Irreducible Representations

of the Free Product of Groups

WALDEMAR HEBISCH AND WOJCIECH MEOTKOWSKI

ABSTRACT. We study some properties, such as uniform bound-
edness, unitarity and irreducibility, of a class of representations
of the free product of groups. In particular we show that the
spherical functions on the free product of two groups, intro-
duced by Cartwright and Soardi, are coeflicients of irreducible
representations.

INTRODUCTION

There have been several attempts to construct representations of free product of
groups or algebras. One family of such constructions is related to the commutative
convolution algebra of radial functions on the free group *;¢1Z, see [8,9, 14, 15,
19,29,33], or on the free product of cyclic groups of the same order, see [13, 36].
On the other hand there are developed methods to produce a representation of
G = *ierG; (or, more generally, of a unital free product A = *;cr A; of *-
algebras A;) from those of Gi’s (or A;’s), see [1,2,4,5,22-25,34,35].

Much effort has been devoted to study irreducibility of such representations.
For those related to radial functions the method is to study the projection on
a cyclic vector, see [8,9,13,19,29,31]. Interesting constructions of irreducible
representations of the free group are due to Kuhn, Steger [17,18] and Paschke [27,
28]. Let us also mention papers by Mlotkowski [22], Kuhn and Steger [16]. The
former proves irreducibility for a family of representations on the free product of
infinite groups, the latter proves that for a family of representations of the infinitely
generated free group.

The starting point of this paper is the observation that for the free product
group G = *;erG; there is an associated unital, noncommutative (unless |I| = 1)
s-algebra A (T) depending only on the parameters T; == (1G;| — 1)7! (cf. [21]).
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If all G;’s are finite, then A(T) can be identified with the convolution algebra
of finitely supported type dependent functions on G. For a representation 1y of
A(T), acting on a Hilbert space, we construct in Section 5 a representation 71 of
G, acting on a larger Hilbert space. We say that 11 is induced from 9. We prove
that 77 inherits many properties of 1), namely:

(1) If 110 is a *-representation, then 77 is unitary (Theorem 5.5 (iv)).

(2) If 1y satisfies some version of uniform boundedness, then 77 is uniformly
bounded (Theorem 5.5 (v)).

(3) If mp and 0y are representations of A (T) which are disjoint from the regular
representation of A(T) and if 1y and 0y are not equivalent (resp. 1T and
0y are disjoint), then so are the induced representations (Theorem 5.10).

(4) If a x-representation 11y of A(T) is weakly contained in a *-representation
00, then the same holds for the induced unitary representations (Theorem
5.11). In particular, if 19 is weakly contained in the regular representation of
A(T) (defined in Section 2), then the induced representation is weakly con-
tained in the regular representation of G. In Section 3 we adapt Haagerup’s
[11] method to characterize those representations of A (T) which are weakly
contained in the regular representation.

(5) Finally we prove that if 11 is a *-representation of A(T) which is irre-
ducible, then so is 1T, unless T is contained in the regular representation of
A(T) (Theorem 6.4). We will see in Section 2 that there are at most two
irreducible subrepresentations of the regular representations of A(T), and
they are one-dimensional.

In the nonunitary case, we have managed to prove that if 11y is a finitely dimen-
sional irreducible representation of A(T), not equivalent to a *-representation,
then 77 is fully irreducible (Theorem 6.8).

In the last section we apply our results to the free product of two groups
G =G *G_,with |G4| =7, |G_| =5, > 5 = 2 (an important example is
Z3 % 7, = PSL(2,7)). Cartwright and Soardi [6] studied a family of spherical
functions @j on such group, with A € C, A # (r + s —4)/2. Here we prove
that every @, is a coefficient of a fully irreducible (unless A = =2 or A = 5 — 2)
representation of G. Moreover, this representation is unitary if and only if A €
[-2, s=2]u[r-2, r+s-2].

1. THE ALGEBRA A(T)

If X is a set, then F(X) (resp. Fo(X)) will stand for the class of finitely sup-
ported complex functions on X (which satisfy >, cx f(x) = 0). For two complex
functions f, g on X we put (f,g) = Xxecx f(x)g(x) whenever the sum is well
defined.

We recall some notions which were studied in [21]. Let I be a nonempty fixed
set and let S(I) denote the set of all formal words of the form

(1.1) U=11ir...1m, withm =0, ix €I and iy # ixs+1, forall k < m,
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including the empty word e. The length m will be denoted by |u|. Fori € I we
define

(1.2) Sii=liriz...im € S(I) : m =0 or iy # i).
Let T be a function I — [0, +c0). We extend T to S(I) by putting
(1.3) T(U) =T, Tiy -+ * Tiy

for u as in (1.1), in particular T(e) = 1. Then we define T-convolution as an
associative operation on F(S(I)), such that &, is the unit and for each u as in
(1.1), with |u| = 1,

(1=Ti)0u + Tidw ifi=1i,
(1.4) i % Oy =
Oiu ifi#1g,
where ' =iy - - - iy and iu = iiy - - - i, (Ox denotes the characteristic function

of the point set {x}). We also define involution by f*(u) = f(u*), where
U* = iy - - - d2i for u as in (1.1). In this way F(S(I)) becomes a unital *-
algebra, which we will denote by A (7). Note that A(T) can be defined as the
unital free *-algebra on I, subject to the relations i* = (1 — T;)i + T;e and i* =i
for i € I, and is also an example of generic algebra (see [12]).

Observe that the characters of A(T), i.e., functions @ on S(I) such that
(p,f *r g) = (@, fY{@p,g) holds for all f, g € F(SU)), are of the form
@(u) = @iy) - - @(im) for u as in (1.1), where @ (i) € {1, —7;}. In particu-
lar, taking @ = 1 we see that Fo(S(I)) = ker @ is an ideal in A(T).

For two functions o, T : I — [0, +) we define a *-isomorphism H+y :
A(o) — A(T) putting
1+ agi 51’ n Ti —

Hro (00) := 1+ 7 1+

for each i € I. Indeed, one can check that
Hz15(8i) %1 Hrg(6i) = (1 — 01)Hro (81) + 070,.
Observe also that for f, g € F(S())
(1.5) (f *rg*)(e) = (g* % flle) = > fwgu)T(u).

ues)

Definition 1.1. A function @ : S(I) — C is said to be T-positive definite (resp.
T-negative definite) if (@, f* *¢ f) = 0 (resp. (@, f5" *+ fo) < 0) holds for every
f e F(SU)) (resp. forevery fo € Fo(S(I))). We will denote by P(7) and N (1)
the class of T-positive and T-negative definite functions on S(I) respectively, and
by B(T) the class of linear combinations of T-positive definite functions on S(I),
i.e., the T-Fourier-Stielties algebra.
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In particular, the characters of A(T) are T-positive definite.

Proposition 1.2. Suppose that for every i € I we have 0 < 0; < T;. Then
P(o) cP(t) and N (o) < N(T).
Proof. It is suflicient to show that for every f € F(S(I)) we have

[Pk f=f %0 f +R,

where R is a finite sum of terms of the form fj x4 fo, with fo € Fo(SI)). We
proceed by induction on 7, the maximal length of words in the support of f.
Decompose f as

f=f(e)de+ D> 8i*fi
i€l
(we write simply “*” whenever “s+” can be replaced by “*”) with supp fi < Si,

see (1.2). Then, by induction, we can write f;* *+ f; = f{" *¢ fi + R(i). Now
we have

f¥ e f = f* %o £= 2 @k f)* so (Sixfi) — (8% fi)* %o (8% fi) ]
iel

and

(O fi)* k¢ (% f7)
=(1- Ti)fi**éi*fi + Tifi>|< * fi
= f %o ((1-T))0; + Tide) *o fi + TiR()
= (0ixfi)* %o (8ixfi) + (Ti—0) f{* %0 (0e—06i) %o fi + TiR(1).

To conclude we note that

1

O =0i= 1 o
1

(66_6i) *o (62_51')- t

We will identify, by g (u) := @(dy), the dual space F(S(I))" with the space of
complex functions on S(I). Denote by T+ the dual map to Hro, L., Tor (@) =
@ o Heg.

Proposition 1.3. Ty maps P(T) onto P(0), N(T) onto N (0) and B(T)
onto B(0).

Proof. For a T-positive definite function ¢ and for f € F(S(I)) we have

<T0T(/J’f**af) = (W:Hra(f**af» = <‘~//1HTU(f)**THTU(f)) =0. O
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Proposition 1.4. Assume that {P;}icr is a family of projections on a Hilbert
space Ho, €, n € Hy and let A; = (1+7:)P; — 1;1d, B; = (1+0y)P; — 0;1d.
Define (u) = [Aj Ay, - - - A, C,n] and y(u) = [B;Bi, - - - B;,,C,n] foru =
i1l i € SU). Then Y =Ter .

Proof. Let A : A(T) — B(Hp) and B : A(0) — B(H,) be the unique
homomorphisms which satisfy A(6;) = A; and B(6;) = B;. Since

_ 1+UiAi+Ti_UiId,

B: =
' 1+Tl' 1+Ti

we have B = A o Hyy. Now define ® : B(H,) — C putting ®(T) = [TTC,nl.
Then
Y=PoB=doAoHy =@ oHis =Tor (). -

Now we prove that T-positive definiteness admits the standard GNS construction:

Proposition 1.5. Let @ be a complex function on S(I) and let T be a function
I - [0, +00). Then @ is T-positive definite (vesp. belongs to B(T)) if and only if there
exists a Hilbert space H, a vector & € H (resp. vectors C, n € Ho) and a family
{Pi}ier of orthogonal projections on H that for every u = iyis - - - im € S(I)

pu) =[Aj A, - - A, 8 8] (resp. @(u) =[A Ay, - - A, C,n)),

where A = (1+ Ti)P; — T; Id.

Proof- First assume that T = 1. Then T-positive definiteness coincides with
the usual one on the free product group *;erZ; and our assertion is well known
in this case. The general case follows from Propositions 1.3 and 1.4. O

It turns out that one part of the last proposition can be generalized.

Lemma 1.6. Assume that {Ai}icy is a family of operators on a Hilbert space H,
such that —t;1d < A; < Id for every i € I. Then for § € H the function

@i im) =[A4 -+ - A4,8, 8]
is T-positive definite on S(I).
Proof. Define a linear function ® : F(S(I)) — B(H,) by putting (5y,) =

d(u) = Ay -+ - A, foru =iy iy asin (1.1). We will prove that for every
finitely supported function n : S(I) — H, we have

S @6 ke s0n,nw] 2] Y enw

u,ves(I) ues(I)
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We proceed by induction on n = max{|u| : u € supp(n)}. Fori € I and
U=11--i;m € SU) define

ntiu) ifues;,
ni(u) =
0 otherwise.

Then, by induction,

R = Y [@Gu #r swm,m)] - | Y ean]| = 0.
u,vesS) ueSI)

Note that ®(v*u) = ®*(v)®(u) holdsif u = eor v = e or if |u|, |v| = 1 and
u, v start with different letters. Therefore

D [®Bus *c Sun(w),n(w)]1 - > [@w)nu), ®()n)]

u,vesS) u,ves)

=> > JI0(Bys e (8 %1 81) ke Su)N(iw), n(iv)]
ielu,ves;

~ [A?0(w)n(iw), ®(w)n(iv)]}

=> > IO = T0)8yriu + Tibye xr 8u)Ni (W), i (V)]
iclu,ves;

— [AZ®(w)n; (w), ®(v)n; ()1}

= > {TiR{) + [((1 - T)A; — A? + T 1D E;, &1} = 0,

iel
where &; = >y c5() ®(u)ni(u), because
(1-T1)A; — A7+ 1;1d = (Id —Ay) (1: [d +A;)
is a nonnegative operator. Now, for f € F(S(I)) we have

(@, f* xc f) =[P(f* *¢ f)E,E]
= Z (P, 6p+ k7 Ou) f(WE, f(V)E] = 0. 0

u,ves)

Taking Hy = C we obtain a family of T-positive definite functions:

Corollary 1.7. Assume that 0 < v < 1. Then the function u — yhul i 1-
positive definite on S (I) for every T : I — [0, ).

Now we can prove a version of the Schur theorem:
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Corollary 1.8. Assume that @1 and @, is TV - and T -positive definite on
S(I), respectively, where the functions TV, T I — [0,00) are such that
W@ < 1 for every i € 1. Then the product @\ - ©y is 0 -positive definite,
where 0y = maX{Ti(l), Ti(z)}.

In particular, if T : I — [0, 1], then P(T) is closed under pointwise multiplica-
tion.

Proof: For k =1, 2, let (Hy, x, Ek) be the GNS triple for @y, and let

T

Ar(D) = (80 = (1+ 1) Pe(i) — 7 Tdx

for a selfadjoint projection Py (i) on Hy. Defining the operator A(i) = A;(i) ®
Ay (i) on H, ® H, we have

A() = Pi(i) @ Py (i) — TPy (i) ® (dy ~Po(i) — 7 (Idy =Py (1)) ® Py (i)
+ 1P (1 =P (D) ® (1ds =Ps (i),

so that H; ® H; is decomposed into orthogonal direct sum of four subspaces

and A(i) acts on each of them by multiplying by 1, —7\*, —7\" and " . 7(¥

respectively, so that —o;1d; ® Id; < A(i) < Id; ® Id;. We also have

@r(u)ea(u) =[AG) - - A(im) &1 ® &2, 81 © &
foru =1y - - - iy, which, by Lemma 1.6, concludes the proof. O

2. THE REGULAR REPRESENTATION OF A(T)

Let us fix T : I — [0, ) and denote I'™ := {i € T : T; > 0} (this notation will
be justified in Section 6). Let Fi(S(I)) denote the class of those f € F(S(I)
for which supp f = S(Ii*). We will work on the Hilbert space £?(T) of complex
functions f on S(I), with support in S (Ii"), satisfying

1A= S IfPT@) < o,

uesS)

where T(u) was defined in (1.3), with the scalar product

[f,9]= > fwgw)t).

ueSI)

According to (1.5), we have

[f,g9]=(f*cg%)(e) = (g* x< f)(e)
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for all f, g € Ffi(S(I)) and in view of Lemma 2.2 it remains true for all f,
g el (7).

There are two natural *-representations of A(T) acting on £?(T), namely the
left and the right regular one:

Ao(@)f = (a7 )X, po(b)f = (f*b") X
fora, b € A(T), f € £?(T), where x stands for the characteristic function of the

set S(I"). In particular, Ag(8;) = po(8;) = 0 wheneveri €I\ Iin.
We will study two corresponding *-subalgebras of B(£?(T)), namely

L:=2A(A(T)) and R :=po(A(T)),
and the von Neumann algebras which are their commutants:

S:=R'"={Ac BW?*(T)): AB = BA for every B € R},
T =L ={BeBW* 1)) : AB=BAforevery Ac L}.

The aim of this section is to show that every minimal £-invariant closed sub-
space of £2(T) is one-dimensional.

Lemma 2.1. Iff, g € £*(T), then the function f *+ g is well defined. Moreover,
Jor every w € S(I) there is a constant C (W) such that

[(f %)) = CIfll2- llgll

for every f, g € £2(7).

Proof. For u € S(I) \ S(I") we can put C(u) = 0. Fix u = iy im €
S(Ifn). Then

m
(fxeg@)u) =2 > flir--igjn---j)GgUr - Jniksr -+ i) TG - Jin)
k=0 Jji---jn€SUI), ju#ik, ik
m
+ > > flin ik GGG Gkl - im)
k=1 ji---jn€SIfN), ju#ik
X T(J1 - Jn) (1= Tq).
Therefore, putting

c1(u) = max{|1 - 14 |7, *  k=1,...,m},

we get
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[(f %+ 9) ()]
1 m
< DD FACTIREEE 1 R 1D BYCIC AR 1% MR )
VT = T -‘--J’nesum), Jn#irire

X g1 ikt - )T dniker - - im)

m .
N 1 Z Z [1— Tl

TW 3 TFjuesamn), o VT

% ’f(il"'ikjn"'jl)\/T(il"'ikjn"'jl)

X g1 - Jnikiker - - i) TG - - Jindkikes = - - im)

c1(u)

1

S -_ . + . ,
which concludes the proof. o

Knowing that the map f ~ f = Duesn f () py (formula (4.2)) of A(T)
onto F;(G) preserves the ¥2-norm: ||fN||,gZ(-,-) = [ fllg2(6)> we note that if T; €
{1, %, %, ...} for every i € I'", then one can take C(u) = T-!(u) for u € S(Ifin).

We will use the following facts:

Lemma 2.2.

(1) ]ff: Sn> 9, gn € 0%(7) ﬂndlf”fn —fll2 =0, llgn —gll2 = 0, then
(fn kv gn)(u) = (f *xr g)(w)

for everyu € S(I).
(2) If f, g, h € £2(T) and if one of them has finite support, then

(f %7 g) v h = f % (g %< h),
in particular
Lf *r g, h*]1 = [f, h* %+ g*1 = [g, f* %< h*].
Proof. For (1) we observe that

|fn *o gn(U) — f *r g(u)l
< (fn*kr (@Gn—9) W]+ ((fu—f) *xcg) (W]
<C@Wfullz - llgn —glla + C)llfn — fll2- gl
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To prove (2) assume that h € Fi(S(I)) and take sequences fn, gn €
Fin(SI)) nL2(1) such that || f, — fll2 = 0, llgn — gll2 — 0. Then for fixed
u € S(I) we have

((fn *r gn) Xt h)(u) = (fn ko (gn *v h))(u)

Since (fin %1 gn) (V) = (f *x1 g) (V) for every v € S(I) and h has finite support,
we have

((fn *7 gn) *c h)(w) = ((f *¢ g) *r h)(u).
We also have [|gn %+ h — g *1 hll2 — 0 so that part (1) implies that

(fn k7 (gn *x W) () — (f *1 (g *7 h))(u).

The other cases can be proved similarly. o

Lemma 2.3. For a € ¥*(T) define operators Ao(a) and po(a), with domains
D(Ao(a)) and D(po(a)), as the closure of the maps

FEST) 3 f~akef and FSU) > f— f xra*

respectively. Then Ao(a*) S Ao(a)* and po(a*) < pola)*. Moreover, if g €
D(Ag(a)*) (resp. g1 € D(po(a)*)), then Ao(a)*g = a* *1 g (resp. po(a)* g1 =
g1 *7 a).

Proof- First we note that in view of Lemma 2.1 the maps Fi(S(I))
f—a%¢ fand Fin(SI)) > f — f *r a* are closable.

Assume that (g,h) € Ag(a*). Then there is a sequence g, € Fi(S(I))
such that g, — g and a* %+ gn — h in £?(1). Then, by Lemma 2.2, for
f € Fin(S(I)) we have

w

[Ao(a)f,g] = lim[a - f,gn] = lim[f,a* %< gul = Lf,hl,

which means that (g, h) € Ag(a)*.
Now, if g € D(Ag(a)*) and Ag(a)*g = h, then, by definition of adjoint and
by Lemma 2.2,

[0u, h] = [Ao(@)6u, g] = [a *+ Ou, g] = [6u,a™ *r g],

which means that h = a* x¢ g. O

Proposition 2.4.
(1) IfA € S, then there exists a function a € £*(T) such that A(f) = a %+ f for
f € 02(1). Similarly, if B € T, then there exists a function b € £*(T) such
that B(f) = f %1 b* for f € £2(7).
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(2) S is the weak closure of L and T is the weak closure of R.
(3) Themap A — Tr(A) = [Ade, Oc] is a faithful tracial state on S (and on T ).

Proof:
(1) Fix A € S and put a = A(8.). If f € Fi1(S(I)), then by the definition
of S

A(f) = A(de *7 f) = A(po(f*)(8e))
= po(f*)(A(8e)) = (po(f*))(a) = a *+ f.

In order to prove this equality for all f € £2(T) we define functionals @, (f) =

(Af)(u), u € SI™). Since T(w)|f (w)1? < || 113, we have |yl < IAll/ VT (w).
Hence if f, € F(SI)) and ||.fn — fll2 — 0, then

(Af)(w) = lim(Afy) (w) = lim(a *+ fu) (),

so a *¢ f is a well defined function equal to Af.

(2) Note that S is weakly closed and £ < S, hence the weak closure of £ is
contained in S. On the other hand, if A € S, B € T, then AB = BA in view of
the previous point and Lemma 2.2. Therefore S € 7' = L”, which is equal to
the weak closure of £ by the von Neumann theorem.

(3) Take A, B € Sand put a = A(8,.), b = B(8,) € £*(T). Then

Tr(AB) = [ABGe, 6e] = [a *+ (D %1 ), O]
= (a*xrb)(e) = (b*xra)(e) =[BAd., 0.] = Tr(BA).

If0<AeS, then A= C*C for some C € S, hence putting ¢ = C(5,) we have

Tr(A) = [C*C8e, 8e] = (c* %7 ¢)(e) = ||c|I%,

which concludes the proof. O

From now on we fix a minimal nontrivial closed L-invariant subspace V' <
£2(7) and a minimal biinvariant (i.e., both £- and R-invariant) closed subspace
W containing V.

Lemma 2.5. The subspace W can be decomposed into the orthogonal sum W =
D Vo with V as one of the summands and where each V is closed, L-invariant and
the restriction of Ao to V is equivalent to the restriction of Ag to V.

Proof. Let Wy be a maximal orthogonal sum of the form @, Vi, such that V
is one of the summands, Vx € W is Ag-invariant and the restriction of Ag to Vi is
equivalent to the restriction of Ag to V. Denote by P the orthogonal projection of
(1) onto W§. Since this subspace is L-invariant, we have AP = PA for every
Ae L.



142 WALDEMAR HEBISCH AND WOJCIECH MLOTKOWSKI

Assume that Wy is not R invariant, i.e., there is b € A(T) and an index B
such that Vg %+ b & Wy. Define an operator B : Vg — Wy by B(f) = P(f %< b).
Note that f *+ b, and hence B(f), belongs to W and that AB(f) = BA(f) for
f eV, Ae L. Indeed, if A = Ag(a), then

AB(f) = AP(f *1 b) = PA(f *< b) = P(a *1 f x¢ b) = BA(f).

We claim that B is a multiple of an isometry Vg — V' := B(Vp). To see this, take
the polar decomposition B = UD. By definition D = +/B*B. For a € A(T) and
e Vg

Ao(a)B*BE = B*A¢(a)BE = B*BAg(a)E,

so by the Schur lemma B*B, and hence D, is a nonzero scalar multiple of the
identity. Now U, defined by UDE = BE for & € Vj, is obviously a unitary
operator Vg — V', satisfying UAg(a)E = Ag(a)UE for a € A(T), & € Vp.
Therefore V' can be added to the sum @ Vi, which is a contradiction. O

Lemma 2.6. The subspace V' has finite dimension.
Proof- Let

£W={A|W:A€£}, Sw= {A|W:A€S},
£v={A|v:A€£}, Sv={A|V:A€S}.

By the previous lemma Ly = Ly, Sy = Sy as x-algebras (cf. A20 in the Appendix
of [7]) and by the Schur lemma combined with the von Neumann theorem we
have Sy = B(V).

For X € Sy we define an operator X on £2(T) by X = XQ, where Q denotes
the orthogonal projection of £2(T) onto W. Note that BX = XB for any B € R.
Indeed, if X = Ag(x)|w, B = po(b), with x, b € A(T), thenfor f = fi+ f» €
L2(1), with f1 = Qf, we have

BXf = BXfi = B(x %1 f1) = X %1 fi %< b,
XBf = XQBf = XQBf = XBfi = X(fi %1 b*) = X % f1 %1 b*

because W is bi-invariant. Moreover, X ~ X is a *-homomorphism of Sy into
S. Therefore we can define a tracial state on Sy = B(V) by ﬁ(X) = Tr(X)
(Tr was defined in Proposition 2.4). But if dim V is infinite, then there is no tracial
state on B(V') because we can take an orthogonal decomposition V = V; @ V; and
partial isometries Cy, C; of V onto V1, V; respectively such that C;C* +C,C5 = 1d
and C{*Cy + C5Cy = 21d, which excludes existence of a tracial state on B(V) for
infinite dimensional V. O

Lemma 2.7. For a function a € £2(T) the Jollowing conditions are equivalent:
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(1) Ao(a) is a bounded operator,
(2) Ao(a*) is a bounded operator,
(3) pola) is a bounded operator,
(4) po(a*) is a bounded operator,
(5) a = A(S.) for some A € S,
(6) a* = B(d,) forsomeB € T .

Proof. In view of Lemma 2.3 we have (1) < (2) and (3) < (4) and
by the first part of Proposition 2.4 we have (1) < (5) and (3) < (6). To
conclude, we note that ||a *+ fll2 = [l.f* ¢ a*|, for f € (1), which means
that (1) = (3). O

Definition 2.8. A function a € €?(7) is said to be moderated if satisfies
conditions of the previous lemma. Note that moderated functions constitute a
x-algebra and if a, b are moderated, then Ag(a*b) = Ag(a)Ao(b) and Ag(a)* =
AQ (a* )

Lemma 2.9. Every function f €V is moderated.

Proof. Let P denote the orthogonal projection of £2(T) onto V. Since P €
L' =T, wehave P(g) = g %+ k for some moderated function k such that k =
k %1 k = k*. Hence if g is a moderated function, then so is P(g) = g *+ k.

Moderated functions form a dense linear subspace M of £?(T), hence M N
V = P(M) is a dense subspace of V. But V has finite dimension, which implies
that MnV =V. O

Lemma 2.10. Suppose that f, g € V and set @(u) = [Ao(6u)f,g]. Then
there is fo € £2(T) such that @ (u) = fo(u)T(u) for everyu € S(I).

Proof. By Lemma 2.2 we have

@(u) =[A(0w)f, gl = (0u *x (f xx g™))(e) = (f xx g")(u™) - T(u).

By the previous lemma, f and g are moderated, hence so is f *+ g*, therefore
[ xrg* e L%(1). o

Now we are able to prove the main result of this section.

Theorem 2.11. If'V is an L-invariant minimal nontrivial subspace of €*(T),
then dimV = 1.

Proof. We know already from Lemma 2.6 that dim V' < co. It is sufficient to
prove that all the operators A¢(67) |y, i € I, commute.

Assume that [If"| > 2 and fix Iy © I"" with [Ij| = 2, say Iy = {1,2}.
Denote by Ay the unital *-subalgebra of A(T) generated by {61,0,}. Set also
Ly ={Ao(a) : a € Ap}. Now decompose V into an orthogonal direct sum of
minimal £y-invariant subspaces:

V=VieV,e ---a&V;.
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The *-algebra A is isomorphic to the convolution *-algebra of finitely sup-
ported functions on the dihedral group Z; * Z,. This group can be represented
as the semidirect product Z, X Z, which implies that dimV; < 2 for ¥ < s (see
Lemma 7.1). We only need to show that all V,- have dimension one.

Suppose that dimV, = 2 for some ¥ < s and denote A; = Ag(6)lv,, i =
1, 2. Then we have A; = (1 + T;)P; — 7;Id, where P; is an orthogonal projection
on V. Due to minimality of V; both projections have one-dimensional images.
Therefore detA; = —7; and det(A;A2) = T1T2. Hence the operator AjA; has
an eigenvalue yo satisfying |yol = /Ti72. Now take the corresponding unit
eigenvector & € V, and consider the function @ on S(I) given by: @(u) =
[Ao(6u)&o, &Eol. Then for u = 1212 - - - 12, with |u| = 2m, we have

) = | [(A1A)™E, &l | = 1y = (Vi)™

which implies that the function S(Iy) > u —~ @(u)/T(u) does not belong to
02(S(Ip), 7). This contradicts the last lemma and therefore proves that
dimV, =1 for every ¥ < s. Therefore the operators A¢(51)lv and Ag(52) v
do commute. O

Let us now describe one dimensional Ag-invariant subspaces of £?(T) and the
corresponding T-positive definite functions.

For i € I we have the partition S(I) = S;UiS;, where S; was defined in (1.2),
and the orthogonal decomposition £?(T) = M; & N;, where

M; = {fi € *(7) : fi(u) = Tif1(iu) for every u € S;},
Ni = {f> € (1) : fo(w) + fo(iu) = 0 for every u € S;}.
Indeed, for fi € M, f> € N; we have

L fol= 2 Aw)fau)t(u)

uesS)

> (AAGT@) + fi(iw AT (w) = 0.

ues;

On the other hand, every f € £?(T) can be decomposed as f = fi + f>, f1 € Mj,
f> € N; where foru € S;

T .
fitw) = Tn(f(u) + f(iw)),

, 1 ,
filiu) = o (f(w) + fliw)),
Fw) = 1+1Ti (Fw) — Tof (i),
faliu) = (tif Giw) = f(w)).

1+ T
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Consider the operator A; := A¢(8;) on £2(T). For f = X, f (u) Sy we have

Sikr f= 2 (F)diu + (1= T f(iw)din + Tif (iU)5).

ues;

Therefore, if f € M;, then A;f = f while for f € N; we have A; f = —Tif.

If a function f : S(I) — C, supported on S (I"), is an eigenfunction for every
Aj, i € I, then, up to a constant, f(i1iz- - -in) = f(i1) f(i2) - - - f(in), where
fa) e {T{l, —1} for i € I, In view of Lemma 1.5 in [10], such a function
belongs to £2(7) if and only if

where I == {i € I™ | f(i) = 7;'}, L = {i € I"" | f(i) = —1}. If this holds,
then the corresponding T-positive definite function

@(i1iy -« -im) = [Aj Al - - - Aiy f, f]
is, up to a constant, the character of A(T) given by

@iy i) = UEDEE2) - - - @(im),

1 i fa) =17
@ (i) =
-1; if f(i) = —1.

where

For example, the trivial representation of A(T), corresponding to the character
@ = 1, is contained in the regular representation if and only if

Now we make the following elementary observation:

Lemma 2.12. Suppose that for everyi € T we have 0 < o < o} < 1, o0 +ox} =
1 and that 3 ;c; af‘ <1 for some € : 1 — {0,1}. Then cither ; = 0 for all i € I or
there is j € I such t/mt()(? > (X?ﬁ)reveryi el\{j},ej=1ande; =0 foralli+j.

Putting (x? =min{1/(1+7;), Ti/(1+T;)}, we obtain the following result.

Corollary 2.13. The space £*(T) contains at most two one-dimensional L-
invariant subspaces.

The next result will be needed later on.
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Theorem 2.14. Assume thata € €*(T) is such that the function u — a(u)T(u)
is T-positive definite. Then there is ¢ = ¢* € >(T) such thata = ¢ *¢ c andc - T
is T-positive definite. Moreover, the GNS representation related to a - T is contained
in Ao.

The proof, similarly as for groups (see [7]), is based on the following lemmas.

Lemma 2.15. Assume that a is a moderated function. Then the operator Ao (a)
is nonnegative if and only if the function u — a(u)T (W) is T-positive definite.

Proof. For f € Fin(S(I)) we have

[Ao(@) f, f1=(a*xc (f*xc f*))(e)
> au)(f ko fHu)T(u)

uesI)

(a-7,f*xc f*). O

Lemma 2.16. Assume that a, b are moderated functions such that a *x+ b =
bxraand0 < Ao(a) < Ag(b). Then

b= all; < |Ipll; - llall>-

Proof. Put ¢ = b — a. Since the operator Ag(a * ¢) = Ag(a)Ao(c) is non-
negative, we have [a,c] = (a *- c)(e) = 0,s0 [a,a] < [a,a] + [a,c] = [a, D]
which gives

1b—all; = [1b|[3 +[lal - 2[a, b] < ||bl3 - [|all> =

Lemma 2.17. Assume that a., s, ... are pairwise commuting moderated func-
tions such that
0<Aglar) =Aglaz) <---

and sup |lan|ly < 0. Then there is a € £*(T) such that |a — anll, — 0.

Proof. In view of the previous lemma, the sequence [|axll, is increasing and
an is a Cauchy sequence in £2(T). O

Proof of Theorem 2.14. If a is moderated, then the proof goes as in Theorem
13.8.6 in [7]. For the general case let T denote the Friedrichs extension of the
nonnegative operator po(a) = po(a*). Since the operators

2 1-1; )
= A .
Ui 0(1+Ti5l 1+Ti66

are unitary, we note that (cf. Lemma 13.8.3 in [7]):
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(1) U;T = TU; for i € I and therefore Ag(6y)T = TA¢(6y) foru € S(I),
(ii) Th = h *¢ a for every h in the domain of T.

(The second statement holds by Lemma 2.3 as T < Ag(a)*.) Take the spectral

resolution T = J C dE¢ of T. Then the projections Ex commute with all A¢(64,),
0

u € S(I). Put ag = Eza € £?(1). Forg € A(1), u € S(I) we have

[g*Tazl 614] = [gi 6M*TaC] = [g’ 6u*TE§a]
=19, Eg(6u*a)] = [Ecg, dux-al = [Egg*<a™, oul.

This means that
g *rag = (Egg) *ra* = (Egg) *ra = TEgg,

which implies that a7 is moderated, af = ag, and a - T is T-positive definite.
The rest of the proof goes as for 13.8.6 in [7].

For the second part we write

[Ag(Su)c, ¢l = ((Syu*k-c) %7 c)(e) = (8 *1 (c*kc))(e)
= (0y *r a)(e) = a(u) - T(u). -

We conclude this section with two propositions which will not be used in the
sequel.

Proposition 2.18. Assume that a, b, c € £>(7).
(1) If a is moderated and b *+ c € £>(T), then a *+ (b *+ ¢) = (a * b) %1 c.
(2) If b is moderated, then a *+ (b %+ c) = (a *+ b) *x1 c.
(3) If c is moderated and a *+ b € €*(T), then a ¥ (b %1 ¢) = (a %+ b) %+ c.

Proof. Assume that a is moderated and b * ¢ € £2(1). Then there is a
sequence dn, € F(S(I)) such that [[Ag(am) |l < IA¢(a) |l and Ag(am) — Ag(a)
in the weak operator topology. In view of the Mazur-Orlicz theorem we can
assume that Ao (@, ) converges to Ag(a) in the strong operator topology. Therefore

lam *+ (b %7 c) —a*x¢ (b *xrc)ll2 =0,

which implies the pointwise convergence. We have also [|[am *+b—a*.b|, — 0,
which, by Lemma 2.2 (1), implies ((am *+ b) *¢ c)(u) — ((a *¢ b) *¢ c)(u)
for every u € S(I). Since, by Lemma 2.2 (2), (am % b) %7 ¢ = am % (b *1 ),
we get the first statement. The third one can be proved in a similar way.

Now assume that b is moderated. Similarly as before we can take a sequence
by, € Fin(S(I)) such that Ag(by) — A¢(b) in the strong operator topology.
Appealing to the Mazur-Orlicz theorem again, we can also assume that po(by) —
po(Db) in the strong operator topology. Therefore ||a %+ by — a *+ bl — 0 and
by %+ ¢ — b *x¢ cllz = 0. Now we can conclude by applying Lemma 2.2. O



148 WALDEMAR HEBISCH AND WOJCIECH MLOTKOWSKI

Proposition 2.19. Assume that a, c € £>(T).
If a is moderated, then

Ao(@)po(c) € po(c)Ag(a) and  Ag(a)po(c)™ < polc)*Ao(a).
If c is moderated, then
po(c)Ao(a) = Ag(a)po(c) and Ag(a)po(c)™ = polc)*Ao(a).

Proof. Suppose that a is moderated and b € D(py(c)). Then po(c)b =
b x c*, Aog(a)po(c)b = a *1 (b * +c*) (Lemma 2.3) and, by the definition
of po(c), there is a sequence b, € Fi*(S(I)) such that ||by, — bll, — 0 and
|bpkrc — bx*-cll, — 0. Take a sequence a,, € Fi(S(I)) as in the proof of
Proposition 2.18. Then
aAm *t bn — am *+ b,

asn — oo, in £2(T) for every m and
(Am %t bn) ¥vC = am *1 (b ¥ ¢) = am % (b %1 ¢) = (Am *+ b) *x¢ ¢

in £2(7), which means that a,, ¥+ b € D(po(c)) and po(c)(am *+b) = (Am *+
b) x. c for every m. Since Ag(am) — Ag(a) in the strong operator topology we
have [|am *+ b —a *+ b|l, — 0 and, by Proposition 2.18,

(am *tb) kxrc=am *xt (bkrc)—a*xt(bxtc)=(@*x:b)*k:cC
in %(T1). Therefore a *¢ b € D(py(c)) and
po(c)Ao(a)b = (a x¢ b) x c =a *7 (b *1 ) = Ag(a)po(c)b.

For the second inclusion we note that Ag(a), as an element of the von Neu-
mann algebra S, the weak closure of Ag(A(T)), can be expressed as Ag(a) =
Zizl o Uk, where Uy are unitary elements of S. Then Ux = A¢(uk) for moder-
ated ug € £2(7) and hence Uxpo(c) < po(c)Uk. Assume that f € D(po(c)Uyx),
which means that g = Urf € D(po(c)). Since Uy = Ag(uf) we also have
U,;lpo(c) c po(c)Ulzl, which implies U,;lg = f € D(po(c)). Therefore
Ukpo(c)* = po(c)*Uk. Multiplying both sides by oy and taking the sum Zi:l
leaves unchanged the domain on the left side, but can enlarge that on the right
side. O

3. REPRESENTATIONS WEAKLY CONTAINED IN THE REGULAR ONE

Let 1, 0 be *-representations of a *-algebra A. Then 1 is said to be weakly
contained in o if |[1t(a)|l < [lo(a)|l holds for every a € A. This is equivalent to
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say that ker(o) < ker(17), where ker (1) denotes the kernel of the extension of 1
to the enveloping C*-algebra of A.

Following ideas of Haagerup [11] we are now going to describe those *-rep-
resentations of A(T) which are weakly contained in the regular representation
Ag.

Theorem 3.1. Let (1t9, Ho) be a x-representation of A(T).
(1) If for every & € Hy and 0 < v < 1, the function

S >u~ [1(8y)E,E] - ™

can be expressed as fo - T for some fo € €2(T), then Ty is weakly contained in
Ao.

(2) Assume that there are constants 0 < ¢1 < ¢3 such that ¢ < Ti < ¢, for every
i € I, IfTy is weakly contained in the reqular representation of A(T), then
Jor every G, n € Ho and 0 < v < 1 the function

S >u~ [m(8,)C,n] - r'¥

can be expressed as fo - T for some fo € £2(T).

Set Eyy = {u € S(I) : |lul = m} and let x,,, denote the characteristic function
of Ey,. First we prove two lemmas.

Lemma 3.2. Let f and g be two functions in Fin(S(I)) with support in Ex
and Ey respectively. Then

1(f *r @) - Xmllz < 1F N2+ gl

iflk =1l =m <k +1landk+ 1 —m is even. Also,

I 7 9) - Xpnll2 < NCIFIl - gl

iflk=1] <m < k+Landk+1—m is odd, where C := sup{|1—T;|%-7; ! : i € ["},
We have || (f *+ g) - Xpll2 = 0 for all other values of m.

Note that the constant C is finite if and only if inf{t; : i € I'"} > 0 and
sup{Ti:i € Ifin} < oo,

Proof. Writing uv € S(I) we will mean that the concatenation of u and v is
in S(I).

(1) If m =k + L, then
NCF % @) - Xmlls = D 1F @D - 1g(u2) PT(un) T (us)

luyl=k, luzl=l, uiuesI)

< NI f ) Pr)lgw) Pt w) = [|£3 - lgll3.

luy =k, [uz|=l
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(2) Now assume that m = k + | — 2p and define two auxiliary functions:

fraw) = (3 If(wv)lzT(v))l/2

lvl=p, wveS{)

if lw| =k - p,and f'(w) := 0 otherwise,

g'w)=(3 Ig(zu/)lzT(Z))l/2

|z|=p, zweS ()

if lw| =1-p,and g’ (w) = 0 otherwise. Then we have

1£15= > (Sifa)Pre)rw)

lw|=k-p [vl=p, wveS(I)

= Y If@ Pt = |I£;

|z|=k

and similarly [|g"[l> = Ig]l>.
Now fix u = iy - - - i and put Uy =1y - - - lk—p, U2 = Tk—p+1 - - * im. Using
the Cauchy inequality we get

[(f *x @) W] = D 1 f(uv)g(v*uy) T(v)|

lvi=p, uivesS), viu,eS)
< ff(ug (w) = (f - g") (w).
Therefore, applying the previous point to f’ and g’,

I(f %7 9) - Xnll2 < I %2 g") - X ll2 < 1f7 M2 - lg" 2 = 1LF112 - 11 gl

(3) Assume that m = k + 1 — 1. If |u| = m, then we can write u = uiu,,
with |u1| = k=1, |uz| = -1 and we have (f *-g) (n) = f(u1i)g(ius) (1-1;).
Therefore

=S FGr i) P 1g i - - im) P(1 = T3)2T ({1 - - - i)
i1 imeSU)
(1 _Tik)2

= D Uf G- i) P - i) g Gk - - - i) PTGk - - i) -

i imeSU)

2 2
= ClIfIL2 - lgll-
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(4) Finallyleem =k +1+1—-2p, p = 1. Define

fraw) = (3 If(wv)lzT(v))l/2

lvl=p, wveS{)

if lwl=k+1-pand f'(w) = 0 otherwise, and similarly

g w) = (Slgwittz) "

|zl=p, zweS(I)

iflw|=1+1-pand g (w) = 0 otherwise. Then we have

IF12= 2 (ZIf@ulPrw)rw) =[Ifl;

lw|=k+1-p lv|=p, wveS{)

and similarly [|g"[l2 = llg]l2.
Now fix u = ujiuy € S(I), with |u;| = k — p, luz| =1 - p. Then

[(f % @)W < D | f(wiiv)g(w*iuy)T(w) (1 = 19)|

lvl=p, wiveSU), v*¥iu,eSI)

= (S 1faiv)Pr) (S g iun Pr) 1 -l

lvl=p, wiivesS() lvl=p, v¥iu,eSI)
= |f (wi) g’ (iuz) (1 — 17)|

= [(f" *rg) W]l

Now from the previous point we get

N(f %) - Xl = I(f %2 8") - X2
< JVCIIfll2 - lIgllz. O

Lemma 3.3. Let f be a function supported on Ex. Then

Ao ()12 = VC+ 12k + DS,

where, as before, C = sup{|1 — T;|* - Ti_l 1 e [in},

Proof Fix g € £2(7) and put g; := g - X;. Then, using the previous lemma
and Cauchy’s inequality, we have
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1(f %7 9) - X l2

< D #7190 + X ll2
=0

min{m,k} min{m,k}

<Ifl( Y lgmekarla+NC Y lgmike12rlla)
r=1

=0

2min{m,k} min{m,k} min{m,k}

<if( Y MgmerB) (Y 1+ S )

r=0 r=0 r=1

2min{m,k}

< ((k+D(C+M2IfIL( Y Hgm+k_y\|§)”2-

r=0

Therefore

If ke gl = D I(f % ) - Xll3
m=0
) 2min{m,k}

s(C+DG+DIAE Y (2 lgmer—rll)

m=0 r=0

< (C+Dk+ DS - @k +1) > llgsll
s=0

= (C+ D(k+ D2k +DIIfI - llgll3,

and this concludes the proof. O

Proof of Theorem 3.1. Suppose that for every & € Ho and 0 < v < 1 there is
fr € £2(71) such that

@r(u) =[m(6u)E, &l il = Sru) - T(u)

then, by Corollaries 1.7 and 1.8, @ is a T-positive definite function (as pointwise
product of a T- and a 0-positive definite function) and, by Theorem 2.14, is a
coefhicient of the regular representation Ag. Therefore, letting ¥ — 1, we see that
the function u — [19(04)&, &] is a pointwise limit of coeflicients of Ay which
proves that 17y is weakly contained in Ao.

Now assume that (119, Hy) is weakly contained in Ag. Then in particular
10(5;) = 0 whenever i € I \ Ii®, so we can assume that I = I, Fix , n € #H,
and put g(u) = [19(64)C,n]. For a function f € £*(T) supported on Ey we
have

T(u),

A= S fagw =S ™

lul=k lul=k (u)
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and, by Lemma 3.2,

| [to (AT, n1 | < IAo(AOIITI Inll < VC+ 1.2k + DILFI2 I Inll.

This means that

(w |*
S T < (C+ DK+ DT Il
Iulk'T(u)

Hence, for every 0 < ¥ <1 we have

gu) |?
T(u)

2

uesI)

r2UT(u) < co. -

4. TYPE-DEPENDENT FUNCTIONS ON THE FREE PRODUCT GROUP

Let {Gi}ier be a family of discrete nontrivial groups and let G = *erG; be their
free product (see [30]). Every element x of G can be uniquely represented as a
reduced word:

X=g192"""9Gm, M=0, g € Gy \ {e},

(4.1) ik # 1kl for k < m.
For such an element we define its length |x| = m and zype as the formal word
t(x)=1i1iz- - - im € SU). We are particularly interested in zype-dependent func-
tions on G, i.e., those which are compositions of the form @ o t.

If all G;’s are finite, then the family F;(G) of finitely supported type de-
pendent functions is isomorphic to A(T), with T; = (|G;| — 1)7!. Indeed, for
u € S(I) put

T(uw) ift(x)=mu,
(4.2) Uy (X) =

0 otherwise.

Then the map f — > csq) f (W) Hy is an isomorphism of A(T) onto F¢(G),
which can be extended to an isometric embedding of £?(T) into £*(G).

Now we present an alternative proof of Theorem 3.2 in [21], which charac-
terizes the class of positive definite type-dependent functions.

Theorem 4.1. Let {G}icr be a family of groups, G = % ic1Gi, and let @ be a
complex function on S(I). The type-dependent function @ ot is positive definite on G
(resp. lies in the Fourier-Stielties algebra B(G)) if and only if @ is T-positive definite
on S(I) (resp. @ lies in B(T)), where T; = (|G| — L
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If all G;’s are finite, then the part concerning the Fourier-Stielties algebra could
be derived from [21, Theorem 3.2 and Corollary 3.3].

Proof. During the proof we will regard S(I) as a unital *-subgroup generated
by elements i € I which satisfy ii = i* = i.

Suppose that @ ot € B(G), then @ o t can be represented as @ (t(x)) =
[11(x)T,n] for a unitary representation (11,4 ) of G and vectors §, n € H
(with € = n when @ o t is positive definite). We may assume that the vectors
and n are both cyclic (cf. Proposition 1 in [31]). If G; is finite, then we put

1 1
P = 1Gil m(g) and Ai:IG'Ii—l Z T(g).
e ! gEGi\le}

Then we have P;P; = P = P;and A; = (1 + T;)P; — T;1d.
Now, suppose that G; is infinite and let {gn,i}n-; be a fixed sequence of
distinct elements of G; \ {e}. For any natural number N we define an operator

Tn,i on H by

| N
Ini=v > T (Gni).

n=1

For fixed x, ¥ € G we have t(y 'gnix) = t(¥)*it(x) (product in the semi-
group S(I)) for all but at most two n’s. Therefore

1 N
[Tnim ()T, )] = & Z [t (y ' gn,ix)C, 0]
X "
-5 > @ty lgnix)) — @t(y)*it(x))

1l
—

n

as N — oo. Since the vectors T, n are both cyclic and Tw,i’s are all contractions,
there exists a weak limit A; of the sequence Ty satisfying

[Aim(x)C, m(y)n] = @(t(y)*it(x)), x, y €G.
Note that AF = A;. Indeed

z

11m [TNlTr(x)C w(y)n] = Z (t(y'g,x) = @(t(y)*it(x)).

Next we show that A;A; = A;. Consider the operator A;Ty,;. Forany x, y € G

Z|=
M=

[AiTn T (x)C, T (y)n] = [AiTT(gn,ix)C, m(¥)n]

n=1

@ (t(y)*it(gn,ix)) = @(t(y)*it(x))

I
Z|=
M=

1

N
Il
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(because it (gx) = it(x) if g € Gi) hence A;Ty,; = Ai, which implies A;A; = A;.
In this way we have defined the operator A; for every i € I.

Now let u = ijiz- - - im be a fixed element in S(I). For any g, € Gy, \
{e},...,gm € Gi,, \ {e} we have

1

T W(g)n(gzga---gm)g,n]

gEGi, \{e}
=[A; (9295 - - gm)T, n] = [11(g295 - - - gm)C, Ain]

@) = [

if Gy, is finite and
@) = [In,i, (9293 - - - 9m)T, N
= [A; (9295 - - 9m)T, n] = [11(g295 - - - gm)T, Ain],

for arbitrary N, if G;, is infinite. Continuing in this fashion we finally obtain

@) =[C, Ay, ---ApAin] = [Aj Ay, - - - A, T, 0]

and, in view of Proposition 1.5, one part of the theorem is proved.
Now assume that @ is of the form

(p(iliz "t lm) = [AilAiz "t AlmC’n],

where A; = (1 + T;)P; — T;1d, {P;}ier is a family of orthogonal projections on a
Hilbert space Hy, and T, n € Hy.
Fix i € I. We show that the operator-valued function

Id ifg=e,
Ui(g) =
A; otherwise,
is positive definite on the group Gi. Let f : Gi — Hj be a finitely supported

function. We can decompose f as f = f1 + f> in such a way that f; : G; — ImP;,
f2 : Gi — ker P;. Then by the definition of T; we have

>, [Ui(h'9) f(9), f(M)]

g,heG,'
= > i@, i+ D 1H@),L@] -1 > [f@), f(h)]
g,heG; 9EeGi g+h
S lAR@I? if G; is infinite,
2 geaii
- fi@] +97 .
ngZGi 1 H % Sfa(g) — fo(W)?  otherwise.

g+h
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Hence U; is positive definite on G;. Now let us consider the function U : G —
B(Ho):
U(x) = A Ai, -+ Ai, ift(x) =i1iz- - im.

By Theorem 7.1 in [3] (which will be proved again in the next section) U is
positive definite on G = *ic;Gi, which implies that there exists a unitary rep-
resentation T : G — B(H) such that Hy = H and for any x € G we have
U(x) = Pyt (x)|44,, where Py denotes the orthogonal projection of H onto H.
This implies that @ (t(x)) = [U(x)C,n] = [m(x)C, nl, which concludes the
proof. O

5. THE INDUCED REPRESENTATION OF THE FREE PRODUCT GROUP

Let Hy be a fixed Hilbert space, G = *;c;G; be the free product of groups and
assume that for every i € I we are given a representation TT; : G; — B(Hy o H;)
(we do not require that 77; are unitary). We are going to construct a representation
T of G, acting on a Hilbert space H which contains all spaces H;, i € I U {0},
such that for every i € I and g € G; the restriction of T1(g) to Ho ® H; coincides
with 11:(g).

Constructions of such kind were studied by Avitzour [1], Voiculescu [34, 35],
another one was due to Bozejko [2]. Then Bozejko, Leinert and Speicher [4,
5] generalized the previous ones by introducing the conditionally free product of
representations. In all these constructions the common subspace H( was one-
dimensional. Further generalizations can be found in [23-25].

First we define for each w € G a Hilbert space 4, by putting

H, = Ho o (D 1)
iel
and, forw # e,
Ho= B A

JeN{i(w)}

where for an element x # e as in (4.1) we put i(X) = iy, the type of the last letter
of x. Now we define

H = P Hy
weG

={f:G .| fw) e HyforweGand Y |f(w)|? < ool

weG

For every w € G and € € H,, we denote by (w, &) the function in H which has
the value € at w and 0 elsewhere (i.e., (w, &) := 6 ® E). Then &y ® Hy can be
identified with the space of all functions in H vanishing outside {w}. We shall
also identify H( and H; with the appropriate subspaces of 6, ® H,. If i € Tu {0},
then Q; will stand for the orthogonal projection of H, onto H;.
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Fix i € I. First we define 17 only on G; putting 11 (e) = Id and for g € G;\ {e}

f@™ D) +mi(g)(Qo+Qi)fle) ifw=e,
(5.1a) (m(g)f)(w) =1(d-Qp — Q1) f(e) fw=g,

flg~'w) otherwise,
or, in terms of the vectors (w, &),

(e,i(9)(Qo + Q&) + (g,(Id—Qo — Qi)E) ifw=e,

(gw,§) otherwise.

(5.1b) (g) (w, &) ={

Then 17 is a representation of G; which coincides with 1; on Hy ® H; and is
a multiple of the left regular representation on the orthogonal complement of
Ho & H;. In particular, if 71 is unitary, then so is 7.

Having defined 1r(g) for all g € G; and i € I we extend this to a representa-
tion all of G by putting

(5.1¢) (x) =1m(g)(g2) - - - T (gm)

for x as in (4.1). Thus we obtained a representation (11, H) of G = *erG; which
we denote by *;c/7T;. Note that if all 77;’s are unitary, then so is 7.

Lemma 5.1. Suppose that x # e is as in (4.1) and & € H,. Then

m(x)(e, &)
= (e, i, (91)Qomi,(92)Qo - - - QoTtiy, , (Gm-1) Q0T (Gm) (Qo + Qi )E)

m-—1
+ > (gng < Gk Qi Ty (Gk+1) Qo Ty, (Gk+2) Qo - - - Qo Tty (Gm)
k=1

X (Qo + Qi )E)
+ (9192 - gm, 1d—Qo — Q;,,)E).

Proof.: We apply induction on the length of x. If |[x| = 1, then the formula
is a consequence of the definition. Assume that it holds for x as in (4.1) and take
a word of the form gox, where go € Gj, \ {e}, ip # i1. Using the fact that if
ne Hye H;, then (Qo + Qi)n = Qon and (Id —Qp — Q;,)n = Q;,n one can

easily prove that the formula holds for gox. O

Let us denote by Py the orthogonal projection of # onto H.
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Theorem 5.2. Suppose that Tt = et is the representation of G = *c1G;
defined above. Then:

(i) Ifall 7t; 5 are unitary, then so is .

(i) If& € Hy then, for x asin (4.1),
Port(x)&o = QoTti, (91)QoTTi,(92) - - - QoTliy, (Gm) Eo -
(i11) Assume that there are constants a,, s, . .. such that
775, (h1) Qorj, (h2) - - - QoTtj, (M) |l < an

(the operator norm of a map HoeHj, — Ho®H,) holds for every jija - - - jn
€ SU) and every hy € Gj, \ {e},..., hy € Gj, \ {e}. Then for every x € G,

fr(x)| <1+a;+---+am,

where m = |x|. In particular, if 3. an < oo, then T is uniformly bounded.

(iv) Assume that for each i € I the set {T1;(9)E : g € Gi, & € Ho} is linearly dense
in Ho® Hi. Then the family {1t (x)(e, &) : x € G, & € Ho} is linearly dense
inH.

Proof. We have already noticed that unitarity of 11;’s implies that of 7, and
part (ii) is a consequence of the last lemma. Now we will prove (iii).
Fix x = g1g2 - - - gm # e as in (4.1). Define wy = (gy+19r+2 - - - Gm) "}, for

1 <7 < m. By the previous lemma we have

(x)(wy, &) = (9192 - - gr) (e, &)

= (e, i, (91)QoTi, (92) Qo - - - QoTri,, (Gr—1)QuTTi, (91)(Qo + Qi )E)

r—1
+ > (g1gz “ Gk Qi T, (Gi+1) Qo Ty, Qo - - - QoTri, (g ) (Qo + Qiﬂf)
k=1

+ (9192 - gr,(Id—Qo — Q4,)8).

On the other hand if w is none of wy, 1 <7 < m, then ™(x)(w, &) = (xw, &).
Consider the following operators on 7 :

(xwy,(Id-Qo - Q4,)8) ifw=wy, 1 <r <m,
TO(w!E) =

(xw, &) otherwise,

and for 1 <5 < m we define Ts putting

Ts(wy, &) = (e, 13, (g1)QoTTi,(g2) Qo - - - QoTTy,(gs) (Qo + Qi) &),
Ts(wyr, &) = (g1 - Gr-s, Qi oo Ty oo (Gr—s+1)Qo - - - QoTT, (gr)(QO"‘Qiy)g)
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ifs <7v <m,and Ty(w, &) = 0 if w is not one of w, for s < ¥ < m. Then,
putting ag = 1, we have || Ts|| < a5 and 11(x) = To+T1 + - - - + Tpn, which proves
(iii).

To prove (iv) denote by M the closure of the linear hull of the set {1r(x) (e, &) :
x € G, & € Hp}. Then M is G-invariant and Hy = M. By the assumption,
O ® Hi = M for every i € I. Therefore 6y ® H; = m(x)(5, ® Hi) = M for
every X € G and i # i(x), if x # e. But the family of such subspaces is linearly
dense in H , which concludes the proof. O

As a corollary, we will prove again Bozejko’s result (Theorem 7.1 in [3]).

Corollary 5.3. Let H be a Hilbert space and assume that for each i € 1 we have
an operator-valued positive definite function U : G; — B(H,) satisfying Ui(e) = 1d.
Define U : G — B(H) putting

U(x) = Ui, (91)Ui,(g2) - - - Ui, (gm)

Jorx = g192 -+ - Gm asin (4.1). Then U is a positive definite function on G.

Proof. By [26, Theorem 7.1], for each i € I there is a Hilbert space HH; and a
unitary representation T : G; — B(Ho ® H;) such that if & € H,, g € Gi, then
Ui(9)€ = Qomi(g)&, where Qg denotes the orthogonal projection of Hy & H;
onto Hy. Take the representation T = *;¢[T; of G constructed as above. Then 1
is unitary and if § € Hy, x € G, then Pyt (x)& = U(x)E which implies positive
definiteness of U. O

Now assume that {P;}ier is a family of (not necessarily orthogonal) projections on
a Hilbert space H. With every i € I we associate a space H; and a representation
i : Gi — B(Ho @ H;) in the following way.

First assume that G; is infinite. Then we set

Hi={f:Gi\le} —kerPi| > If(@)I? <},

geGille}

so that

Hoo Hi={f:Gi— Hy| f(g) EkerPiforg#eand > [ f(9)l? < o}

geGi
Now we define 11i(e) = Id, and for g € G; \ {e}
Pif(e) + f(g7") ifh=e,
(5.2a) (mi(g)f)(h) =1 (Ad -P;) f(e) ith=g,
flg~"'h) otherwise.
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Note that 11; acts trivially on Im P;, and as a multiple of the regular representation
A; of G; on ker P; & #H;.
The case when G; is finite is a little bit more involved. Put

Hi={f:Gi\le} —kerP | >  f(g) =0}

gEGi\ e}
so that
Ho@H; = | f : Gi — Hy | if g # e, then f(g) € ker P and 3 ge 01 £(9) = 0}
Now we note that ker P; @ H; can be identified with

H] = {F:Gi~ketPi| Y F(g) =0}

geaii

by an isometry T; : H] — kerP; & H:

J1+ T F(e) ifh =e,
T;F(h) =
F(h) + T; - F(e) otherwise,

where T; = (|Gi| — 1)~!. Observe that T{l(kerPi) consists of functions of the
forme — & g — —7; - § for g # e, with § € ker P;. The natural representation
1] of G; acting on H is a multiple of the semiregular representation:

(1/(g)F)(h) = F(g"'h).

Now we define a representation 1 : G; — B(Hy & H;) putting
(Mi(g).f) = Pif + (Tim{ (@) T; ) (=P £,

where P; is a projection on Ho & H; given by

Pif(e) ifh=e,

0 otherwise.

Pif(h) ={

As aresult, for g € G; \ {e} we obtain the following formula

(5.2b) (mti(g)f)(h)
Pif(e)+ V1 +Ti-f(g™") —1i- (Id=P;)f(e) ifh =e,

=41 fgH+A-T1)V1+ 715 (Id=P;)f(e) ifth=g,
f@ ') +1i-f(g ") —T1iJ1+71i-Ad—P;)f(e) otherwise.

Now we are going to define the main object of this paper.
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Definition 5.4. Assume that {G;}cr is a family of discrete groups and put
Ti = (IGil = 1)71. Let mp : A(T) — B(Hy) be a representation of A(T) (not
necessarily a *x-representation) so that my(6;) = (1+7;)P; —T; Id for a (not neces-
sarily orthogonal) projection P; on Hj. For every i € I define a representation ;
of G; by (5.2) and then define a representation 11 of G := *¢;G; using formulas
(5.1). Then we will say that 17 is induced from the representation Tty of A(T).

Now we observe that 71 inherits some properties of 1.

Theorem 5.5. Assume that G = *ic;Gi, Ti = (|G;] = )7L, 9 : A(T) -
B(Hy) is a representation and let v : G — B(H) be the induced representation of
G.

(i) For every x € G we have Pyt (x) |31, = T00 (Ot (x))-

(i) If Ho can be decomposed into a direct sum Hy + Hy' of A(T)-invariant
closed subspaces, then H can be decomposed into a direct sum H' + H'' of
G-invariant closed subspaces, and the corresponding representations ', 0" of
G are induced from the corresponding representations 1y, Ty of A(T). If the
Jformer sum is orthogonal, then so is the latter.

(iii) If'Tvo is the left regular representation of A(T), then Tt is the left regular repre-
sentation of G.

(iv) IfTto is a *-representation, then T is a unitary representation of G.

(v) Ifthere are constants A such that ||t (0y) || < dju| for everyu € S(I) and if
Sm—0 dm < 00, then T is uniformly bounded.

(vi) Theset {1r(x)(e,&) : x € G, & € Hy} is linearly dense in H .

Proof. (i) By formula (5.2) and Theorem 5.2 (ii) we have Pymr(x)|s, =
Bi1 ree Bim: where Bi=(1+T1i{)P;i —Tj Id, SO P()'IT(.X)|3L[0 = Tr()((st(x)).

(ii) Let P be the projection of H onto H; with ker P = H ;. Replacing ker P;
by PkerP; and (Id —P) ker P; in the definition of H; we decompose H; into a
direct sum H| + H]" of G;-invariant subspaces, which leads to the decomposition
of all of H into a direct sum H " + H"" of G-invariant subspaces.

To prove (iii) we note that the vector J, is cyclic for Ag and [Ag(a@)de, el =
a(e) fora € A(7). In view of the previous point we have

1 ifx=e,
[1T(X)be, 0c] = [PoTT(X) 8¢, 0e] = [ﬂo(ét(x))ée,ée] =
0 otherwise,

for x € G, and, since the vectors T(x)&, x € G, & € H, are linearly dense in
H, the vector &, is cyclic for 17. It means that 17 is the left regular representation
of G.

If 179 is a *-representation, then all the projections P; are orthogonal and then
every representation T7; of G; is unitary, which implies unitarity of 1.

Assume that ||119(04) || < dju| for every u € S(I). Then the norms || P;| are
uniformly bounded, which implies that there is a constant C such that [|11;(g) Il <
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Cforeveryi € Iand g € Gi. Thenfory = hy -+ - hy, with t(y) = j1- - - jn,
we have

||Tl'j1(h1)Q0 s Qonjn(hn)” = ||7Tj1(hl)Bj2Bj3 e BJ'nflTrJ'n(h”)”
< C2||BJ2 e Bjy,,I || = Czd’l’l—Z,

and in view of Theorem 5.2 (iii) we see that 7 is uniformly bounded.

For (vi) it suffices, by Theorem 5.2 (iv), to prove that for every i € I the set
{mi(g)€ : g € Gi, & € Ho} is linearly dense in H & H;. If G; is infinite, then
it is clear that the linear span of vectors of the form 64 ® & = m;(g)&, where
g € Gi\ {e}, & € ker P, is dense in ;.

Now, if G; is finite, then it is sufficient to check, that

{m/(@)F :g € Gi, F e T " (kerPy) | = 5.
Fix F € H]. For g € G; we define F; € T[l (ker P;) by putting

1

1+ T
Fohy =4 " "

1 .
1+TiF(g) if h #e.

F(g) ifh=e,

Then one can check that

> m(g)F, = f,

9geGi
which concludes the proof. O
For further investigations we will need two lemmas.

Lemma 5.6. Given a x-representation p of a x-algebra A acting on a Hilbert
space H and a family {p«}, & € A, of subrepresentations of p, each py acting on
Hu = H, such that the set Uyea H is linearly dense in H , then p is equivalent to
a subrepresentation of the direct sum @ yea Pu-

Proof. We may assume that the index set A is an ordinal. Put
Ve = Tn(905 : B < .

Fix & and let Wy be the orthogonal complement of Vi in Vyyi. Consider P :
Hu — Wy being the orthogonal projection. Take the polar decomposition P =
US, where S is positive definite and U is a partial isometry. By definition of Vi1,
the image of H is dense in Wy so U™! is an isometric embedding of W in H .
Moreover, by the uniqueness of polar decomposition, U~! intertwines the action
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of A on Wy with the action of A on Hy. Let Py be the restriction of p to Wy.
By definition
P Wa=lin{Hg:Bc Al =H

xEA

$0 @ e Pu = p. Since each Py is equivalent to a subrepresentation of py the
claim follows. O

Having constructed the induced representation 77, we can in turn define a repre-
sentation of A(T) acting on HH . Namely, we put

T - Z (g) if G; is finite,
N 9<Gi\iel
(53) 7T0(5i) = n
lim — Z T (gk,i) otherwise,
na

where gi,i is an arbitrary sequence of distinct elements of G; and the limit is in
the strong operator topology. Note that 77y restricted to Hy is just 1 and that if
Gi is infinite, then Ty (8;) = 1 (5;) Py, where Py is the orthogonal projection of

H onto H,.

Lemma 5.7. The restriction of Ty to H is contained in a multiple of the left
regular representation.

Proof. Fori € I, § € H; we have m(ui)(e, &) = —Ti(e, &) and for a vector
(w, &) in (Ho & H;)* we have 11 (u;) (W, &) = Ti X geg e} (W, E). Therefore
forevery w € G and (w, §) € H", the T-positive definite function

u— [m(py)(w, ), (w, )]

on S(I) has a finite support and hence belongs to £(T). o

Here we give one application of the induced representation. Recall that for a *-
algebra A, the enveloping C*-algebra C*(A) is defined as the completion of A
with respect to the norm

lall := sup {IITr(a)II : TT is a -representation ofﬂ}.

If T is a discrete group, then C*(F(I)) is called the firll C*-algebra of T and
denoted C*(I'). Define also the reduced C*-algebra of T (resp. of the algebra
A(T)), denoted G (') (or C;f (A(T))), as the closure of F(I) (resp. of F(S(I)))
in the operator norm [|[A(f) || (resp. |Ag(a)ll).

Proposition 5.8. Suppose that all the groups Gi are finite, T = (IGi| — 1)}
and G = xic1Gi. Then the map

A(T)sa~ > awuy, € F(G)
ues)
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extends to an isometric embedding of C* (A(T)) into C*(G) and to an isometric
embedding of C¥ (A(T)) into C} (G).

Proof- Put j(a) = Xycsq)a(u)py. If 70 is a unitary representation of G,
then 71 o j is a *-representation of A(T), which implies that [l j(a)ll < |lall for
a € A(T). On the other hand, if 11 is a *-representation of A(T), then taking
the induced representation 11 of G we have ||[mo(a) || < |[1t(j(a))ll, which yields
lall < llj(a)ll.

The second statement holds because the map a — A(j(a)) contains a copy
and is contained in a multiple of the left regular representation of A(T). O

Recall that if 1 : A — B(H) and 0 : A — B(XK) are representations of an
algebra A, then T : H — XK is said to be an intertwining operator if Tr(a) =
0 (a)T holds for every a € A. Representations 1 and o are called equivalent if
there is an intertwining isomorphism T : H{ — K. Representations 1T and o are
said to be disjoint if 0 is the only operator intertwining them.

Lemma 5.9. Let Ag be a subalgebra of an algebra A and let p : A — B(H),
0 : A — B(XK) be representations. Denote by po and 0y their restrictions to Ag. We
assume that H = Ho & Hy, K = Ko & Ky are decompositions into direct sums of
Ao-invariant closed subspaces.
(1) Ifpol s, is disjoint from 0ol x,» polst, is disjoint from ool x, and T : H — K
intertwines p and o, then THy € Ko and TH, < XK.
(2) Ifp(A)Hy is dense in H and Ty, T : H — K are intertwining operators for
p and o such that Ti| 31, = Tals1,, then Ty = Ts.

Proof- For n = no + nm1 € X, with n; € X, we put Qjn = n;. We need
to prove that both the operators B := Q1 T3, and C := QoT |4, are zero. But B
(resp C) intertwines pol s, and 0o lsy, (resp. polsr, and polx,), which implies that
B =0 and C = 0 and proves the first assertion.

For the second one we note that for a € A and & € H, we have

Tip@)&=o0@Ti&=0(a)Tr§=Tpag

which implies that Ty = T». O

Theorem 5.10. Suppose that Ty and 0y are two representations of A(T) which
are disjoint from the regular representation of A(T) and let Tt and o be the induced
representations of G.

(1) If 19 and o are not equivalent, then so are T and o .
(2) If 1o and o are disjoint, then so are Tt and o.

Proof. If T : H{ — X is an intertwining operator between 1 and o then,
by the previous lemma, T(H,) = Ko, and hence T|H intertwines 1y and 0y.
Therefore if ™y and 0y are not equivalent, then T4, and hence T cannot be
an isomorphism. Moreover, if 11y and 0y are disjoint, then T|3;, = 0 and for
& e Hoy, x € Gwehave TT(x)E = 0(x)TE = 0, which implies that T = 0. O
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Recall that a representation 17 of a *x-algebra A is said to be weakly contained in a
representation o of A if ||1r(a)ll < [lo(a)l for every a € A. This is equivalent
to saying that ker(o) < ker(1), where ker(17) and ker(o) denote the kernel of
the extension of 7T and o to the enveloping C*-algebra.

Proposition 5.11. Suppose that Tty and 0y are x-representations of A(T) and
let v and o be the induced representations of G = *icrG;.

(1) If 1o is weakly contained in 0, then T is weakly contained in o .
(2) If 1 is weakly contained in o, then Ty is weakly contained in o @ Ao.

In particular, T is weakly contained in the regular representation of G if and only if
™0 is weakly contained in the regular representation Ao of A(T).

Proof. Suppose that 1y is weakly contained in 09 and decompose 11 into a
direct sum @ yc 4 116 of cyclic representations. For each & € A we fix a unit cyclic
vector & for T and let @* be the corresponding state on A(T), i.e., *(a) =
(@) EX, EY) for a € A(T). Then ™ = @ yeq ™, where ¢ is induced from
s\, and &% is a cyclic vector also for ™%, We need to show that every % is
weakly contained in 0. Then the corresponding positive definite function on G is
X — @*(6¢(x)). Since each 11§ is weakly contained in 0y there is a sequence T
of vectors in the space of 0y such that limy, .« (00(a)CF, C5) = %(a) for every
a € A(T). Then for every x € G we have

%@O(U(X)CS’C;;‘) = %@O(Uo(&(x))ﬁ‘,;ff) = @*(6t(x))s

which means that 1 is weakly contained in 0.
If 77 is weakly contained in o, then ker(o) < ker(1r) (the kernels are meant
with respect to the full C*-algebra of G) and hence

ker (O—|C*(ﬂ(T))) o= ker (TT|C*(J4(T)))

But the restriction of 17 (resp. o) to C*(A(T)) is a direct sum of 11 (resp. ) and
a subrepresentation of a multiple of Ag (Lemma 5.7). Therefore we have ker(oy) N
ker(Ag) < ker(1m) Nker(Ag) < ker(1rp), which proves the second statement. O

6. IRREDUCIBILITY OF THE INDUCED REPRESENTATION

Throughout this section we fix a family {G;}ic; of groups and a representation 7Ty
of A(T), acting on a Hilbert space Hy, where 7; = (|G;| - 1)~ !, and therefore
a family {P;}icr of projections on Hy, such that m(d;) = (1 + T9)P; — T; Id.
We are going to study irreducibility of the induced representation 7 of the group
G = *ic1Gi.

Proposition 6.1. Assume that the representation Tty (and hence the family of
projections {Pi}icr) is topologically irreducible (i.e., there is no nontrivial invariant
closed subspace) and that there exists iy € I such that G, is infinite and P;, # 0. Then
TT is topologically irreducible.
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Proof. Define operators T; on H by

! > mg) if G; is finite,
Gil j=¢
T = | N
Alfiggo N Z 1(gn,i) otherwise,

n=1

where, as before, {gn,i} is a sequence of distinct elements in G; and the conver-
gence is in the strong sense (cf. Theorem 2.2 in [22]). Then T; is a projection,
Tils, = Pi and Tilgg: is an orthogonal projection. Moreover, if G; is infinite,
then Tilsgp = 0.

Assume that M is an invariant closed subspace of H. Then T;M < M for
every i € I. If T;;y M # 0, then the space My := M N Hy # 0 is invariant for all T,
and hence for all P;. This implies My = H and consequently M = H .

Now assume that T;;M = 0. This gives T;,T;M = 0, which means that
T T3 = PP} H is orthogonal to M for every i € I. Since the family {P;}es
(and hence {P;*}er) is irreducible in Hj and P;, # 0, we have H, L M, which
implies M = {0}. O

From now on we will be assuming that 77y is a *-representation of A(T), hence
all P;’s are selfadjoint and therefore the induced representation 1t of G is unitary.

Lemma 6.2. Let A be a x-subalgebra of a *-algebra A, and let p : Ay —
B(H) be a x-representation with a cyclic vector &y. Assume that Hy = H isan A, -
invariant, closed subspace of H , with & € H, such that the representation p|a, is
irreducible on Hy and occurs in H only once. Then p is an irreducible representation

Ofﬂz.

Proof. Let M be an Aj-invariant closed subspace of H and let P be the or-
thogonal projection onto M. Then Pp(a) = p(a)P for every a € A,. Indeed,
for €, n € H we have

(PP(G)C;’”H = (P((l)giprl) = <§!p(a*)Pn>
= (PC,p(a*)Pn) = (p(a)PT,Pn) = (p(a)PC,n).

If PH, = {0} then, in particular, P&y = 0 and hence M = {0}. Assume
that My == PH; # {0}. Then one can observe that p|a, acts irreducibly on M;
(for if My is an A;-invariant subspace of My, then so is P~ (My) N 1) and that
Py = P|yy, is an isomorphism H; — M, (for ker Py is an A;-invariant subspace
of H1). By our assumption this implies H; = M; = M and consequently M = H
as & lies in H. O

Denote
Iin .= {i € I:Gjis finite}, G = %;c/mG;
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and let (H" = @, cgmm HE, w2) be the induced representation of Gi* related
to the family {P;}icrsin. There is a natural embedding of " into #{. Namely, if
we put Hy = @jeppan Hi, then Hyy = HE & H, for every w € G, The or-
thogonal complement of H'" in H is £2(Gi, H1) & By cc\gin Hw and g
acts on this subspace as a multiple of the regular representation, while 17|gsin on
H i juse mrfin,

Lemma 6.3. Assume that |I%| > 2, P; = 0 for every i € 1\ I"™ and that the
representation T of G is irreducible. Then Tt is irreducible too.

Proof. First of all we note that, by Theorem 5.5 (ii), 1o is irreducible. If
[Ifin] > 2, then G is infinite so no irreducible representation of G can be
contained in the orthogonal complement of H '™ in H. Note also that every
nonzero vector & € Hj is cyclic for 1. Indeed, by irreducibility of i, the
closure M of lin{mr(x)&y : x € G} contains H i, In particular H, = M, which,
by Theorem 5.5 (vi), implies M = H . Applying the previous lemma to A; :=
F(G'™) and A, = F(G), we see that 1 is irreducible. O

For i € I U {0} we define a function @; on S(I) by

(6.1a) @olitiz -« - im) = (=Ti)) (=Ti,) - - - (=Tiy,)

and foriel

(6.1b) @i(i1iy - - im) = ai, A4, -+ - Ay

where a; == 1 and aj = —7j for j € I\ {i}. We are now ready to present the

main theorem of this paper:

Theorem 6.4. Suppose that we are given a free product group G = *ic1Gi and
an irreducible *-representation Ty : A(T) — B(Hy) of the algebra A(T), where
Ti = (IGi| = )71, Then the induced unitary representation 10 of G is irreducible
unless Ty is contained in the regular representation Ao of A(T), that is, unless either

(1) Ho = Cand 1o(6;) = —Ti for every i € I and

1
2767 <

iel

(2) or Ho = C and there is iy € 1 such that Tto(54,) = 1, (i) = —T;i for all
iel)\ {lo} and

Z 1 - 1
ie\tio} IGil 1G]



168 WALDEMAR HEBISCH AND WOJCIECH MLOTKOWSKI

Proof. If 11y is irreducible and contained in Ag, then dim 1y = 1 (Theorem
2.11) and either 119(6;) = —T; forevery i € I and >;c; Ti/(1 + Ti) < 1 or there
is ip € I such that m(63,) = 1, mp(6;) = —T;fori € I\ {e} and 1/(1 + T;,) +
Slientio Ti/ (1 + T;) < 1. The corresponding character (g in the first case and
@;, in the second) of S(T) can be written as @ = fy - T and fy € £*>(T), which
means that the composition @ ot belongs to £2(G) and hence 1 is not irreducible.

Now assume that 11 is irreducible and not contained in Ag. If there is i €
I\ I'™ such that 119 (8;) # 0, then 17 is irreducible in view of Proposition 6.1. If,
on the other hand, 119 (8;) = 0 for every i € I \ I, then our assumptions on 7y
imply that [Ifi"| > 2. Now we observe that any nonzero vector & € Hj is cyclic
for 1w, Indeed, by irreducibility of 17y the closure of {mrp(a)§ : a € A(T)} =
{mo(a)€:a € A(T|n)} is Ho. Hence, by Theorem 5.5 (vi), € is cyclic for rfin.
Applying Lemma 6.2 to A = F;(G") = A(T|pmn) and A, = F(G) we see,
in view of Lemma 5.7, that i is irreducible. Now we conclude the proof by
using Lemma 6.3. O

Corollary 6.5. Ler PYG) (resp. ’Ptl(G)) denote the convex set of all (type-
dependent) positive definite functions @ on G = xic1Gi with (e) = 1 and let
exP1(G) (resp. ex ’Ptl (G)) denote the set of its extreme points.

m 17

1
267zt

iel

then ex’Ptl(G) c exPl(G).
) If

1 1 1
> <1 but > > ——
o 1Gil e |Gil |Gl

Jor every j € 1, then ex’Ptl(G) \exPL(G) = {@g ot}
(3) Finally, if there is iy € I such that

z 1 - 1
N CTINTEN

then exPL(G) \ exP'(G) = {@g o t, @i, o t}.

In other words, if a type-dependent function @ o t belongs to ex ’Ptl (G), then@ ot €
exPY(G) holds if and only if @ o t & £2(G).

The exceptional representations from points (1) and (2) of Theorem 6.4 have
been studied in [14], and the positive definite function @q o t, in the case when
the groups G; are unipotent, appears in [32, Lemma 1]. The case when all G;’s
are infinite was studied in [22].
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Nonunitary representations. For nonunitary representations, various defi-
nitions of irreducibility are not equivalent.

Definition 6.6. Let p be a representation of a complex algebra A acting on
a Hilbert space K. Then p is said to be

(1) algebraically irreducible if there is no nontrivial invariant subspace of X,

(2) ropologically irreducible if there is no nontrivial closed invariant subspace of
X,

(3) fully irreducible if the closure of p(A) in the strong operator topology coin-
cides with B(X).

In view of the Burnside theorem, these notions coincide if dim XX is finite. In
general, full irreducibility implies topological irreducibility.

Lemma 6.7. Let py : A — B(Ko) be a finite dimensional irreducible rep-
resentation of a *-algebra A which is not equivalent to a x-representation and let
p1: A — B(K1) be a x-representation of A. Then there is a sequence an € A
satisfying || po(an) — Idx, I = 0 and || p1(an)| = 0.

Proof- Assume that there is a constant L such that
(%) lpo(a)ll = Lllpi(a)ll forevery a € A.

Then we take B to be the norm closure of p1(A). It is a C*-algebra and by (x) we
can extend pg to a representation of B. However, every algebraically irreducible
representation of a C*-algebra is equivalent to a *-representation (see Corollary
2.9.6 in [7]). Therefore () can not be true. Hence there is a sequence ¢, € A
satisfying [[po(cn)ll = 1 and [[p1(cn)ll — 0. As dim XKy is finite, we may in
addition assume that ||pg(cy) — Cll — 0 for some C € B(Ky) with |C] = 1.
Since py is fully irreducible, there exist by, dx € A, k < M, such that

M
Z po(bx)Cpo(dy) = ldx, .
k=1

Now we can conclude the proof by putting a, = Ziil brcndy. O
Now we are ready to prove the following result.

Theorem 6.8. Assume that we are given an irreducible representation (19, Ho)
of A(T), with dim H < oo, which is not equivalent to a *-representation. Then the
induced representation T of the free product group G = *ic1G; is fully irreducible.

First we prove a weaker statement.

Lemma 6.9. Under the assumptions of Theorem 6.8, Tt is topologically irre-
ducible.
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Proof. Consider the representation (7fy, H ) of A(T) defined by formula (5.3)
and its restrictions pg and p; to Hy and H" respectively, so that pg = 11 and p;
is a multiple of Ag (Lemma 5.7). In view of Lemma 6.7 the orthogonal projection
Py of H to H belongs to the norm closure of Ty (A(T)).

Let M be a G-invariant subspace of H and denote My := PpM < M.

If My # {0}, then My it is a nontrivial closed subspace of H which is A(T)-
invariant. Hence My = H,, which means that Hy € M. For fixed i € I we have
m(g)Ho = M for each g € Gy, which leads to 6, ® H; = M. Consequently,
Se ® He = M and for any w € G we have 6y ® Hyy = (W) (5e ® Hy).
Therefore M = .

Now assume that Po)M = {0}, i.e., M L H. For fixed i € I and for every g €
Gi we have T(g)M = M 1 Hy, so that M L 6, ® H;, and hence M L 5, ® FH,.
Now for w € G we have m(w )M = M 1 §,® H,, which yields M 1L &,y ® H,
and we conclude that M = {0}. O

Proof of Theorem 6.8. Let B denote the closure of lin{1r(x) : x € G} in the
strong operator topology of B(H). Then Py € B by Lemma 6.7 and, conse-
quently, BPy € B for every B € B(H). In particular, Ty ® no € B for fixed T,
no € Ho \ {0}. Now take any T, n € H. Due to the topological irreducibility of
the family B (and hence of B* := {B* : B € B}) there are Sy, T, € B such that
SnCo — C and T, no — n, which implies

Sn(Co®no)Tn = (SnCo) ® (T;ino) —Con

in the strong topology. Therefore B contains all operators of finite rank, so
B =B(H). -

7. FREE PRODUCT OF TwWO GROUPS

This section is devoted to the case when |I| = 2, say I = {+, —}. Here we will
write S(+,—) and A(7,,T-) instead of S(I) and A(T). A word of the form
U=+—---=(resp. u = —+ - - - £), with |u| = m, will be denoted +m (resp.
—m) and here we will denote by 0 the empty word.

Cartwright and Soardi [6] (see also [20,33]) introduced a family of spherical
functions @, (A is a complex parameter) on the free product of two groups: Z;, *
Zs, where ¥ > s = 2. It was shown in [21] that such a function is positive definite
ifand only if A € [-2, s—2]U [r—2, ¥+5-2]. Here our aim is to study in detail
the corresponding family of representations.

First we are interested in finding all irreducible representations of A (1., 7-),
therefore in finding all (equivalence classes of) irreducible pairs (P,,P-) of pro-
jections on a Hilbert space Hy. Two such pairs: (P4, P-) on Ho and (Q+,Q-)
on Ky are said to be equivalent if there is an invertible operator T : Hy — Ko
such that TP, = Q.T and TP = Q_T. Putting Z = 2P, —Id and T =
P, — Id)(2P_ — Id) we have Z? = Id and ZTZ = T ! so our question is
equivalent to finding all (equivalence classes of) irreducible representations of the
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semidirect product Z, X Z. Unitary irreducible representations of Z, X Z are known
to be at most two-dimensional. We note that the same holds without unitarity if
we assume that dim H is finite, as we now see.

Lemma 7.1. Let (P.,P_) be an irreducible pair of projections in a finitely di-
mensional Hilbert space Hy. Then dimHy < 2. Moreover, two irreducible pairs
(P+,P_) and (Q+,Q-) of projections on a two-dimensional Hilbert space Hy are
equivalent if and only if Tr(P4P_) = Tr(Q+Q-).

Proof. Put Z = 2P, —Id and T := (2P, — Id)(2P- — Id). Since dim H, is
finite, T has an eigenvector 1 # 0 so that Tny = Any, with A # 0. Put ny == Zn;.
Then Zl’]2 =N and

Tno=TZn =ZT ' =A7'Zn; = A"y,

which implies that the vectors 1, 2 span an invariant subspace, hence dim #H, <
2. If A = =1, then T(n1 + n2) = *(n1 +n2) and Z(n1 + N2) = N1 + N2 so
dlm .7‘[() = 1.

Now assume that A # +1. Then the vectors n;, n, are linearly independent
and Tr T = A + A~1. If operators W, S on H satisfy W? = Id, WSW = S~!
and TrS = A + A7! then, as before, S has eigenvalues y and y~! which satisfy
y+y !'=A+A"" Thisimplies y = A or y = A~1, so there are &;, & # 0 such
that S& = A&y, S& = A7'E,. Thus the map given by & — n1, & — 1 defines
an equivalence between pairs Z, T and W, S. O

Thus the family of all irreducible pairs P, P_ of projections on two-dimensional
Hilbert space is parametrised by w = Tr(P,P-), w € C\ {0,1}. Note that for
unit vectors N+ € Hy and for P+ := n+ ® n+ we have Tr(P,P-) = |{(n.,n-)|* so
the points from the interval (0, 1) correspond to pairs of orthogonal projections.
We also include the parameters w = 0 and w = 1 when n, L n_orn, = n-
respectively.

Now fix T4, T = 0 and set B+ := (1 + T+)P+ — 7= Id for a pair (P4, P_) with
Tr(P.P-) = w. We denote by 1), the representation of A (7., T_) for which
2 (6+) = B+. For w € {0,1} these representations can be decomposed into
one-dimensional ones:

0 0 0 0 0 0 0
Ty = TMy; ® Ty, T = T © Ty,  where 1 (0+) = (1 4+ T+)€x — T

Therefore the family {rt}, with w € (C\ {0,1}) U {0, 1}?, exhausts all finite-
dimensional irreducible representations of A (T4, T_). The coeflicient of T . is
the character:

$e+e,(i1i2 s i) = A Ajy = = " iy

where a; = —T;if & = 0 and a; = 1 if &; = 1. Applying results from Section 2,
concerning the left regular representation Ag of A(T), and Theorem 3.1, we have
the following result.
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Proposition 7.2.
(1) 120y is contained in Ao if and only if T.7T_ < 1,
(2) T8, is contained in Ao if and only if T, < T_,
(3) Tl is contained in Ao if and only if T, > T_,
(4) T, is contained in Ao if and only if T, T_ > 1.
Equivalently,

1 . is contained in Ag < (&, +&- — 1)(1 - To7-) < (&4 — &) (T4 — T-).

Moreover, T2 . is weakly contained in N if and only if the same conditions hold,
with “<” replaced by “<”.

For two-dimensional representations we need to study the eigenvalues of BL B_.
We will base on the following elementary fact.

Lemma 7.3. Assume thatz = u+vi € Canda = 0. Then both the inequalities
|z + V22 —al < 1 hold if and only if eithera =1, v =0and -1 <u <1or0 <
a < land4u?(1 + a)2+4v%(1 — a)~? < 1. Strict inequalities |z+ /22 —a| < 1
hold if and only if 0 < a < 1 and 4u*(1 + a) 2 +4v3(1 —a)? < 1.

The equality |z + V22 — al = |z — V2% — al holds if and only if z is real and

z2 <a.

Proposition 7.4. The representation T, is uniformly bounded (i.e., the norms
1770, (8u)1l, w € SU), are uniformly bounded) if and only if either T, T_ = 1 and
(I=1)/(1+T))2<w < 1orT.T- <l andw = x + yi satisfies

7.1 (Q+T)A+T)x—T.—T1)% (14+714)2(1 +71)%y?
' (14 T1.712)2 (1-1,12)2

< 1.

For 0 < w < 1 the *-representation 10, is weakly contained in Ay if and only if

we[ (VTr = VT2 (ST + JT)? ]

I+t +71) A +71)0+710)
Proof- We have det(B+) = —T so that det(B;B-) = T, 7_. We also have
Tr(BiB_)=(1+1)1+71)w — (T4 + 7).

It remains to apply Lemma 7.3 to the eigenvalues

n Te(B,B) \/(Tr(B+B_)

2
> + > ) — det(B+B-)

of B.B_ and to use Theorem 3.1. O
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Let us denote by E(T,T-) the closed subset of the complex plane described by
(7.1). Its boundary is an ellipse with the following basic points (x,0):

o Ti + T
(7.2a) centre: X = Trto0+7)

oo Q-1 -71) B

(7.2b) vertices: X = RS and x =1,
2
(7.2¢) foci: x = (Vv = VT°)

(I1+T1)1+710)°

Let G be the free product of two groups, G = G. * G_, and put T+ =
(IG<| = 1)~!. For the representation 10, of A(T4,7-), with w € C\ {0, 1}
or w € {0,1}?, let 1, denote the induced representation of G. Then applying
Theorems 5.5, 5.10, 6.4, and 6.8 we get immediately the following result.

Theorem 7.5.

(1) Assume thatw € C\ {0,1}. Then:
(i) 1w is fully irreducible.
(i) Ifwy # wa, then Ty, and Ty, are inequivalent.
(iii) ffw € It E(T4,T-), then Ty is uniformly bounded.
(iv) Tt #s unitary if and only ifw € (0, 1).
(2) Forw €1{0,1}2 the representation Ty, is unitary and
(1) 111 #s irveducible.
(ii) TT01 #s irreducible if and only if 1G] < |G_|.
(iii) 110 is irreducible if and only if |G| = |G_]|.
(iv) T Zs irreducible if and only if |G.| = |G_| = 2.

From now onwe fix T, T- > 0and B4, B_ > 0. Assume that B_(1 + T_) <
B+ (1+714). Set u == B0+ +B-6- and denote by A (T, u) the commutative unital
*-subalgebra of A (T) generated by u. Let C* (7, u) and G (T, 1) be the closure
of A(t,p) in C*(A(T)) and C;* (A(T)) (see remarks preceding Proposition 5.8)
respectively.

Proposition 7.6. Denote by sp(u) and sp, () the spectrum of p in C*(T, 1)
and C} (T, 1) or, equivalently, in C*(A(T)) and C}f (A(T)), respectively. Then
sp(p) =[BT =BT, —ByT+B-JU[-B-T_+B1, B++B_],

sp, (1) = [x0—xX+, xo—Xx_1U [Xo+x_, Xo+x:] UY,

where

xo = (B+(1—T4) ‘; B-(1—-712)) ’

2
N e RV RN
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and X consists of those points (at most two)
Bi(l+T)es +B-(1+T)e- — (T4 +B-T-),

with £+ € {0, 1}, for which (e, + e~ — 1)(1 = T,7-) < (&4 — €_)(T+ — T-).

Proof. Recall that the spectrum of an element ay in a commutative Banach
algebra A is the set of all values @ (ay), where @ runs over all multiplicative
functionals of A. If @ is a multiplicative functional on C* (T, u) then, regarded
as a 1-dimensional representation, it can be extended to an irreducible *-repre-
sentation of C*(A(T)) (see 2.10.2 in [7]) and hence of A(T). Therefore we can
say that there is w € [0, 1] and a unit eigenvector & for 10, (1) such that g (a) =
(Tt (a)&,€E) fora € A(T,u). Put ¢+ := (1 + T+)B+ and B == x, P, + &x_P_.
We have P. = n. ® n., w = [(n+,n-)1? and

Bns = otns + - (n+,n-In-,
Bn- =& (n-,nsIns + x-n-,

so that the eigenvalues of B are

o+ o+ (g — )2+ 4w o

te(w) = )

If w runs over [0, 1], then ¢+ (w) runs over [0, x-] U [y, ¢4 + «—]. Knowing
that
), (1) =B — (1. B+ + T-p-) 1d,

we obtain the first statement.
For sp, (1) we have to take into account those 1), which are contained or
weakly contained in the regular representation of A(T). O

Now we will study some coefficients of the representations 10, and 11,. For a
complex function @ on S(I) and for f € F(S(I)) we define their dual right
T-convolution @ o+ f putting (Q o f)(u) = (@, 0y *¢ fV), where f¥(u) =
Ju*).

Definition 7.7. Let T, T- =0, B+, B- > 0, A € C. A complex function @
on S(+,—) is said to be (14, T, B+, B—; A)-spherical it
i) ple) =1;
(i) @(u*) = @(u) foru € S(+,-);
(iii) @ ©ox 4 =A@, where T = (T4, T-), u = B4+64+ + B-5_.

It was shown in [21, Proposition 4.2], that such a function @ does exist and is
unique for A # xo == (B+ (1 -7T) +B-(1—7-))/2. If (1 + 1) =B_(1+7T)
and A = Xy, then such a function exists but is not unique.
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Fix 7., T_ = 0, B4+, B— > 0 and let @, denote the (T4, T_,B+,B_;A)-
spherical function. If B (1 + T4) = B_(1 + 7_), then we define @y, as the
pointwise limit of A when A — x¢. Then, as it was explained in the proof of
[21, Theorem 4.5], the function @ = Tyr @y (the map Tor was defined in Section
1), for o+ = 0, is the (0,0, &, &_; y)-spherical function ¢, where

(7.3) = 1+T1T)By, - =0+T)B., y=A+T1.B,+T_B_.

Now we are going to obtain spherical functions as coefficients of represen-
tations of A(T,,T_). Take Hy := C2, with an orthonormal basis Cy, C;. For
complex numbers 0, w define vectors

C,:(0):=cosO-Cy+sinb -y,

C (0):=cosO-Cy—sinb - Cy,

E(w) :==cosw - Cy +sinw - C;.
If 0, w are real, then the angle between T, (0) and T_(0) is 20 and between
Z.(0) and E(w) is 6 = w.

Now we define one-dimensional projections

P, :=C,(0)®C:(0), P_=C (0)®L (0).

Then [C,(0),C_(0)] = [C_(0),C.(0)] = cos(20) and for anyu = ijip- - -in €
S(+,-)\ {0}

[P P;, - Pi,E(w), &(w)] = cos zj, cos"1(20) cos Zj,

where z. = 0 + w.
Now we choose the numbers 6, w in a special way. Assume that

c0s?(0 +w) = — Y &=y
(7.4) o (0 + e = 2y)
| 20 — _ y(xs: —y)
cos“ (0 — w) = (o + o —2y)
Then we have
(75) X+ c052(9+w) + o COSZ(Q—w) —y,
sin? (0 + w) = (xy —Y) (s + - —y)

+o0. -2
7.6 o (o + Y)
(o —y)ay +x_—y)

(o + - —2y)

sin®(0 — w) =
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and
0(%r sin?(0 + w) cos*(0 + w) = &2 sin*(0 — w) cos*(0 — w).

We assume in addition that

(7.7) o sin(0 + w) cos(0 + w) = &_sin(0 — w) cos(0 — w).
Then
(78) COSZ(ZG) _ (O(Jr - Y)((X, — y),
oy X
and
(7.9) cos’?Qw) = (os + ) (4 —y) (e — y)

oo (o + o —2y)?

Assuming that - < &, we note that 0 is real if and only if y € [0,x_] U
[o¢;, o+ + «—] and w is real if and only if either &, = x_ (and then cos? 2w) =
ory € [0,x_]U [exy, oty + &_]. One can also check that for &, # «_ the
cases y = 0, ®_, &+, X4 + _ correspond to 115y, 700y, T1y, and 117 respectively.

The case &ty = o— = « is slightly different. Here we have: cos?(0 + w) =
y/(2x), cos*(20) = (x — y)?/a? and cos?(2w) = 1. If y = «, then €, (0) and
C-(0) are mutually orthogonal and we may assume that the angle between C. ()
and &(w) is 11/4.

Lemma 7.8. Under the above choice of parameters, define a function @ on
S(+,-) by putting
p(u) =[Py Pi, - - - Pi,,E(w), E(w)],

Joru =1y -im € S(+,-). Then  isthe (0,0, &4, X_; y)-spherical function @,
on S(+, —). Consequently, the function

@(u) = [BjBi, - - - B;,, & (w), E(W)],
B: = (1 + T+)P+ — 12 1d, is the (T4, 7_, B+, B—; A)-spherical function @y on

Proof. Assume that the last letter of u = &n is
o6, + _6_, we obtain

. Then, putting v =

(@ oo v)(u) =y, 6y *o V)
= (Y, X0+ X -Oen) = P (e(n+1)) + x_y(en)

= COS Z¢ cos"71(29)[0(+ cos(20) cos(0 + w) + x_ cos(0 — w)].
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Now we apply (7.7) and (7.5):

oy cos(20) cos(0 + w) + x_ cos(O — w)
= o, cos? (0 + w) cos(0 — w)
— &y sin(0@ + w) cos(0 + w) sin(0 — w) + x_ cos(60 — w)
= &, cos?(0 + w) cos(6 — w)
— o_sin®(0 — w) cos(0 — w) + x_ cos(0 — w)

= [ty cos?(0 + w) + & cos? (0 — w)] cos(0 — w)

= Yycos(0 — w),

so (Y oo v)(u) =yyw(u).
Analogous proof works for the other nonzero elements of S(+,—) and for
u = 0 we use (7.5):

(Y oov)(0) = @(+) + x-@(-)
=(X+cos2(0+w)+(x_cosz(9—w)=y=y(,l/(0). O

IfFB-(1+T1_)#B.(1+74),thenforA=B,1 —B_T_, - B+T++B_, —B_T_+
B+ or By + B- the function @) equals @oo, Po1, P10 or P respectively. If
B-(1+T1)=B:(1+71y)and A = -B,14 + B = —B_T_ + B4, then we have
@A = 3(Fo1 + Pro).

Denote
Xo = B+(1—T+)+B—(1—T—)’
2
(B +T) B (1+T))°
G "( 2 ) ’
and

b=c_ +B:B_(Ty+T_).

Proposition 7.9. Ler @y be the (T+,T—, B+, B—; N)-spherical function and as-
sume that B_(1 +T1_) < B (1 +T4). Then

(i) @a is (T4, T-)-positive definite if and only if A is real and c— < (A—x0)?* < ¢,
or, equivalently,

(7.10) Ae[-BsTi—B-T, BT +B-JU[-B-T-+B4, B+ +B_].
(ii) @a is bounded if and only if either T.7_ = 1 and

(7.11a) c-—BiB-1-T1)A-T)<A=x0) <cy
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or T T— < 1 and (A — x0)? = x + yi satisfies

x-b ’ Yy ’
(7.11b) (B+B(1+T+T)> +(B+B(1—T+T)> <L

Proof. The condition (7.10) is equivalent to y € [0, -] U [&4, oty + x_]
(see (7.3)). Then 0 and w are real and consequently @, is positive definite. On
the other hand if a function @ is (T4, T-)-positive definite, with @ (0) = 1, then
—T+ = @(+) =< land —7- < @(-) < 1, which implies (7.10) (see [21]).

We know that 10, is uniformly bounded if and only if w € E(T4,T-). Now
we note that

(712) w = QW& -y

o4 0
1 o+ oo\ oy — o \?
T oo [(y— 2 > _< 2 > }
_ L 2 (Bt T) - B (14T )N
- B+B_(1+T+)(1+T_)|:(A_XO) _( 2 ) ]
which concludes the proof. O

Note that if A1, Ay € C correspond to wi, wy respectively, then w; = w; if and
only if either A; = Ay or A; + Ay = 2xq.

We denote by E(T+,7T-, B+, B-) the closed subset of the complex plane de-
scribed by (7.11) in the last proposition. Its boundary is an ellipse with the fol-
lowing basic points (x,0):

(7.13a) centre: (1+T+)_B (1+71))\?

+ BB (T4 +T2),

(7.13b) foci: x 3+<1+T+>—B (1472

+B B(T++\/_)2

(7.13¢)  left vertex: B+B-(1-T)(1-T-),

2
(7.13d) right vertex: x = (1+T+)+B (I1+712)

<= (" )
( )
(B+(1+T+)—B (1+7_ ))2
(* )

Let F(T4,T—, B+, B-) denote the set of such A € C that satisfy (A — x¢)? €
E(T+|T—|B+1B—)-

We can see that F(T4,T_, B+, B-) isconnected ifc_. < B, B_(1—-T4)(1—-T_),
and otherwise F(T, T_, B+, B-) has two components. Note also that if T, T- <
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1 and B+ (1 + 74) # B-(1 + T-), then there are bounded real spherical functions
@a which are not (7., T_)-positive definite.

Let us take again the free product group G = G * G_, and let us put T+ =
(|G+| = 1)71. If G4 and G_ are finite, then the condition

@ or(B:ds +B-6-)=A-@
is equivalent to
(@ot)* (Brpsy +B-pu-)=A-(@ot)

(see Proposition 3.1 in [21]), where

. ifx e G\ {e},
Hr(x) =

0  otherwise.

Let us now specify our results to the particular case which was investigated by
Cartwright and Soardi [6]. Here we have |G| = 7, |G_| =5, 00 > ¥ > 5 = 2,
T, =1/r-1),1t_=1/(s-1),Bs =rv -1, B_ = s — 1, so that @ o t is an
eigenfunction for the convolution with X, the characteristic function of elements
of length 1 in G. Lemma 5.6 and Theorem 7.5 yield (cf. Theorem 1 in [6] and
Theorem II in [33]) the following result:

Proposition 7.10. Denote by sp(x,) and sp, (X,) the spectrum of x, in C*(G)
and C} (G) respectively. Then

sp(xy) =[-2, s=2]U [r-2, r+s-2]

and
sp, (X) = [xo—x4, xo—x_] U [xo+x_, xo+x,] U {-2, s-2},
where
P 4
L)
and

Xo = \/<T;S)2+<J1Tli ﬁ)z.

Our final proposition is a consequence of Theorem 7.5 (cf. Proposition 8 in
[6]).

Proposition 7.11. Let A # xo = (v + S — 4) /2 and assume that
A¢g {2, 52, vr—2, v+s-2}.

Then the spherical function ot on G = G4 *x G_ is a coefficient of the representation
Tlw, wherew = (A +2—71)(A+2—5)/(rs). Moreover,
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(1) 1w s fully irreducible.
(i) If (A — x0)? = x + yiand

x —b\? vy \?
(a+1> +<a—1> <L
wherea = (r — 1)(s = 1) and b = (¥ —8)/2)2+v + 5 — 2, then Ty, is

uniformly bounded.
(iii) T 45 unitary if and only if

Ae(-2,s-2)u(r—-2,vr +s-2)

and then @y o t is positive definite.
The positive definite spherical functions @_3 ot, Ps_20t, Pr_yot, and Qris_rot
are coefficients of the unitary representations Too, To1, T10, and 011, respectively. The
representations Tty and Tty are irreducible, while Ttoo and 1o are contained in the
regular representation of G, and thus they are not irreducible.

Comparing formulas (7.10) and (7.13c¢) one can see that if s > 2, then there
are bounded real spherical functions @, o t which are not positive definite.
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