), so
∧
i<4R

δi
4 (z, bi, bi+1, bi+2) ∈ p and∧

i<4R
1−δi
4 (z, bi, bi+1, bi+2) ∈ p′ for some b̄ |= q. Choose i such that bi+1 = min(b̄).

Then Rδi4 (z, bi, bi+1, bi+2) ∈ p implies that ε− = δi, and R1−δi
4 (z, bi, bi+1, bi+2) ∈ p′

implies that ε′− = 1− δi. Therefore, ε− 6= ε′−; a contradiction.
Case 2. (ε−, ε+) 6= (ε′−, ε

′
+). Then (ε−, ε+) = (ε′+, ε

′
−), so we reduce this to

Case 1 by considering η(p) and η(p′) instead of p and p′, and η−1 (computed in
uM) instead of η (note that η−1(η(p)) = u(p) = p and η−1(η(p′)) = u(p′) = p′ by
Lemma A.1). � Claim

We finally prove:

Claim. Either for every p the O1-types of p and η(p) are equal and the O2-types
of p and η(p) are equal, or for every p the O1-types of ρ(p) and η(p) are equal and
the O2-types of ρ(p) and η(p) are equal.

Proof of Claim. Let p have both the O1-type and the O2-type equal to (1, 0, 0). If
the claim fails, then, by the previous two claims, the O1-types of p and η(p) are
equal and the O2-types of ρ(p) and η(p) are equal, or the O1-types of ρ(p) and η(p)
are equal and the O2-types of p and η(p) are equal.

So, assume first that η(p) has O1-type (1, 0, 0) but O2-type (0, 0, 1). Con-
sider a0, a1, a2, a3 such that R2(a0, a1), R2(a0, a3) and there are no other R2-
edges between them, and a0 > a1 > a2 > a3; set q(ȳ) = tpL(a0, a1, a2, a3).
Then R4(z, a2, a0, a1) ∧ ¬R4(z, a2, a0, a3) ∧ R4(z, a0, a1, a3) ∈ η(p). But, by Fact
2.23, ct(η(p)) ⊆ ct(p). Hence, we can find b̄ |= q such that R4(z, b2, b0, b1) ∧
¬R4(z, b2, b0, b3) ∧R4(z, b0, b1, b3) ∈ p. Since the O1-type and the O2-type of p are
both (1, 0, 0), this implies b2 < b0, b1, b0 < b1, b3, but b2 is not less than both b0
and b3. Clearly, this is not possible.

If η(p) has O1-type (0, 0, 1) but O2-type (1, 0, 0), the proof is dual by reversing
the order on {a0, a1, a2, a3}. � Claim

We are ready to finish the proof of the lemma. If p contains Rε2(z, a) for some
ε ∈ 2 and all a ∈ C, then σ(p) contains it, too, and so does η(p). Similarly,
if p contains Rε4(z, a, b, c) for some ε ∈ 2 and all {a, b, c} ∈ O0 [resp. ∈ O3],
then η(p) contains it, too. Thus, the restrictions of η(p), p, and ρ(p) to these
formulae coincide for every p ∈ Inv∗z(C). By the previous claim, either for every
p ∈ Inv∗z(C) the restrictions of η(p) and p to the formulae Rε4(z, a, b, c) for ε ∈ 2 and
{a, b, c} ∈ O1 ∪ O2 coincide, or for every p ∈ Inv∗z(C) the restrictions of η(p) and
ρ(p) to these formulae coincide. Therefore, either for every p ∈ Inv∗z(C) we have
η(p) = p = u(p), or for every p ∈ Inv∗z(C) we have η(p) = ρ(p) = uρu(p). But this
means that either η = u, or η = uρu. �
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Proposition A.3. The Ellis group of (Aut(C), Sc̄(C)) is Z/2Z.

Proof. Take u∗ ∈ EL(Sc̄(C
∗)) such that Im(u∗) ⊆ Invc̄(C

∗), as T ∗ has EDEERP .
By Corollary 2.20(ii), there is u′ ∈ EL(Sc̄(C)) with Im(u′) ⊆ Inv∗c̄(C). Furthermore,
we may assume that u′ is an idempotent in a minimal left ideal M′ of EL(Sc̄(C)).
By Lemma 2.14 (having in mind the natural identification of Sd̄(C) with Sc̄(C)), we
have the flow and semigroup epimorphism Φ : EL(Sc̄(C))→ EL(Sz(C)) (where z is
a single variable) given by:

Φ(η)(p(z)) = η̂(p(z)) := η(q(x̄))�x′ [x
′/z],

where p(z) ∈ Sz(C), x′ ∈ x̄, and q(x̄) ∈ Sc̄(C) are such that q(x̄)�x′ [x
′/z] = p(z).

By Fact 2.3, u := Φ(u′) is an idempotent in the minimal left ideal M := Φ[M′]
of EL(Sz(C)), and Φ�u′M′ : u′M′ → uM is a group epimorphism. By the for-
mula above, Im(u) ⊆ Inv∗z(C), so by Lemma A.1 and Lemma A.2, we have that
Im(u) = Inv∗z(C) and uM = {u, uρu} has two elements. So it remains to show that
ker(Φ�u′M′) is trivial.

Let η ∈ u′M′ be such that η̂ = u. It is enough to prove that η(q) = q for all
q ∈ Im(η) = Im(u′) (recall that all such q’s are Aut(C∗)-invariant).

If Rε2(xi, a) ∈ η(q), then Rε2(xi, σ(a)) ∈ q for some σ ∈ Aut(C), but then
Rε2(xi, a) ∈ q by Aut(C∗)-invariance of q (as there is only one type in S1(T ∗)).
Similarly, if Rε4(xi, xj , xk, a) ∈ η(q), then Rε4(xi, xj , xk, a) ∈ q by invariance. If
Rε4(xi, xj , a, b) ∈ η(q), by symmetry of R4 and invariance of q, the conclusion is
the same: Rε4(xi, xj , a, b) ∈ q. Let us consider Rε4(xi, a, b, c) ∈ η(q). Let p(z) =
q(x̄)�xi [xi/z]; note that p(z) ∈ Inv∗z(C), so p(z) ∈ Im(u). Then Rε4(z, a, b, c) ∈
η̂(p) = u(p) = p = q�xi [xi/z]. Thus Rε4(xi, a, b, c) ∈ q.

By q.e., we conclude that η(q) ⊆ q, so η(q) = q, and we are done. �
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