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SEMIGROUPS OF DISTRIBUTIONS WITH LINEAR JACOBI PARAMETERS
MICHAEL ANSHELEVICH AND WOJCIECH MLOTKOWSKI

ABSTRACT. We show that a convolution semigroip; } of measures has Jacobi parameters linear
in the convolution parameteiif and only if the measures come from the Meixner class. Meeeo
we prove the parallel result, in a more explicit way, for theef convolution and the free Meixner
class. We then construct the class of measures satisfyingaime property for the two-state free
convolution. This class has not been considered explibifpre, but we describe its relation to the
two-state free Laha-Lukacs characterization, and tgthe0 case of quadratic harnesses.

1. INTRODUCTION.

Any probability measurg on the real line, all of whose moments are finite, has assattatit two
sequences of Jacobi parameters: for exampie the spectral measure of the tridiagonal matrix

Bo o 0 O
I B m O
0 1 B 7
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We will denote this fact by

Yo, Vi, 2, V3,

These parameters are related to the moments of the meaauhe Wiennot-Flajolet [FIa80, Vie84]
and Accardi-Bozejko [AB98] formulas. On the other handpiobability theory and other appli-
cations, measures frequently come in time-dependent agimo semigroups. In general, the time
dependence of the Jacobi parameters is complicated (thegtewnal functions of). However, for
the Gaussian convolution semigroup

J(M):<507 617 627 537 )

1
() = me‘*”ﬂ

the Jacobi parameters are simply
Ba(t) =0, Yu(t) = (n + 1)t,
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while for the Poisson convolution semigroup

=1
pule) = ey Sth0(w),
k=0

they are

Bult) =t+m,  yult) = (n+ 1)t
So itis natural to ask, what are all the measures whose Jpaddimeters are linear (in the calculus
sense, that is, affine) functions of the convolution parantetin this paper we provide the an-
swer: such measures form precisely the Meixner class [Mefdus we add a new one to already
numerous known characterizations of this class, see fonpbaa[Mor82] for a survey.

The usual convolution operation has a number of relativasiwédrise in non-commutative proba-
bility theories. In many ways, these operations are morepticated than the usual convolution;
notably, the usual operation is distributive,

k(v +1va) = kv + kv

while the other ones are not. Nevertheless, in other waysappear to be simpler. The combinato-
rial theory of such convolutions is typically based on anrappate sequence of cumulants which
linearize it; for example, the classical cumulantsu) have the property that

(1) ra(pxv) = (p) + (V).

In particular,r*(u*) = tr*(u): cumulants are always proportional to the convolution peater

t. While, as pointed out above, there is a nice relation batwkaeobi parameters and moments,
as well as a relation between cumulants and moments (se®r82c8), we are not aware of a
simple relation between Jacobi parameters and cumulantgever, in [Mto09], the second author
found a formula relating Jacobi parameters trad cumulants, which linearize tieee convolution
[NSO€]. This allows us to provide a constructive proof thetabi parameters are linear in the free
convolution parameter if and only if the measure belong$éoftee Meixner class considered in
[SYO01,/Ans03/ BB0O6] and numerous other sources. We thenagsienple but indirect argument
which provides the corresponding characterization foMieexner class. Another consequence of
the analysis is that there are no measures whose Jacobigiararare polynomial functions of the
convolution parameter of degree greater than one.

Yet another convolution operation was introduced in [BLHf6elation to what the authors called
“conditionally free probability”, but is better called twaiate free probability theory. As the name
indicates, this is a convolution operation on pairs of mess{j, 1), and as such does not really
have a classical analogue. The techniques fiom [MtoO9alle to find all (pairs of) measures
whose Jacobi parameters are linear with respect to thisobation. Unlike in the analysis above,
this class has not been explicitly described before. Itistsief measures whose Jacobi parameters
do not depend om for n > 3. We show that, without being so identified, this class hasat f
appeared in applications: in the two-state free Poissoi tireorem, in the two-state Laha-Lukacs
characterizationi [BBC9], and as a subclass ofithe 0 case of quadratic harnesses [BWO05]. The
paper ends with an appendix showing that in the case of a tate-8ee convolution semigroup
(1, 1)®<t, it suffices to only require that the Jacobi parameterg afe polynomial int, and the
linearity of the Jacobi parameters of bgitandu then follows automatically.
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monic Analysis with Applications to Probability at the Bahacenter. The first author would like
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2. BACKGROUND.

2.1. Partitions. A partitionof a linearly ordered seX is a familyr of nonempty, pairwise disjoint
subsets ofX, calledblocksof 7, such thal J= = X. A partition is noncrossingf whenever
T < Ty < x3 < Ty, T1,x3 € V] € mandwzy, x4 € Vo € wthenV; = V5. Every noncrossing
partition admits a natural partial order: < V' if there arer, s € V such that < £ < s holds for
everyk € U. Now we can definelepthof a blockU € 7, namely

dU,m)={{Ven:U=XV#U}.
If d(U, ) > 1 then we define thderivativeof U as the unique block’” € 7 such that/ < U’ and
d(U", ) = d(U,7) — 1. The derivatives of higher orders are defined by puttiftg := (V(*--1)",

In particular, a block of a noncrossing partition witfl/, =) = 0 is calledouter, and a block with
d(U, ) > 1is calledinner. An interval partitionis a non-crossing partition with only outer blocks.
For the set{1,2,...,m}, we will denote the lattice of all partitions bf(m), the lattice of all
noncrossing partitions b)¥C(m), and the lattice of all interval partitions bi.¢(m). In addition,
NC; »(m) will stand for the class of all partitions € NC(m) such thatV’| < 2 holds for every
V em.

2.2. Jacobi parameters. Throughout the paper, will be a probability measure dR all of whose
moments

(2) Sm = /Rxmdu(x)

are finite. Then there is a sequerde, }>°_, of monic polynomials, withleg P,,, = m, which are
orthogonal with respect to. They satisfy a recurrence relatiof;(z) = 1 and form > 0

(3) me(x) - Pm-i—l(x) + ﬁmpm(x) + Vm—lpm—l(x)a
under convention thaP_;(z) = 0, where theJacobi parameter§Chi78] satisfys,, € R and

Ym > 0. Then we will write
BO Bl 52 ﬁ3 ce
J — Y Y ) ) .
(M) ( Yo, Vi, Y2, Y3y .-

{P,,} are unique forn < |supp(u)|. MoreoverN := |supp(u)| < oo if and only if yy_; = 0 and
Ym > 0 form < N — 1. In this case forn > N, P,,,, are not uniquely determined and in fact
Bm, Ym CaN be chosen arbitrarily.

The Viennot-Flajolet theory [Fla80, Vie84] gives the redatbetween moments of a measure and its
Jacobi parameters in terms of Motzkin paths. We will useateel formula of Accardi and Bozejko
[AB98] expressing the same relation using non-crossingtjmans:

(4) Sm = Z H Bav,e) - H Vd(V,o)-

0eNCy 2(m) Veo Veo
V=1 [V|=2

This formula should be compared with the formdila (6) below.
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2.3. Cumulants and convolutions. The classical cumulants () [Shi9€], free cumulants

ra(p) = 73 (1)
[Spe90| Spe94, NSD6], Boolean cumulatit§:) [SW97], and two-state free cumulants

Rn(ﬁv :u) = TELHC(:ZZ) :u)

[BLS96] are defined via the following moment-cumulant fotes) which express them implicitly
in terms of the moments,, (1):

(5) = > Il

meP(m) Ver

(6) sm= > JIrv

meNC(m) Venr

(7) = > Il

w€lnt(m) Ven

and

(8) | R\VMM I roiw.

meNC(m) VeOut(n U€lnn()

Now using cumulants, we can define in a uniform way the class@nvolutionx, the free convo-
lution B, the Boolean convolution, and the two-state free convolutidf. via equation[(ll) and
its analogs. Note that the classical convolution definechis way does coincide with the more
familiar formula

(5 1)(4) = / WA — z) du(z),

but there are no such explicit formulas for the other openati Instead, each of them is related to
an appropriate notion of independence, see the refereboes.a

For any of the convolution operations, for examplefpa convolution semigrougenerated by:

is a family of measure§y, } such thaj., = pandy; * s = py1s. A priori, our semigroups will be
indexed byt € N. For free convolutiortH and two-state free convolution, one can always extend
the semigroup to € [1, co). For the Boolean convolutioa, or for any of our convolutions if: is
infinitely divisible in the appropriate sense, one has adativolution semigroup far € [0, co).

2.4. Generating functions. It is frequently more convenient to work with generating dtions
instead of moments and cumulants. For example, the Fouaiesform
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is its (classical) cumulant generating function. The cadirmoment generating function pfis

e}

MH(z) = Z s,

k=1
and the cumulant generating functions for the other cuntsl@guences are denoted by

o0

RM(z) = Z 2"

k=1

(R-transform, the free cumulant generating function),

e =Y

k=1

(eta-transform, the Boolean cumulant generating fungtiamd

RI(2) =) Rifi, m)2
k=1

(the two-state free cumulant generating function). Thelmioatorial relations (6)[{7)[{8) translate
into the relations between generating functions:

(9) M*(z) = RM((1+ M"(2))2),

(10) L+ M*(z) = (1= n"(2))"",

and

(11) n(z) = (1+ M"(2)) 7 RFPA((1+ M¥(2))z).

We will also use the following notation® is the Boolean-to-free Bercovici-Pata bijection defined
in [BNOS]; it is determined by

0(z) = R*V(z).
® is the Jacobi shift, considered for example in [BNO9], deieed by
() = 21+ M*(2)).

The name comes from the observation that

Lovo(w), 7lw), v2(u),
Finally, the two-variable mag from [Ans09b] is determined by

n (=) = (1 M () T R (14 M (2))z)

and corresponds tB** = R,
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2.5. Free Meixner distributions. The free Meixner distributiong; . with mean zero, variance
one, and parametebs= R, ¢ > —1 are probability measures with

0, b, b, b,
J(,Ub,c):<1’ 1+c¢, 14+¢ 1+c¢c, )

The general free Meixner distributions are affine transtdrams of these. More explicitly, the
distribution with parameters c is

' \/<4(1+c)—(x—b)2)+

o 1+ bx + cx?
see[SYO01, Ans03, BB06]. There are numerous charactesizabf this class in free probability.

dx + 0,1, 0r2 atoms

3. THE FREE CONVOLUTION

Formulas[(#) and_(6) relate moments of a measure to its Jpapdineters, resp. free cumulants. It
is also possible to find a direct relation between free cuntaland Jacobi parameters, see [Mio09].
For this purpose we will need some additional notions.

A labellingof a noncrossing partitiom is a functior ono such that forany” € o we havex (V') €
{0,1,...,d(V,0)}. Foralabelling: of a noncrossing partitiom we denote byR (o, x) the smallest
equivalence relation oa containing all the pair§V’®, V@) with V € 0,0 < 4,5 < x(V). By
NCLiz(m) (not to be confused with non-crossing linked partitionsadticed by Dykema [Dyk07])
we will denote the family of all pairgo, k) such thatr € NC, 5(m), « is a labelling ofo and
R(o, k) = o x 0. In particular,c has only one outer block. Then, in view of [Mtd09], we have the
following relation between free cumulants and the Jacotampaters:

(12) rm= Y. J]wV.k(V))

(U,/@)ENCL},Q (m) Veo

where
@3 s ={ 50 s
under convention that_; = ~_; = 0. In particular,
(14) r1 = Po,
(15) T2 = 7o,
(16) = 70(51 - ﬁo)
(17) T4 = 70[ (71— 70)},
(18) s = Vo[ S 3(71 Y0)(B1 = Bo) + 11(B2 — B1)],
Y[ (B Y+ 6(71 —70)(B1 — Bo)? + 471(B2 — B1) (B — Bo)
(19) +7(B2 — 51) +2(11 = 70) + (2 — )]

Theorem 1. Assume that the measyrewith

_ BOu 517 527 B3,
J(M)_<Vo7 Y, V2, 3 )’
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is such that for the free powers
ary _ (o), Ault), Ba(t), Bs(t), ...
J(Iu )_<70(t)7 '71(t)7 72(t)7 ’73(t)7 )’

t > 1, all the parameterss,,,(t), v..(t) are polynomials ort. Theng, = 5, = 3 = ... and
1 =7 =173 = ..., S0 thatu is a free Meixner distribution. If this holds then, puttihg= 5, — (o,
¢ := v — v We have

J(B) = Bot, b+ Pot, b+ Bot, b+ Bot, ... ‘
Yot, ¢+t ¢+t ¢+t ...

In particular, 1 is H-infinitely divisible if and only it: > 0. Then

R*(2) = Boz + %22/ dp(z) )
r1—2zx
where
b, b, b, b, ...
(20) J(p)_<c’ c, ¢, ¢, )7

so thatp is a semicircular distribution.

Proof. Putting in formulasl(Z2)£(A9),.¢, B, (), Ym(t), w, instead of-,,,, 5, vm @ndw respectively
we see that

Bo(t) = Bot,  o(t) = 7ol
Then, from[(16) we getst = ~ot(S1(t) — PBot) which yields
Bi(t) = Br — Bo + Pot.
Similarly, from (17) we get
() =71 =% + 0t
Now we claim that3,(t) = 51 — 5o + Pot andy(t) = v1 — v0 + Yot forall £ > 1. Fixd > 2 and

assume that this holds for dll< k£ < d. Then for a block/, with 1 < |[V| <2and forl < k < d
we havew,(V, k) = 0. Now we consider formuld (12) for,, ¢.

Put

o= {{1,2d +1},{2,2d},{3,2d — 1}, ... {d,d + 2}, {d + 1} },

K1 :={r:(01,K) € NCL{,(2d + 1), s({d + 1}) = d}.
Note that if(0, k) € NCL{ ,(2d + 1)\ ({01} x K1), and] ], w:(V, £(V)) # 0 thenx(V) = 1 for
allV e o\ {{1,2d+1}} and then

[TwVie(W) =qt [TB=8)x [ (=)

Veo Veo Veo, |V|=2,
[VI=1 V#£{1,2d+1}
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Now we observe that if [, . wi (o1, 5(V)) # 0, & € Ky, thenx(V) € {0, 1} for all inner blocks
V eo,V #{d+1}. Therefore

Z H we(V, k)

KEK1 VETL

= Yot (Ba(t) — Ba-( 1:[ Z ()

= Yot (Ba(t) — Ba-1(t))y ( )d
which is a polynomial of degree at least> 2, unless,(t) = 4-1(t) = 1 — Bo + Bot.
Now we consider the formula fox, ot. Put
or = {{1,2d +2},{2,2d + 1},..., {d + 1,d + 2} },
Ky :={r: (02,K) € NCLy,(2d + 2), s({d+1,d +2}) = d}.

Similarly as before we conclude that far, x) € NCL},2(2d+ 2)\ ({02} x KCo) we havex (V) =1
forall vV € o\ {{1,2d + 2} } and then, using the previous step,

[T w(Vis)=~t T[T B =8 x T[] (=)

Veo Veo Veo, |V|=2,
[VI=1 V#£{1,2d+2}

Now we observe that ifv; (02, <) # 0, k € Ko, thens(V) € {0,1} for all inner blocksV € o,
V # {d+1,d+ 2}. Therefore

Z H wy(V, k)

KEKo VETS
d

= ot (va(t) — va-1(t))

1

MH

(i(t) = 7i-1(t))

B
Il

1

= Yot (va(t) — va—1(t)) n(t )d !
which is again a polynomial of degree at ledst 2, unlessy,(t) = v4-1(t) = v — Y0 + Yot.

O

Putb := 1 — fo, ¢ :== 71 — 7. As we have already noticed, (6, x) € NCL;,(m), V € o and
w(V,k(V)) # 0 then eitherV is the outer block of sigma (so(V') = 0) or (V') = 1. Therefore

for m > 0 we can write
T'm+2 = 70 Z H b- H c

0eNCy 2(m) Veo Veo
V=1 |[V|=2

Therefore, ifc > 0, then{r,,+2/7}.._, is the moment sequence of the measusatisfying [20)
(c.f. [SYO1)). O

4. THE CLASSICAL CONVOLUTION.

In [HS09], the authors define cumularts; } for an abstract convolution operatiervia the fol-
lowing three properties. All convolutions and cumulantesidered in this paper satisfy them.
@) rx(u*) =trr(u), wheret € N.
(0) 7 (Dap) = A"ry (i), where(Dyp)(A) = p(A~A).
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(c) For anyn, there is a polynomial),, in n — 1 variables such that
sn(t) = () + Qu(ri(p), - rp_1 (1))

Lemma 2. Suppose measurég, } form a convolution semigroup, with corresponding cumugant
{r(t)} satisfying axioms above. Suppose moreover that the Jaeohimeters of 1., } are linear
in the convolution parametér Then

Bo(t) = Bot, B1(t) = o1 Bot + by,
Yo(t) = Yot, Y1(t) = (b1 By + azyo)t + ¢

for somesy, b, € R, 79,2 > 0 andaq, as, az. Also, the cumulants are expressed in terms of the
same parameters as

T = Bo, 3 = Yob1,
T3 = Yo, i =0(c2 +0}),
and the moment-cumulant formulas are
s1 =17,
sy =15+ (17)%,
53 =15+ (2+ ay)riry + (r})?,
sp =714+ (24201 + ax)rirt + (1 + a3)(r3)* + (3 + 2ay + af)rs (7)) + (1))

The proof is easy and is left to the interested reader.

Proposition 3. In the setting of the preceding lemma, suppose we have arfathiy {/,QM} of the

same type, witllio(1) = Sot = 5"t v0(t) = ot = %"t Bi(t) = B (1), (1) = 7" (t). Suppose
also thaty, (t) varies witht. Theny, and M have the same moments.

Proof. We will prove by induction om that the rest of the Jacobi parameters of the measuaee
the same as fqu}. Suppose this is true up to— 1. Then using formuld{4),

Sont1 (i) = sanpr (") + (Bu(pe) = Bu(ptt ) Yn-a(t) - 1 ()%0(1),
so if
sE="1r+Qr(ry,r, ..., T5_1),
then

Pona1 (1e) = 131 (1) + (Bapte) = Bae)) 11 (#) - - - (£)70(t)-
By assumptiony,(t) = 7ot andy,(t) has degree at least onetirwhile the othery;(¢) are polyno-
mial in ¢, from which it follows that3,, (1;) = B. (1) = B.(t).

Similarly, from
Sonv2(pe) = Sons2(1") + (Y (tte) = V(1) Vn-1(t) - . .71 ()0 (),
it follows that, (1) = Y (") = Ya(t)- O

Corollary 4. The Meixner distributions are the only convolution semigi®whose Jacobi param-
eters are linear in the convolution parameter.



10 ANSHELEVICH & MLOTKOWSKI

Proof. For the usual cumulants; = 1, as = 0, ag = 2, S0 (t) = Bot + b, andy,(t) = 27t + 2¢
is not constant. The Meixner distribution with these inti@ues of the Jacobi parameters has

J( *t) . 5015, 50t + b, 50t —+ Qb, ﬁot + 36, o
B0 =\ yot, 20t +¢), 3(vot +2¢), 4(ot + 3¢),

for Bo,b,c € R, v9 > 0,t € (—¢/v)Nif ¢ < 0 andt > 0 otherwise. Seéd [Sch00] for more
details. O

Examplel. For the free cumulantsy; = 1, as = 0, a3 = 1, S08:(t) = Bot+b, andy, (t) = ot +c
is not constant. Therefore we re-prove our result that tee Meixner distributions are the only
free convolution semigroups whose Jacobi parametersregarlin the convolution parameter.

Example 2. For the Boolean cumulants; = o, = a3 = 0, so thaty, (t) = ¢, is independent of.
Therefore Propositidn 3 does not apply. In fact, for any Baalconvolution semigroup, the Jacobi

parameters are
. t, B1, P, ...
J Wiy 50 ) 1 )
<Iu ) (701:7 Y, Y2, .- 7
see[BWO1] and [Ans09a].

Example 3. For the monotone cumulants [Mur97, HS08], = =, as = 0, a3 = % So Proposi-
tion[3 applies. However, we do not know what the “monotone>Mer” distributions should be. In
fact, in this case it is not clear if we havelgparameter family of distributions with linear Jacobi
parameters; for example, this condition implies that thamig = 0.

5. THE TWO-STATE FREE CONVOLUTION

Recall from Sectioh 211 that a blo€k € 7 € NC(.X) will be calledouter(resp.inner) if d(U, ) =
0 (resp.d(U, m) > 0). The family of all outer (resp. inner) blocks efwill be denoted byOut(7)

(resp.Inn(m)).

Suppose we have an additional measyre@ith momentss,, and Jacobi parametefs,, B,.. Recall
from Sectior 2.8 that theonditionally free cumulant®,,, = R, (i, 1) of the pair(jz, 1) are defined

by

(21) = > I RIU\:“,U II reiw.

7TeNC(m) UeOut(n U€lnn(n)

wherer,, (1) are the free cumulants pf We also defined?”# (2) := > R, (f, 1)z™
Foro € NC;»(X) andV € o, with labelk, we define

B —Brr if [V =1andk = d(V,o

22) TV, k, o) = ék — Br_1 if [V|=1andk < dg‘ﬁj,g

Vi — V-1 if |V|=2andk =
e —Ye—1 1|V =2andk < d(V,0),

keeping our convention that ; = v_; = 0. For(o,x) € NCL; »(X) we put
(23) w(o, k) == H w(V,k(V),o

Veo

)
)
)
)
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Then, in view of [MtoQ9], for everyn > 1 we have

(24) Ru(fom)= ), (0.s).

(a,n)eNCL;Q(m)

For example:
(25) Ry = B,
(26) Ry =7,
@7) Ry ="0(B1 — bo),
(28) Ry =" [( 50) (71— )],

= Yo [(51 - ﬁo) +2(%1 — ) (51 —Bo0) + (%1 =) (B — bo)
(29) + M (§2 — 51)] )

[ 51 - 50)4 + 3(71 - 70) (gl - ﬁo)2 + 2(;71 - 70) (El - ﬁo) (51 — ﬁo)

+ (71— 0) (61 — 50)2 + 27 (52 — ) (51 — o) + 27 (52 — 1) (b1 — o)
(30) +M (52 - 51)2 + (51 - 70)2 + (71 - 70) (71 - 70) +7 (72 - 71)}-

The conditionally free power of a pair of measurég; 1) = (i, u1¢) is defined by:u; = p®!
and Ry, (fit, pie) =t -+ R (f1, 1)

Theorem 5. Assume that the pair of measurgs ), with Jacobi parametergm, Y @NA By, Yim

respectively, is such that for the conditionally free pos\@f;, 11,) := (7, )", t > 1, all the Jacobi
parameters ofi; andy, are polynomials or. Then

Br=Po=Pa=PBy =Py =P =
N=PN="12=PB=T3=7T1=..
so thaty is a general distribution whose Jacobi parameters do noenelpnrm forn > 3,anduis

the correspondlng free Meixner distribution. If these hiblen, puttlngy B1— Bo, b= B — Bo,
€=7%1— ", ¢c=" — " We have

31 I — éot, 9+ﬁot, b+ Bot, b+ Bot, ...
D) () <%t7 c+t, ¢+t ¢+t

and
_ ﬁ0t7 b+ﬁ0t7 b"‘ﬁot, b—i-ﬁot,
@2) S = (o DS Do ),
In particular, the pair(z, 1) is B, -infinitely divisible if and only it: > 0 and¢ > 0. Then
~ ~ » d~
RPH(z) = 502+7022/ p(x) 7
r1—x2

wherep is the free Meixner probability measure which satisfies

(33) J(p) = (bb bb::)

¢ ¢ ¢ G
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The proof is similar to that of Theorelm 1. Theorem 5 actuatlide under weaker assumptions, i.e.
without assuming that the Jacobi parameters;adre polynomials on. See the Appendix for the
proof.

Theorem 6. Assume that the pair of measurgs 1), with Jacobi parametergm, Y @NA By, Yim
respectively, is such that for the conditionally free pos\@f;, 11,) := (7, )", t > 1, all the Jacobi
parameters ofi; are polynomials or. Then conclusion@1) and (32) hold.

Remark 1. An explicit formula forz; can be obtained from the continued fraction expansion of its
Cauchy transform:

Gﬁt(z) =

Y

Yot
2 — Bot —b— (ot + &)Go, (2)

whereo, is the semicircular distribution with meatiyt + b and variancet + c¢. The corresponding
measure belongs to the Bernstein-Szegd class, and hawtihe f

~_ VALt +0) — (z — Bt — b)?
He cubic polynomial

Z—got—

dx + at most3 atoms

Proposition 7. Letp be a probability measure, ¢ € R, b > 0, d > 0. Definey andw via
B[p] = = B 6,
and
w = B[®[p]|® @6,
Denotew, = w®, 1, = 4®, and define
fir = Plwe, pue],
so thatR#:# = R*t and the pairs{ (1, ;) } form a two-state free convolution semigroup.

Suppose that
_ (Bo(t), Bu(t), Ba(t), ...
JWQ_(MW w@,w@,”>'
Then
1L, W o d22
R (Z>:R<Z)—CZ+1—CLZ—[)R“(2;)
and

— ety a+ (142 B®), A1), B@), ...
J(,Ut) B (dt, (1 + %) VO(t)v 71(t)7 72(t)7 ) .

Proof. Using definitions ofu, B, ®, n, i in succession, we transform
R¥(2) = cz + dRPPPI(2) = cz + dn®P(2) = cz + d2*(1 + MP(2))
dz? dz? dz?

IR e o B g T R g T o
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Therefore by definition of;; and®/-, -],
W (2) = 41+ M (=) R (14 M (2))2)
dt=2(1 + M (z))
1—a@1+Aﬁ%dﬁQ—%RM«1+AW%@V>

dtz?(1 + MM (z))
1—a((14+ Mm(z))z) — %M”t(z)
dtz?

=ctz +

=ctz +

=ctz + 1 as (1+%’)n“(z)'

So writing
n"(2) = Bo(t)z + o(t)2*F,
we get
~ dtz?
n'(z) = ctz + T (1 I %) (Bo(t)z + Y0(t)22F)
=ctz + dt* .
1—(a+ (1+2)Bo(t) 2 — (1 + &) y0(t)22F

The conclusion follows. O

Corollary 8. Letu be a free Meixner distribution,

|
= " B s,

507 50"‘[77 Bo—i_bu
J(p) = )
<M) (707 Yo + ¢ + ¢ ...

(@) i has the Jacobi parameters in equati@®).
(b) If ¢ > 0andc > 0, then

and

p= /igj,i—l Wy
is a free Meixner distribution with
b, b, b, ...
J — ~7 9 9 .
(7) c, ¢ ¢, .. )
For

B[p] = ) 8 5(’570_505)/707 w = B[®[p)]*" B 0z M= Dlwy, pu,

w is freely infinitely divisible, ang; has the Jacobi parameters in equati@il).

In the case that or ¢ are negative, note that the operatiofisB, & can be defined purely
combinatorially (in terms of moments), so they are wellraafioperations on (not neces-
sarily positive) functionals, in which ca&eis even a bijection. So the construction remains
valid, as long asu, 1i; themselves are positive.
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(c) If b=band¢ = ¢, SO thatp is a semicircular distribution, then

i~
W= 'ub,ZO | 550

and

—_ (Bot, Bot+b, Bot+b, ...
J(M)_<%t7 Yot +¢, Yot +c,

so thatw, 11, are also free Meixner distributions.

Free Meixner distributions arise in many situations. A nembf appearances of distributions
with Jacobi parameters constant after steqre described below. Other places where they were
encountered include Theorems 11 and 12/ of [KWO05], exampldkan07], as well as [HMO7,
HMO8] and [HKMQ9].
5.1. Limit theorems.
(@) In the two-state free central limit theorem, one getsspaii distributiong jz, 1) such that
R*(2) = uz?, R (2) = v2?.

Thusy = uﬁg andw = u?ﬂg are semicircular distributions. In this case

g:b:o’ EZC:O) 50:50207 :}70:1)7 Yo = u.
Thereforep = §, and

~ M
H= MO,u—v

~ 0, 0, 0 ...
) = (v, u, u, )
is a symmetric free Meixner distribution.

(b) In the (centered) two-state free Poisson limit theoreng, gets pairs of distributior(g, 1)
such that

with

uz? _ vz?
RAH( ) —
(2) 1—rz’

Thusy = p's andw = 117 are free Poisson distributions. Assuming that r, in this case

R(2)

:1—pz’

b:b:p7 520207 gozﬁozoa ;370:@7 Yo = U.

Therefore
p =10y
with
o= 55
and
i =
with

is a free Meixner distribution.
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(c) If p # r, then

ng? b:p7 EZC:O? 50250:07 %:U, Yo = U.
In this casep = ¢, still, but now we identify

_ (" P D ---
1) = <0, 0, 0, )
and not with a degenerate semicircular distribution. Fynal
~ (0, 7, p, p, ...
J(i) = (v, u, u, u, )

has Jacobi parameters constant after 3tep

5.2. Laha-Lukacs characterization. A classical paper [LL60] characterizes Meixner distribu-
tions in terms of certain conditional expectations. In [BRQ@he authors obtained a similar charac-
terization of free Meixner distributions. The followingtiseir result for the two-state free indepen-
dence. Recall that the distribution of an operatowith respect to a state is the measurg such
that for alln,
o) = () = [ 4" du(o).

R
Also, one says thal, Y are(p|vy)-free if all their mixed two-state free cumulants are zeree $e
paper quoted below for the rest of the terminology.

Theorem (Theorem 2.1 in[BB0O9]) Suppos&X, Y are self-adjoint|)-free and
X" = p[Y"],  P[X"] = p[Y"]
for all n. Furthermore, assume thafX] = 0, ¢[X?] = 1. (This can always be achieved by a shift
and dilation, as long a[X?] # 0.) LetS = X + Y and suppose that there atreC' € R and
b > —2 such that
(34) ©[(X = Y)?*S"] = C[(41 + 2aS + bS*)S"],n = 0,1,2....

Then thep and-moment generating functions

[e.e] o

Ms(z) == Z 2Fp[SF] andmg(z) := Z 2Fap[SH],

k=1 k=1
which are defined as formal power series, are related asvidlo
2+b— (2az+b)(1 4+ ms(z))

(35) 1+ Ms(z2) = 24b— (422 +2az+b)(1 +ms(2))

Bozejko and Bryc described the corresponding distrimgimore explicitly in particular cases cor-
responding to the Gaussian and Poisson regressions. Weraomgoa complete description. Recall
that if ¢ = v, then they-distributions ofX, Y, S are free Meixner distributions.

Proposition 9. Denote byus, us the distributions ofS with respect tap, 1, respectively, and by
i, i+ the corresponding distributions &f. Then

=2l v,
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and
~\ 0, a+(1+b/2)50(u )7 51(:“ )7
) = <1, (A5 b/2olpe), i), )

If moreovery = 5% B 6. is a free Meixner distribution, then

J(ii) = 0, a+(2+4+0bec, 2c+u, 2c+u, ...
MI=\1, @+bd, 2d+v, 2d+v, ‘

In particular, if (34) also holds with) in place of, for the same, b, theny = 1.5 B 6. and

J(ii) = 0, (a+2c)+be, (a+2c), (a+2c),
M=1\1,  2d+bd, 2d+b, 2d+b, ...}’

so thaty: is a general (up to normalization) distribution with Jacgi@irameters constant after step
3.

Proof. From equation(35),
~ 422

77% = - )
b+ 2az — (24 b) (M)~

so forX,
222
b+ 2az— (2+b) (Mrs)~!
B 222
T b4 2az — (2+b)(1 — )
222
=2+ 2az+ (2+ by

22

T l-az-— (1+b/2)nHs
Comparing with the general formula in Proposition 7, we ¢ode thaty = ®[p], B[p] = /2 @
04, @and in terms of the Jacobi parameterg.ef

(0, at(1+b/2)B B o ...
J(“)_<17 (1+b/2)%,0 vi, vz, )

=

so that
i = (I)[,ug(Hb/Z) W 5,].

If X has, with respect tg, a free Meixner distributiop. = 4%, B d., then

_, BH2d __, W2d
Hs = My y H 520 = Hoctu,2d+v—1 7 520

and
nus = ¢z + 2dnﬂ2c+u,2d+v71 — 21y + 2dnB2c,2d71[ﬂu,v].
So
2 2
~ z z
nf =

1 —az— (1+b/2)(2cz + 2dntzctu2dro-r) 1 (a+ (24 b)e)z — (2 + b)dnHectu2div—1’
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and

I, (2+4bd, 2d+v, 2d+v,

The last conclusion follows. O

J@):(O, a+ (2+b)c, 2c+u, 2c+ u, )

5.3. Freequadratic harnesses. In a series of papers starting with [BWO05], Bryc and Wesokiws
(along with Matysiak and Szabtowski) have investigateddyatc harnesses. These are square-
integrable processesX:):>o, with normalizationE[X;] = 0, E[X;X,] = min(¢,s), such that
E[X}|Fs.) is a linear function ofX,, X, andVar[X;|F;,] is a quadratic function ok, X,,. Here
Fs.u is the two-sidedr-field generated by X, : r € [0, s] U [u, 00)}. Then

u— t—s

t
X+
uU— s u—s

E[Xt|fs7u] - Xu

and under certain technical assumptions (see [BMWO07]),

o (u—=t)(t—s) (uX, — sX,)? (X, — X,)?
Var|[ Xyl o = u(l+os)+7— s (1 g (u — )2 T (u — s)2
uXy — sX, i eXu - X, . (1 . ’7) (Xu - Xs)<UXs - SXu))

u—s u—s (u— s)?

The authors proved the existence of such processes for @ lange of parameters 7, 1,0, v,

in particular connecting the analysis to the Askey-Wilsastributions in [BWQ9] (the standard
Askey-Wilson parametey = v + o7). One reason for the interest in this analysis comes from
numerous particular cases.

(@) Ifv = 1ando = n = 0, the processes automatically have classically indepéndere-
ments, and eacl; has a Meixner distribution, see [We$93].

(b) Fory =0 =n = 0, the processes are classical versions of processes watinfiependent
increments, and have free Meixner distributions.

(c) Forc =n=0and—1 <y = ¢ < 1, the corresponding orthogonal martingale polynomials
have Jacobi parameters

( Bn(t) = 6’[71],1 )
Tu(t) = [n+1(t+7nly) J°

where[n], := 1+q+...+¢" ! is theg-integer. Ifr = 0, the process is a (classical version
of a) g-Poisson process from [Ans01]. The case where in addidon,0 was considered
even earlier in[[BryOil] and corresponds to thBrownian motion[BKS9F7]. The challenge
of interpreting the general processes with= n = 0 as “processes with-independent
increments” remains open.

(d) Finally, fory = ¢ = 7 = 0, the free bi-Poisson processes fram [BWO07] are shown, in
Section 4 of that paper, to have increments freely indepgnaéh respect to a pair of
states.

We will now extend the last result above. Proposition 4.2 BMIVQ7] states that for

¢=7+07=0,
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there exist orthogonal martingale polynomials for the pssc They satisfy recursion relations
zPy(x,t) = Pi(x,t),
2Py (z,t) = (1 + ot) Py(x, t) + (ut +v) Py (2, t) + tPy(x, t),

U+ ov v+ TU 1+ uv
rPy(z,t) = (1 + ot)Ps(z,t) + (1 — m_t +1o UT) Py(z,t) + — g (t+71)Pi(x,t),
U+ ov v+ TU 1+ uv
.Tpn(l’,t) = (1 + O't)Pn_H(JI,t) + (1 _ O‘Tt + 1— 0’7’) Pn(l’,t) + m(t + T)Pn_l(l’,t)

for n > 3, where
n+ o6 ™+ 0
= v

1—o7’ 1—or
and as long as
14+uv>00<o0o7r <1
The coefficients in this recursion are lineartiand constant fot > 3, but the corresponding poly-
nomials are not monic. It follows that the Jacobi paramétarghe monic orthogonal polynomials
for this process (which are not martingale polynomials)guadratic int. Therefore they do not
form a semigroup with respect to any of the convolutions wered in this paper, unless= 0.

Proposition 10. Letq = 0 ando = 0. Denoting byj; the distribution ofX,, for some{}, the
pairs { (1, 11¢)} form a two-state free convolution semigroup. Also in thise;a is a free Poisson
distribution.

Proof. Sincesc = 0, we haveu = n, v = 7 + 6, and the identification with parameters in our
Theorenib gives N N
Bo=0, Bo=mn, b=(m+0), b=2mn+0
and
Yo=1, vw=1+n(mn+0), c=c=71+n(tn+0)).
Note that this is a distribution with Jacobi parameters tamsafter steg, but not the most general
one.

Thus if

Gl
(14+n(tn+0))
Ht </~L2m+9 (1 4n(rn-+6)) B 0 )

are free Meixner distributions, then the pa{rg:;, 1;)} form a two-state free convolution semi-
group. Also,

J() = (tn +0), 2tn + 0, 2t + 0,
P \r (Ll +0)). T(L+n(r+06)). T(1+n(m+06)),
andp is a free Poisson distribution. O

Remark 2. Restricting to the- = 0 case of the free bi-Poisson process gives

14776) Bt
He = (:ue(o 1 g 577)

a free Poisson distributiop, = d, w = e,0 is a free Poisson distribution, ang = fi,;16,(14n0)
is a free Meixner distribution. Further restriction4o= 0 givesu a (non-centered) semicircular
distribution,w the standard semicircular distribution, giad= .. a free Meixner distribution.



SEMIGROUPS OF DISTRIBUTIONS WITH LINEAR JACOBI PARAMETERS 19
On the other hand, restriction to= 0 gives

f=[=w= fgr
andp is a semicircular distribution.

APPENDIXA. PROOF OFTHEOREM[G.
Proof. Denote byS,, (t), Fm(t) and B, (t), vm(t) the Jacobi parameters pf and ., respectively.
Putting in formulas[(12)£(19) and (23)—(30)
Tmta Rmt> 5m(t)> ’Ym(t% Em(t)a TVJM(t)v Wt, '&}t
instead of

Tms By Bms  Yms Em, Y, W, W
respectively we see that
Bo(t) = Bot,  Yo(t) =vt, Bi(t) =B — o+ Bot, 7(t) =1 — Y0 + ot
by (14)-(17), and
Bo(t) = Bot,  Fo(t) =Fot, Bult) = Bi— Bo+ Bot, Ai(t) = A1 — Y0 + ot
from (25)-(28). If we apply these formulas fo [29) then we get
Rst = constant - t + Fo(t)71(t) (Ba(t) — Bi(1)).
Since, by assumptiorﬁ{z(t) is a polynomial, this implies that
Ba(t) = Bu(t) = By — Bo + Bot

(for otherwise the right hand side would be a polynomial afrée at least 2). Then if_(30) we
obtain

Rgt = constant - t + o (t)31(t) (Fa(t) — 71(t)),
which, in turn, yields
Ya(t) = 1(t) =1 — Y0 + 0ot
Now we are going to prove by induction that for every 1:

(36) Basi(t) = Balt) = B1 — Bo + Bot,
(37) Fnt1(t) = Yult) =1 — 70 + Y0t

Fix d > 2 and suppose thdt (36)—(37) hold foralsuch thatt < n < d. Now we consideir (12) for
T2d+1t. Put

of = {{1,2d+1},{2,2d},{3,2d — 1}, ... {d. d + 2}, {d + 1}},
K{:={r: (o}, k) € NCL},(2d + 1), k({d+1}) = d}.
By our assumptions, it < k& < d thenw,(V,k) = 0 for any blockV, with 1 < |V| < 2.

Therefore the right hand side ¢f{12) foz,¢ involves only such{c, x) € NCLj,(2d + 1) that
eitherx(V) = 1 for every inner block/ € o (and thenw;(V,x(V)) = w(V,1) = g1 — By if
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V| =1o0ory, — % if |V|=2)oro =o¢, k € K¢ andx(V) € {0, 1} for all inner blocksV € o,
V # {d + 1}. Accordingly we get

raait =Yt Y [T =8> [I (n—20)+ D> wilofx)

0eNCy 2(2d-1) Veo Veo rekd
V|=1 [V|=2
V#£{1,2d+1}
and
d-1 1
d
Zwt(glv K) = %t(ﬁd — Ba-1( HZ )
KeEKY k=1 i=0

= %t((ﬁd( ) — Bt )) ()T
This implies that
(38) (Ba(t) = B1() () =
for some constant; .
Now we consider(24) foR,,, 3t. Put
ottt = {{1,2d + 3},{2,2d + 2},{3,2d + 1},...,{d + 1,d + 3}, {d + 2} },

/cd+1 = {k: (of™ K) € NCL{,(2d + 3), ({d +2})=d+1},

L = {k: (67" k) € NCL{,(2d + 3), s({d+2}) =d}.
By our assumption, ift, (o, k) # 0 then either (1) = 1 for every inner block/ € o oro = ¢,
k€ K¢ andk(V) € {0,1} for all inner blocksV € o,V # {d+2} oro = o™, k € L4,

k({2,2d + 2}) = 1 andk(V) € {0,1} for all inner blocksV € o, V' # {d + 2},{2,2d + 2}.
Therefore we have

Roayst =Fot - Y [T =80 - TT B —80)-T] Gr =) - T (= 0)

0eNCy 2(2d+1) Veo Veo Veo Veo

V=1 [V|=1 [V]=2 |[V|=2
VeOut(o) Velnn(o) VeOut(o) Velnn(o)
d+1 d+1
+ E we(o]™, g Wy (a7, K).
keLT! nelcf“

In view of (38) we note that

> w(of k) =Fot(Fut) — 0(t)) (Balt) = Bar(t)Fa(t) - .- Falt)
RGEaHl
= ot (31 — 70) (Ba(t) = Bu()) ya(8)*
= %t(% - VO)C1
and that
> (o™ w) =Fot (Barr (t) = Ba(t) T2 (872 (t) - - Fult)
mEIC‘li7L1

= ot (Bas1 () — Bu(1))

= Fot (Bas1(t) — Au(2))

N

OO+ Fot (Bu(t) — Ba(t)) T () ()
L7 ()T = FotAa(t)er

2
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If Ed+1(t) # B4-1(t) then the first summand is a polynomial of degree at Idastl > 3 and if
¢1 # 0 then the second one is a polynomial of degte&hereforer; = 0 and

(39) Bar1(t) = Ba(t) = Bu(t).

Now we will study~,.:(t) andv4(t) in a similar way. Considef (12) for,. ot and put
of = {{1,2d +2},{2,2d + 1}, {3,2d},...,{d+ 1,d + 2} },
K3 :={r: (0§, k) € NCL},(2d +2), k({d+1,d+2}) = d}.

Then by inductive assumption and by 39) we have

T2d+2t = Yot Z H (B1 = Bo) H (71 =) + Z w(o, k)

c€NCq,2(2d) Veo Veo nG/Cg
[V|=1 [V|=2

and similarly as before we see that
> wilog, k) = 70t ((at) = () n )",
rEKY
which implies that
(40) ((va(t) = m@®)n®)™" = c
for some constant,.
Now we consider(24) foRy,, 4t. Put
oftt = {{1,2d + 4},{2,2d + 3},{3,2d + 2},...,{d + 2,d + 3} },
Kyt = {r: (05" k) € NCL],(2d +4), r({d+2,d+3}) =d+1},
L5 = {r: (05", k) € NCL{,(2d +4), s({d+2,d+3}) =d} .
By our assumption and b (B9) we have

Rogeat =Jot - Y 1B =80T B =50) - T] Gr =) -] ] (1 =)

0€NCq,2(2d+2) ‘\?Go Veo Veo Veo

[Vi=1 [Vi=1 [V]=2 V=2
VeOut(o) Velnn(o) VeOut(o) Velnn(o)
~ d+1 ~ d+1
+ E wy(o§T k) + g wy (o5 k).
KeLIT! rekdt?

Now similarly as before we note frorn_(40) that
Y @of™ k) = 51 — v)ea,
neﬁi”l
and that
> @08 k) =Fot (Fara (t) — ()T ()71 ()" = FotFn (t)ca.

neng+l

If Y4.1(t) # ~v4-1(t) then the first summand is a polynomial of degree at lgastl > 3 and if
co # 0 then the second is a polynomial of degied hereforec, = 0 and

(41) Yar1(t) = va(t) = 1 (t),
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which completes the whole proof. U
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