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In this paper we obtain some properties of orthogonal polynomials given by a weight function which is a limit
density of a rescaled discrete-time quantum walk on the line.
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1. Introduction

A quantum walk is the quantum analog of a classical random walk. Quantum walks are expected to play an important
role in the field of quantum algorithms. A number of benefits for such walks are already known. Reviews and books on
quantum walks are Kempe [6], Kendon [7], Konno [10, 11], Venegas-Andraca [15], for examples. There are two types
of quantum walks. One is the discrete-time walk and the other is the continuous-time one. Here we focus on the case of
a discrete-time walk on Z, where Z is the set of integers. Ambainis et al. [3] investigated the quantum walk intensively.
In the present paper, we consider some properties of orthogonal polynomials given by a weight function which is a limit
density of a rescaled discrete-time quantum walk on Z. Recently Cantero et al. [4] showed that the theory of matrix-
valued orthogonal polynomials associated with a certain kind of unitary matrices, i.e., the CMV matrices, is a natural
tool to study the discrete-time quantum walk on the line. It would be interesting to know a relation between their
approach and our results.

The rest of the paper is organized as follows. In Sect. 2, we define the quantum walk and explain the weak limit
theorem. Section 3 treats a symmetric qunatum walk. In Sect. 4, we give a result for an asymmetric case. Section 5 is
devoted to a general case.

2. Quantum Walk

First we give a definition of one-dimensional discrete-time quantum walk. The time evolution of the quantum walk is
defined by the following matrix:

v=1" "lcue
[ e

where a, b, ¢, d € C and U(2) is the set of 2 x 2 unitary matrices. Here C is the set of complex numbers. The unitarity
of U gives

la> + b =|c?+1d*=1, ab+cd=0, c=—-Ab, d=Aa,

where 7 is the complex conjugate of z € C and A = ad — bc. The quantum walk is a quantum version of the classical
random walk with additional degree of freedom called chirality. The chirality takes values left and right, and it means
the direction of the motion of the particle. At each time step, if the particle has the left chirality, it moves one step to the
left, and if it has the right chirality, it moves one step to the right. Let define

L) = m IR) = m

so U acts on two chiralities as follows:
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U|L) = a|lL) + c|R), U|R) = b|L) + d|R),
where L and R refer to the right and left chirality state respectively. Here the set of initial qubit states is defined by
®={p="[e.p] €C: o>+ |8 =1},

where T is the transposed operator. Let X,,(= X?) be the quantum walk at time n starting from the origin with the initial
state ¢ € ®. To explain X, more precisely, we introduce P and Q given by

P_ab _OO
_b J’Q_L J’

with U = P + Q. In the quantum walk, P (resp. Q) represents that the particle moves at each step one unit to the left
(resp. right). Let E, (I, m) denote the sum of all paths in the trajectory consisting of [ steps left and m steps right. In fact,
for time n = [ 4+ m and position x = —/ + m, we have

En(l,m) =Y PhQmPRQ™. . PhQ™,

lj,mj

summed over all non-negative integers /; and m; satisfying Iy +---+1, =/land m; + --- +m, = m with [; + m; = 1.
For example, in the case of [ =2, m = 1, we get

E3(2,1) = QP* + PQP + P*Q.
The definition gives
Eppibm)=P E,(I—-1,m)+Q E,(I,m—1).
The probability that X,, = x is defined by
P(X, = x) = [|Bu(L ).

We should remark that there is a strong structural similarity between quantum walks and correlated random walks, see
Konno [12]. A typical example of the quantum walk is the Hadamard walk defined by the Hadamard gate U = H:

5&[ijj'

The walk has been extensively investigated in the study of the quantum walk.

Quantum walks behave quite differently from classical random walks. For example, in the classical case, the
probability distribution is a binomial one. On the other hand, the probability distribution of the quantum walk has a
complicated and oscillatory form. For the classical case, the well-known central limit theorem holds. For the quantum
case, a corresponding weak limit theorem was shown by Konno [8, 9] in the following way:

Theorem 2.1. [f abcd # 0, then
MHWsnm§w=fu—ww@muwmmm
n—oo u

where
V1 —r2
(1l — x2)Vr? — x2

and ¢ =T[a,Bl. Here I4(x) =1 (x € A), =0 (x¢ A). In other words, the limit density of X,/n is feo(x) =
{1 —c(a,b, p)x} k(x : |a|).

aobB + aabp

lal?

k(x:r) = I @), cla,b,@) = o> —|B* +

3. Symmetric Case
In this section we consider the symmetric case of the limit density f(x), i.e., c(a, b, ¢) = 0. Let  be the probability
measure on the real line R, with the density k(x:r), where 0 < r < 1.
Theorem 3.1. Let G, (2) := fR % be the Stielties transform of . Then
(2 =) —N1=rJZ =12
(2= 1)(2 =12 '

Moreover, G, admits the following expansion as continued fraction:

Gulz) =
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1
1—+1-12
WT=r2—1+7)2
- /4

r2/4
7— 11

GM (2) =

Z
7 —

Before the proof we will derive some consequences.
Corollary 3.2. The monic orthogonal polynomials for | are given by: Py(x) = 1,
xPy(x) = Ppi1 (%) + Yno1Pp1 (),

where
V1T —=7r2(1 —+/1 =72 2
w=1-vVI-r, = ”2 =y =7 fornz2,
under convention that P_;(x) = 0 and y_; = 0.

In particular, for the Hadamard walk case (r = 1/ ﬁ) we have

:2—J§ V2-1

> V1= R y":§ for n > 2.

Then we can compute a few first orthogonal polynomials:

Yo

Pox) =1, Pi(x)=x,

Py(x) = x* + #7

Py = 2 +—3%f2x,

i =t = ;fﬁxz .2 ;ﬁ,

Ps(x) = x° + _4;ﬁx3 n 7 _;ﬁx,

P = DI BB AN

From Corollary 3.2, we can easily compute the following generating function:

0x,2) =) Pu0)Z".
n=0

Corollary 3.3.
(4 —4xz4+72) 0,2 =4+ (P —4+4V1 = D)2 + 2 =2V 1 — 2 — Pz
In particular, for the Hadamard walk

12 _ _z 2 E_L 3
(4—4xz+§Z)Q(X,Z)—4+< 2+2“/§)Z+<2 \/E)XZ'

The following fact is useful for computing G,,(z).

Lemma 3.4. Define a function A : CT — C~, where CT ={z € C:3z> 0}, C” = {z € C: 3z < 0}, given by the
continued fraction

1

r? /4

r2/4
z— 1t

A(z) =
7 —
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Then, under appropriate choice of the square root, we have
2z 2
A(Z) = ﬁ — r—z\/Zz — 7'2.

Proof. The definition of A(z) yields
A(z) :
)= 5 5>
7—r2A(z)/4

so we have
?A(Z)* — 4zA(z) +4 = 0.
This leads to the desired formula.

Proof of Theorem 3.1. Denoting the continued fraction by G(z) we have
1
1-V1-12
V1= =142
- A4
1
1-vV1-12
SV p S g
rvE
1
1-V1-12
Z_z—(\/m— L+ )z — V2 =)/
A VIZAVE=R
2=rP 41—~/ =17
(s WY e N -
E-0E-"

G(z) =

Z
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which is equal to the right hand side of the first formula. Now, using the standard technique (see [2, 5]) one can verify

that G(z) is Stielties transform for w, which concludes the proof of Theorem 3.1.

Next we consider the mth moment of the measure pu:

m() == " k(x:r) dx = dx.
m(1) /H;X ) dx /4 (1 — x2)/r? — x2

Theorem 3.5. For m > 0 we have sy,.1(n) = 0 and
m=1 ok /12\F
m() =1—+1—1r2 —1.
S2m(pe) r;<k><4)

The moment generating function is equal to

o0
M 7) = Sm Zm —
u(@) mZ:O () T 20—
We note that this result for the Hadamard walk case appeared in Konno et al. [13].
Proof. First we note that
1 — P22 =22V — 21 =222

M/L(Z) = G;/.(I/Z)/Z = (1 _ Zz)(l _ r2Z2)

Now denoting the sequence given in theorem by s,,, and its generating function by M(z), we have

1— 1222 =2V =21 =122

O
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M) = i{l _ mi(i")(j)k}zh

n=0
k
P e ()6

1 0 n=k+1

1 2 kzzk+2

e

1-2z2 = k 4 ) 1-2

1 21 =12

_ 2

=2 a-fi-422

1—rP2 —2J1 =21 =772
(1 =221 = r?z?) '

which is equal to M, (z). We used the well known formula:
> 2k 1
Z( )xk -
=\ k V1 —4x

4. Asymmetric Case

In this section, we consider an asymmetric case of the limit density fo(x). Denote by w(r, ¢) the probability measure
on R which has density (1 4 cx) k(x:7), where r € (0, 1) and ¢ € [—1/r, 1/r]. We note that ¢ = 0 leads to the symmetric
case.

Theorem 4.1. For the moment generating function and the Stielties transform of u(r,c) we have
(1 =r)(A+c)— @+l =2V =2
(1 =221 — %)
@ =r)z+0)— A+ )Vl —r2/z2 — r2
(Z =D =1

M;L(r,c) (Z) =

G,u(r,c) (Z)

Proof. First we note that for the moments of u(r,c) we have

xX'A/1 —r2(1+cx)
i ) = /;r a(l —x)Vr? — x2
R N
=/ dx+c dx
—r (1 = xX2)Vr? — x? —r (1 = x)Vr? — 2

= su(u(r,0)) + ¢ - Sp41(u(r, 0)).

Hence we can use Theorem 3.5 to get:
o0 R c
Muro@) = 3 s, )" = Myr0/(@) + ~ (M) = 1)
n=0

(1 =r2)(1+c) = 2+ )1 =1 —
B (1 —22)(1 — r2z?)

From this we obtain the Stieltjes transform G, (z) = M. (1/2)/2 of u(r,c). O
Denote by B,(r,c), yu(r,c) the Jacobi coefficients of wu(r,c), so that
1

Ciro() = Yo7 ©)

n(r,c)
z— Ba(r,c) —

Z_IBO(r’C)_

¢ hilno) - )
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Since u(r, —c) is the reflection of w(r, c) we have g,(r, —c) = —B,(r, ¢) and v, (r, —¢) = y,(r, ¢), so we can assume that
¢ > 0. Using combinatorial relations between moments and Jacobi coefficients (see [1, 16]) one can check that
Bo(r,c) = c(l — ),
Yo(r,€) = (1 = $)(1 = ¢ + ),
—c(1 — $)(2 — 2¢% — s+ 2¢%s)
2(1 — 2 + ¢2s)
s(1 — $)(2 — 2% + 25 + 25?)
4(1 — 2 4 c2s)?
where s := +/1 — 12, and these coefficients are getting more and more complicated. It is possible however to find them
in particular cases.

b}

ﬁl(rs C) =

)/](I",C) =

s

Proposition 4.2.
1—+1-1r2, n=20,
Bu(r, 1) =1 -1 =v1—-r2)/2, n=1,

0, n>2,
V(1) = V1—=r21—-~1-12), n=0,
e /4, n>1.
Proof. We have
1

V1=rrd-v1-r2)

2—(1=1-7r2)—

r?/4

— 1=/ —

z+ (1 1-r3)/2 24
4

7 — —

1
VI=r2(1—1-1r)
2+ (1 =V1=12)/2 —A@R)r2/4
1
21 =r2(1 =1 =12
2+ (1 =V1=r)+ V2=
(1 =V1-)+VZ2 -1
L (R VA ) Y/
20 - VI =A@ =) = V1= 1V2 1)
T VTR - AE- D)

77— (1 =+1=7r%)—

2= (1 =~1=12)—

= Gui1(2). O

In a similar way one can prove

Proposition 4.3.
(1 —=~1-=r3/r, n=0,
Bu(r,1/r) = —(1 =1 =1r2%/2r), n=1,

0, n>?2,

— 2(1 — _2\2 —
(1) = \gl 2(1—=~1-r22 n=0,
r /4, n>1.

5. General Case

In the first half of this section, we consider a general symmetric case (i.e., 8, = 0) with the Jacobi coefficients
{yn}o2, which are given by
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po=Yo, P1=VY1, --vs Pn-1=Vn-1s P=Vn="Vat1 =""".

The corresponding Stieltjes transform is denoted by G™(z). In this paper, we call the case (po, p1, ..., Pr1, p)-case. As
we showed in Sect. 2, the symmetric case induced by the quantum walk is a special case for n =2, ie.,
(1 —=~1—=r2,/1 =121 — /1 —r2)/2,r*/2)-case. In a similar fashion, we can obtain an explicit form of G"(z) as
follows.

Theorem 5.1.

where Ti(z) = zI1x_1(z) — pp—g—yI1x—2(2) with Tlp(z) = z — pr—1A(2), [1_1(z) = 1. Here

z— /22 —4p

A(R) = 2

In particular,

(2p — po)z — poy/z* —4p

2 (P — p0)2® + 1
@ Q2p — pO)z+ piy/22 —4p
G (Z) = ,
2p — p)2 —2pop + p1zy/22 — 4p
GO(z) = Q2p — p)2 —2p1p + pazy/2 — 4p

2p — p2)2 + (pop2 — 2pop — 2p1p)z+ pa(z2 — po)22 —4p

Applying the Stieltjes inverse formula, we have the following absolutely continuous part of the corresponding
probability measure.

Corollary 5.2.

1 poydp —

(1) _

P = —————— T2 52/5X),
21 (p — pox® + py VPP

pop1v4p —x?

1

2) () —

P =o— Ieapa o,
27 (p = pOx* + po(pr — 2p) + P12 + pgp VPP

1 Pop1P2y4p — x*

17 (x),
27-[ (p - pz)x6 + C].x4 + C2x2 + p%p% ( 2\/13!2«/13)

Px) =

where

c1 = (po+ p)(p2 —2p) + (po + p)pa. 2= (po + p1)>p — pop2(po + p1 + 2p2).

We illustrate p'® (x) for (po, p1, p)-case in Figs. 1-4.

For n = 1 case, see Obata [14]. In particular, when py = 2N and p = 2N — 1, p‘V(x) is a constant multiple of the
density function of a Kesten distribution.

Finally we consider the following asymmetric case:

Po=VYo, PI=Vi, P=V=YV3=--", go=Pho, g=pi=p=---.

In a similar way, we obtain
Proposition 5.3.

(2p—pz—aCp—p)+piVe—q’ —4p
(2p — P — 0@ — @) = 2pop + Pz — gV (e — 9 —4p
p(Z,asym)(x) _ i . ; Poplm . .
27 (p — p)&x = o) (x — )" + {po(p1 — 2p)(x — @) + pi(x — qo)}(x — qo) + pyp
X L(g—2 fp.q+2.yp (X)-

G(Z,asym) ( Z) —

We note that if gg = g = 0, then G?*")(z) (resp. p>*(x)) becomes G?(z) (resp. p'?(x)).
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0.5 1

(b) (c)
Fig. 1. (@) po =1/2, p1 = 1/6, p = 1/4, (b) po = 1/8, p1 = 1/6, p=1/4, (c) po = 1/8, p1 = 1/12, p = 1/4.

-0.6 -0.4 -0.2 0.2 0.4 0.6

Fig. 2. po=1/8,0< pi <3/5,p=1/4.

Fig. 4. (a) 0<po <1/2, P1=(1/\/——1/2)/2, p=1/8, (b) p0=1—1/ﬁ, 0O<pi<1, p=1/8, (¢ P0=1—1/«/§,
p1=(/v2-1/2)/2,0<p<1/4
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