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SEMIGROUPS OF DISTRIBUTIONS WITH LINEAR JACOBI PARAMETERS

MICHAEL ANSHELEVICH AND WOJCIECH MŁOTKOWSKI

ABSTRACT. We show that a convolution semigroup{µt} of measures has Jacobi parameters linear
in the convolution parametert if and only if the measures come from the Meixner class. Moreover,
we prove the parallel result, in a more explicit way, for the free convolution and the free Meixner
class. We then construct the class of measures satisfying the same property for the two-state free
convolution. This class has not been considered explicitlybefore, but we describe its relation to the
two-state free Laha-Lukacs characterization, and to theq = 0 case of quadratic harnesses.

1. INTRODUCTION.

Any probability measureµ on the real line, all of whose moments are finite, has associated to it two
sequences of Jacobi parameters: for example,µ is the spectral measure of the tridiagonal matrix




β0 γ0 0 0
. . .

1 β1 γ1 0
. . .

0 1 β2 γ2
. . .

0 0 1 β3
. . .

. . . . . . . . . . . . . . .




.

We will denote this fact by

J(µ) =

(
β0, β1, β2, β3, . . .
γ0, γ1, γ2, γ3, . . .

)
.

These parameters are related to the moments of the measure via the Viennot-Flajolet [Fla80, Vie84]
and Accardi-Bożejko [AB98] formulas. On the other hand, inprobability theory and other appli-
cations, measures frequently come in time-dependent convolution semigroups. In general, the time
dependence of the Jacobi parameters is complicated (they are rational functions oft). However, for
the Gaussian convolution semigroup

µt(x) =
1√
2πt

e−x2/2t,

the Jacobi parameters are simply

βn(t) = 0, γn(t) = (n + 1)t,
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while for the Poisson convolution semigroup

µt(x) = e−t

∞∑

k=0

1

k!
tkδk(x),

they are
βn(t) = t + n, γn(t) = (n+ 1)t.

So it is natural to ask, what are all the measures whose Jacobiparameters are linear (in the calculus
sense, that is, affine) functions of the convolution parameter? In this paper we provide the an-
swer: such measures form precisely the Meixner class [Mei34]. Thus we add a new one to already
numerous known characterizations of this class, see for example [Mor82] for a survey.

The usual convolution operation has a number of relatives which arise in non-commutative proba-
bility theories. In many ways, these operations are more complicated than the usual convolution;
notably, the usual operation is distributive,

µ ∗ (ν1 + ν2) = µ ∗ ν1 + µ ∗ ν2
while the other ones are not. Nevertheless, in other ways they appear to be simpler. The combinato-
rial theory of such convolutions is typically based on an appropriate sequence of cumulants which
linearize it; for example, the classical cumulantsr∗n(µ) have the property that

(1) r∗n(µ ∗ ν) = r∗n(µ) + r∗n(ν).

In particular,r∗(µ∗t) = t r∗(µ): cumulants are always proportional to the convolution parameter
t. While, as pointed out above, there is a nice relation between Jacobi parameters and moments,
as well as a relation between cumulants and moments (see Section 2.3), we are not aware of a
simple relation between Jacobi parameters and cumulants. However, in [Mło09], the second author
found a formula relating Jacobi parameters andfreecumulants, which linearize thefree convolution
[NS06]. This allows us to provide a constructive proof that Jacobi parameters are linear in the free
convolution parameter if and only if the measure belongs to the free Meixner class considered in
[SY01, Ans03, BB06] and numerous other sources. We then givea simple but indirect argument
which provides the corresponding characterization for theMeixner class. Another consequence of
the analysis is that there are no measures whose Jacobi parameters are polynomial functions of the
convolution parameter of degree greater than one.

Yet another convolution operation was introduced in [BLS96] in relation to what the authors called
“conditionally free probability”, but is better called two-state free probability theory. As the name
indicates, this is a convolution operation on pairs of measures(µ̃, µ), and as such does not really
have a classical analogue. The techniques from [Mło09] allow us to find all (pairs of) measures
whose Jacobi parameters are linear with respect to this convolution. Unlike in the analysis above,
this class has not been explicitly described before. It consists of measures whose Jacobi parameters
do not depend onn for n ≥ 3. We show that, without being so identified, this class has in fact
appeared in applications: in the two-state free Poisson limit theorem, in the two-state Laha-Lukacs
characterization [BB09], and as a subclass of theq = 0 case of quadratic harnesses [BW05]. The
paper ends with an appendix showing that in the case of a two-state free convolution semigroup
(µ̃, µ)⊞ct, it suffices to only require that the Jacobi parameters ofµ̃ are polynomial int, and the
linearity of the Jacobi parameters of bothµ̃ andµ then follows automatically.

Acknowledgements. The paper was started during the 12th workshop on Non-commutative Har-
monic Analysis with Applications to Probability at the Banach center. The first author would like
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2. BACKGROUND.

2.1. Partitions. A partitionof a linearly ordered setX is a familyπ of nonempty, pairwise disjoint
subsets ofX, calledblocksof π, such that

⋃
π = X. A partition is noncrossingif whenever

x1 < x2 < x3 < x4, x1, x3 ∈ V1 ∈ π andx2, x4 ∈ V2 ∈ π thenV1 = V2. Every noncrossing
partition admits a natural partial order:U � V if there arer, s ∈ V such thatr ≤ k ≤ s holds for
everyk ∈ U. Now we can definedepthof a blockU ∈ π, namely

d(U, π) := |{V ∈ π : U � V 6= U}|.
If d(U, π) ≥ 1 then we define thederivativeof U as the unique blockU ′ ∈ π such thatU � U ′ and
d(U ′, π) = d(U, π)− 1. The derivatives of higher orders are defined by puttingV (k) :=

(
V (k−1)

)′
.

In particular, a block of a noncrossing partition withd(U, π) = 0 is calledouter, and a block with
d(U, π) ≥ 1 is calledinner. An interval partitionis a non-crossing partition with only outer blocks.
For the set{1, 2, . . . , m}, we will denote the lattice of all partitions byP(m), the lattice of all
noncrossing partitions byNC(m), and the lattice of all interval partitions byInt(m). In addition,
NC1,2(m) will stand for the class of all partitionsπ ∈ NC(m) such that|V | ≤ 2 holds for every
V ∈ π.

2.2. Jacobi parameters. Throughout the paper,µ will be a probability measure onR all of whose
moments

(2) sm :=

∫

R

xmdµ(x)

are finite. Then there is a sequence{Pm}∞m=0 of monic polynomials, withdegPm = m, which are
orthogonal with respect toµ. They satisfy a recurrence relation:P0(x) = 1 and form ≥ 0

(3) xPm(x) = Pm+1(x) + βmPm(x) + γm−1Pm−1(x),

under convention thatP−1(x) = 0, where theJacobi parameters[Chi78] satisfyβm ∈ R and
γm ≥ 0. Then we will write

J(µ) =

(
β0, β1, β2, β3, . . .
γ0, γ1, γ2, γ3, . . .

)
.

{Pm} are unique form ≤ |supp(µ)|. MoreoverN := |supp(µ)| < ∞ if and only if γN−1 = 0 and
γm > 0 for m < N − 1. In this case form ≥ N , Pm+1 are not uniquely determined and in fact
βm, γm can be chosen arbitrarily.

The Viennot-Flajolet theory [Fla80, Vie84] gives the relation between moments of a measure and its
Jacobi parameters in terms of Motzkin paths. We will use a related formula of Accardi and Bożejko
[AB98] expressing the same relation using non-crossing partitions:

(4) sm =
∑

σ∈NC1,2(m)

∏

V ∈σ
|V |=1

βd(V,σ) ·
∏

V ∈σ
|V |=2

γd(V,σ).

This formula should be compared with the formula (6) below.
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2.3. Cumulants and convolutions. The classical cumulantsr∗n(µ) [Shi96], free cumulants

rn(µ) = r⊞n (µ)

[Spe90, Spe94, NS06], Boolean cumulantsr⊎n(µ) [SW97], and two-state free cumulants

Rn(µ̃, µ) = r⊞c

n (µ̃, µ)

[BLS96] are defined via the following moment-cumulant formulas, which express them implicitly
in terms of the momentssm(µ):

(5) sm =
∑

π∈P(m)

∏

V ∈π

r∗|V |

(6) sm =
∑

π∈NC(m)

∏

V ∈π

r|V |,

(7) sm =
∑

π∈Int(m)

∏

V ∈π

r⊎|V |,

and

(8) sm(µ̃) =
∑

π∈NC(m)

∏

V ∈Out(π)

R|V |(µ̃, µ)
∏

U∈Inn(π)

r|U |(µ).

Now using cumulants, we can define in a uniform way the classical convolution∗, the free convo-
lution ⊞, the Boolean convolution⊎, and the two-state free convolution⊞c via equation (1) and
its analogs. Note that the classical convolution defined in this way does coincide with the more
familiar formula

(µ ∗ ν)(A) =
∫
µ(A− x) dν(x),

but there are no such explicit formulas for the other operations. Instead, each of them is related to
an appropriate notion of independence, see the references above.

For any of the convolution operations, for example for∗, aconvolution semigroupgenerated byµ
is a family of measures{µt} such thatµ1 = µ andµt ∗ µs = µt+s. A priori, our semigroups will be
indexed byt ∈ N. For free convolution⊞ and two-state free convolution, one can always extend
the semigroup tot ∈ [1,∞). For the Boolean convolution⊎, or for any of our convolutions ifµ is
infinitely divisible in the appropriate sense, one has a fullconvolution semigroup fort ∈ [0,∞).

2.4. Generating functions. It is frequently more convenient to work with generating functions
instead of moments and cumulants. For example, the Fourier transform

F(z) =

∞∑

m=0

1

m!
sm(µ)(iz)

m

is the exponential moment generating function ofµ, and

logF(z) =
∞∑

m=1

zm

m!
r∗m(µ)
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is its (classical) cumulant generating function. The ordinary moment generating function ofµ is

Mµ(z) =

∞∑

k=1

skz
k,

and the cumulant generating functions for the other cumulant sequences are denoted by

Rµ(z) =

∞∑

k=1

rkz
k

(R-transform, the free cumulant generating function),

ηµ(z) =

∞∑

k=1

r⊎k z
k

(eta-transform, the Boolean cumulant generating function), and

Rµ̃,µ(z) =

∞∑

k=1

Rk(µ̃, µ)z
k

(the two-state free cumulant generating function). The combinatorial relations (6), (7), (8) translate
into the relations between generating functions:

(9) Mµ(z) = Rµ((1 +Mµ(z))z),

(10) 1 +Mµ(z) = (1− ηµ(z))−1,

and

(11) ηµ̃(z) = (1 +Mµ(z))−1Rµ̃,µ((1 +Mµ(z))z).

We will also use the following notations.B is the Boolean-to-free Bercovici-Pata bijection defined
in [BN08]; it is determined by

ηµ(z) = RB[µ](z).

Φ is the Jacobi shift, considered for example in [BN09], determined by

ηΦ[µ](z) = z2(1 +Mµ(z)).

The name comes from the observation that

J(Φ(µ)) =

(
0, β0(µ), β1(µ), β2(µ), . . .
1, γ0(µ), γ1(µ), γ2(µ), . . .

)
.

Finally, the two-variable mapΦ from [Ans09b] is determined by

ηΦ[ω,µ](z) = (1 +Mµ(z))−1Rω
(
(1 +Mµ(z))z

)

and corresponds toRµ̃,µ = Rω.
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2.5. Free Meixner distributions. The free Meixner distributionsµb,c with mean zero, variance
one, and parametersb ∈ R, c ≥ −1 are probability measures with

J(µb,c) =

(
0, b, b, b, . . .
1, 1 + c, 1 + c, 1 + c, . . .

)
.

The general free Meixner distributions are affine transformations of these. More explicitly, the
distribution with parametersb, c is

1

2π
·

√(
4(1 + c)− (x− b)2

)

+

1 + bx+ cx2
dx+ 0, 1, or 2 atoms,

see [SY01, Ans03, BB06]. There are numerous characterizations of this class in free probability.

3. THE FREE CONVOLUTION.

Formulas (4) and (6) relate moments of a measure to its Jacobiparameters, resp. free cumulants. It
is also possible to find a direct relation between free cumulants and Jacobi parameters, see [Mło09].
For this purpose we will need some additional notions.

A labellingof a noncrossing partitionσ is a functionκ onσ such that for anyV ∈ σ we haveκ(V ) ∈
{0, 1, . . . , d(V, σ)}. For a labellingκ of a noncrossing partitionσ we denote byR(σ, κ) the smallest
equivalence relation onσ containing all the pairs

(
V (i), V (j)

)
with V ∈ σ, 0 ≤ i, j ≤ κ(V ). By

NCL1
1,2(m) (not to be confused with non-crossing linked partitions introduced by Dykema [Dyk07])

we will denote the family of all pairs(σ, κ) such thatσ ∈ NC1,2(m), κ is a labelling ofσ and
R(σ, κ) = σ × σ. In particular,σ has only one outer block. Then, in view of [Mło09], we have the
following relation between free cumulants and the Jacobi parameters:

(12) rm =
∑

(σ,κ)∈NCL1
1,2(m)

∏

V ∈σ

w(V, κ(V )),

where

(13) w(V, k) :=

{
βk − βk−1 if |V | = 1,
γk − γk−1 if |V | = 2,

under convention thatβ−1 = γ−1 = 0. In particular,

r1 = β0,(14)

r2 = γ0,(15)

r3 = γ0(β1 − β0),(16)

r4 = γ0
[
(β1 − β0)

2 + (γ1 − γ0)
]
,(17)

r5 = γ0
[
(β1 − β0)

3 + 3(γ1 − γ0)(β1 − β0) + γ1(β2 − β1)
]
,(18)

r6 = γ0
[
(β1 − β0)

4 + 6(γ1 − γ0)(β1 − β0)
2 + 4γ1(β2 − β1)(β1 − β0)

+ γ1(β2 − β1)
2 + 2(γ1 − γ0)

2 + γ1(γ2 − γ1)
]
.(19)

Theorem 1. Assume that the measureµ, with

J(µ) =

(
β0, β1, β2, β3, . . .
γ0, γ1, γ2, γ3, . . .

)
,
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is such that for the free powers

J(µ⊞t) =

(
β0(t), β1(t), β2(t), β3(t), . . .
γ0(t), γ1(t), γ2(t), γ3(t), . . .

)
,

t ≥ 1, all the parametersβm(t), γm(t) are polynomials ont. Thenβ1 = β2 = β3 = . . . and
γ1 = γ2 = γ3 = . . . , so thatµ is a free Meixner distribution. If this holds then, puttingb := β1−β0,
c := γ1 − γ0 we have

J(µ⊞t) =

(
β0t, b+ β0t, b+ β0t, b+ β0t, . . .
γ0t, c+ γ0t, c+ γ0t, c+ γ0t, . . .

)
.

In particular,µ is ⊞-infinitely divisible if and only ifc ≥ 0. Then

Rµ(z) = β0z + γ0z
2

∫

R

dρ(x)

1− zx
,

where

(20) J(ρ) =

(
b, b, b, b, . . .
c, c, c, c, . . .

)
,

so thatρ is a semicircular distribution.

Proof. Putting in formulas (12)–(19)rmt, βm(t), γm(t),wt instead ofrm, βm, γm andw respectively
we see that

β0(t) = β0t, γ0(t) = γ0t.

Then, from (16) we getr3t = γ0t(β1(t)− β0t) which yields

β1(t) = β1 − β0 + β0t.

Similarly, from (17) we get

γ1(t) = γ1 − γ0 + γ0t.

Now we claim thatβk(t) = β1 − β0 + β0t andγk(t) = γ1 − γ0 + γ0t for all k ≥ 1. Fix d ≥ 2 and
assume that this holds for all1 ≤ k < d. Then for a blockV , with 1 ≤ |V | ≤ 2 and for1 < k < d
we havewt(V, k) = 0. Now we consider formula (12) forr2d+1t.

Put

σ1 :=
{
{1, 2d+ 1}, {2, 2d}, {3, 2d− 1}, . . . , {d, d+ 2}, {d+ 1}

}
,

K1 := {κ : (σ1, κ) ∈ NCL1
1,2(2d+ 1), κ({d+ 1}) = d}.

Note that if(σ, κ) ∈ NCL1
1,2(2d+1) \ ({σ1}×K1), and

∏
V ∈σ wt(V, κ(V )) 6= 0 thenκ(V ) = 1 for

all V ∈ σ \
{
{1, 2d+ 1}

}
and then

∏

V ∈σ

wt(V, κ(V )) = γ0t
∏

V ∈σ
|V |=1

(β1 − β0)×
∏

V ∈σ, |V |=2,
V 6={1,2d+1}

(γ1 − γ0).
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Now we observe that if
∏

V ∈σ wt(σ1, κ(V )) 6= 0, κ ∈ K1, thenκ(V ) ∈ {0, 1} for all inner blocks
V ∈ σ, V 6= {d+ 1}. Therefore

∑

κ∈K1

∏

V ∈σ1

wt(V, κ)

= γ0t
(
βd(t)− βd−1(t)

) d−1∏

k=1

1∑

i=0

(γi(t)− γi−1(t))

= γ0t
(
βd(t)− βd−1(t)

)
γ1(t)

d−1,

which is a polynomial of degree at leastd ≥ 2, unlessβd(t) = βd−1(t) = β1 − β0 + β0t.

Now we consider the formula forr2d+2t. Put

σ2 :=
{
{1, 2d+ 2}, {2, 2d+ 1}, . . . , {d+ 1, d+ 2}

}
,

K2 := {κ : (σ2, κ) ∈ NCL1
1,2(2d+ 2), κ({d+ 1, d+ 2}) = d}.

Similarly as before we conclude that for(σ, κ) ∈ NCL1
1,2(2d+2) \ ({σ2}×K2) we haveκ(V ) = 1

for all V ∈ σ \
{
{1, 2d+ 2}

}
and then, using the previous step,

∏

V ∈σ

wt(V, κ(V )) = γ0t
∏

V ∈σ
|V |=1

(β1 − β0)×
∏

V ∈σ, |V |=2,
V 6={1,2d+2}

(γ1 − γ0).

Now we observe that ifwt(σ2, κ) 6= 0, κ ∈ K2, thenκ(V ) ∈ {0, 1} for all inner blocksV ∈ σ,
V 6= {d+ 1, d+ 2}. Therefore

∑

κ∈K2

∏

V ∈σ2

wt(V, κ)

= γ0t
(
γd(t)− γd−1(t)

) d−1∏

k=1

1∑

i=0

(γi(t)− γi−1(t))

= γ0t
(
γd(t)− γd−1(t)

)
γ1(t)

d−1,

which is again a polynomial of degree at leastd ≥ 2, unlessγd(t) = γd−1(t) = γ1 − γ0 + γ0t.

Put b := β1 − β0, c := γ1 − γ0. As we have already noticed, if(σ, κ) ∈ NCL1
1,2(m), V ∈ σ and

w(V, κ(V )) 6= 0 then eitherV is the outer block of sigma (soκ(V ) = 0) or κ(V ) = 1. Therefore
for m ≥ 0 we can write

rm+2 = γ0
∑

σ∈NC1,2(m)

∏

V ∈σ
|V |=1

b ·
∏

V ∈σ
|V |=2

c

Therefore, ifc ≥ 0, then{rm+2/γ0}∞m=0 is the moment sequence of the measureρ satisfying (20)
(c.f. [SY01]). �

4. THE CLASSICAL CONVOLUTION.

In [HS09], the authors define cumulants{r⋆n} for an abstract convolution operation⋆ via the fol-
lowing three properties. All convolutions and cumulants considered in this paper satisfy them.

(a) r⋆n(µ
⋆t) = t r⋆n(µ), wheret ∈ N.

(b) r⋆n(Dλµ) = λnr⋆n(µ), where(Dλµ)(A) = µ(λ−1A).
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(c) For anyn, there is a polynomialQn in n− 1 variables such that

sn(µ) = r⋆n(µ) +Qn(r
⋆
1(µ), . . . , r

⋆
n−1(µ)).

Lemma 2. Suppose measures{µt} form a convolution semigroup, with corresponding cumulants
{r⋆k(t)} satisfying axioms above. Suppose moreover that the Jacobi parameters of{µt} are linear
in the convolution parametert. Then

β0(t) = β0t, β1(t) = α1β0t+ b1,

γ0(t) = γ0t, γ1(t) = (α2b1β0 + α3γ0)t+ c2

for someβ0, b1 ∈ R, γ0, c2 ≥ 0 andα1, α2, α3. Also, the cumulants are expressed in terms of the
same parameters as

r⋆1 = β0, r⋆3 = γ0b1,

r⋆2 = γ0, r⋆4 = γ0(c2 + b21),

and the moment-cumulant formulas are

s1 = r⋆1,

s2 = r⋆2 + (r⋆1)
2,

s3 = r⋆3 + (2 + α1)r
⋆
2r

⋆
1 + (r⋆1)

3,

s4 = r⋆4 + (2 + 2α1 + α2)r
⋆
3r

⋆
1 + (1 + α3)(r

⋆
2)

2 + (3 + 2α1 + α2
1)r

⋆
2(r

⋆
1)

2 + (r⋆1)
4.

The proof is easy and is left to the interested reader.

Proposition 3. In the setting of the preceding lemma, suppose we have another family
{
µM
t

}
of the

same type, withβ0(t) = β0t = βM
0 t, γ0(t) = γ0t = γM0 t, β1(t) = βM

1 (t), γ1(t) = γM1 (t). Suppose
also thatγ1(t) varies witht. Thenµt andµM

t have the same moments.

Proof. We will prove by induction onn that the rest of the Jacobi parameters of the measureµt are
the same as forµM

t . Suppose this is true up ton− 1. Then using formula (4),

s2n+1(µt) = s2n+1(µ
M
t ) + (βn(µt)− βn(µ

M
t ))γn−1(t) . . . γ1(t)γ0(t),

so if
sk = r⋆k +Qk(r

⋆
1, r

⋆
2, . . . , r

⋆
k−1),

then
r⋆2n+1(µt) = r⋆2n+1(µ

M
t ) + (βn(µt)− βn(µ

M
t ))γn−1(t) . . . γ1(t)γ0(t).

By assumption,γ0(t) = γ0t andγ1(t) has degree at least one int, while the otherγi(t) are polyno-
mial in t, from which it follows thatβn(µt) = βn(µ

M
t ) = βn(t).

Similarly, from

s2n+2(µt) = s2n+2(µ
M
t ) + (γn(µt)− γn(µ

M
t ))γn−1(t) . . . γ1(t)γ0(t),

it follows thatγn(µt) = γn(µ
M
t ) = γn(t). �

Corollary 4. The Meixner distributions are the only convolution semigroups whose Jacobi param-
eters are linear in the convolution parameter.
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Proof. For the usual cumulants,α1 = 1, α2 = 0, α3 = 2, soβ1(t) = β0t+ b, andγ1(t) = 2γ0t+2c
is not constant. The Meixner distribution with these initial values of the Jacobi parameters has

J(µ∗t) =

(
β0t, β0t + b, β0t+ 2b, β0t+ 3b, . . .
γ0t, 2(γ0t + c), 3(γ0t + 2c), 4(γ0t + 3c), . . .

)

for β0, b, c ∈ R, γ0 > 0, t ∈ (−c/γ0)N if c < 0 and t ≥ 0 otherwise. See [Sch00] for more
details. �

Example 1. For the free cumulants,α1 = 1,α2 = 0, α3 = 1, soβ1(t) = β0t+b, andγ1(t) = γ0t+c
is not constant. Therefore we re-prove our result that the free Meixner distributions are the only
free convolution semigroups whose Jacobi parameters are linear in the convolution parameter.

Example 2. For the Boolean cumulants,α1 = α2 = α3 = 0, so thatγ1(t) = c2 is independent oft.
Therefore Proposition 3 does not apply. In fact, for any Boolean convolution semigroup, the Jacobi
parameters are

J(µ⊎t) =

(
β0t, β1, β2, . . .
γ0t, γ1, γ2, . . .

)
,

see [BW01] and [Ans09a].

Example 3. For the monotone cumulants [Mur97, HS09],α1 = 1
2
, α2 = 0, α3 = 1

2
. So Proposi-

tion 3 applies. However, we do not know what the “monotone Meixner” distributions should be. In
fact, in this case it is not clear if we have a4-parameter family of distributions with linear Jacobi
parameters; for example, this condition implies that the meanβ0 = 0.

5. THE TWO-STATE FREE CONVOLUTION.

Recall from Section 2.1 that a blockU ∈ π ∈ NC(X) will be calledouter(resp.inner) if d(U, π) =
0 (resp.d(U, π) > 0). The family of all outer (resp. inner) blocks ofπ will be denoted byOut(π)
(resp.Inn(π)).

Suppose we have an additional measureµ̃, with moments̃sm and Jacobi parametersγ̃m, β̃m. Recall
from Section 2.3 that theconditionally free cumulantsRm = Rm(µ̃, µ) of the pair(µ̃, µ) are defined
by

(21) s̃m =
∑

π∈NC(m)

∏

U∈Out(π)

R|U |(µ̃, µ)
∏

U∈Inn(π)

r|U |(µ),

whererm(µ) are the free cumulants ofµ. We also definedRµ̃,µ(z) :=
∑∞

m=1Rm(µ̃, µ)z
m.

Forσ ∈ NC1,2(X) andV ∈ σ, with labelk, we define

(22) w̃(V, k, σ) :=





β̃k − βk−1 if |V | = 1 andk = d(V, σ),
βk − βk−1 if |V | = 1 andk < d(V, σ),
γ̃k − γk−1 if |V | = 2 andk = d(V, σ),
γk − γk−1 if |V | = 2 andk < d(V, σ),

keeping our convention thatβ−1 = γ−1 = 0. For(σ, κ) ∈ NCL1,2(X) we put

(23) w̃(σ, κ) :=
∏

V ∈σ

w̃(V, κ(V ), σ).
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Then, in view of [Mło09], for everym ≥ 1 we have

(24) Rm(µ̃, µ) =
∑

(σ,κ)∈NCL1
1,2(m)

w̃(σ, κ).

For example:

R1 = β̃0,(25)

R2 = γ̃0,(26)

R3 = γ̃0
(
β̃1 − β0

)
,(27)

R4 = γ̃0
[(
β̃1 − β0

)2
+
(
γ̃1 − γ0

)]
,(28)

R5 = γ̃0
[(
β̃1 − β0

)3
+ 2

(
γ̃1 − γ0

)(
β̃1 − β0

)
+
(
γ̃1 − γ0

)(
β1 − β0

)

+ γ̃1
(
β̃2 − β1

)]
,(29)

R6 = γ̃0
[(
β̃1 − β0

)4
+ 3

(
γ̃1 − γ0

)(
β̃1 − β0

)2
+ 2

(
γ̃1 − γ0

)(
β̃1 − β0

)(
β1 − β0

)

+
(
γ̃1 − γ0

)(
β1 − β0

)2
+ 2γ̃1

(
β̃2 − β1

)(
β̃1 − β0

)
+ 2γ̃1

(
β̃2 − β1

)(
β1 − β0

)

+ γ̃1
(
β̃2 − β1

)2
+
(
γ̃1 − γ0

)2
+
(
γ̃1 − γ0

)(
γ1 − γ0

)
+ γ̃1

(
γ̃2 − γ1

)]
.(30)

The conditionally free power of a pair of measures:(µ̃, µ)⊞ct = (µ̃t, µt) is defined by:µt = µ⊞t

andRm(µ̃t, µt) = t ·Rm(µ̃, µ).

Theorem 5. Assume that the pair of measures(µ̃, µ), with Jacobi parameters̃βm, γ̃m andβm, γm
respectively, is such that for the conditionally free powers(µ̃t, µt) := (µ̃, µ)⊞ct, t ≥ 1, all the Jacobi
parameters of̃µt andµt are polynomials ont. Then

β1 = β̃2 = β2 = β̃3 = β3 = β̃4 = . . . ,

γ1 = γ̃2 = γ2 = γ̃3 = γ3 = γ̃4 = . . . ,

so thatµ̃ is a general distribution whose Jacobi parameters do not depend onn for n ≥ 3, andµ is
the corresponding free Meixner distribution. If these holdthen, putting̃b = β̃1 − β0, b = β1 − β0,
c̃ = γ̃1 − γ0, c = γ1 − γ0 we have

(31) J(µ̃t) =

(
β̃0t, b̃+ β0t, b+ β0t, b+ β0t, . . .
γ̃0t, c̃+ γ0t, c+ γ0t, c+ γ0t, . . .

)

and

(32) J(µt) =

(
β0t, b+ β0t, b+ β0t, b+ β0t, . . .
γ0t, c+ γ0t, c+ γ0t, c+ γ0t, . . .

)
.

In particular, the pair(µ̃, µ) is ⊞c-infinitely divisible if and only ifc ≥ 0 and c̃ ≥ 0. Then

Rµ̃,µ(z) = β̃0z + γ̃0z
2

∫

R

dρ̃(x)

1− xz
,

whereρ̃ is the free Meixner probability measure which satisfies

(33) J(ρ̃) =

(
b̃, b, b, b, . . .
c̃, c, c, c, . . .

)
.
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The proof is similar to that of Theorem 1. Theorem 5 actually holds under weaker assumptions, i.e.
without assuming that the Jacobi parameters ofµt are polynomials ont. See the Appendix for the
proof.

Theorem 6. Assume that the pair of measures(µ̃, µ), with Jacobi parameters̃βm, γ̃m andβm, γm
respectively, is such that for the conditionally free powers(µ̃t, µt) := (µ̃, µ)⊞ct, t ≥ 1, all the Jacobi
parameters of̃µt are polynomials ont. Then conclusions(31)and (32)hold.

Remark 1. An explicit formula forµ̃t can be obtained from the continued fraction expansion of its
Cauchy transform:

Gµ̃t
(z) =

1

z − β̃0t−
γ̃0t

z − β0t− b̃− (γ0t+ c̃)Gσt
(z)

,

whereσt is the semicircular distribution with meanβ0t+ b and varianceγ0t+ c. The corresponding
measure belongs to the Bernstein-Szegő class, and has the form

µ̃t =

√
4(γ0t+ c)− (x− β0t− b)2

cubic polynomial
dx+ at most3 atoms.

Proposition 7. Let ρ̃ be a probability measure,a, c ∈ R, b ≥ 0, d ≥ 0. Defineµ andω via

B[ρ̃] = µ⊞b
⊞ δa

and

ω = B[Φ[ρ̃]]⊞d
⊞ δc.

Denoteωt = ω⊞t, µt = µ⊞t, and define

µ̃t = Φ[ωt, µt],

so thatRµ̃t,µt = Rωt and the pairs{(µ̃t, µt)} form a two-state free convolution semigroup.

Suppose that

J(µt) =

(
β0(t), β1(t), β2(t), . . .
γ0(t), γ1(t), γ2(t), . . .

)
.

Then

Rµ̃,µ(z) = Rω(z) = cz +
dz2

1− az − bRµ(z)

and

J(µ̃t) =

(
ct, a +

(
1 + b

t

)
β0(t), β1(t), β2(t), . . .

dt,
(
1 + b

t

)
γ0(t), γ1(t), γ2(t), . . .

)
.

Proof. Using definitions ofω,B,Φ, η, µ in succession, we transform

Rω(z) = cz + dRB[Φ[ρ̃]](z) = cz + dηΦ[ρ̃](z) = cz + dz2(1 +M ρ̃(z))

= cz +
dz2

1− ηρ̃(z)
= cz +

dz2

1− RB[ρ̃](z)
= cz +

dz2

1− az − bRµ(z)
.
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Therefore by definition of̃µt andΦ[·, ·],

ηµ̃t(z) = t(1 +Mµt(z))−1Rω
(
(1 +Mµt(z))z

)

= ctz +
dtz2(1 +Mµt(z))

1− a((1 +Mµt(z))z) − b
t
Rµt

(
(1 +Mµt(z))z

)

= ctz +
dtz2(1 +Mµt(z))

1− a((1 +Mµt(z))z) − b
t
Mµt(z)

= ctz +
dtz2

1− az −
(
1 + b

t

)
ηµ(z)

.

So writing

ηµ(z) = β0(t)z + γ0(t)z
2F,

we get

ηµ̃t(z) = ctz +
dtz2

1− az −
(
1 + b

t

)
(β0(t)z + γ0(t)z2F )

= ctz +
dtz2

1−
(
a+

(
1 + b

t

)
β0(t)

)
z −

(
1 + b

t

)
γ0(t)z2F

.

The conclusion follows. �

Corollary 8. Letµ be a free Meixner distribution,

µ = µ⊞γ0
b,c ⊞ δβ0

and

J(µ) =

(
β0, β0 + b, β0 + b, . . .
γ0, γ0 + c, γ0 + c, . . .

)
.

(a) µt has the Jacobi parameters in equation(32).
(b) If c ≥ 0 and c̃ ≥ 0, then

ρ̃ = µ⊎c̃
b,c−1 ⊎ δb̃

is a free Meixner distribution with

J(ρ̃) =

(
b̃, b, b, . . .
c̃, c, c, . . .

)
.

For

B[ρ̃] = µ⊞(c̃/γ0) ⊞ δ(̃bγ0−β0c̃)/γ0
, ω = B[Φ[ρ̃]]⊞γ̃0 ⊞ δβ̃0

, µ̃t = Φ[ωt, µt],

ω is freely infinitely divisible, and̃µt has the Jacobi parameters in equation(31).

In the case thatc or c̃ are negative, note that the operations⊞,B,Φ can be defined purely
combinatorially (in terms of moments), so they are well-defined operations on (not neces-
sarily positive) functionals, in which caseB is even a bijection. So the construction remains
valid, as long asµt, µ̃t themselves are positive.
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(c) If b̃ = b and c̃ = c, so thatρ̃ is a semicircular distribution, then

ω = µ⊞γ̃0
b,c ⊞ δβ̃0

and

J(µ̃t) =

(
β̃0t, β0t+ b, β0t + b, . . .
γ̃0t, γ0t + c, γ0t+ c, . . .

)

so thatω, µ̃t are also free Meixner distributions.

Free Meixner distributions arise in many situations. A number of appearances of distributions
with Jacobi parameters constant after step3 are described below. Other places where they were
encountered include Theorems 11 and 12 of [KW05], examples in [Len07], as well as [HM07,
HM08] and [HKM09].

5.1. Limit theorems.
(a) In the two-state free central limit theorem, one gets pairs of distributions(µ̃, µ) such that

Rµ(z) = uz2, Rµ̃,µ(z) = vz2.

Thusµ = µ⊞u
0,0 andω = µ⊞v

0,0 are semicircular distributions. In this case

b̃ = b = 0, c̃ = c = 0, β̃0 = β0 = 0, γ̃0 = v, γ0 = u.

Thereforẽρ = δ0 and
µ̃ = µ⊞v

0,u−v

with

J(µ̃) =

(
0, 0, 0 . . .
v, u, u, . . .

)

is a symmetric free Meixner distribution.
(b) In the (centered) two-state free Poisson limit theorem,one gets pairs of distributions(µ̃, µ)

such that

Rµ(z) =
uz2

1− pz
, Rµ̃,µ(z) =

vz2

1− rz
,

Thusµ = µ⊞u
p,0 andω = µ⊞v

r,0 are free Poisson distributions. Assuming thatp = r, in this case

b̃ = b = p, c̃ = c = 0, β̃0 = β0 = 0, γ̃0 = v, γ0 = u.

Therefore
ρ̃ = δp

with

J(ρ̃) =

(
p, p, p, . . .
0, 0, 0, . . .

)

and
µ̃ = µ⊞v

p,u−v

with

J(µ̃) =

(
0, p, p, . . .
v, u, u, . . .

)

is a free Meixner distribution.
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(c) If p 6= r, then

b̃ = r, b = p, c̃ = c = 0, β̃0 = β0 = 0, γ̃0 = v, γ0 = u.

In this casẽρ = δr still, but now we identify

J(ρ̃) =

(
r, p, p, . . .
0, 0, 0, . . .

)

and not with a degenerate semicircular distribution. Finally,

J(µ̃) =

(
0, r, p, p, . . .
v, u, u, u, . . .

)

has Jacobi parameters constant after step3.

5.2. Laha-Lukacs characterization. A classical paper [LL60] characterizes Meixner distribu-
tions in terms of certain conditional expectations. In [BB06], the authors obtained a similar charac-
terization of free Meixner distributions. The following istheir result for the two-state free indepen-
dence. Recall that the distribution of an operatorX with respect to a stateϕ is the measureµ such
that for alln,

ϕ[Xn] = sn(µ) =

∫

R

xn dµ(x).

Also, one says thatX,Y are(ϕ|ψ)-free if all their mixed two-state free cumulants are zero. See the
paper quoted below for the rest of the terminology.

Theorem (Theorem 2.1 in [BB09]). SupposeX,Y are self-adjoint(ϕ|ψ)-free and

ϕ[Xn] = ϕ[Yn], ψ[Xn] = ψ[Yn]

for all n. Furthermore, assume thatϕ[X] = 0, ϕ[X2] = 1. (This can always be achieved by a shift
and dilation, as long asϕ[X2] 6= 0.) Let S = X + Y and suppose that there area, C ∈ R and
b > −2 such that

(34) ϕ[(X− Y)2Sn] = Cϕ[(4I+ 2aS+ bS2)Sn], n = 0, 1, 2 . . . .

Then theϕ andψ-moment generating functions

MS(z) :=

∞∑

k=1

zkϕ[Sk] andmS(z) :=

∞∑

k=1

zkψ[Sk],

which are defined as formal power series, are related as follows:

(35) 1 +MS(z) =
2 + b− (2az + b)(1 +mS(z))

2 + b− (4z2 + 2az + b)(1 +mS(z))
.

Bożejko and Bryc described the corresponding distributions more explicitly in particular cases cor-
responding to the Gaussian and Poisson regressions. We now provide a complete description. Recall
that ifϕ = ψ, then theψ-distributions ofX,Y, S are free Meixner distributions.

Proposition 9. Denote bỹµS, µS the distributions ofS with respect toϕ, ψ, respectively, and by
µ̃, µ the corresponding distributions ofX. Then

µ̃ = Φ[µ
⊎(1+b/2)
S

⊎ δa]
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and

J(µ̃) =

(
0, a+ (1 + b/2)β0(µS), β1(µS), . . .
1, (1 + b/2)γ0(µS), γ1(µS), . . .

)
.

If moreoverµ = µ⊞d
u,v ⊞ δc is a free Meixner distribution, then

J(µ̃) =

(
0, a + (2 + b)c, 2c+ u, 2c+ u, . . .
1, (2 + b)d, 2d+ v, 2d+ v, . . .

)
.

In particular, if (34)also holds withψ in place ofϕ, for the samea, b, thenµ = µ⊞d
a,b ⊞ δc and

J(µ̃) =

(
0, (a+ 2c) + bc, (a+ 2c), (a+ 2c), . . .
1, 2d+ bd, 2d+ b, 2d+ b, . . .

)
,

so thatµ̃ is a general (up to normalization) distribution with Jacobiparameters constant after step
3.

Proof. From equation (35),

ηµ̃S = − 4z2

b+ 2az − (2 + b) (MµS)−1 ,

so forX,

ηµ̃ = − 2z2

b+ 2az − (2 + b) (MµS)−1

= − 2z2

b+ 2az − (2 + b)(1− ηµS)

= − 2z2

−2 + 2az + (2 + b)ηµS

=
z2

1− az − (1 + b/2)ηµS

Comparing with the general formula in Proposition 7, we conclude thatω = Φ[ρ̃], B[ρ̃] = µ⊞(b/2)
⊞

δa, and in terms of the Jacobi parameters ofµS,

J(µ̃) =

(
0, a + (1 + b/2)β0, β1, β2, . . .
1, (1 + b/2)γ0, γ1, γ2, . . .

)
,

so that
µ̃ = Φ[µ

⊎(1+b/2)
S

⊎ δa].

If X has, with respect toψ, a free Meixner distributionµ = µ⊞d
u,v ⊞ δc, then

µS = µ⊞2d
u,v ⊞ δ2c = µ⊎2d

2c+u,2d+v−1 ⊎ δ2c
and

ηµS = 2cz + 2dηµ2c+u,2d+v−1 = 2xz + 2dηB2c,2d−1[µu,v].

So

ηµ̃ =
z2

1− az − (1 + b/2)(2cz + 2dηµ2c+u,2d+v−1)
=

z2

1− (a+ (2 + b)c)z − (2 + b)dηµ2c+u,2d+v−1
,
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and

J(µ̃) =

(
0, a + (2 + b)c, 2c+ u, 2c+ u, . . .
1, (2 + b)d, 2d+ v, 2d+ v, . . .

)
.

The last conclusion follows. �

5.3. Free quadratic harnesses. In a series of papers starting with [BW05], Bryc and Wesołowski
(along with Matysiak and Szabłowski) have investigated quadratic harnesses. These are square-
integrable processes(Xt)t≥0, with normalizationE[Xt] = 0, E[XtXs] = min(t, s), such that
E[Xt|Fs,u] is a linear function ofXs, Xu andVar[Xt|Fs,u] is a quadratic function ofXs, Xu. Here
Fs,u is the two-sidedσ-field generated by{Xr : r ∈ [0, s] ∪ [u,∞)}. Then

E[Xt|Fs,u] =
u− t

u− s
Xs +

t− s

u− s
Xu

and under certain technical assumptions (see [BMW07]),

Var[Xt|Fs,u] =
(u− t)(t− s)

u(1 + σs) + τ − γs

(
1 + σ

(uXs − sXu)
2

(u− s)2
+ τ

(Xu −Xs)
2

(u− s)2

+ η
uXs − sXu

u− s
+ θ

Xu −Xs

u− s
− (1− γ)

(Xu −Xs)(uXs − sXu)

(u− s)2

)
.

The authors proved the existence of such processes for a large range of parametersσ, τ, η, θ, γ,
in particular connecting the analysis to the Askey-Wilson distributions in [BW09] (the standard
Askey-Wilson parameterq = γ + στ ). One reason for the interest in this analysis comes from
numerous particular cases.

(a) If γ = 1 andσ = η = 0, the processes automatically have classically independent incre-
ments, and eachXt has a Meixner distribution, see [Wes93].

(b) Forγ = σ = η = 0, the processes are classical versions of processes with free independent
increments, and have free Meixner distributions.

(c) Forσ = η = 0 and−1 ≤ γ = q < 1, the corresponding orthogonal martingale polynomials
have Jacobi parameters

(
βn(t) = θ[n]q
γn(t) = [n+ 1]q(t+ τ [n]q)

)
,

where[n]q := 1+ q+ . . .+ qn−1 is theq-integer. Ifτ = 0, the process is a (classical version
of a) q-Poisson process from [Ans01]. The case where in addition,θ = 0 was considered
even earlier in [Bry01] and corresponds to theq-Brownian motion [BKS97]. The challenge
of interpreting the general processes withσ = η = 0 as “processes withq-independent
increments” remains open.

(d) Finally, for γ = σ = τ = 0, the free bi-Poisson processes from [BW07] are shown, in
Section 4 of that paper, to have increments freely independent with respect to a pair of
states.

We will now extend the last result above. Proposition 4.3 of [BMW07] states that for

q = γ + στ = 0,
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there exist orthogonal martingale polynomials for the process. They satisfy recursion relations

xP0(x, t) = P1(x, t),

xP1(x, t) = (1 + σt)P2(x, t) + (ut+ v)P1(x, t) + tP0(x, t),

xP2(x, t) = (1 + σt)P3(x, t) +

(
u+ σv

1 − στ
t+

v + τu

1− στ

)
P2(x, t) +

1 + uv

1− στ
(t+ τ)P1(x, t),

xPn(x, t) = (1 + σt)Pn+1(x, t) +

(
u+ σv

1− στ
t+

v + τu

1− στ

)
Pn(x, t) +

1 + uv

(1− στ)2
(t + τ)Pn−1(x, t)

for n ≥ 3, where

u =
η + σθ

1− στ
, v =

τη + θ

1− στ
and as long as

1 + uv > 0, 0 ≤ στ < 1.

The coefficients in this recursion are linear int and constant fort ≥ 3, but the corresponding poly-
nomials are not monic. It follows that the Jacobi parametersfor the monic orthogonal polynomials
for this process (which are not martingale polynomials) arequadratic int. Therefore they do not
form a semigroup with respect to any of the convolutions considered in this paper, unlessσ = 0.

Proposition 10. Let q = 0 andσ = 0. Denoting bỹµt the distribution ofXt, for some{µt}, the
pairs {(µ̃t, µt)} form a two-state free convolution semigroup. Also in this case,ρ̃ is a free Poisson
distribution.

Proof. Sinceσ = 0, we haveu = η, v = τη + θ, and the identification with parameters in our
Theorem 5 gives

β̃0 = 0, β0 = η, b̃ = (τη + θ), b = 2τη + θ

and
γ̃0 = 1, γ0 = 1 + η(τη + θ), c̃ = c = τ(1 + η(τη + θ)).

Note that this is a distribution with Jacobi parameters constant after step3, but not the most general
one.

Thus if

µt =
(
µ
⊞(1+η(τη+θ))
2τη+θ,τ(1+η(τη+θ)) ⊞ δη

)
⊞t

are free Meixner distributions, then the pairs{(µ̃t, µt)} form a two-state free convolution semi-
group. Also,

J(ρ̃) =

(
(τη + θ), 2τη + θ, 2τη + θ, . . .

τ(1 + η(τη + θ)), τ(1 + η(τη + θ)), τ(1 + η(τη + θ)), . . .

)

andρ̃ is a free Poisson distribution. �

Remark 2. Restricting to theτ = 0 case of the free bi-Poisson process gives

µt =
(
µ
⊞(1+ηθ)
θ,0 ⊞ δη

)⊞t

a free Poisson distribution,̃ρ = δθ, ω = µθ,0 is a free Poisson distribution, and̃µt = µηt+θ,(1+ηθ)t

is a free Meixner distribution. Further restriction toθ = 0 givesµ a (non-centered) semicircular
distribution,ω the standard semicircular distribution, andµ̃t = µηt,t a free Meixner distribution.
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On the other hand, restriction toη = 0 gives

µ = µ̃ = ω = µθ,τ

andρ̃ is a semicircular distribution.

APPENDIX A. PROOF OFTHEOREM 6.

Proof. Denote byβ̃m(t), γ̃m(t) andβm(t), γm(t) the Jacobi parameters ofµ̃t andµt respectively.
Putting in formulas (12)–(19) and (23)–(30)

rmt, Rmt, βm(t), γm(t), β̃m(t), γ̃m(t), wt, w̃t

instead of
rm, Rm, βm, γm, β̃m, γ̃m, w, w̃

respectively we see that

β0(t) = β0t, γ0(t) = γ0t, β1(t) = β1 − β0 + β0t, γ1(t) = γ1 − γ0 + γ0t,

by (14)–(17), and

β̃0(t) = β̃0t, γ̃0(t) = γ̃0t, β̃1(t) = β̃1 − β0 + β0t, γ̃1(t) = γ̃1 − γ0 + γ0t,

from (25)–(28). If we apply these formulas to (29) then we get

R5t = constant · t+ γ̃0(t)γ̃1(t)
(
β̃2(t)− β1(t)

)
.

Since, by assumption,̃β2(t) is a polynomial, this implies that

β̃2(t) = β1(t) = β1 − β0 + β0t

(for otherwise the right hand side would be a polynomial of degree at least 2). Then in (30) we
obtain

R6t = constant · t + γ̃0(t)γ̃1(t)
(
γ̃2(t)− γ1(t)

)
,

which, in turn, yields
γ̃2(t) = γ1(t) = γ1 − γ0 + γ0t.

Now we are going to prove by induction that for everyn ≥ 1:

β̃n+1(t) = βn(t) = β1 − β0 + β0t,(36)

γ̃n+1(t) = γn(t) = γ1 − γ0 + γ0t.(37)

Fix d ≥ 2 and suppose that (36)–(37) hold for alln such that1 ≤ n < d. Now we consider (12) for
r2d+1t. Put

σd
1 :=

{
{1, 2d+ 1}, {2, 2d}, {3, 2d− 1}, . . . , {d, d+ 2}, {d+ 1}

}
,

Kd
1 := {κ : (σd

1 , κ) ∈ NCL1
1,2(2d+ 1), κ({d+ 1}) = d}.

By our assumptions, if1 < k < d thenwt(V, k) = 0 for any blockV , with 1 ≤ |V | ≤ 2.
Therefore the right hand side of (12) forr2d+1t involves only such(σ, κ) ∈ NCL1

1,2(2d + 1) that
eitherκ(V ) = 1 for every inner blockV ∈ σ (and thenwt(V, κ(V )) = wt(V, 1) = β1 − β0 if
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|V | = 1 or γ1 − γ2 if |V | = 2) or σ = σd
1 , κ ∈ Kd

1 andκ(V ) ∈ {0, 1} for all inner blocksV ∈ σ,
V 6= {d+ 1}. Accordingly we get

r2d+1t = γ0t
∑

σ∈NC1,2(2d−1)

∏

V ∈σ
|V |=1

(β1 − β0)×
∏

V ∈σ
|V |=2

V 6={1,2d+1}

(γ1 − γ0) +
∑

κ∈Kd
1

wt(σ
d
1 , κ)

and

∑

κ∈Kd
1

wt(σ
d
1 , κ) = γ0t

(
βd(t)− βd−1(t)

) d−1∏

k=1

1∑

i=0

(
γi(t)− γi−1(t)

)

= γ0t
(
(βd(t)− β1(t)

)
γ1(t)

d−1.

This implies that

(38)
(
βd(t)− β1(t)

)
γ1(t)

d−1 = c1

for some constantc1.

Now we consider (24) forR2d+3t. Put

σd+1
1 :=

{
{1, 2d+ 3}, {2, 2d+ 2}, {3, 2d+ 1}, . . . , {d+ 1, d+ 3}, {d+ 2}

}
,

Kd+1
1 :=

{
κ : (σd+1

1 , κ) ∈ NCL1
1,2(2d+ 3), κ({d+ 2}) = d+ 1

}
,

Ld+1
1 :=

{
κ : (σd+1

1 , κ) ∈ NCL1
1,2(2d+ 3), κ({d+ 2}) = d

}
.

By our assumption, if̃wt(σ, κ) 6= 0 then eitherκ(V ) = 1 for every inner blockV ∈ σ or σ = σd+1
1 ,

κ ∈ Kd+1
1 andκ(V ) ∈ {0, 1} for all inner blocksV ∈ σ, V 6= {d + 2} or σ = σd+1

1 , κ ∈ Ld+1
1 ,

κ({2, 2d + 2}) = 1 andκ(V ) ∈ {0, 1} for all inner blocksV ∈ σ, V 6= {d + 2}, {2, 2d + 2}.
Therefore we have

R2d+3t =γ̃0t ·
∑

σ∈NC1,2(2d+1)

∏

V ∈σ
|V |=1

V ∈Out(σ)

(β̃1 − β0) ·
∏

V ∈σ
|V |=1

V ∈Inn(σ)

(β1 − β0) ·
∏

V ∈σ
|V |=2

V ∈Out(σ)

(γ̃1 − γ0) ·
∏

V ∈σ
|V |=2

V ∈Inn(σ)

(γ1 − γ0)

+
∑

κ∈Ld+1

1

w̃t(σ
d+1
1 , κ) +

∑

κ∈Kd+1

1

w̃t(σ
d+1
1 , κ).

In view of (38) we note that
∑

κ∈Ld+1

1

w̃t(σ
d+1
1 , κ) = γ̃0t

(
γ̃1(t)− γ0(t)

)(
βd(t)− βd−1(t)

)
γ̃2(t) . . . γ̃d(t)

= γ̃0t(γ̃1 − γ0)
(
βd(t)− β1(t)

)
γ1(t)

d−1

= γ̃0t(γ̃1 − γ0)c1

and that ∑

κ∈Kd+1

1

w̃t(σ
d+1
1 , κ) = γ̃0t

(
β̃d+1(t)− βd(t)

)
γ̃1(t)γ̃2(t) . . . γ̃d(t)

= γ̃0t
(
β̃d+1(t)− β1(t)

)
γ̃1(t)γ1(t)

d−1 + γ̃0t
(
β1(t)− βd(t)

)
γ̃1(t)γ1(t)

d−1

= γ̃0t
(
β̃d+1(t)− β1(t)

)
γ̃1(t)γ1(t)

d−1 − γ̃0tγ̃1(t)c1.
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If β̃d+1(t) 6= βd−1(t) then the first summand is a polynomial of degree at leastd + 1 ≥ 3 and if
c1 6= 0 then the second one is a polynomial of degree2. Thereforec1 = 0 and

(39) β̃d+1(t) = βd(t) = β1(t).

Now we will studyγ̃d+1(t) andγd(t) in a similar way. Consider (12) forr2d+2t and put

σd
2 :=

{
{1, 2d+ 2}, {2, 2d+ 1}, {3, 2d}, . . . , {d+ 1, d+ 2}

}
,

Kd
2 := {κ : (σd

2 , κ) ∈ NCL1
1,2(2d+ 2), κ({d+ 1, d+ 2}) = d}.

Then by inductive assumption and by (39) we have

r2d+2t = γ0t
∑

σ∈NC1,2(2d)

∏

V ∈σ
|V |=1

(β1 − β0) ·
∏

V ∈σ
|V |=2

(γ1 − γ0) +
∑

κ∈Kd
2

w(σd
2 , κ)

and similarly as before we see that
∑

κ∈Kd
2

wt(σ
d
2 , κ) = γ0t

(
(γd(t)− γ1(t)

)
γ1(t)

d−1,

which implies that

(40)
(
(γd(t)− γ1(t)

)
γ1(t)

d−1 = c2

for some constantc2.

Now we consider (24) forR2d+4t. Put

σd+1
2 :=

{
{1, 2d+ 4}, {2, 2d+ 3}, {3, 2d+ 2}, . . . , {d+ 2, d+ 3}

}
,

Kd+1
2 :=

{
κ : (σd+1

2 , κ) ∈ NCL1
1,2(2d+ 4), κ({d+ 2, d+ 3}) = d+ 1

}
,

Ld+1
2 :=

{
κ : (σd+1

2 , κ) ∈ NCL1
1,2(2d+ 4), κ({d+ 2, d+ 3}) = d

}
.

By our assumption and by (39) we have

R2d+4t =γ̃0t ·
∑

σ∈NC1,2(2d+2)

∏

V ∈σ
|V |=1

V ∈Out(σ)

(β̃1 − β0) ·
∏

V ∈σ
|V |=1

V ∈Inn(σ)

(β1 − β0) ·
∏

V ∈σ
|V |=2

V ∈Out(σ)

(γ̃1 − γ0) ·
∏

V ∈σ
|V |=2

V ∈Inn(σ)

(γ1 − γ0)

+
∑

κ∈Ld+1

2

w̃t(σ
d+1
2 , κ) +

∑

κ∈Kd+1

2

w̃t(σ
d+1
2 , κ).

Now similarly as before we note from (40) that
∑

κ∈Ld+1

1

w̃t(σ
d+1
1 , κ) = tγ̃0(γ̃1 − γ0)c2,

and that ∑

κ∈Kd+1

2

w̃t(σ
d+1
2 , κ) = γ̃0t

(
γ̃d+1(t)− γ1(t)

)
γ̃1(t)γ1(t)

d−1 − γ̃0tγ̃1(t)c2.

If γ̃d+1(t) 6= γd−1(t) then the first summand is a polynomial of degree at leastd + 1 ≥ 3 and if
c2 6= 0 then the second is a polynomial of degree2. Thereforec2 = 0 and

(41) γ̃d+1(t) = γd(t) = γ1(t),
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which completes the whole proof. �
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[AB98] Luigi Accardi and Marek Bożejko,Interacting Fock spaces and Gaussianization of probability measures,
Infin. Dimens. Anal. Quantum Probab. Relat. Top.1 (1998), no. 4, 663–670. MR1665281 (2000d:60158)

[Ans01] Michael Anshelevich,Partition-dependent stochastic measures andq-deformed cumulants, Doc. Math.6
(2001), 343–384 (electronic). MR1871667 (2004k:46107)

[Ans03] , Free martingale polynomials, J. Funct. Anal.201 (2003), no. 1, 228–261. MR1986160
(2004f:46079)

[Ans09a] , Appell polynomials and their relatives. II. Boolean theory, Indiana Univ. Math. J.58 (2009), no. 2,
929–968. MR2514394

[Ans09b] , Free evolution on algebras with two states, to appear, Journal für die reine und angewandte Math-
ematik,arXiv:0803.4280 [math.OA], 2009.

[BN08] Serban T. Belinschi and Alexandru Nica,On a remarkable semigroup of homomorphisms with respect
to free multiplicative convolution, Indiana Univ. Math. J.57 (2008), no. 4, 1679–1713. MR2440877
(2009f:46087)

[BN09] , Free Brownian motion and evolution towards⊞-infinite divisibility fork-tuples, Internat. J. Math.
20 (2009), no. 3, 309–338. MR2500073
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