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P o s i t i v e Def ini te R a d i a l F u n c t i o n s 

o n F r e e P r o d u c t o f G r o u p s . 

W o j c i E C H M L O T K O W S K I 

Sunto. - 8i presentano alcune classi di funzioni radiali definite positive su 
prodotto libera di gruppi. Si da la caratteriszassione di tutte le funzioni 
sfericJie definite positive sul gruppo libero prodotto Zj.oZj,o. . .oZj. {N volte) 
introdotto da A . loszi e M. Picardello. 

0. - Introdnction. 

F o r f i xed integer JV">3 l e t Gi, G^,..., G^^ be a r b i t r a r y d iscrete 
groups . W e s h a l l consider t h e i r free product G = Gx°Gi0...oG!^. 
E v e r y e lement x e has t h e u n i q u e r e p r e s e n t a t i o n as a reduced 
word 

X = gigi...gn, 

where gk^G^\^{e] a n d i^.^ i^.^^. W e define o n G t h e b l o c k l e n g h t 
f u n c t i o n x i - ^ p u t t i n g = « for a? as above a n d = 0. 
I n [2] M . Boze jko has p r o v e d , t h a t t h e f u n c t i o n Pr(x) = y l ' " ' ' ! is 
pos i t ive def in i te for 0 < r < l . I n t h i s paper we s h a l l show t h a t t h e 
f u n c t i o n P , is i n t h e F o u r i e r - S t i e l t j e s a lgebra o f t h e g r o u p G f o r 
( — 1 ) < / • < ! . N e x t observe t h a t for 0 < r < l is n o t 
i r r e d u c i b l e pos i t ive de f in i t e f u n c t i o n . 

I n case w h e n Gi= Gs= ... — G^= w e o b t a i n complete de­
s c r i p t i o n of t h e p o s i t i v e de f in i te spher ica l f u n c t i o n s o n t h e free 
p r o d u c t g r o u p Gi:,N= ZkoZ^o...oZk (JV-times). These resul ts i m ­
prove some theorems of A . l o z z i a n d M . P i carde l l o [ 7 ] . 

1 . — Preliminaries. 

L e t G be a r b i t r a r y discrete g r o u p . W e say t h a t a f u n c t i o n (p^ 
on G is positive definite i f 



54 W O J C I E C H M L O T K O W S K I 

f o r every f i n i t e l y s u p p o r t e d f u n c t i o n / , where f*(x) = fiar^), (w, v} = 
= 2 u{a))v{x), {u * v){x) = 2 u{xy~'^)v{y). W e say t h a t a f u n c t i o n (p^ 

f o r every / w i t h finite s u p p o r t a n d such t h a t ^ f(^) '-^-^ ̂  (see [ I j ) . 

B y B { G ) we denote t h e space of l i n e a r c ombinat i ons of p o s i t i v e 
def in i te f u n c t i o n s o n G. B { G ) is a n algebra u n d e r po in tv i se m u l t i ­
p l i c a t i o n , ca l l ed t h e Fourier-Stieltjes algebra of t h e g r o u p G. F o r 
t h e basic de f in i t i ons a n d theorems concern ing B { G ) we refer t o 
t h e paper of E y m a r d [ 4 ] . 

F r o m n o w o n l e t G be a free p r o d u c t g r o u p GxoGi0...oG^r. A 
f u n c t i o n / o n G is ca l l ed radial w h e n f{x) depends o n l y o n \\x\\r 
every X E G . F o r a n a t u r a l n u m b e r k<N we define t h e set 

Sjc = [xe G\{e}: t h e first l e t t e r of t h e reduced w o r d x be long t o G,,}. 

F o r a f u n c t i o n / : (? - > C l e t iu = i-'^s^i where Xj^^ denotes t h e char­
ac ter i s t i c f u n c t i o n of a set AQG. T h e n we have 

2. - The theorem. 

F o r r ? ^ 0 we define t h e f u n c t i o n o n G = G-i^oQ^o,..oGs as 
f o l l o w s : 

is negative definite i f 

< 9 ' 2 , f * / > < 0 

f = fx+f.+ -+U+f{e)d,. 

ip,{x) = 
f o r X = e 

f o r X c 

where 

a = cc(r) = 
•iyr + 1 
Nr 

F o r r = 0 we j ) u t 

L e t us no te , t h a t for r^(} 

ip,ix) = ar"*" + (1 — a)d,(a?) . 
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W e sha l l use f o l l o w i n g s imple f a c t s : 

F o r ( - l ) / ( - ^ ^ - l ) < ? - < l , r^O 

(1) 0 < a ( r ) r < l , 

(2) l~\-{N-2)r--{N — l)r''>0, 

" - ^ > « . 

a n d for rV^ 0, (—1)I{N — 1) 

«{r)—l 1 
(4) i + ( ^ V - l ) x{r) roc{r) 

L E M M A .1. - Let O = GioG2,o...oGf; and let a function f: G 
has a finite support contained in some S,.^{Tcg<,N). Then 

(*) <V>r,f**f»,^^\<V>r,f}\' 

for rG{{-l)l{N-l), 0 ) U ( 0 , 1 ] . 

P E O O F . - W e w i l l w r i t e a a n d yi i n s t e a d of a ( y ) a n d ip^ respec­
t i v e l y . W e s h a l l p r o v e t h e i n e q u a l i t y (*) b y i n d u c t i o n w i t h respect 
t o m a x i m a l l e n g h t of w o r d i n t h e s u p p o r t of f u n c t i o n / . 

F i r s t l e t us assume, t h a t supp fQG^^ = G^\{e'). U s i n g t h e f a c t 
(1) we get 

i i < ^ ' = ^1 - «̂ ') I l/l(*)P>o • 

N o w assume t h a t |la?]|<w + l for every a ? e s u p p ( / ) . W e can 
represent / i n t h e f o l l o w i n g f o r m : 

/ I <5„ * flf(„), 

where supp {g^a)) Qi\j8^\J {e] a n d f o r each x G supp (g^a))-
T h e n 

< y , / * * / > — ^ I ( v , / > ! ' ' ' = - 2 ({<% Sib)* ^b-^* ^a* gw> — 

— ^ * Qia)) <y, djy * f?(6)> j = 

= 1 (<^i 9(a) * 9ia)} — ^ KV? * 9(a)} A • 
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F i x aeOk, w r i t e g i n s t e a d of W e have t h e f o l l o w i n g 
decompos i t i on of g: 

N 

sf = 2 s'fe + J 

where supp {gi,) £ 8^ a n d ceC. N o t e t h a t g^.^ ~ 0. T h e n t h e f o l ­
l o w i n g e q u a t i o n h o l d s : 

= 2 Sk* di"} - - <ip, 9k> <W, 9i)) + 
k,i « 

+ (1 ~ ''•) 2 9,:> + ^ v , s .̂-)) + (1 - a*')!^'!^ . 
fc 

L e t us observe t h a t f o r h # I 

<W, f* * /j> = - <V, fk> iWi 1i> • 

I f 0 < r < l t h e n a > 0, (1 — r ) / a > 0 . I t fo l lows r e a d i l y t h a t i n 
t h i s case 

8 = 
1 — r OCT ' 

2 9i.> + Yzri. ^; + 

^ 2 9^> 4- j ^ q r ^ 

2 <n>, 9t* 9ic> — — Kw,9!c 
ar 

fc/1 
1 — r ^ — 2 
1 + r ^ 

I f r G ( (—1) / (JV — 1 ) , 0) t h e n a < 0 a n d (1 — r ) / a < 0 . There fore 
we o b t a i n 

8 = 
1 — r 

2 l < ^ , f i ' A > - < ^ , S ' i > ^ 
1 + (N~2)r—(N~l)r^ 

xr 

+ 2 

+ 
{l-r){N--2) 
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B y the t w o l a s t cha ins , (2) a n d t h e i n d u c t i o n a s s u m p t i o n 8>0. 
T h e p r o o f is finished. 

T H E O R E M 1 . - Let 0 = GxoG^o...oG^: If r e — 
then the function ip^ is positive definite on G. 

P R O O F . - W e s h a l l p r o v e t h a t for every f u n c t i o n f on G w i t h a 
finite s u p p o r t t h e f o l l o w i n g i n e q u a l i t y h o l d s : 

< t r r , / * * / > > l < ? r , / > r 

P i r s t we observe t h a t <i^,, f * /> - |<y„ f}\^= < y , , / * * / o > -
— l<'^r?/o>lS where fo(x) = f(x) for a?^ e a n d fo{e) = 0. Therefore 
we can assume, t h a t /(e) = 0. W e have 

where supp ( / i ) £ ^ j . . As before we sha l l w r i t e ip a n d a ins tead 
of ipr a n d a ( r ) . U s i n g L e m m a 1 a n d facts (3) a n d (4) one r e a d i l y 
obta ins for each r e ( (— — 1) , O) U ( 0 , 1 ] 

<f, /* * /> = I <v>, ft* U> = 1 <w, n* h> + 
k,l k 

k^lOC OCT k X. kjti 

2 <w, f^-y 
2 , a — 1 

2 \(v,hy~<w,hy\' = 

- i < y , / > i ^ + ^ - - 2 \<w,u-fiy\'>\<v,fy\'-
a k<i 

Since t h e cases r = (—1)/(JV — 1 ) a n d r = 0 are t r i v i a l t h e p roo f 
of T h e o r e m 1 is complete . 

OoBOLLAEY 1 . - Let G = GioG^o...oG^f: The positive definite 
function G e x PT{^] = is not irreducible for 0 < r < 1 i.e. 
is a convex combination of different positive definite functions. Namely 

P . = - 7 - ^ ^ . + ( I - 4 T ) ' 5 -a(r ) ^ \/ 

CoEOLLABY 2. - For (—1)/(JV" — 1 ) <r<,lthe function Pr belongs 
to the Fourier-Stieltjes algebra of G. 
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OoBOLLAEY 3. - (a) The function Q{X) ~ \x\ for e, 
o{e) = 0 is negative definite on the group G = GxoG20...oGjs!. 

(b) The function d{x, y) = d{x, y)—llN for x^y and^{x,x) = 0 
is negative definite on a homogeneous tree I of degree N, where d 
denotes the usual distance on T. 

F o r basic facts a b o u t trees see b o o k of J . - P . Serre [ 9 ] , a n d for 
m a i n propert ies of negat ive de f in i te f u n c t i o n s see 0 . B e r g , Gr. 
P o r s t [ 1 ] . 

P B O O F S . - Corol laries 1 a n d 2 f o l l o w d i r e c t l y f r o m Theorem 1 . 
To get C o r o l l a r y 3 [a) i t is suf f i c ient t o ca l cu late , t h a t 

Q{x) = h m — 

F o r t h e p r o o f of (6) one s h o u l d consider t h e n a t u r a l homogeneous 
tree of degree N connected w i t h t h e p r o d u c t g r o u p G = Z^oZiO...<::)Zi 
(^-copies) . 

B E M A E K . - C o r o l l a r y 3 (&) is a genera l i sa t i on of t h e resu l t of 
P . J u l g a n d A . V a l e t t e ( [ 8 ] , L e m m a 2.3) w h i c h says t h a t k e r n e l 
(a?, y) h-» d{x, y) is a negat ive de f in i te f u n c t i o n o n a t ree . 

3. - The case Gi = G^^ ... = Gjf= Z , , . 

T h i s p a r t is connected w i t h t h e paper [7] of A . l o z z i a n d M l 
P i carde l l o . T h e y have i n t r o d u c e d a n d s t u d i e d so ca l led spherica . 
f u n c t i o n s o n t h e g r o u p Gk,n = ZT,OZUO...OZI, (J/^-times), where Z„ de­
notes t h e cyc l i c g r o u p of order Tc. I n P r o p o s i t i o n 4 (page 359 i n [7 ] ) 
t h e autors have w r i t t e n , t h a t a spher i ca l f u n c t i o n 9? is p o s i t i v e 
de f in i te i f a n d o n l y i f 

f o r \\x\\ J . 

However t h i s is n o t correct i n f u l l g e n e r a l i t y . W e s h a l l g ive t h e ' 
complete c h a r a c t e r i s a t i o n of p o s i t i v e de f in i t e spher i ca l f u n c t i o n s o n 
t h e g r o u p GU,N-

D E F I N I T I O N . - A r a d i a l f u n c t i o n (p o n is ca l l ed spherical i f 
t h e f u n c t i o n a l Lf = </, 9?) is m u l t i p l i c a t i v e o n t h e c o n v o l u t i o n 
algebra of r a d i a l , finite s u p p o r t e d f u n c t i o n s on (tj^a^. 

<p{x) 1 , 1 
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A spher ica l f u n c t i o n 99, b e i n g r a d i a l , depends o n l y on . There ­
fore i t is conyen ient , f o r s i m p l i c i t y , t o use t h e n o t a t i o n (p{n) t o 
denote the va lue of a spher i ca l f u n c t i o n 9? a t a w o r d of l e n g h t n. 
L e t us r e ca l l , t h a t 99 is a spher i ca l f u n c t i o n i f a n d o n l y i f there 
exists a complex n u m b e r z such, t h a t (p{n) — Pn{^), where P „ are 
p o l y n o m i a l s def ined b y t h e f o r m u l a s : 

a n d 

for % > 1 (see [ 7 ] ) . 
W e have t h e n a t u r a l p r o j e c t i o n I] f r o m f u n c t i o n s o n 0^.,]^ onto 

r a d i a l f u n c t i o n s o n 0 ,̂̂ ^ def ined as fo l lows 

if veWn 

where n = \\cc\\d W „ = {yeG}:^^: = n} (see [7] page 351) . 
Since t h e proo f of t h e L e m m a 2 i n [7] is n o t clear for us we present 
our vers ion of t h e proo f u s i n g ideas of t h e U . H a a g e r u p paper [ 6 ] . 

T H E O R E M 2. - E maps positive definite functions into positive 
definite functions. 

To p r o v e T h e o r e m 2 i t is convenient t o consider Ĝ t̂ î  as t h e 
set of vert ices of a g r a p h G^:,^• where {x, y} is a n edge i f a n d o n l y 
i f Wy'^xW = 1 . L e t us observe, t h a t for a n y x,yeG^„y, \\y~'^3(>\\s 
t h e m i n i m a l l e n g h t of p a t h s f r o m y to x (see [ 9 ] ) . I t is suff ic ient 
t o see i t f o r y = e because t h e group Gj,^!^r acts o n (5/,, '̂ b y l e f t 
m u l t i p l i c a t i o n as a g r o u p of i somorf i sms . Therefore each i somor f i sm 
of G„^^. m u s t be a n i s o m e t r y i n t h e m e t r i c d{x, y) = \ L e t Jo 
be t h e g r o u p of a l l i somorf i sms o of t h e g i ' a p l i Gk,N such t h a t 
o{e) = e. Jo is a subgroup of t h e i n f i n i t e p r o d u c t 

» = o 

of t h e p e r m u t a t i o n groups 8{Wn) of TF„. Since S is c ompac t i n 
t h e p r o d u c t t opo l ogy a n d since t h e t o p o l o g y coincides w i t h t h e 

00 
topo logy of p o i n t v i s e convergence i n G^̂ v = U W „ , JQ is a closed 
subgroup of PL. Therefore Jo is c ompac t . "^'^ 
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L E M M A 2. - Consider the action of IQ on Ok,N X GIC,N given by 

a(x,y) = {a{x),o{y)) , x,yeG^.^^. 

Then Jo acts transitively on each of the sets 

^*,m,8 = {(iJc, y) e G,~,^rxG,^i,: lx\\ n, \\y\\ m, \y~^x\ 1}. 

P B O O P . - I t is clear, t h a t each E„,,n,i is a finite set i n v a r i a n t 
under t h e a c t i o n of J o . 

L e t us no te , t h a t we can i d e n t i f y t h e g r a p h w i t h a set X 
defined b e l l o w : 

X = {(o: 0) = {(ij,, fci), {iv, fe??)), rj>0, l<ix<N, l<i^<N — 1 

tor p > 1 a n d 1 < Ẑ j, < A; — 1 f o r ^ > 1 } , 

i n w h i c h are t w o f o l l o w i n g k i n d s of connect ions : 

{(i^kx), {i^,Jcr,)) w i t h 

((*1J {'^V^ fcj?)? i'^V+li ^V+l)) 

for i ; > 0 a n d 

( ( i i , fc,)) w i t h 

for > 0. 
L e t n o w {x,y), {s,t) be t w o elements of En,m,i- W e sha l l l ook 

for r e Jo such t h a t r(x,y) = {s,t). L e t 

» = {{i'l, K), {i'n, K)) , 

y {{il,K), iCK)) , 

s = {(h,l'i), (in, K)) , 

t = {ih,l'l), ihn, C)) • 

Observe, t h a t for a n y oj»o= ( ( * i , ^ 0 , (in, Tir,)) e X, a n y i {i<N i f 
(Oo= e a n d i^N — 1 i f oog^e), a n d a n y p e r m u t a t i o n d of t h e set ^ 
{ 1 , 2, fc—1} t h e m a p 

(Jio)) = 

{{ii, fci), . . . . (ir,, fc„), {in^i, a(fc,+i)) , (H+a, fc^j+a), {in, k^)) 

w h e n ft> = {{ii, fci),(v, fc^)), ^ > ?y a n d i^+i = i , 

CO o therv ise 
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is i n I f l . There fore we can assume, t h a t 

T,' _ 7' I . ' 7' 

' ' ' 1 — ••••> '^n — ''m • 

N o w assume, t h a t w - f m — H s even a n d let p — {n -\r m—l)j2 ^ 1. 
T h e n we have 

• • • 
.1 , .!! 

fc' — fc" — v 

U s i n g a m a p 

( ( i i , fci), ( i j , , fcfl)) i-> 

where a^, ••, 0"̂  are p e r m u t a t i o n s of t h e set ( 1 , 2 , N — 1}, is 
p e r m u t a t i o n of t h e set { 1 , 2, N}, we can assume, t h a t 

H=Ji,H=?2,--,K='?t> a n d tj,= jj,. 

N o w l e t o - j , + i , ( r „ , a ^ + i , a r e p e r m u t a t i o n s such, t h a t 

0'j) + l(*3) + l ) — ?D + l5 •••J = in > 

^j)-t-l\*3J + l ) — 1p + l> ^wiV*m) — J m -

W e define r e Jo p u t t i n g f o r co = fci),{in, fc??)), 

T(W) = (O'l , fci),0'^, fc;,)) 

where 

a) i f i p = *^ t h e n j , = cr5(i<,) f o r ^ + 1 < g;<% a n d = *g o t h e r v i s e ; 

6) itij,— il t h e n = d^{i) for ^ + 1 < g < m a n d = o t h e r v i s e ; 

c) i f ij,^ i'j,, t h e n 7 „ = for each q<'ri. 

I n t h e case w h e n n -\- m — l is o d d l e t p = (w + m — i + l ) / 2 . 
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T h e n we have 

• r 
H 

•If 
= H, •• 

.r 
•> 

.ft 

= h, .. •? ]p-l 
.!! 

— Ip-l > 
./ .n 
Iv ?D ? 

— •"'1? •• •1 ^ 2 > - l — fc" 
• 

S i m i l l a r y as before we can assume, t h a t 

H~ iij ••••) Jv~ JD • 

N o w l e t (Tp+i, ...,<7n, <?3,+i, 5m are p e r m u t a t i o n s as before. T h e n 
we p u t 

r((o) = {(h,h), ...,{jv, kv)) 

where 

a) i f fcj, = fc^ t h e n = (/^(i,) f o r ̂  + 1 < g < w a n d = % o t h e r v i s e ; 
b) i f fcj, = Jc"p t h e n = ^^(ta) for ̂  - f 1 < g < w a n d jg = 4 o t h e r v i s e ; 
c) i f i j , ^ il t h e n ; / g = f o r each q<r]. 

I n t h e b o t h cases we have r{oo, y) — (s, f) a n d L e m m a 2 is p r o v e d . 

P E O O F O F T H E O R E M 2. - F o r a n y c o m p l e x f u n c t i o n / o n GJ^.N 
we s h a l l p r o v e t h e f o l l o w i n g f o r m u l a 

(**) {m{y-'^) =jf{(r{y)-'o{x)) dpi{o) 

3. 

f o r a l l X, y G G k . N t where p, denotes t h e n o r m a l i s e d H a a r measure 
on J o . 

F i x x,yG 0„,^ a n d l e t Ha?! = n, \\yl = m, \\y'^x\\ I . B y L e m ­
m a 2 a l l subsets of Jo g i v e n b y 

= {<re I : (r{x„ y) = (s, t)}, {s, t) e 

have t h e same measure i n J o . There fore 

Hence 
ft [-'^n,m,l) 

W K-t!Jn,m,l) (s,t)eEn.m.i 
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F o r each z o f l e n g h t I t h e n u m b e r of p a i r s {s, t) i n E„,m.t f o r 
w h i c h t-^s — zh equa l t o (Xm* Xn){^)f where Xn, Xm are t h e charac­
t e r i s t i c f u n c t i o n s o f T f „ , W „ respect ive ly . B e o a l l , t h a t c o n v o l u t i o n 
of t w o r a d i a l f u n c t i o n s is a g a i n r a d i a l (see [ 7 ] ) . Therefore t h e 
va lue iXm* X«)i^) depends o n l y on Hence we have 

a n d 

§ {s,l)eEn.m,i a {E„,m,i) zeWt 

1 

if \ i) zewi 

T h i s w a y we have p r o v e d (**) a n d T h e o r e m 2 fo l lows d i r e c t l y 
f r o m ( * * ) . 

L E M M A 3. — If <p is real valued spherical function on QU,N o^'^'d 
if (p belongs to Fourier-Stieltjes algebra B{G„^^) then (p is positive 
definite. 

P E O O F . - L e t / be a n y finite suppor ted f u n c t i o n . Because (p 
is r a d i a l t h e n we h a v e 

B y Theorem 2 t h e f u n c t i o n E{f* * /) is p o s i t i v e de f in i te a n d F{f**f) 
belongs t o C^iiG-^^j t h e closure of a lgebra of finite s u p p o r t e d 
r a d i a l func t i ons i n f u l l (7*-algebra G*{Gk,n). Hence we have 

f)=g**g f o r some g e GZ^(G,^^) (see [ 3 ] . 
L e t us t a k e a sequence {h„} of finite s u p p o r t e d r a d i a l f u n c t i o n s 

t e n d i n g t o g i n G^^{G^^y). Since b y t h e a s s u m p t i o n cp is r e a l v a l u e d 
a n d 93 is a m u l t i p l i c a t i v e f u n c t i o n a l o n r a d i a l , finite s u p p o r t e d 
f u n c t i o n s , we o b t a i n 

<fp, 9**9} = l i m <<p, h** h„y = l i m « 9 ? , hn)i(p, h„})>i) . 

H e r e we have used t h e f a c t , t h a t B{G) is t h e d u a l of t h e f u l l (y* -a l -
gebra G*{G). T h i s completes t h e proo f . 

T H E O B B M 3 . - Let <p be a spherical function on G„^^r. Then cp is 
positive definite if and only if (p{l) e [ ( — — 1 ) , 1 ] . 
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P R O O F . - A t t h e b e g i n n i n g l e t us observe, t h a t t h e f u n c t i o n 

1 ioT CO = e 

r f o r X ^ e 

is p o s i t i v e de f in i t e o n t h e cyc l i c g r o u p i f a n d o n l y i f r e 
e [ ( — l ) / ( f c — 1 ) , 1 ] . There fore we get « o n l y i f ». 

I n [ 7 ] , T h e o r e m 2, page 357 t h e a u t h o r s have showed, t h a t i f 
s ^ ^ mmjln q t h e n 

(p,{x) = c,g-^ll»ll + , 

where q = (JV — — 1 ) , c^, Ci_^ are some Constances a n d is t h e 
spher i ca l f u n c t i o n f o r w h i c h 

B y L e m m a 2 i t is suf f ic ient t o show, t h a t t h e f u n c t i o n s 
1)11*11 are b o t h i n t h e F o u r i e r - S t i e l t j e s a lgebra B(Gt^s)-
F i r s t assume, t h a t Jc> W. B y C o r o l l a r y 2 t h e f u n c t i o n Pr(a?) = 

= yll^ll is i n B{Gk,N) f o r {—1)/{N — 1) < r < l . Hence q)^ is p o s i t i v e 
de f in i te w h e n 

I t occurs i f a n d o n l y i f 

a n d b o t h of t h e i n t e r v a l s are n o n e m p t y . One can check, t h a t t h e 
image of 

b y t h e f u n c t i o n s y-^ s l/s i& e x a c t l y t h e set I 

2, 
3 + 1 
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U s i n g ( *** ) we i n f e r , t h a t i f 

2 — 2 y g 
N 

U 
' f c - 2 + 2 V g 

, 1 

t h e n <p is pos i t i ve de f in i t e . 
N o w le t k<N. I f ( — — l ) < r < l t h e n t h e f u n c t i o n de­

fined before is p o s i t i v e de f in i t e on t h e cyc l i c g r o u p Z^. U s i n g t h e 
f a c t , t h a t t h e f u n c t i o n on G^^j^ is a free p r o d u c t of (see [2 ] ) 
a n d u s i n g Boze jko T h e o r e m i n [2 ] s t a t i n g , t h a t free p r o d u c t of 
pos i t ive de f in i te f u n c t i o n s is aga in pos i t i ve de f in i te , we o b t a i n , 
t h a t P , is pos i t i ve de f in i te f o r ( — — l ) < r < l . Therefore (p^ is 
pos i t ive def inite w h e n 

- V 2 
fc — 1 , 1 

W e i n f e r as before , t h a t tp is pos i t ive def ini te w h e n 

<p{l)e 
1 Jc —2 — 2 •fc — 2 

(fc — 1 ) F _ f c - l ' {h — l)N 

B e c a l l , t h a t h e i n t e r v a l 

fc — 2 — 2 fc — 2 + 2 V?' 

^ , 1 

{1c — l)N 

corresponds t o t h e p r i n c i p a l series of u n i t a r y representat ions (see [ 7 ] ) . 
Since p o i n t v i s e l i m i t of p o s i t i v e de f in i te f u n c t i o n s is a g a i n pos i t i ve 
def inite we have T h e o r e m 2. 

E E M A E K . - T h i s r e s u l t was k n o w i n t h e case fc = 2 (see f or 
example [ 5 ] , L e m m a 3.2.) . 
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