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LectureLecture 1515

�� ThreeThree--way ANOVA cellsway ANOVA cells

�� DataData

�� ModelModel

�� InferenceInference

Data for threeData for three--way ANOVAway ANOVA

�� Y, the response variableY, the response variable

�� Factor A with levels i = 1 to IFactor A with levels i = 1 to I

�� Factor B with levels j = 1 to J Factor B with levels j = 1 to J 

�� Factor C with levels k = 1 to KFactor C with levels k = 1 to K

�� YYijklijkl is the is the llthth observation in cell (i,j,k), l = observation in cell (i,j,k), l = 
1 to L 1 to L 

�� We can have unbalanced designs with  L We can have unbalanced designs with  L 
= = LLijkijk

KNNL ExampleKNNL Example

�� KNNL p 1004KNNL p 1004

�� Y is exercise tolerance, minutes until fatigue Y is exercise tolerance, minutes until fatigue 
on a bicycle test on a bicycle test 

�� A is gender, I=2 levels: male, femaleA is gender, I=2 levels: male, female

�� B is percent body fat, J=2 levels: low, highB is percent body fat, J=2 levels: low, high

�� C is smoking history, K=2 levels: light, heavyC is smoking history, K=2 levels: light, heavy

�� L=3 persons aged 25L=3 persons aged 25--35 per (i,j,k) cell35 per (i,j,k) cell

Read and check the data Read and check the data 

data a1; 
infile ‘…/CH24TA04.txt';
input extol gender fat smoke;

proc print data=a1; 
run;

Obs extol    gender    fat    smoke

1     24.1       1       1       1

2     29.2       1       1       1

3     24.6       1       1       1

4     20.0       2       1       1

5     21.9       2       1       1

6     17.6       2       1       1

7     14.6       1       2       1

8     15.3       1       2       1

9     12.3       1       2       1

10     16.1       2       2       1

11      9.3       2       2       1

12     10.8       2       2       1

13     17.6       1       1       2

. . . 

24 6.1       2       2       2

Prepare the data for a plotPrepare the data for a plot
data a1; set a1;

if (gender eq 1)*(fat eq 1)*(smoke eq 1) 
then gfs='1_Mfs';

if (gender eq 1)*(fat eq 2)*(smoke eq 1) 
then gfs='2_MFs';

if (gender eq 1)*(fat eq 1)*(smoke eq 2) 
then gfs='3_MfS';

if (gender eq 1)*(fat eq 2)*(smoke eq 2) 
then gfs='4_MFS';

if (gender eq 2)*(fat eq 1)*(smoke eq 1) 
then gfs='5_Ffs';

if (gender eq 2)*(fat eq 2)*(smoke eq 1) 
then gfs='6_FFs';

if (gender eq 2)*(fat eq 1)*(smoke eq 2) 
then gfs='7_FfS';

if (gender eq 2)*(fat eq 2)*(smoke eq 2) 
then gfs='8_FFS';

run;
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Plot the dataPlot the data

title1 'Plot of the data';
symbol1 v=circle i=none c=black;
proc gplot data=a1; 

plot extol*gfs;
run;

The plotThe plot

Find the meansFind the means

proc sort data=a1; 
by gender fat smoke;

proc means data=a1; 
output out=a2 mean=avextol;
by gender fat smoke;

Define fat*smokeDefine fat*smoke

data a2; set a2;
if (fat eq 1)*(smoke eq 1) 

then fs='1_fs';
if (fat eq 1)*(smoke eq 2) 

then fs='2_fS';
if (fat eq 2)*(smoke eq 1) 

then fs='3_Fs';
if (fat eq 2)*(smoke eq 2) 

then fs='4_FS';

Plot the meansPlot the means

proc sort data=a2; by fs;
title1 'Plot of the means';
symbol1 v='M' i=join c=black;
symbol2 v='F' i=join c=black;
proc gplot data=a2; 

plot avextol*fs=gender;
run;

Obs gen   fat    smoke   FR    avextol fs

1        1       1       1          3      25.97    1_fs
2        2       1       1          3      19.83    1_fs
3        1       1       2          3      19.87    2_fS
4        2       1       2          3      12.13    2_fS
5        1       2       1          3      14.07    3_Fs
6        2       2       1          3      12.07    3_Fs
7        1       2       2          3      16.03    4_FS
8        2       2       2          3      10.20    4_FS
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The plotThe plot Cell means modelCell means model

�� YYijklijkl = = µµijkijk + + ξξijklijkl

�� where where µµijkijk is the theoretical mean or expected is the theoretical mean or expected 

value of all observations in cell (i,j,k) value of all observations in cell (i,j,k) 

�� the the ξξijklijkl are are iidiid N(0, N(0, σσ22))

�� YYijklijkl ~ ~ N(N(µµijkijk, , σσ
22), independent), independent

EstimatesEstimates

�� Estimate Estimate µµijkijk by the mean of the by the mean of the 
observations in cell (observations in cell (i,j,ki,j,k), ), YYijkijk..

�� YYijkijk.. = (= (ΣΣll YYijklijkl)/L)/Lijkijk
�� For each (For each (i,j,ki,j,k) combination, we can get ) combination, we can get 
an estimate of the variancean estimate of the variance

�� ssijkijk
22 = (= (ΣΣ(Y(Yijklijkl-- YYijk.ijk.))

22)/(L)/(Lijkijk--1)1)

�� We need to combine these to get an We need to combine these to get an 
estimate of estimate of σσ22

Pooled estimate of Pooled estimate of σσ22

�� We pool the sWe pool the sijkijk
22, giving weights , giving weights 

proportional to the proportional to the dfdf, , LLijkijk --11

�� The pooled estimate is The pooled estimate is 

�� ss22 = (= (ΣΣ (L(Lijkijk--1)s1)sijkijk
22) / () / (ΣΣ (L(Lijkijk--1))1))

Factor effects modelFactor effects model

�� µµijkijk = = µµ + + ααii + + ββjj + + γγkk + + αβαβijij + + αγαγikik + + βγβγjkjk + + αβγαβγijkijk

�� µµ is the overall meanis the overall mean

�� ααii, , ββjj, and , and γγkk are the main effects of A, B, and C are the main effects of A, B, and C 

�� αβαβijij, , αγαγikik, and  , and  βγβγjkjk are the twoare the two--way interactionsway interactions

�� αβγαβγijkijk is the threeis the three--way interactionway interaction

�� The usual constraints applyThe usual constraints apply

AnovaAnova tabletable

�� Source of variation are the three main Source of variation are the three main 
effects, the three twoeffects, the three two--way interactions, way interactions, 
the threethe three--way interaction, and errorway interaction, and error

�� With balanced data the SS and DF add to With balanced data the SS and DF add to 
the totalthe total

�� Each effect is tested by an F statistic with Each effect is tested by an F statistic with 
MSE in the denominatorMSE in the denominator
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Run proc Run proc glmglm

proc glm data=a1;    
class gender fat smoke;
model extol=gender fat smoke 

gender*fat gender*smoke 
fat*smoke gender*fat*smoke;

means gender*fat*smoke;
run;

Model and error outputModel and error output

Source DF     MS    F      P

Model   7  84.08 9.01 0.0002

Error  16   9.33

Total  23

Factor effects outputFactor effects output

Source           DF       F P

gender           1 18.92 0.0005

fat              1 25.98 0.0001

smoke            1  7.54 0.0144

gender*fat       1  1.46 0.2441

gender*smoke     1  1.19 0.2923

fat*smoke        1  7.76 0.0132

gender*fat*smoke 1  0.20 0.6604

Analytical StrategyAnalytical Strategy

�� First examine interactionsFirst examine interactions

�� Some options when one or more interactions are Some options when one or more interactions are 
significantsignificant
�� Interpret the plot of meansInterpret the plot of means

�� Run analyses for each level of one factor, Run analyses for each level of one factor, egeg run A|B by Crun A|B by C

�� Run as a oneRun as a one--way with IJK levelsway with IJK levels

�� Define a composite factor by combining two factors, Define a composite factor by combining two factors, egeg AB AB 
with IJ levelswith IJ levels

Analytical Strategy (2)Analytical Strategy (2)

�� Some options when no interactions are Some options when no interactions are 

significantsignificant

�� Rerun without the interactionsRerun without the interactions

�� Use a multiple comparison procedure for the Use a multiple comparison procedure for the 

main effectsmain effects

Combine fat and smokeCombine fat and smoke

data a1; set a1;
if (fat eq 1)*(smoke eq 1) 

then fs='1_fs';
if (fat eq 1)*(smoke eq 2) 

then fs='2_fS';
if (fat eq 2)*(smoke eq 1) 

then fs='3_Fs';
if (fat eq 2)*(smoke eq 2) 

then fs='4_FS';
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Run Run glmglm

proc glm data=a1; 
class gender fs;
model extol=gender fs; 
means gender fs/tukey;

run;

Model and error outputModel and error output

Source DF     MS     F      P

Model   4 140.49 15.17 <.0001

Error  19   9.26

Total  23

Factor effects outputFactor effects output

Source DF  F Value    Pr > F

gender  1    19.07    0.0003

fs 3    13.87    <.0001

Means for genderMeans for gender

Mean      N    gender

A    18.983     12    1

B    13.558     12    2

TukeyTukey comparisons for comparisons for fsfs

Mean      N     fs

A    22.900      6    1_fs

B    16.000      6    2_fS

B

B    13.117      6    4_FS

B

B    13.067      6    3_Fs


