
Topological dynamics in model theory. List 2.

C always denotes a monster model of a complete theory.

Problem 1.

(i) For a group G de�nable in a model M prove that (G,SG(M)) is a �ow (with
the obvious action of G on SG(M) de�ned in Lecture 1).

(ii) For a partial type π(x) over ∅ prove that (Aut(C), Sπ(C)) is a �ow, where Aut(C)
is equipped with the pointwise convergence topology.

Problem 2. Prove that the relation R(x, y) on C saying that there exists a model
M ≺ C such that x ≡M y is 0-type-de�nable.

Problem 3. Let p ∈ S(∅) and let E be a bounded, invariant equivalence relation
on p(C). Prove that E is type-de�nable if and only if it has a type-de�nable class.

Problem 4. Let G be a 0-de�nable group in a model M , and let N = (M, ·, X) be
the structure obtained from M by adding an a�ne copy X of G as a new sort (as
explained in the lecture). Prove that Aut(N) = Go Aut(M).

Problem 5. Let X be a de�nable set in a model M , and let C be a compact (Haus-
dor�) space. Prove the following statements.

(i) If f : X → C is de�nable, then it extends uniquely to an M -de�nable function
f ∗ : X(C)→ C. Moreover, f ∗ is given by {f ∗(a)} =

⋂
ϕ∈tp(a/M) cl(f [ϕ(M)]).

(ii) Conversely, if f ∗ : X(C)→ C is an M -de�nable function, then f ∗|X : X → C is
de�nable.

(iii) A function f ∗ : X(C)→ C is de�nable overM if and only if there is a continuous
function h : SX(M) → C such that f ∗ = h ◦ r, where r : X(C) → SX(M) is
given by r(a) := tp(a/M).

Problem 6. Let X be a de�nable set in a model M . Prove that the map r : X →
SX(M) given by r(a) := tp(a/M) is a de�nable compacti�cation of X.

Problem 7. Let X and r be as in Problem 6. Prove that r∗ : X(C)→ SX(M) given
by r∗(a) := tp(a/M) is the unique extension of r to an M -de�nable function from
X(C) to SX(M) (see Problem 5 for uniqueness).

Problem 8. Let A ⊆ P(X) be a Boolean algebra of subsets of a set X. Let µ
be a �nitely additive measure on A. Consider any family {An}n<ω of sets from A
and ε > 0 such that µ(An) > ε for all n < ω. Prove that there exists an increasing
sequence (nk)k<ω of natural numbers such that µ(An0 ∩ · · · ∩Ank

) > 0 for all k < ω.
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