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Abstract We show that a convolution semigroup {u;} of measures has Jacobi pa-
rameters polynomial in the convolution parameter ¢ if and only if the measures come
from the Meixner class. Moreover, we prove the parallel result, in a more explicit
way, for the free convolution and the free Meixner class. We then construct the class
of measures satisfying the same property for the two-state free convolution. This class
of two-state free convolution semigroups has not been considered explicitly before.
We show that it also has Meixner-type properties. Specifically, it contains the analogs
of the normal, Poisson, and binomial distributions, has a Laha—Lukacs-type charac-
terization, and is related to the ¢ = O case of quadratic harnesses.
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1 Introduction

Any probability measure p on the real line, all of whose moments are finite, has
associated to it two sequences of Jacobi parameters {8;, y;}: for example, u is the
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spectral measure of the tridiagonal matrix

Bo vo 0 O
L B n 0
0 1 B »
0 0 1 B

We will denote this fact by

Bo. Bi. B2 B3, )

J(w) =
&) (Vo, YL, V2, V3,

with 8, () := By, vn(i) := y,. These parameters are related to the moments of the
measure via the Viennot-Flajolet [22, 44] and Accardi—-Bozejko [1] formulas. On the
other hand, in probability theory and other applications, measures frequently come
in time-dependent convolution semigroups. In general, the time dependence of the
Jacobi parameters is complicated (they are rational functions of ¢). However, for the
Gaussian convolution semigroup

_.2
ex/2t’

e (x) =
! 2t

the Jacobi parameters are simply

Bn(t) =0, Yu()=m+ 1)t,

while for the Poisson convolution semigroup
|
. —t Lk
i) =™y o),
k=0
they are

Bn(t) =n+1, Ya(t) = (n+ .

So it is natural to ask, what are all the measures whose Jacobi parameters are lin-
ear (in the calculus sense, that is, affine) functions of the convolution parameter? A
seemingly more general question is to describe all collections {«;,, Bn, Yn, @n, bn, Cn}
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such that the spectral measures {u;} of tridiagonal matrices

Bo v O 0 . bp ¢ 0 O
a B oy 0 . a by ca 0

Mo a B “|T|0 a by o " ¢))
0 0 a B3 - 0 0 a b3

form a convolution semigroup. In this paper we provide the answer: such measures
form precisely the Meixner class [31]. Thus we add a new, more dynamical descrip-
tion to already numerous known characterizations of this class. In particular, far from
being infinite dimensional, this family of measures is described by only four param-
eters. For more on the Meixner class, see the probabilistic characterizations in [29,
45], its role in statistics (where it is known under the name of quadratic exponential
families) [20, 34, 35], and a more combinatorial description [27].

The reason convolution semigroups appear in probability theory is that if {X (¢)} is
a process with stationary independent increments, and u; is the distribution of X (¢),
then {u;} form a convolution semigroup. In non-commutative probability theories,
one encounters other notions of independence, and correspondingly other convolution
operations based on them. In many ways, these operations are more complicated than
the usual convolution; notably, the usual operation is distributive,

wx (V1 +v2) =Wk v+ Wk v,

while the other ones are not. Nevertheless, in other ways they appear to be simpler.
The combinatorial theory of such convolutions is typically based on an appropriate
sequence of cumulants which linearize it; for example, the classical cumulants 7, (1)
defined via

© (ig)" .
Z(Z , r,f(u)=10g/€lexdu(x)
n: R

n=1

have the property that
o v) =ri(u) +ry(v). 2)

In particular, r*(u*') = - r*(u): cumulants are always proportional to the convolu-
tion parameter . While, as pointed out above, there is a nice relation between Jacobi
parameters and moments, as well as a relation between cumulants and moments (see
Sect. 2.3), we are not aware of a simple relation between Jacobi parameters and cu-
mulants. However, in [32], the second author found a formula relating Jacobi param-
eters and free cumulants, which linearize the free convolution [37]. This allows us to
provide a constructive proof that Jacobi parameters are linear in the free convolution
parameter if and only if the measure belongs to the free Meixner class considered in
[3, 7, 38] and numerous other sources. We then give a simple but indirect argument
which provides the corresponding characterization for the Meixner class. Another
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consequence of the analysis is that there are no measures whose Jacobi parameters
are polynomial functions of the free convolution parameter of degree greater than
one, so the spectral measures of matrices from (1) are no more general.

Yet another convolution operation was introduced in [10] in relation to what the
authors called “conditionally free probability”, but is better called two-state free prob-
ability theory. As the name indicates, this is a convolution operation H, on pairs of
measures, and as such does not really have a classical analogue. The techniques from
[32] allow us to find all pairs of measures (ft, i) such that if (&, u,) := (@, /,L)HH"I
then the Jacobi parameters of [i; are linear with respect to this convolution. In fact, it
suffices to only require that the Jacobi parameters of fi; are polynomials in ¢, and the
linearity of the Jacobi parameters of both fi; and w, then follows automatically. Un-
like in the cases above, this class has not been explicitly described before. It consists
of measures whose Jacobi parameters do not depend on n for n > 2 (except for the
special case described in Proposition 6).

Even the fact that these (pairs of) measures form a two-state free convolution semi-
group is apparently new. We show that these measures also have, in the two-state
context, Meixner-type properties. Namely, just like the Meixner and free Meixner
classes, this family includes the two-state versions of the normal, Poisson, and bino-
mial distributions; their two-state cumulants satisfy a quadratic recursion; they have
a two-state Laha—Lukacs characterization [8]; and they appear as a subclass of the
q = 0 case of quadratic harnesses [16].

2 Background
2.1 Partitions

A partition of a linearly ordered set X is a family = of nonempty, pairwise disjoint
subsets of X, called blocks of 7, such that | Jm = X. A partition is noncrossing
if whenever x| < x2 < x3 < x4, x1,x3 € Vi € w and x3,x4 € V, € w then V| = V5.
Every noncrossing partition admits a natural partial order: U < V if there are r,s € V
such that 7 < k < s holds for every k € U. Now we can define depth of ablock U € &,
namely

dU,m):=|{Ven:U=xV#£U}.

If d(U, ) > 1 then we define the derivative of U as the unique block U’ € 7 such
that U < U’ and d(U’, 7) = d(U, ) — 1. The derivatives of higher orders are defined
by putting V® := (v &=Dy’

In particular, a block of a noncrossing partition with d(U, ) = 0 is called outer,
and a block with d(U, ) > 1 is called inner. An interval partition is a noncrossing
partition with only outer blocks. For the set {1, 2,...,m}, we will denote the lattice
of all partitions by P(m), the lattice of all noncrossing partitions by NC(m), and
the lattice of all interval partitions by Int(m). In addition, NCj »(m) will stand for
the class of all partitions w € NC(m) such that |V| < 2 holds for every V € m. The
family of all outer (resp. inner) blocks of 7 will be denoted by Out(sr) (resp. Inn(7)).
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Fig. 1 Illustration for
Example 1

A o f\/;\ A o

1 2 3 4 5 6 7 8 9 10 11 12 13

Example 1 The noncrossing partition 7 = {{1, 5, 10}, {2, 3}, {4}, {6, 7, 9}, {8},
{11, 12}, {13}} is drawn in Fig. 1. The blocks {1, 5,10}, {11, 12}, {13} are outer
(and so have depth 0); the rest of the blocks are inner, with d({6,7,9},7) = 1 and
d({8},7)=2.{8} ={6,7,9} and {2,3} = {1, 5, 10}.

2.2 Jacobi Parameters

Throughout the paper, 1 will be a probability measure on R all of whose moments

Sm (1) 12/ x™dp(x) (€)
R

are finite. Then there is a sequence { P}, of monic polynomials, with deg P, = m,
which are orthogonal with respect to . They satisfy a recurrence relation: Py(x) =1

and form >0

X Py (x) = Ppi1(x) + B P (X) + Vim—1Pn—1(x), 4

under convention that P_1(x) = 0, where the Jacobi parameters [19] satisfy §,, € R
and y,,;, > 0. Then we will write

— ﬁ()’ ﬂls ﬁzv /33,
J(M)_(Voa Y, V2, V3, )

{P,,} are unique for m < |supp(u)|. Moreover N := |supp(u)| < oo if and only if
yn—1=0and y,, > 0 form < N — 1. In this case for m > N, P, are not uniquely
determined, and f,,, y;, are undefined, so that the sequence of Jacobi parameters is
finite. By convention, we may still write infinite sequences of Jacobi parameters, but
their terms after the first y,, = 0 should be disregarded.

The Viennot-Flajolet theory [22, 44] gives the relation between moments of a
measure and its Jacobi parameters in terms of Motzkin paths. We will use a related
formula of Accardi and Bozejko [1] expressing the same relation using noncrossing

partitions:
smw = > [] Bavr- [] vav.o- )

JGNCI‘Z(m)H‘;\e:GI l‘\;vle:crz
This formula should be compared with the formula (7) below.
2.3 Cumulants

The classical cumulants r;* (1) [40], free cumulants
P (i) =1 (1)

@ Springer



J Theor Probab

[37, 41, 42], Boolean cumulants r,? () [43], and two-state free cumulants

Ro(fi, ) = r (ji, )

[10] are defined via the following moment-cumulant formulas, which express them
implicitly in terms of the moments s, (1):

smw =Y []rvw, (6)

neP(m)Ven

smwy =Y []rviw, @)

weNC(m) Vern

smwy =Y ]y, ®)

mwelnt(m) Ver

and

sm@= Y [] Rvi@w ] nuw. ©

7 eNC(m) VeOut(r) Uelnn(w)

2.4 Convolutions

Using cumulants, we can define in a uniform way the classical convolution *, the free
convolution H, and the Boolean convolution &, via (2) and its analogs, for example

(B v) =r, () +rp(v).

The two-state free (or conditionally free—these terms will be used interchangeably)
convolution H, is an operation on pairs of measures, defined as follows: (i, u) B,
W,v)=(7,7r)ifandonlyif t = u B v and

Rn(f, T) = Rn(ll, V) + Rn(i)v U)'

Note that the classical convolution defined in this way does coincide with the more
familiar formula

(M*v)(A)=/M(A—X)dv(x),

but there are no such explicit formulas for the other operations. Instead, each of them
is related to an appropriate notion of independence, see the references above.

For any of the convolution operations, for example for *, a convolution semigroup
generated by u is a family of measures {u;} such that w1 = @ and p; * s = ts4s-
So a classical convolution semigroup is characterized by the property that

raig) =1 -1y (1),

and a similar relation holds between other convolution semigroups and corresponding
cumulants.

@ Springer



J Theor Probab

A priori, our semigroups will be indexed by ¢ € N. For p *-infinitely divisible,
w* is defined for all ¢ € [0, 00); a similar comment applies for BB- and H,-infinitely
divisible distributions. However, for free convolution H and two-state free convolu-
tion H., for any u one can extend the semigroup to ¢ € [1, 00), see Lecture 14 of [37]
and [6]. Moreover, for the Boolean convolution &, any w is infinitely divisible [43].

2.5 Generating Functions
It is frequently more convenient to work with generating functions instead of mo-

ments and cumulants. For example, the Fourier transform

o0
1 ,
Fu@ = —sm()(i2)"
m=0
is the exponential moment generating function of u, and
o

C@=3y (l,i) ()

m=1

is its (classical) cumulant generating function.
The ordinary moment generating function of u is

MA@ =) s

m=1
We denote the free cumulant generating function (also called the R-transform) by

e¢]

RA@) =) n(wi

k=1
and the two-state free cumulant generating function by
- (.¢]
R“M(2) =y " Ri(i, w2
k=1

Note that these are the combinatorial R-transforms, which differ by a factor of z from
the versions used in complex analysis.
We have the functional relations

MH(z) = R*((1+ M"(2))z) (10)
and
n*(2) = (1+ M ()" REE((1+ M™(2))2). (11

Here the eta-transform (Boolean cumulant generating function) n* satisfies
@ =1—(1+M"@2) " (12)
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Recall that the corresponding property in the classical case is
C.(2) =log Fu (2).
2.6 Continued Fractions

The Jacobi parameters of w also appear in the continued fraction expansion

1
1+ MA () = — (13)
vo()z
1= i) — =
and from (12),
2
n(2) = Bo(w)z + LICEN— (14)
y1(u)z
1— Br(w)z — T
1= o) — 2

Definition 1 Meixner distributions are measures with Jacobi parameters

Bo, b+ Po, 2b + Bo, 3b + o, )

JW:(;/O, 2(c+y0), 3Qc+y0), 4Bc+y0),

for 9 > 0, and either ¢ > 0 or ¢ = —yp/N, N € N (in the second case, the se-
quence of Jacobi parameters is finite). In particular this class includes the nor-
mal (Gaussian) distribution for 8o = b = c = 0, y9 = 1, Poisson distribution for
Bo=0b=1yp =1, c =0, binomial distributions for fp = pN, yp = p(l — p)N,
b=1-2p,c=—p(l — p), gamma distributions for 8o = yp =, b=2,c =1, and
negative binomial distributions for By = %r, = #r, b= }J_r—i, c= ﬁ.
See [39] for more details.

Moreover, for fixed Bo, yo, b, ¢, the measures {u; : t € N} with Jacobi parameters

Bn(t) =nb + Pot, yu() = (n+ D)(nc + yot)

all belong to the Meixner class and form a convolution semigroup. If c = —yp/N <0,
the semigroup can be extended to {u, : t = &, n € N}. u is *-infinitely divisible if and
only if ¢ > 0, in which case the measures {u, : f > 0} form a convolution semigroup,
a (classical) Meixner semigroup.

Definition 2 Free Meixner distribution are measures with Jacobi parameters

Bo,» b+ By, b+Po. b+ Po, ) -

] =
W) <Vo, c+y, c+y, c+y,

for y9p > 0, ¢+ yp = 0, in other words their Jacobi parameters are independent of n for
n > 1. The normalized free Meixner distributions p, . have mean By = 0, variance
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10 = 1, and parameters b € R, ¢ > —1; general free Meixner distributions are affine
transformations of these. More explicitly,

1 V@I +0) - (x—b?),

dpp,c(x) = o A dx +0, 1, or 2 atoms,

see [3, 7, 38].

Free Meixner distribution with Jacobi parameters (15) is B-infinitely divisible if
and only if ¢ > 0, see Theorem 1 below. Moreover, for fixed b, c, these distributions
form a two-parameter free convolution semigroup with respect to Sy and yy. This fol-
lows from the formula for their R-transform in [38] or from the formula for their free
cumulants in [25]. In the particular case ¢ > —1, the measure with Jacobi parameters
(15) is precisely MIEEZO B dg, (note that the free convolution with a delta measure is a
shift) and in this case it follows directly that

my/ Eyﬁ m(yl+y/!)
(“b,co M 5/3(3) H (Mb,co M 5/5()’) =y B Sp)+py-

Remark I There are numerous characterizations of the free Meixner class in free
probability. Here is a partial list.

(a) The following measures all belong to the free Meixner class: free normal (semi-
circular) distributions have b = ¢ = 0 (and so their Jacobi parameters do not de-
pend on n), free Poisson (Marchenko—Pastur) distributions have ¢ =0, b # 0, and
free binomial distributions correspond to ¢ < 0 (including the Bernoulli distribu-
tions for ¢ = —yyp).

(b) The orthogonal polynomials of the measure p have a generating function of the
“resolvent-type” form 1_1; (é)(z) [3].

(c) The free Laha—Lukacs property: two freely independent random variables X, Y
with the same distribution p satisfy the property that the conditional expectation
@[X|X + Y] is linear in X + Y and the conditional variance Var[X|X + Y] is
quadratic in X 4+ Y [7].

(d) The free cumulant generating function of the measure up . satisfies a “Riccati
difference equation”

—c=14+b—"+c
Z Z

Z

R(2) R(2) <R(z)>2

see the single-variable case of Theorem 6 from [4], or the ¢ = 0 case of Re-
mark 5.4 from [7].

(e) The measure u generates a quadratic free exponential family [14].

(f) The measure u is characterized in terms of its free Jacobi field [11].

All of these properties have analogs for classical Meixner distributions, see the refer-
ences in Sect. 1.
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Fig. 2 [Illustration for

3 The Free Convolution

Formulas (5) and (7) relate moments of a measure to its Jacobi parameters, resp. free
cumulants. It is also possible to find a direct relation between free cumulants and
Jacobi parameters, see [32]. For this purpose we will need some additional notions.

A labeling of a noncrossing partition o is a function x on o such thatforany V € o
we have k (V) €{0,1,...,d(V,0)}. For alabeling « of a noncrossing partition o we
denote by R(o, k) the smallest equivalence relation on o containing all the pairs
VD, vy with Veo,0<i,j<k(V). By NCL% ,(m) (not to be confused with
noncrossing linked partitions introduced by Dykema [21]) we will denote the family
of all pairs (o, k) such that o € NC; 2(m), « is a labeling of 0 and R(o, k) =0 X 0.
In particular, o has only one outer block.

Example 2 In Fig. 2 are drawn three labellings of the partition o = {{1, 6}, {2, 5},
{3,4}}: k1({3,4}) =2, x2({3,4}) =1, xo({2,5}) = 1, k3({3,4}) = 1, with the rest
of the values zero. For each label (V') > 0, we connect V to its derivatives of order
1,2, ...,«(V).Pictorially, R(o, k) = o x o if all the blocks of ¢ are connected in this
fashion. x| and k> produce connected partitions, while under R (o, «3), {2, 5} ~ {3, 4}
but {1, 6} # {2, 5}.

In view of [32], we have the following relation between free cumulants and the
Jacobi parameters of a given probability measure p:

rm= Y. wlo.k), (16)

(0,€)ENCL] ,(m)
where w(o, k) :=[[yc, w(V,x(V)) and

— Br—1 if|V|=1,
WV k) = Bk — Bk—1 . 4 (17)
Yk — V-1 if|V][=2,

under convention that 8_; = y_1 = 0. In particular,

r1 = po. (18)
r2 =0, (19)
r3 = y0(B1 — Bo)» (20)
ra=[(B1 — Bo)> + (1 — )], 1)
rs =yo[(B1 — Bo)’ + 31 — y0)(B1 — o) + v1 (B2 — B1)). (22)
re =0[(B1 — B)* +6(v1 — 10)(B1 — Bo)* + 41 (B2 — B1)(B1 — Po)
+11(B2— B>+ 201 — ) + 12 — )] (23)
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Theorem 1 Let i be a probability measure with Jacobi parameters

— ﬁ()’ ﬂls ﬁzv /33,
J(M)_(Vos Vi, Y2, V3, )

If for t € N, the Jacobi parameters for the free powers of . are

By _ [ Bo®), Bi(®), Ba(t), B3), ...
T )_<Vo(r>, n@, n@, yo, )

and all the parameters By, (t), ym (t) are polynomials on t, then
pr=P=B=- and yi=yr=y3=:--, (24)

so that u is a free Meixner distribution.
On the other hand, if the Jacobi parameters of u are such that (24) holds then,
putting
b:= ﬁl _ﬁ()s CI=Y1— Y0, (25)

B s well defined whenever t > 0 and ¢ + tyy > 0 and then

the measure j1; = |

J(Mt)=<,3()t, b+ Bot, b+ Pot, b+ Bot, ) (26)

yot, c+yot, c+yt, c+yot,
In particular, u is B-infinitely divisible if and only if ¢ > 0. In this case,

dp(x)

R"(2) = oz + yoz? / o 27)
R 1—zx
where
b, b, b, b, ...
J(’O):<c ¢, ¢, ¢ )’ (28)

so that p is a semicircular distribution.

Proof Putting in formulas (16)—(23) r,,t, B (t), Ym (t), w; instead of 7, By, ¥im and
w, respectively, we see that

Bo(t) = Pot, Yo(t) = yot.
If yo =0, then w is a point mass dg,. In this case we can take

t, 0, 0, ...
JWEg:(%, 0. 0 ”>’

’ ’

which satisfies both the assumptions and the conclusions of the theorem. From now
on, we assume that yp > 0. From (20) we get r3t = yot (81 (¢) — Bot) which yields

B1(t) = B1 — Bo + Bot.
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Similarly, from (21) we get
Y1) =y1 — v+ yot.

Now assume that all the Jacobi parameters S, (¢), y (¢) are polynomials on . We
claim that B (t) = 1 — Bo + Bot and yx(r) = y1 — yo + ot forall k > 1. Fix d > 2
and assume that this holds for all 1 < k < d. Then for a block V, with 1 < |V| <2
and for 1 < k < d we have w;(V, k) = 0. Now we consider formula (16) for rpg+11.

Put

or=1{{1.2d +1},{2,2d}, {3,2d — 1}, ..., {d,d + 2}, {d + 1},
K1:={Kk:(01,6) eNCL{ ,(2d + 1), k({d +1}) =d}.

Note that if (o, k) € NCL%,Z(Zd + 1)\ ({o1} x K1), and wy (0, k) #0then x (V) =1
forall V e o \ {{1,2d 4+ 1}} and then

wio, ) =wt [[Br—Bx ] i—n.
Veo Veo, |V|=2,
Vi=1 V#{1,2d+1}
Now we observe that if w; (o7, k) # 0, k € Ky, then k (V) € {0, 1} for all inner blocks
V €01, V #{d + 1}. Therefore

d—1 1
> wilor. k) =yt (Ba®) = Ba—10) [T D (ri() = vic1 ()
kel k=1i=0

= ot (Ba(t) — Ba—1()) 1)1,

which is a polynomial of degree at least d > 2, unless B4 (¢) = Bs—1(t) = B1 — Bo +
Bot .

Now we consider the formula for ro442¢. Put
or:={{1,2d +2},{2,2d + 1},....{d +1,d +2}},
K2 :={Kk: (02,x) eNCL{ ,(2d +2), k({d + 1,d +2}) =d}.
Similarly as before, and using the previous step, we conclude that for (o,k) €

NCL}_z(Zd + 2) \ ({oz} x Kp) if we have w;(o,k) # 0 then «(V) = 1 for all
V eo \ {{1,2d +2}} and then

wio )=yt [[Br-Bdx ] 1-n.
Veo Veo, |V|=2,
[VI=1 V#£(1,2d+2)
Now we observe that if w; (o2, ) # 0, k € K, then «(V) € {0, 1} for all inner
blocks V € o,V #{d + 1,d + 2}. Therefore

d-1 1
D wilo2, ) =yt (va®) —va 1 ) [ [ D (i) —yia (1)
kel k=1i=0

= yot (va(®) — ya—1(0)) i )71,
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which is again a polynomial of degree at least d > 2, unless y;(¢) = y4—1(t) = y1 —
0 + yot. This proves the first part.

Conversely, suppose that i has Jacobi parameters given by (24). As we have al-
ready noticed, if (o,«) € NCLb(m), V e o and w(V,k(V)) # 0 then either V is
the outer block of sigma (so x (V) = 0) or «(V) = 1. Then, using notation (25), for
1y defined via (26), we have ) = u, r1(uy) = Bot and for m >0

rmamd=t-vo Y, [[b-]e¢ (29)

0eNC|,(m) Ve Veo
' V=l |V[=2

so that ry (i) = - rm (10). Therefore p, = p®.
Finally, it follows from (29) that if ¢ > 0 then 7,42 = 9 - s (0) Where the measure
p is defined by (28), which proves (27) (cf. [38]). O

4 The Classical Convolution

In [24], the authors define cumulants {r;;} for an abstract convolution operation »
via the following three properties. All convolutions and cumulants considered in this
paper satisfy them (with the exception of the conditionally free cumulants; these latter
satisfy properties which are similar to the ones below, but we choose instead to treat
them separately in the next section).

(@) ri(w*)y=t-r}(n), where r € N.
(b) r}(Dsp) = A"rr (i), where (D) (A) = u(A "1 A).
(c) For any n, there is a polynomial Q,, in n — 1 variables such that

sn() = () + Qu (rf (), .1y ().

Lemma 2 Suppose measures {{1;} form a convolution semigroup with respect to an
operation x, with corresponding cumulants {r; (t) =t - ry} satisfying axioms above.
Then

(a) Denoting s;(t) =s;(u;) and r; =r} (1),
s1(t) =rit,
sy(t) =rpt +a11r12t2,
— 2 3.3
s3(t) =r3t +agyrorit” +ayrit’,
s4(t) =raqt + a31r3r1l‘2 + a22r22t2 +a211r2r12t3 + a1111rf't4.
(b) Suppose aj1 = 1. Then
Bo(t) = Pot,
yo(f) = yot.
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(c) Suppose u is not a point mass so that yg # 0, and
an=an=ann =1, ay1 = a3, —2ay +3. (30)
Then

B1(t) = b+ (az21 — 2)Pot,
y(@0) = (b' = b*) + ((az1 — 2a21 +2)bPo + (a2 — Do)t

an so all of these are linearin t.

Proof Part (a) follows by combining properties (a—c) of the cumulants. The rest fol-
low by combining part (a) with the formula (5). O

Proposition 3 In the setting of the preceding lemma, suppose ajy = 1. Let {1},
{1}} be two convolution semigroups all of whose Jacobi parameters are polynomial

in t. Suppose moreover that Bo(i:) = Bo(ir), vo(ie) = vo(iuy), Br(mwe) = Pr(uy),
vi(e) = yi(uy), and that yy (i) varies with t. Then (v and w; have the same mo-
ments.

Proof We will prove by induction on n that the rest of the Jacobi parameters of the
measure ., are the same as for w,. Suppose this is true up to n — 1. Then using
formula (5),

son+1 () = s2n41(17) + (BaGee) = Ba(127)) Va1 () - .. v1 () vo (o),
so if
sk=rp + Qk(rf,rf, ...,r,:_l),
then
Pt () = Py (1) (B Gee) = B (141)) i1 (1) - .71 () Yo (o).

By Lemma 2(b), yo(us) = yot, and y1 (i) has degree at least one in ¢, while the other
vi(is) are polynomial in ¢, from which it follows that 8, (i;) = B (1}).
Similarly, from

san2 (o) = son2 (1)) + (v () = i (180) ) Y1 () -« v () vo (o),

it follows that y,, (its) = yu (i4}). d

Corollary 4 The Meixner distributions are the only convolution semigroups whose
Jacobi parameters are polynomial in the convolution parameter.

Proof If yp = 0, the measure is a point mass, and so belongs to the Meixner class.

So suppose yo # 0. For the usual cumulants, ay; = 3, ax11 =6, ax =3, a31 =4,
so condition (30) is satisfied. Also, B1(t) = b + Bot, and y1(¢) = 2¢ + 2yt is not
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constant. If ¢ > 0,¢>0,0rc <0, N = —y/c € N, t € N, the Meixner distribution
with these initial values of the Jacobi parameters has

K=ot 2+, 3Qc+w).  4Gc+ o),

Finally, suppose ¢ < 0, —yp/c ¢ N. Jacobi parameters in the preceding equation still
define, via relation (5), a linear functional on polynomials, which, however, is no
longer positive. The uniqueness result in Proposition 3 applies equally well to such
functionals. Therefore, there is no positive linear functional (and so no measure) with
these initial Jacobi parameters whose Jacobi parameters are polynomial in ¢. d

Example 3 For the free cumulants, az; = 3, ax11 = 6, ax = 2, az; = 4, so condi-
tion (30) is satisfied. In this case, B81(t) = b + Bot, and y1(t) = ¢ + ot is not constant.
Therefore we re-prove our result that the free Meixner distributions are the only free
convolution semigroups whose Jacobi parameters are polynomial in the convolution
parameter.

Example 4 For the Boolean cumulants, ay| =2, az11 = 3, axz = 1, az; = 2. So con-
dition (30) is still satisfied, but y; (¢) = ¢ is independent of 7. Therefore Proposition 3
does not apply. In fact, for any Boolean convolution semigroup, the Jacobi parameters

are
8 t, B, B2, ...
J Wt — :BO
(M ) <)/0[, Y1, Y2,

and so are polynomial in ¢, see [12] and [5]. See Proposition 7 for a generalization of
this result.

Example 5 For the monotone cumulants [24, 36], a;1 =1, az) = % a] = ? So
Proposition 3 applies, but condition (30) is not satisfied. In fact, in this case it is not
clear if we have a 4-parameter family of measures with linear Jacobi parameters;
for example, this condition implies that the mean By = 0. On the other hand, it may
also be possible to have a monotone convolution semigroup with Jacobi parameters
polynomial in ¢ of degree greater than 1.

Corollary 5 The only convolution semigroups {i:} which are spectral measures of
tridiagonal matrices in (1) are Meixner families.

Proof u; is a spectral measure of a tridiagonal matrix in (1) if and only if there are
polynomials {Q,} orthogonal with respect to 1; and satisfying the recursion relation

x Py (x) = (ant + ap) Pry1(x) + (But + by) Py (x) + (Yn—1t +cp—1) Pr—1(x).

It is well known that the corresponding monic orthogonal polynomials then satisfy
the recursion

Xﬁn(x) = ﬁn+1(x) + (But + bn)ﬁn(x) + (ap—1t +ap—1)(Yu—1t + cnfl)ﬁnfl(x)-
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By Corollary 4, u; is a Meixner distribution. A posteriori, for each n,
ap—1Yn-1=0. O

5 The Two-State Free Convolution

Suppose that in addition to the measure ., we also have a measure f, with moments
Sm and Jacobi parameters y,,, B,. Recall from Sect. 2.3 that the conditionally free
cumulants R, = Ry, (i, ) of the pair (i, ) are defined by

Sm = Z l_[ Ry (i, ) l—[ riu| (), GD
7eNC(m) UeOut(rr) Uelnn(x)

where r,,, (1) are the free cumulants of .
For 0 e NC; 2(X) and V € o, with label k, we define
B — Pr—1 if|V|=1andk =d(V,o0),
—Br—1 if|V|=1landk <d(V,o0),
DV ko) = f:’k Br—1 1 [VI=1landk <d(V,0) (32)
Yk — Vk—1 if|V|=2and k=d(V, o),
Yk — Vk—1 if|V|=2andk <d(V,0),

keeping our convention that §_1 = y_; = 0. For (o, k) € NCL1 2(X) we put

b(o.k) =[] d(V.k(V).0). (33)

Veo

Then, in view of [32], for every m > 1 we have

Ru(ly)= " Y (oK) (34)

(0,k)eNCL! , (m)

For example:

Ri = fo, (35)
Ry = . (36)
R3 = 70(B1 — Po). (37)
Ra=70[(B1 — Bo0)* + (1 — w)]. (38)
Rs = 1[(B1 — Bo)® +2(7% — v0) (B1 — Bo) + (71 — v0)(B1 — Bo)

+71(B2— BV)]. (39)

Re = 70[(B1 — Bo)* + 31 — v0) (B1 — Bo)> +2(71 — y0) (B1 — Bo) (B1 — Bo)
+ (71— 10)(B1 — B0)> +271(B2 — B (B1 — Bo) + 271 (B2 — B1)(B1 — Bo)
+ 7B — B>+ 1 — 1)+ L — )1 — ) + (G2 — )] (40)
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The conditionally free power of a pair of measures: (i, M)E"t

fined by: s, = = and Ry (i, i) =1+ Ry (i, o).

= (fi, pr) is de-

Theorem 6 Let (fi, 1) be a pair of measures with Jacobi parameters By, Jm and

Bm s Vm, respectively.

Assume that neither L nor u is a point mass and that for the conditionally free
powers (s, y) := (L, M)EEC’, t € N, all the Jacobi parameters of [i; are polynomials
ont. Then

Br=Pr=pr=Ps=Ps=Ps="--, (41)
VI=N=n=yp=y3=y=--, (42)
so that [i is a general measure whose Jacobi parameters do not depend on n for

n > 2, and | is the corresponding free Meixner distribution.
On the other hand, if (41) and (42) hold then, putting

b= B — o, b= 1 — Po, C=y1— Y0, c=y1—y, (43)

the conditionally free power (jiis, 1ut) := (i, /L)EE" exists fort >0, c+ yot >0, ¢ +
yot > 0 and we have

3 Bot, b t, b t, b foo...
T(iy) = /?0 ~+ﬂ0 + Bo + Bo (44)
vot, c+yot, c+yt, cH+yt, ...

and

J(Mt):(ﬂot, b+ Bot, b+ Pot, b+ Pot, )

yot, c¢+yot, c—+yt, c+wt, 45)

In particular, the pair (i1, n) is B.-infinitely divisible if and only if c > 0 and ¢ > 0.
In this case,

dp(x)
1—xz’

R (2) = oz + 702 fR (46)

where p is the free Meixner probability measure which satisfies

J(ﬁ):(lf’ b. b, b, :::). @)

¢ ¢ C G

Remark 2 Note that we did not need to assume that the Jacobi parameters of p, are
polynomials in ¢; rather, this fact is implied by the hypothesis of the theorem. If & is
a point mass, the conclusion of the theorem holds if we also suppose that the Jacobi
parameters of y; are polynomials in ¢. This follows from Theorem 1 and the fact that
for any free convolution semigroup {u,}, the family

{(ﬂt = 350,7 Mt)}
form a two-state free convolution semigroup (with R’l’“(z) = 502)-

If 1 is a point mass, the conclusion of the theorem is false, see Example 4. Propo-
sition 7 provides a complete description of this case.
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Definition 3 Two-state free Meixner distributions are pairs of measures (i, 1) with
Jacobi parameters (44) and (45) for t = 1 and

v0 >0, 7 >0, c+y >0, c+y=0.

Remark 3 An explicit formula for [, can be obtained from the continued fraction
expansion of its Cauchy transform:

Gp ()= . )

~ Yot
z— Bot — = .
z— Pot —b— (yot + )G, (2)

where p; is the semicircular distribution with mean Byt + b and variance ygf + c. The
corresponding measure belongs to the Bernstein—Szegd class, and has the form

i = VAot o) — G- por — b

' - - dx 4+ at most 3 atoms.
cubic polynomial

Proof of Theorem 6 Denote by ﬁm (1), Ym(t) and B,,, (1), v (¢) the Jacobi parameters
of fi; and p,, respectively. Putting in formulas (16)—(23) and (33)—(40)

Tt Ruto  Bu(),  yn@®.  Bu(®. 7@, wn
instead of
fme  Rme  Bws VYme  Bms  Vm. w, 0
respectively, we see that
Bo(1) = Pot, Yo(1) = yot, B1(t) = B1—Bo+Pot, Y1) =y1 —yo+vot,
by (18)-(21), and
Bo(t) = Pot, Yo(t) = Yot, Bi(t) = B1— Bo+Pot. Y1) = 71—y +wt,

from (35)—(38). Now assume that neither & nor p is a point mass (i.e. 9 > 0, yo > 0).
It then follows from these formulas that yo(¢), y1(¢), Yo(t), and y,(¢) are all polyno-
mials of degree one in 7.

Assume that all f,,(r) and 7, (¢) are polynomials on ¢. If we apply the last formu-
las to (39) then we get

Rst = constant - + (1) 71 (1) (B2(1) — B1(0)).
Since, by assumption, B2(7) is a polynomial, this implies that

Ba(t) = Bi(t) = B1 — Bo + ot
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(for otherwise the right hand side would be a polynomial of degree at least 2). Then
in (40) we obtain

Rt = constant - £ + 70(1)71 (1) (72(1) — y1(1)),
which, in turn, yields
() =y1(t) =y1 — yo + ot
Now we are going to prove by induction that for every n > 1:
B+1() = Bu (1) = B1 — Po + Pot, (48)
Yar1 () = yu(t) = y1 — v0 + ot. (49)

Fix d > 2 and suppose that (48)—(49) hold for all n such that 1 <n < d. Now we
consider (16) for rp441¢. Put

of :={{1,2d +1},{2.2d},{3,2d = 1},....{d.d + 2}, {d + 1}},
K{ :={x: (of . k) eNCL] ,2d + 1),k ({d + 1}) =d}.

By our assumptions, if 1 < k < d then w;(V,k) = 0 for any block V, with
1 < |V| < 2. Therefore the right hand side of (16) for ryg41t involves only such
(0,k) € NCLLZ(Zd + 1) that either « (V) = 1 for every inner block V € ¢ (and then
w (V. (V) =w(V,1) =By — o if [V|=1o0r y; — y if [V|=2) or 6 =0,
K € le and « (V) € {0, 1} for all inner blocks V € o, V # {d + 1}. Accordingly we
get

ravt=wt Y. [[Bi-Box ] ti-w+ > wilof.«)

0€eNCy 2(2d—1) |¥|€=01 |¥|E=52 xekd
VA(1,2d+1)
and
d-1 1
> wilof. k) =y (Ba®) = Ba1 ) [T () = vi10)
rek| k=1i=0

=yt (Ba(t) — BL ()1 ().
This implies that

(Ba(®) = B1(®)y1 () = ¢ (50)

for some constant c;.
Now we consider (34) for Ry443t. Put

ot i={{1,2d +3},{2,2d + 2}, {3,2d + 1},....{d + 1,d + 3}, {d + 2}},
K{thi= ks (o k) e NCL{ ,(2d +3),k({d +2}) =d + 1},

£ =k : (o', k) eNCL] ,(2d +3), k ({d +2}) =d}.
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By our assumption, if w; (o, ) # 0 then either « (V) = 1 for every inner block V € o
oro =0t ke K9 and k(V) € {0, 1} for all inner blocks V € o', V % {d + 2}
or o = aldH, K € L"IJH, k({2,2d +2}) =1 and «(V) € {0, 1} for all inner blocks
Veao,V #{d+2},{2,2d + 2}. Therefore we have

Ryavat=vot- Y [T B-80- J] Bi—po

0eNCi2(2d+1) Ve Veo
V=1 |VI=1
V eOut(o) Velnn(o)
~ ~ d+1
[T Gi—w- ] ;i—w+ D wi(of™x)
Vv \% d+1
Vit viZa wely
VeOut(o) Velnn(o)
~ d+1
+ Z W (o k).
d+1
KG,C1+

In view of (50) we note that

> (o k) = ot (1) — Yo)) (Ba(®) = Ba—1 (D) 72 t) - Fa(®)
KEL(]Prl
= 7ot (71 — v0) (Ba (1) — B1(D)) 1 () !
=Yt (Y1 — Yo)c1

and that

D wi(of ) =70t (Bar1 (1) = Ba®) (720 . Fat)

eyt
= J0t (Bar1() = BLO) L (O (!
+ 70t (1) — Ba()) 1 () y1 (1)
=70t (Bar1() — BLO) PO y1 (O = Pt (e

If Ba41(t) # Ba—1 (1) then the first summand is a polynomial of degree at least d + 1 >
3 and if ¢; # 0 then the second one is a polynomial of degree 2. Therefore ¢; = 0 and

Ba+1(t) = Ba(t) = B (). (51)

Now we will study yz+1(t) and y4(¢) in a similar way. Consider (16) for rpg42t
and put

of = {{1,2d +2},2.2d + 1}, (3.2}, ... {d + 1,d + 2},
Kd = {/c : (Ug,K) GNCL},2(2d+2),K({d+ 1,d+2}) Zd}'
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Then by inductive assumption and by (51) we have

ravat=wt Y. [ B8 [[Tn—w)+ Y wlos «

0eNC2(2d) Veo Veo d
O Vi weks

and similarly as before we see that
> wilof ) =yt (ra®) = 0@,
KEIC‘%
which implies that
(va@® = O ® " =c (52)

for some constant c;.
Now we consider (34) for Ryg+4t. Put

of T = {{1,2d +4},{2,2d +3},{3,2d +2},....{d +2,d + 3}},

K =i : (o, )eNCLi,2(2d+4),K({d+2,d+3})=d+1},
Eczi-l-l.

{k: (03!, k) eNCL] ,(2d +4), k({d +2,d +3}) = d}.

By our assumption and by (51) we have

Rograt =vot - ) [T G- [] Bi—p0

0eNC|,(2d+2) Veo Veo
VI=1 V=1
VeOut(o) Velnn(o)
[T &-w- [] :n—-w
Veo Veo
[V|=2 [VI=2
VeOut(o) Velnn(o)
d+1 d+1
+ Z Wy 02 s + Z w,(az ,K).
KEE‘ZH'I KEICg-H

Now similarly as before we note from (52) that

Z Wy (o k) = 101 — vo)ea,

K EC?‘H
and that

> (o8t k) =0t (Far1 () — i O) A ON @O = for 7 (t)ea.

KEK%+1

If Ygr1(t) # ya—1(t) then the first summand is a polynomial of degree at least
d + 1> 3 and if ¢p # 0 then the second is a polynomial of degree 2. Therefore ¢, =0
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and

Yar1(®) =ya(@®) =y1(1), (53)

which completes the proof of the first part.

Conversely, suppose that fi and o (which in this case can be point masses) have
Jacobi parameters given by (41) and (42), respectively. Then by Theorem 1, (45)
holds for u; = ME’ . Also, using notation (43), for [i; defined via (44), we have i} =
i Ry (fis. 1) = Pot and for m > 0

Ry, )=t v ) IT 2 I1 2 ] & J] « &%
0eNCyp(m) Ve Veo Veo Veo
|VI=1 V=1 |V|=2 |V|=2
VeOut(o) Velnn(o) VeOut(o) Velnn(o)

so that Ry, (fi, jtg) =t - Ry (jL, ). Therefore (i, 1) = (., ).
Finally, it follows from (54) that if ¢ > 0 and ¢ > 0, then R, +2(it, 1) = 1o - sm (D),
which, in turn, yields (46). O

Remark 4 In addition to the convolution property with respect to the parameter ¢, note
that for fixed l;, b, ¢, c, the family of all two-state free Meixner distributions (f, i)
constitute a four-parameter H.-semigroup with respect to the parameters fo, Bo,
70, Yo for v > 0, yo > —c, yo > max(0, —¢). Indeed, by formulas (16) and (34)
(see also [33]), if (&', ') and (@, u”) are two-state free Meixner distributions, with
parameters ,3(’),5, By b, V4. ¢, ¥4 ¢ and Bg,l;, By, b. 7y, €. vy, c, respectively, then
(@', 1) Be (1", u”) is again a two-state free Meixner distribution with parameters

Bo+Bosb. By + By b, Vo + 70 & v + g e
Proposition 7 Let u € R and i be an arbitrary probability measure on R with
- _(Po, B, B B, )
J()y=|" - - - .
W) (Vo, Yi, Y2, V3, ...

For t > 0 define ji; by

Pot. i+ —Du, Pt —Du, B3+ —Du, )
Yo, Vi, 72, V3, :

J(/lz)=(

Then the pair (i, 8,) is Bc-infinitely divisible and {({is, 8:u)}r>0 is the corresponding
H.-semigroup.
Moreover, we have
dp(x)
1—x7’

R (2) = foz + 02’ /
R
where p is given by
sy = (P P B ),
28 V2, V3,
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Proof Since
tu, 0, 0, 0, ...
I ) = <o, 0. 0. 0, ) :
in calculating R, ({i;, 8;,) we can restrict ourselves to those pairs (o, k) € NCL1 5 (m)

that for V € o we have either |V|=2,k(V)=d(V,o)or |V|=1,k € {1, d(V o)}
More precisely, for the pair (i, §;,) we have in (32)

1Bo if|[VI=1,k=d(V,0)=0,

7 if [V|=2andk=d(V,o0) =0,

B —u iflV|=landk=d(V,0) =1,
w(V,k,0):=1 B+ (@t —Du if|V|=landk=d(V,o) > 1,

—tu if|Vi=1,k=1<d(V,o0),

7 if [V|=2andk=d(V,0) >0,

0 otherwise.

This implies that for fixed o € NC% ,(m), m > 2, with only one outer block, we have

Z l_[ w(V,k(V),0) =ty 1_[ Yd(v,0) l_[ Bav,o) — ).

Velnn(o) Veo
((TK)ENCL 2(m) V=2 V=1

Hence Ry (s, 87) = Bot and for m > 0 we can write

Ry2(fde, 810) =10 Z H Vd(V,0)+1 l_[ Bav.o)+1 — 1)

0eNCy 2(m) “\j‘egz |‘\;|€=G]
In particular, R, (i, 8;y) =t Ry (1, 8,,) for all m > 1. O

6 The Two-State Free Meixner Class

Free Meixner distributions arise in many results in free and Boolean probability the-
ories. In this section we describe a number of appearances of the family from Theo-
rem 6 in the two-state-free probability theory, which justify the name “two-state free
Meixner class”. Other places where measures with Jacobi parameters independent of
n for n > 2 were encountered include Theorems 11 and 12 of [28], examples in [30],
as well as [25, 26] and [23].

Definition 4 A triple (A, ¢, ¥) is an (algebraic) two-state non-commutative proba-
bility space if A is a x-algebra, and ¢, i are states (positive, unital linear functionals)
on it. A self-adjoint (X = X*) element X € A has the distribution (ji, ) in (A, ¢, ¥)
if @&, u are probability measures such that

o[X"|=sa(),  Y[X"]=sn(w)

for all n > 0.
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The next remark is the analog of the three results in Remark 1(a).

Remark 5 (Limit theorems and specific distributions)

(a)

(b)

Theorem 4.3 of [10] is the two-state free central limit theorem. Let (¥, v) be a

pair of measures such that

5s1(V) =0=s51(v), s2(0) =v >0, s2(v) =u >0.
Then, denoting by D the dilation operator, we have the weak limit

Dy, yw @ 0)FN = ().

The authors give explicit formulas for the limit distributions, based on the obser-
vation that

RM(z) = uz?, REH(z) = vz

Thus formulas (27) and (46) give

0, 0, 0 ...
T () = (u, u, u, )
and u is a semicircular distributions, while
- 0, 0, 0 ...
T = <v, u, u, )

and [ is a symmetric free Meixner distribution.
Theorem 4.4 of [10] is the two-state free Poisson limit theorem. Let (Vy, vy) be

- q q P p
=[1—= )8+ =6, =(1—-= )8+ —=4;.
VN ( N)o-i-Nl VN ( N)0+N1

Then we have the weak limit

(n, vn) BN = (i1, ). (55)

Again, the starting point for computing the explicit limit densities is the observa-
tion that

Pz
11—z
In this case formulas (27) and (46) give

RM(2) = RP ) =

)
I
)
I
o

Bo=7=4q. Bo=7v0=p, p=p=>95, b=b=1,
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In other words

p, l+p, 1+p )
J(n) =
() <p’ ». PR

and u is a free Poisson distribution, while

- q, l+p, 1+p, )
J() =
() <q’ ». ».

is a free Meixner distribution.
(c) A more general version of the Poisson limit theorem (which appears to be new)
is to take

- q q P P
=(1-2L )5+ Ls,. =(1- 2 )60+ =56
VN < N>0 N N ( N)O N "

for u, v # 0. In this case the limit distributions in (55) satisfy

uz - vz
Rz =2 Ring =T
1—uz 1—-vz
Thus

:go:qvv ,30=Pu, )70=qu1 )/Ozpuz, 15281)7
0 =208y, b=v, b=u, c=c=0.

In other words

_(pu, ut+pu, u+pu ...
S () = (puz, pu?, pu?, >

and p is still a free Poisson distribution, but

2 2 2

~. [ qvV, v+ pu, u-+pu, u-+pu, ...
() = (qu, pu©, pu©, pu~, )

only has Jacobi parameters independent of n for n > 2.
(d) Let (A, ¢, ¥) be a two-state non-commutative probability space, and X a self-
adjoint idempotent such that

p[X]=q, Y[X]l=p

with 0 < p, g < 1. Thus the distributions ft and p of X with respect to ¢ and
Y are both Bernoulli distributions, so we can refer to the pair (i, ;) as a two-
state Bernoulli distribution. We now note that these distributions (and so their
convolution powers, the two-state free binomial distributions) are two-state free
Meixner distributions. Indeed,

= (1—q)do+qd, w=(1—p)do+ pdi.
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It is easy to see that we can write

_ P l—p
“’”‘(p(l—p), 0 )

~ q, I—g¢q
J“”‘(q(l—q), 0 )

(see the comment about finitely supported measures in Sect. 2.2). Thus (ji, ©) is
a two-state free Meixner distribution with

and

fo=q, Bo=p, To=ql—¢q), yo=pl—p),

b=1-p—gq, b=1-2p, c=c=—pl—-p).

Consequently, the two-state free binomial distributions (i, ;) = (i, M)EBC’

have

J(,ll)=< qt, 1—p—q+pt, 1-2p+ pt, 1-2p+ pt, >
g —g)t, p(l—p)e-10, pAd-p@—-1, pl-p)t-1,

and

J(M)=< pt, 1—2p+pt, 1—2p+pt, 1—2p+pt, )
p(l—=py, pd-p)t-1), pd-p@-1, pd-p)t-1,

fort > 1.

The next proposition is the analog of Remark 1(d).

Proposition 8 (fi, i) is a two-state free Meixner distribution if and only if its two-
state free cumulants satisfy the recursion

~ m

~ ~ - c ~
Rn2 (1) = b R (1) + D () Rua ik (fi, ), (56)
k=2
(with yo # 0) with the initial conditions
Ri(it, ) =PBo,  Ra(ji, w) = 7o,

and the free cumulants of |u satisfy the recursion

P2 (1) = b et () + i 3 i) rnga-k (). (57)
k=2

with the initial conditions
r1(u) = Bo, 2 (1) = yo.
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Here
v >0, 7 >0, C+y=0, c+y=0. (58)

Condition (56) is equivalent to

RMH(Z) —Boz . RAF(Z)—Boz & RM(2) — Poz RFH(2) — Boz
Y G+ += .
Z Z Yo Z Z

Proof Suppose (ji, (4) is a two-state free Meixner distribution. In particular, u is not
a point mass, so Yo # 0, and conditions (58) are satisfied. Since u is a free Meixner
distribution, condition (57) holds, see Remark 1(d). The proof of (56) is based on
formula (54). The initial conditions follow directly from that formula. Also,

R3(fi, 1) = Job = b Ra (i1, p),
ra(u)

Ra(fi, 1) = ob* + 7oé = b R3(fi, u) + ¢ Ro(ft, ).

For m > 2, if the element {1} is an (outer) singleton of o, it contributes b, and the
remaining classes of o form a partition in NCj 2 of m — 1 elements. So the sum over
all such partitions is 5Rm+1 (@&, w). If the element 1 is not a singleton of o, it belongs
to an (outer) class {1, k}, for 2 < k < m. This class contributes ¢. The partition o
restricted to the subset {k+1,...,m}isin NCj 2. o restricted to {2, 3, ..., k — 1} also
is in NCj 2, but all the classes in this restriction are inner in o, so the corresponding
products contain only b, ¢ terms. Using (29), it follows that the sum over all such
partitions is exactly

m

() Ruak (B ) @ _
708 2 = — Y k() Rk (fi, ).
I Yo Y05

k=2

The formula for the generating functions follows.

Conversely, given a choice of parameters b, c, By, 0, I;, c, Eo, Yo satisfying con-
dition (58), the recursions determine the measures (fi, ;) uniquely, and by the first
part of the argument, these are precisely two-state free Meixner distributions with this
choice of parameters. O

6.1 Laha—Lukacs Characterization

A classical paper [29] characterizes Meixner distributions in terms of certain con-
ditional expectations. In [7], the authors obtained a similar characterization of free
Meixner distributions. The following is their result for the two-state free indepen-
dence. Recall that X, Y are (¢|v)-free if all their mixed two-state free cumulants are
zero, see the paper quoted below for the terminology. Note also that if ¢ is a tracial
state equation (59) below implies that the conditional expectation

o[(X = Y)?IS] = C (41 +2bS + ¢S?),
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is a quadratic function of S, see Remark 1(c). In two-state free probability theory,
typically ¢ will not be tracial, and the conditional expectation with respect to it will
not exist.

Theorem (Theorem 2.1 in [8]) Let (A, @, ¥) be a two-state algebraic non-
commutative probability space, and X,Y two self-adjoint elements in it which are
(p|¥)-free and have the same distributions (with respect to both ¢ and ). Further-
more, assume that [X] =0, p[X?] = 1. Let S = X + Y and suppose that there are
b, C e R and ¢ > —2 such that

P[(X—Y)*S"] = Co[(41+2bS +cS?)S"], n=0,1,2.... (59)

Denote by (is, us) the distribution of S in (A, ¢, ¥), and by (fi, 1) the correspond-
ing distribution of X (and of Y). Then

24+c— (2bz+ )1+ M"s(2))
2% c— 22+ 2bz+o)(1 + MFS(z))’

14+ M (z) = (60)

Bozejko and Bryc described the corresponding distributions more explicitly in
particular cases corresponding to the Gaussian and Poisson regressions (that is, if
¢ =0). We now provide a complete description of the possible ¢ and ¥ distributions
of X, Y, S which satisfy such regression relations. Recall that if ¢ = v, then the -
distributions of X, Y, S are free Meixner distributions.

Proposition 9 In the context of the preceding theorem,

J(ﬂs)=<0’ b+ (1+c/2)Bo(us),  Pi(us), )
2, (I +c¢/2)yo(us), y1(us), ’

Suppose in addition that u is a free Meixner distribution with Jacobi parameters (15),
with yo > 0 and ¢ + yg > 0. Then provided that c > —1,

I = 0, (b+cBo)+pPo, b+ Po, b+ PBo, -..
1, cyo + o, c+y, c+y, '

Moreover, in this case (i, L) is a two-state free Meixner distribution.
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Proof Using (12) and (60),

nﬁs —1— (1 + Mﬂs)*1

_2+4c- (422 4+ 2bz + ¢)(1 + M¥5(z))
2+c— 2bz+ o)1 + M#s(z))

3 427 (1 + M* (2))

"~ 24c— (2bz+o)(1 + MFs(z))

_ 472

© 2bz+c—Q+o)(1+ Mrs)—]

_ 472

T 2bz4c— (24c)(1 —nks)

24 2bz+ Q2+ )pHs

1 —bz—(1+c/2nHs’

=1

Comparing with the continued fraction expansion (14), we see that in terms of the
Jacobi parameters of g,

J(,zg):<0’ b+ (1+c/2)Bo(us),  Pi(us), )
2, (I+¢/2)yo(us), y1(us), ’

Now suppose that X has, with respect to v, a free Meixner distribution with Jacobi
parameters (15), which in particular means yg > 0 and ¢ + yp > 0. Then by Theo-
rem 1,

_ m2y _ (2Bo, b+2Bo, b+2B0, ...
T (ug) = (n )_<2V0, c+2y, c+2y, '

So

J(is) = 0, (b+cBo)+2By, b+2By, b+2py, ...
He)=\ 2, cyo + 2y, c+2y, c+2y0, '

This is the t = 2 case of

J(ﬁt):(O, (b+cPo) + Pot, b+ pot, b+ pot, >

I3 cyo + yot, c+yot, ¢+ yot,
with b = b + ¢y and & = cyp. By setting t = 1 instead, we get

J(i) = 0, (b+cBo)+pPo, b+pPo, b+pBo, -..
I, cyo + 0. c+y, c+yo, '

This defines a positive measure provided that ¢ > —1. Combining this with
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J(M):(ﬂo, b+ Bo, b+ Bo, )7

Yo, ¢+Y. c+Yo,

we see that (fi, i) is a two-state free Meixner distribution. O
6.2 Free Quadratic Harnesses

In a series of papers starting with [16], Bryc and Wesotowski (along with Matysiak
and Szabtowski) have investigated quadratic harnesses. These are square-integrable
processes (X;);>0, with normalization E[X;] = 0, E[X;X;] = min(¢, s), such that
E[X;|Fs.4] is a linear function of X, X, and Var[X,|F; ,] is a quadratic function of
X5, X,. Here Fs , is the two-sided o-field generated by {X, : r € [0, s] U [u, 00)}.
Then

t—s

u—t
E[thj:s,u] = EXS + Xu (61)

u—=s

and under certain technical assumptions (see [15]),

w—nt=9 (. @X=sX)? (X=X,
o
u(l+os)+1t—ys (u —s)2 (u—s)?
+77MXS_SXM+9XM_XS

u—=s u—=s

Var[Xt|]:s,u] =

—(d=vy)

(Xu = X)X — qu)). (62)

(u —s)?

The authors proved the existence of such processes for a large range of parameters
o,1,1,0,y, in particular connecting the analysis to the Askey—Wilson measures in
[18] (the standard Askey—Wilson parameter is ¢ = y 4+ o ). One reason for the in-
terest in this analysis comes from numerous particular cases.

(a) If y =1 and o0 = n = 0, the processes automatically have classically independent
increments, and each X; has a Meixner distribution, see [45].

(b) For y =0 =n =0, the processes are classical versions of processes with free
independent increments, and have free Meixner distributions.

(¢c) Foro =n=0and —1 <y =g < 1, the corresponding orthogonal martingale
polynomials have Jacobi parameters

Bn (1) ZQ[n]q
V@) =[n+ 114 +tlnly) )

where [n], :==1+qg+ -+ g"~ ! is the g-integer. If T = 0, the process is a
(classical version of a) g-Poisson process from [2]. The case where in addition,
6 = 0 was considered even earlier in [13] and corresponds to the g-Brownian
motion [9]. The challenge of interpreting the general processes with 0 =n =0
as “processes with g-independent increments” remains open.

(d) Finally, for y =0 =t =0, the free bi-Poisson processes from [17] are shown,
in Sect. 4 of that paper, to have increments freely independent with respect to a
pair of states.

@ Springer



J Theor Probab

We will now extend the last result above. Proposition 4.3 of [15] states that for
qgq=y+ot1=0,

there exist orthogonal martingale polynomials for the process. They satisfy recursion
relations Py(x,t) =1,

xPy(x,t) = Pi1(x,1),
xPi(x,t)=(4+0ot)Pry(x,t) + (ut + v)P1(x,t) + t Po(x, ),

u-+ov vV+Tu
xPy(x,t) = +o0)P3(x,1) + Py(x, 1)
l—0o1 l—or1
1+uv
+ t+1)Pi(x,0),
l—0o1
u+ov vV+TUu
XPn(x’t)=(1+Ut)Pn+1(xat)+ Py(x,t)
l1—o1 l—ot
LT P )
—_— T)Py_1(x,
(1—o01)? n-l
for n > 3, where
n+aob ™m+6
u = , V=
l—0o1 l—01
and as long as
1+uv >0, O<ot<l.

Note that the coefficients in this recursion are linear in ¢, so the corresponding tridi-
agonal matrix is of the form in (1). Moreover the coefficients are constant for n > 2,
so this class is very close to the families considered in this paper. However, the corre-
sponding polynomials are not monic. The Jacobi parameters for the monic orthogonal
polynomials for this process (which are not martingale polynomials) are quadratic in
t (see Corollary 5). Therefore they do not form a semigroup with respect to any of
the convolutions considered in this paper, unless o = 0.

Remark 6 1t is a fundamental observation of Bryc et al. that if a process (X;) satisfies
properties (61) and (62), so does the process Y; = 1X1/;, as long as parameters o <> T
and n <> 0 are interchanged. In particular, the class of free quadratic harnesses is
closed under such a time-reversal operation. On the other hand, it is easy to see that
the class of families {fi;} which may arise in Theorem 6 is not closed under this
operation. In fact, the largest sub-family of this class which is closed in this way
corresponds to b=b,&=c=0,whichis precisely (up to re-scaling) the class of free
bi-Poisson processes.
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Proposition 10 Let g =0,0 =0, 7 >0, n#0, and 1 + n(zn + 0) > 0. Denoting
by [i; the distribution of X,, there exist {j1;} such that the pairs {(ii;, u;)} form a two-
state free convolution semigroup. Also in this case, p is a free Poisson distribution.

Proof Since 0 =0, we have u =1, v = tn + 6. Thus the recursion above gives

T(iy) = 0, ™ +0+nt, 2tn 460 +nt, 2tn+6 +nt,
HOZN 1 A4 n@n+6)a+10), A+ n@n+0)1 +1), (1 +nn+0)) +71), ...

Identifying the coefficients in the recursions above with parameters in our Theorem 6
gives

Bo=0, Bo=n, b=1tn+0, b=2tn+0
and
=1 w=l+n@n+6), c=c=1(1+n(n+0).

Thus taking u, to be the free Meixner distributions with

T(u) = nt, 2tn+ 6 +nt, 2ty +6 +nt,
M) = A+nn+6)t, A+nn+6)t+1), A+n(Tn+6))(t+ 1), ’

the pairs {(it;, i;)} form a two-state free convolution semigroup. Also,

J () = ™40, 2tn+6, 2tn+6,
PP= e +n@n+60), td+nGn+06), t(l+nEn+6)),

and p is a free Poisson distribution. (I

Remark 7 Setting T =0, 6 # 0 corresponds to the free bi-Poisson process with

T () = nt, 0+ nt, 0+ nt,
FO=\+ o), A +00)e, A+40)t, ...)°

a free Poisson distribution, p = &g, and

- 0, 60 + nt, 6 + nt, 0 + nt,
Jum:( / 7 7 )

t, (1+n0), (A+nd)r, (1+no),
a free Meixner distribution. Additionally setting 6 = 0 gives u; a (non-centered)

semicircular distribution and ji; = /L;Ef) a free Poisson distribution.
On the other hand, restriction to n = 0 gives

~ H
Ky = Mt = .Uvg,;
equal free Meixner distributions, and p a semicircular distribution.
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