A SPECIAL THIN TYPE

THOMAS BLOSSIER AND KRZYSZTOF KRUPIŃSKI

Abstract. We answer a question of Pillay and Ziegler, and construct a type of U-rank 1 (of the theory of separably closed fields) which is thin but not very thin.

1. Introduction

Fix a prime number p. Let K be a field of characteristic p. We say that B ⊂ K is p-independent if the set of all p-monomanials, i.e. the monomanials of the form b^{i1}_1 . . . b^{in}_n with b_j ∈ B and 0 ≤ i_j ≤ p − 1, is linearly independent in the K^p-vector space K. A maximal p-independent subset B of K is called a p-basis. For results on p-bases and p-independence, we refer to [4].

Let L = {+, −, ·, 0, 1} be the language of fields. For e ∈ ω ∪ {∞} we denote by SCF_e the L-theory of separably closed fields of characteristic p and degree of imperfection e (e is the cardinality of a p-basis). For any e, SCF_e is complete ([6]). In the whole paper we assume that e > 0.

We define the so-called λ-functions λ_{i,n}, n ∈ ω, i ∈ p^n as follows. For an n-tuple y and an element x we have λ_{i,n}(y, x) = 0, if y is p-dependent, or the (n + 1)-tuple y, x is p-independent, else x = ∑ i∈p^n

λ_{i,n}(y, x)^py^{i(0)}_0 . . . y^{i(n−1)}_{n−1} .

Consider L_λ = L∪{λ_{i,n} : n ∈ ω, i ∈ p^n}, and let SCF_{e,λ} be the expansion of SCF_e obtained by adding the axioms defining the λ-functions. Then SCF_{e,λ} is complete and has quantifier elimination ([3]).

Fix a separably closed field K of degree of imperfection e. Let L be a monster model of SCF_{e,λ} containing K (i.e., a very large separably closed field containing K, separable over K and of the same degree of imperfection). For any tuple c ∈ L we denote by K⟨c⟩ the prime model over K ∪ {c}, that is the separable closure of the smallest subfield of L containing K(c) and closed under the λ-functions.

1991 Mathematics Subject Classification. 03C45, 03C60, 12L12.

We would like to thank Piotr Kowalski for some interesting discussions and suggestions, and equally the referee for his proof of Fact 3.2 and his helpful remarks. 1

Fix some p-independent elements b_0, . . . , b_{n−1} of K. For i ∈ p^n we define λ_i(x) = λ_{i,n}(b_0, . . . , b_{n−1}, x). When η = (i_0, . . . , i_{t−1}) ∈ (p^n)^t we define λ_η as the composition λ_{it−1} ∘ · · · ∘ λ_{i0} . By quantifier elimination, if a ∈ L^{pm} [b_0, . . . , b_{n−1}] for all m ∈ ω, then q = tp(a/K) is determined by the L-isomorphism type over K of the infinite tuple (λ_η (a) : η ∈ (p^n)^{<ω}). In the definitions below we assume that a ∈ L^{pm} [b_0, . . . , b_{n−1}] for all m ∈ ω.

Definition 1.1. (i) A type tp(a/K) is thin if the transcendence degree of K(λ_η(a) : η ∈ (p^n)^{<ω}) over K is finite.

(ii) A type tp(a/K) is very thin if F = K(λ_η (a)^{p|η|} : η ∈ (p^n)^{<ω}) is finitely separably generated over K, that is there is a finite tuple c from F such that F is separably algebraic over K(c).

The above definition is formulated in terms of λ-functions and is different from the definition which is given in terms of Hasse derivations in [9]. To see that both definitions are equivalent it is enough to use a suitable Wronskian, as in Lemma 4.3 of [10].

If q = tp(a/K) we denote by trdeg(q) (the transcendence degree of q) the transcendence degree of K(λ_η (a) : η ∈ (p^n)^{<ω}) over K. Recall that U-rank of a thin type is less or equal to its transcendence degree. We do not define U-rank in general, but we give, for a non-model theorist reader, an equivalent definition of U-rank 1 types (i.e., minimal types) for types realised in L:

Definition 1.2. A type tp(a/K) is of U-rank 1 if a /∈ K and for any c ∈ L the following holds: either K(λ_η (a) : η ∈ (p^n)^{<ω}) is algebraically independent from K⟨c⟩ over K, or a ∈ K⟨c⟩.

In [9] the authors give a new proof of the Mordell-Lang conjecture in the characteristic 0 case. This proof eliminates the most complicated part of Hrushovski’s proof ([7]): Zariski geometries ([8]). In positive characteristic, Hrushovski’s proof is the only known one. Under the additional assumption that generic types of some particular type-definable groups (in a model of SCF_e) are very thin, Pillay and Ziegler are able to extend their result to the positive characteristic case (see Question 3.3). That was the motivation for the question if there exists a type which is thin but not very thin. It is easy to give an example of such a type of U-rank 2 ([9]). So in [9] the following question is formulated.

(∗) Does there exist a type of U-rank 1 which is thin but not very thin? In this paper we answer positively this question. More precisely, in Section 1, we give a construction of a thin but not very thin type of U-rank 1 and of arbitrary transcendence degree > 1, using the construction from [5]. Moreover, it turns out that our type can be chosen as the generic type of a connected type-definable subgroup of (L, +). In Section 2, we describe a simpler example of a thin but not very thin type of U-rank 1 and of transcendence degree 2.

2. The main example

To get our example we will modify the construction of a type of U-rank 1 and of arbitrary transcendence degree given by Chatzidakis and Wood in [5]. More precisely, after each step of their construction we will add a new step to make the arising type not very thin.

We recall once again that L is a large model of SCF_{e,λ} for e > 0 and K is a submodel of L. We fix an element u ∈ K \ K^p. We take the notation for λ-functions from the introduction for {b_0, . . . , b_{n−1}} = {u}. Moreover, for η ∈ p^{<ω} and a ∈ L we define a_η = λ_η (a) and a_{≤m} = (a_σ )_{σ∈p}≤m . If we have a sequence a_0, . . . , a_d of elements (or variables) of L, then a_{i,η} denotes λ_η(a_i). We will construct a type q = tp(a/K) ∈ S_1(K) satisfying our demands and such that for all n ∈ ω we have a ∈ L^{pn} [u]. So q is determined by the quantifier-free L-type over K of the infinite tuple (a_η : η ∈ p^{<ω}). The type q is called additive if a + b realise q for every realisations a and b of q such that K⟨a⟩ and K⟨b⟩ are algebraically independent over K. In [2] one can also find that q is additive iff q is a generic type of a connected type-definable subgroup of (L, +).

For a partial type p = p(x_1, . . . , x_k) over K such that for any realisation a_1, . . . , a_k in L, a_i ∈ L^{pm} [u] for 1 ≤ i ≤ k, we denote by p ↾_m the quantifier-free L-type over K in the variables (x_{1,≤m}, . . . , x_{k,≤m}) implied by p. We say that such a type p is complete up to level m if whenever a_1, . . . , a_k and b_1, . . . , b_k realise p in L, then the tuples (a_{i,≤m} : 1 ≤ i ≤ k) and (b_{i,≤m} : 1 ≤ i ≤ k) have the same quantifier-free L-type over K. If p = p ↾_m is complete up to level m, we denote by trdeg(p) the transcendence degree of K(a_{≤m}) over K for any realisation a of p and we say that p is additive if a + b realise q for every realisations a and b of q such that K(a_{≤m}) and K(b_{≤m}) are algebraically independent over K.

First, recall the following lemma ([4, Lemma 2.5]).

Lemma 2.1. If z is a tuple from L such that z ⊆ L^{pn} [u] and y is separably algebraic over K(z), then y ∈ L^{pn} [u] and y_{≤n} ⊆ K(z_{≤n}, y).

We will need the following lemma.

Lemma 2.2. Let p = p ↾_m be a 1-type over K which is complete up to level m, and assume that σ(1), . . . , σ(k) ∈ p^m are such that if a |= p, then {a_{σ(1)}, . . . , a_{σ(k)}} is a separating transcendence basis of K(a_{≤m}) over K. Let q = q ↾_n be a k-type over K which is complete up to level n and which is realizable by a k-tuple of elements algebraically independent over K. Then the partial type r(x) = p(x) ∪ q(x_{σ(1)}, . . . , x_{σ(k)}) is consistent, and

• a ∈ L^{pm+n} [u],

• trdeg(tp(a/K) ↾_{m+n}) = trdeg(q), for any realisation a of r.

Moreover, if p and q are additive, there is a realisation a of r such that tp(a/K) ↾_{m+n} is additive.

Proof. The first part of the proof is exactly the proof of Lemma [5, Lemma 3]. Let b_1, . . . , b_k ∈ L realize q. Choose a_{≤m} (in some algebraic closure of L) such that a_{σ(j)} = b_j for j = 1, . . . , k, and such that for any c realizing p the tuples a_{≤m} and c_{≤m} have the same quantifier-free L-type over K.

Then a_{≤m} is separably algebraic over K(b_1, . . . , b_k), and therefore is in L. By Lemma 2.1, it follows that a ∈ L^{pm+n} [u] and trdeg(tp(a/K) ↾_{m+n}) = trdeg(q).

Now, if p and q are additive, consider an algebraic closure L^a of L and the algebraic subgroup G of the cartesian power (L^a, +)^{×(pm+n+1−1)/(p−1)} defined by all the equations over K from r on x_{≤m+n}. Choose a_{≤m+n} realising the principal generic of G such that a_{σ(j)} = b_j for j = 1, . . . , k. Then a ∈ L and tp(a/K) ↾_{m+n} is additive. □

Remark 2.3. The type r is not necessarily complete up to level m+n. Let p(x) be defined by x = x^p_{⟨0⟩} + x^p_{⟨1⟩}u, x_{⟨0⟩} = x_{⟨1⟩} + x^p_{⟨1⟩}u and x transcendental over

K; let q(y) be defined by y = y^p_{⟨0⟩} + y^{p2}_{⟨0⟩}u and y transcendental over K. Then p = p ↾_1 and q = q ↾_1 are both complete up to level 1; if a |= p, then {a_{⟨0⟩}} is a separating transcendence basis of K(a_{≤1}) over K; but r(x) = p(x) ∪ q(x_{⟨0⟩}) is not complete up to level 2. In fact, for each α ∈ K such that α + α^pu = 0, the type r_α(x) = r(x) ∪ {x_{⟨1⟩} = x^p_{⟨0,0⟩} + α} is consistent and complete up to level 2.

Now we can prove the main theorem.

Theorem 2.4. For any d ∈ ω \ {0, 1}, there is a thin but not very thin type q ∈ S_1(K) of U-rank 1 and of transcendence degree d.

Proof. Let Y be a countable infinite tuple of variables and let X_∞ = {X_σ : σ ∈ p^{<ω}} and X_{≤n} = {X_σ : σ ∈ p^{≤n}}. Fix an enumeration f_n, n ∈ ω, of the elements of F_p[X_∞, Y ] such that f_n ∈ F_p[X_{≤n}, Y ] for every n.

We will build our type q by induction on n. More precisely, we construct types q_n = q_n ↾_{N(n)} complete up to level N(n) and satisfying:

(1) trdeg(q_n) = d and q_n extends q_{n−1}, (2) for any tuple c from L and a |= q_n, if f_{n−1}(a_{≤n−1}, c) = 0, then either the polynomial f_{n−1}(X_{≤n−1}, c) vanishes on all realizations of q_n or a ∈ K⟨c⟩, (3) there is a σ ∈ p^{N(n)} such that for any a |= q_n, the element a^{pN (n)}_σ is inseparable over K(a^{p|η|}_η : η ∈ p^{<N(n)}).

In [5] only (1) and (2) are required. Having a type q_n satisfying (1) and (2), the authors do the induction step (consisting of two non-trivial steps) to get q_{n+1}. We are not going to repeat their proof here and the reader is referred to [5, Theorem 1].

Assume we have constructed types q_0, . . . , q_{n−1} satisfying (1), (2) and (3). The construction given in [5] gives us a type q^′_n ⊃ q_{n−1}, which is complete up to some level N^′(n) and satisfies (1) and (2). We will extend this type q^′_n to a type q_n which is complete up to level N(n) = N^′(n) + 1 and satisfies (1) and (3). Since q_n ⊂ q^′_n, q_n will also satisfy (2).

Choose τ(1), . . . , τ(d) ∈ p^{N ′(n)} such that the set {a_{τ (1)}, . . . , a_{τ (d)}} is a separating transcendence basis of K(a_{≤N} ′_{(n)}) over K for a |= q^′_n.

Consider the type s = s ↾_1 in the variables x_1, . . . , x_d consisting of the following formulas (as everywhere, we evaluate the λ-functions with respect to the p-independent set {u}):

(i) x_1 = x^p_{1,⟨0⟩}, (ii) x_2 = x^p_{2,⟨0⟩} + x^p_{2,⟨1⟩}u, (iii) x_{1,⟨0⟩} = x^p_{2,⟨0⟩}, (iv) x_i = x^p_{i,⟨0⟩}, for 3 ≤ i ≤ d, (v) the elements x_{2,⟨0⟩}, x_{2,⟨1⟩}, x_{3,⟨0⟩}, . . . , x_{d,⟨0⟩} are algebraically independent over K.

Of course s is consistent, complete up to level 1 and it implies that x_1, . . . , x_d are algebraically independent over K. Hence by Lemma 2.2 we get that the type r(x) := q^′_n(x) ∪ s(x_{τ (1)}, . . . , x_{τ (d)})

is consistent, and we can take q_n = q_n ↾_{N(n)} as an arbitrary completion of r to a type complete up to level N(n) (in fact, in this particular case, we do not have to take here a completion of r, since r is already complete up to level N(n)). Since trdeg(s) = d, the type q_n satisfies (1). So to finish the construction it is enough to show the following claim.

Claim The type q_n satisfies (3).

Proof. Note that for any m and any a ∈ L^{pm} [u], one has:

K(a^{p|η|}_η : η ∈ p^{≤m}) = K(a^{pm}_η : η ∈ p^m) = K(a^{pm}_η : η ∈ p^{≤m}).

If a satisfies q_n, then {a_{τ (1)}, a_{τ (2)}, a_{τ (3)}, . . . , a_{τ (d)}} is a separating transcendence basis of K(a_η : η ∈ p^{≤N ′(n)}) over K, so that

{a^{pN ′(n)}

τ (1) , a p^{N ′(n)} τ (2) , a p^{N ′(n)} τ (3) , . . . , a p^{N ′(n)} τ (d) }

is a separating transcendence basis of K(a^{p|η|}_η : η ∈ p^{≤N ′(n)}) over K.

Now, a^{p2}_{τ (2),⟨0⟩} = a_{τ (1)}, and this implies that a^{pN ′(n)+1}_{τ (2),⟨0⟩} is purely inseparable

of degree p over K(a^{pN ′(n)}_{τ (1)} , a^{pN ′(n)}_{τ (2)} , a^{pN ′(n)}_{τ (3)} , . . . , a^{pN ′(n)}_{τ (d)} ). □

Now we define q = ⋃ n∈ω q_n.

Then one can easily check that q is of transcendence degree d by (1), has U-rank 1 by (2), and is not very thin by (3). □

Remark 2.5. If the types one starts from to do the construction of [5] are additive, then by Lemma 2.2, we can assume that the types q^′_n constructed in [5] are additive, and therefore also the types q_n constructed in Theorem 2.4. Then q is a generic type of a type definable connected subgroup of (L, +). Recall that by [2, Lemma 2.7], it is indeed possible to start from additive types in this construction.

3. A simpler example and final comments In the construction of [5], the authors use a compactness argument in order to obtain U-rank 1 types. Now, without using their construction, we give an explicit U-rank 1 type of transcendence degree 2. Moreover, by using the same idea as in the proof of Theorem 2.4, we obtain a non very thin type.

Example 3.1. We define a type q = tp(a/K) by describing the tree of the a_η’s. This tree is described by the condition that there are sequences (x_i)_{i∈ω}, (y_i)_{i∈ω} , (x^′_i)_{i∈ω}, (y^′_i)_{i∈ω}, and (z_i)_{i∈ω} such that

(i) a = x^p_0 + y^p_0 u, and for all i ∈ ω we have:

(ii)

x_i = (x^′_i^{p2·8i+1} )^p y_i = (y^′_i^{p2·8} i+1 )^p + (y^′_i^{p6·8}

i+1 +1

)^pu (iii) x^′_i = (x^{p2}_{i+1})^p + z^p_i u y^′_i = z^p_i z_i = x^p_{i+1} + y^p_{i+1}u, (iv) the elements x_i, y_i are algebraically independent over K.

Proof. The fact that q is not very thin follows from (iii) and (iv), in the same way as in Theorem 2.4. We prove that q has U-rank 1 by using (ii) and (iii).

Let a be a realisation of q in L. Note that x_i = Q_i(x_{i+1}, y_{i+1}) and y_i = R_i(x_{i+1}, y_{i+1}) where Q_i, R_i ∈ K[X, Y ], deg Q_i = p^{2·8i+1+4} and deg R_i = p^{6·8i+1+4}, for all i. By an easy induction, x_i = Q_{i,j} (x_j , y_j ) and y_i = R_{i,j} (x_j , y_j ) where Q_{i,j} , R_{i,j} ∈ K[X, Y ], deg Q_{i,j} ≤ p^{8j+1} and deg R_{i,j} ≤ p^{8j+1} , for all j > i.

Let c ∈ L be such that K(a_η : η ∈ p^{<ω}) is not algebraically independent from K^′ := K⟨c⟩ over K. Then there are i < ω and P ∈ K^′[X, Y ] \ {0} such that P (x_i, y_i) = 0. Let j > i be such that deg P ≤ p^{8j+1} and consider S(X, Y ) := P (Q_{i,j} (X, Y ), R_{i,j} (X, Y )). Then S(x_j , y_j ) = 0, S ≠ 0 and deg S ≤ p^{2·8j+1} .

Suppose that x_j and y_j are not in K^′. By using the λ-functions, y_j is separably algebraic over K^′(x_{j,≤2·8}j+1 ) since deg S ≤ p^{2·8j+1} . Now we repeat the arguments of the proof of [2, Lemma 2.7]. We have y_{j,≤1} ⊂ K^′(x_{j,≤2·8}j+1_{+1}, y_j ) from Lemma 2.1. By an easy computation, it follows that

[K^′(y_{j,≤1}) : K^′(y_j )] ≤ [K^′(x_{j,≤2·8}j+1_{+1}) : K^′(x_j )][K^′(x_j , y_j ) : K^′(y_j )]. (1)

Moreover, since x_j and y_j are transcendental over K^′, deg S ≤ p^{2·8j+1} , x_j =

x^′_j^{p2·8}

j+1 +1

, and y_j = (y^′_j^{p2·8} j+1 )^p + (y^′_j^{p2·8} j+1 ) p^{4·8j+1 +2}

u, one can deduce that [K^′(x_j , y_j ) : K^′(y_j )] ≤ p^{2·8j+1} , [K^′(x_{j,≤2·8}j+1_{+1}) : K^′(x_j )] = p^{2·8j+1+1}, and [K^′(y_{j,≤1}) : K^′(y_j )] = p^{4·8j+1+2}. This gives a contradiction with (1).

Thus x_j or y_j lies in K^′. Then x^′_j or y^′_j lies also in K^′. By (iii), if x^′_j lies in K^′, then also z_j and y^′_j ; if y^′_j lies in K^′, then also z_j , x_{j+1} and x^′_j . We conclude that x_j and y_j are in K^′, and then a ∈ K^′. □

We do not know if this example can be generalized to yield effective examples of thin types of arbitrary transcendence degree and of U-rank 1.

In the first version of this paper, we asked if there existed a type of transcendence degree 1 which is not very thin. This question has a negative answer. We include the following proof suggested by the referee. It should be noted that an independent proof of the same fact had also been communicated to us by F. Benoist ([1]).

Fact 3.2. The types of transcendence degree 1 are very thin.

Proof. Fix a p-independent tuple b = (b_0, . . . , b_{n−1}) in K. We will first prove the following claim.

Claim If a ∈ L^p[b] and K(a, λ_i(a) : i ∈ p^n) is of transcendence degree 1 over K, then K(λ_i(a)^p : i ∈ p^n) ⊂ K(a)^s (= separable closure of K(a)).

Proof. Let m ≥ 0 be minimal such that all λ_i(a)^{pm} are separably algebraic over K(a). If m = 0, then there is nothing to prove, so we will assume that m > 0. Fix i ∈ p^n such that λ_i(a)^{pm−1} is not in K(a)^s, and let f(X, Y ) be an irreducible polynomial over K such that f(λ_i(a)^{pm} , a) = 0. Since K(a, λ_i(a)^{pm−1} ) is a separable extension of K of transcendence degree 1, and by minimality of m, we have that a ∈ K(λ_i(a)^{pm} )^s, i.e., ∂f/∂Y (λ_i(a)^{pm} , Y ) ≠ 0. Let D be any derivation on K. We can extend it to L since L is a separable extension of K. Then K(λ_i(a)^{pm} ) is closed under D, so that K(λ_i(a)^{pm} )^s = K(a)^s is a differential subfield of L.

The proof of the claim will be an induction on n, and we will first do the case n = 1. Let D be a derivation on K satisfying D(b_0) = 1, and extend it to L. We write a =

∑_{p−1} j=0 λ_j (a)^pb^j_0. Then D(a) =

∑_{p−1} j=1 jλ_j (a)^pb^{j−1}_0 , . . . , D^{p−1}(a) = (p − 1)!λ_{p−1}(a)^p.

Then D(a), D^2(a), . . . , D^{p−1}(a) ∈ K(a)^s, from which one obtains successively λ_{p−1}(a)^p, λ_{p−2}(a)^p,. . . ,λ_0(a)^p ∈ K(a)^s. This gives m = 1, and finishes the proof when n = 1.

In the general case, write a =

∑_{p−1} j=0 a_j b^j_0 where each a_j ∈ L^p(b_1, . . . , b_{n−1}), and let D be a derivation on K satisfying D(b_0) = 1, D(b_j ) = 0 if j > 0. Extend D to L. Then D(a) =

∑_{p−1} j=1 ja_j b^{j−1}_0 , and as above, we get that all a_j ’s are in K(a)^s. By induction hypothesis applied to a_j ∈ L^p(b_1, . . . , b_{n−1}), we obtain that K(λ_i(a_j )^p : i ∈ p^{n−1}) ⊂ K(a_j )^s ⊂ K(a)^s, which shows that m = 1 and finishes the proof of the claim. □

Now, assume that a realises a type of transcendence degree 1 over K, and a ∈ L^{pm} [b] for every m. Then we check, by an induction on m, that λ_η(a)^{pm} ∈ K(a)^s for η ∈ (p^n)^m, i.e., tp(a/K) is very thin.

Indeed, if η ∈ (p^n)^m, then λ_η (a) ∈ L^p[b], and either K(λ_η(a), λ_i(λ_η (a)) : i ∈ p^n) is of transcendence degree 1 over K, or λ_η (a) ∈ K.

Hence, K(λ_i(λ_η (a))^p : i ∈ p^n) ⊂ K(λ_η (a))^s, so that K(λ_i(λ_η (a))^{pm+1} : i ∈ p^n) ⊂ K(λ_η(a)^{pm} )^s ⊂ K(a)^s. □

In [2] there is a description of minimal groups in separably closed fields of finite degree of imperfection. From this description we have that each minimal group G orthogonal to L^{p∞} is definably isomorphic either to a type-definable subgroup of (L, +) or to ⋂ n p^nA(L) for some abelian variety A defined over L. Example 3.1 is a thin but not very thin type of U-rank 1 which is a generic type of a type-definable subgroup of (L, +). It is reasonable to consider the second part of the above dichotomy and to ask the following question.

Question 3.3. Does there exist a semiabelian variety A defined over K such that the generic type of ⋂ n p^nA(L) is not very thin?

There is no reason to require here the type to be thin, since from [7] we know that the generic type of a group of the form ⋂ n p^nA(L) is always thin.

The importance of Question 3.3 is due to the fact that if the answer to this question was ”no”, then Pillay and Ziegler’s proof of Mordell-Lang conjecture ([9]) would work in the positive characteristic case.

References

[1] F. Benoist, Théorie des modèles des corps munis d’une dérivation de Hasse, Thèse de Doctorat, preprint 2005.

[2] E. Bouscaren, F. Delon, Minimal groups in separably closed fields, J. Symb. Logic (67), No. 1, 239–259, 2002.

[3] F. Delon, Idéaux et types sur les corps séparablement clos, Supp. au Bull. de la S.M.F., Mémoire 33, Tome 116, 1998.

[4] F. Delon, Separably closed fields, Model theory and algebraic geometry, E. Bouscaren (Ed.), Springer-Verlag, Berlin, 143–176, 1998.

[5] Z. Chatzidakis, C. Wood, Minimal types in separably closed fields, J. Symb. Logic (65), No. 3, 1443–1450, 2000.

[6] Y. Ershov, Fields with a solvable theory, Doklady, vol. 174, 19-20, 1967; English translation in Soviet Mathematics 8, 575–576, 1967.

[7] E. Hrushovski, The Mordell-Lang conjecture for function fields, Journal AMS (9), 667- 690, 1996.

[8] E. Hrushovski, B. Zilber, Zariski geometries, Journal AMS (9), 1–56, 1996. [9] A. Pillay, M. Ziegler, Jet spaces of varieties over differential and difference fields, Selecta Math. (N.S.) 9, no. 4, 579–599, 2003.

[10] M. Ziegler, Separably closed fields with Hasse derivations, J. Symb. Logic (68), 311– 318, 2003.

Institut Camille Jordan, Université Lyon 1, 69622 Villeurbanne cedex, France E-mail address: blossier@igd.univ-lyon1.fr

Mathematical Institute, University of Wrocław pl. Grunwaldzaki 2/4, 50-384, Wrocław, Poland and Mathematical Institute of the Polish Academy of Sciences E-mail address: kkrup@math.uni.wroc.pl