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Abstrat. We provide expliit formulas for linearizing oe�ients for some lass of orthogonalpolynomials.Introdution. Let {Pn}

∞

n=0 be a sequene of moni polynomials, deg Pn = n, whih areorthogonal with respet to a probability measure µ on R with in�nite support. Then,under the onvention that P−1 = 0, they satisfy the reurrene relation(1) xPn(x) = Pn+1(x) + βnPn(x) + γn−1Pn−1(x), n ≥ 1,with P0(x) = 1, γn > 0 and βm real (see [Ch℄). We denote by L the linear funtional on
R[x] given by L(P ) :=

∫

P (x)dµ(x).Now we de�ne the linearization oe�ients by the relation(2) Pn(x)Pm(x) =
∑

j

c(j, m, n)Pj(x).We say that {Pn}
∞

n=0 admits nonnegative produt linearization if all these oe�ients
c(k, m, n) are nonnegative. In this ase one an de�ne a hypergroup in the following way:Choose x0 suh that Pm(x0) > 0 for every m (this holds if and only if x0 ≥ sup(suppµ))and put

δm ∗ δn :=
∑

k

c(k, m, n)Pk(x0)

Pm(x0)Pn(x0)
δk.Extending this to onvex ombinations one obtains an assoiative and ommutative oper-ation on the lass of probability measures on the set {0, 1, 2, . . . } (see [BH℄, [Ko℄). Manyof the lassial orthogonal polynomials do admit nonnegative produt linearization (see2000 Mathematis Subjet Classi�ation: 42C05.Key words and phrases: orthogonal polynomials, linearization oe�ients.Researh supported by KBN: 2 P03A 007 23, by RTN: HPRN-CT-2002-00279 and KBN�DAAD projet 36/2003/2004.The paper is in �nal form and no version of it will be published elsewhere.
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358 W. MŁOTKOWSKI[BH℄). On the other hand, there are some general riteria stated in terms of the oe�ients
βn, γn, whih imply this property (see [As, Sz1, Sz2, MS℄).The main result. Let us denote L(k, m, n) := L(PkPmPn). Then multiplying bothsides of (2) by Pk and applying L we get L(k, m, n) = c(k, m, n)L(P 2

k ), so from now onwe will be studying the numbers L(k, m, n) instead of c(k, m, n). We will be using thefollowing properties:
L(k, m, k + m) = γ0γ1 . . . γk+m−1,(3)

L(k1, k2, k3) = L(kσ1
, kσ2

, kσ3
) for every permutation σ of the set {1, 2, 3},(4)

L(k, m, n) = 0 whenever n > k + m,(5)and
L(k, m, n) = L(k − 1, m, n + 1) + (βn − βk−1)L(k − 1, m, n)(6)

+ γn−1L(k − 1, m, n − 1) − γk−2L(k − 2, m, n)for every k, m, n.To prove them we �rst note that if deg P < n then L(P · Pn) = 0 beause P an beexpressed as a linear ombination of P0, P1, . . . , Pn−1. In partiular, putting P = PkPmwe prove (5).We use this remark again to note that
L(xPk−1PmPk+m) = L(k, m, k + m)and

L(xPk−1PmPk+m) = L(k − 1, m + 1, k + m),so we obtain L(k, m, m + n) = L(k − 1, m + 1, m + n). Hene it is su�ient to prove (3)in the ase when k = 0. Now, by orthogonality we have
L(PmPm) = L(xPm−1Pm) = γm−1L(Pm−1Pm−1),whih ompletes the proof of (3).For the last formula one only needs to ompare the right hand sides of the equalities:

L(xPk−1PmPn) = L(k, m, n) + βk−1L(k − 1, m, n) + γk−2L(k − 2, m, n),

L(xPk−1PmPn) = L(k − 1, m, n + 1) + βnL(k − 1, m, n) + γn−1L(k − 1, m, n − 1).Note in passing that in view of (6) the oe�ients L(k, m, n) an be expressed as a sumof weights of so-alled Motzkin paths on the plane onneting points (0, m) and (k, n).Namely, the step from the point (i−1, j+1), (i−1, j), (i−1, j−1) or (i−2, j), respetively,to (i, j) is equal to 1, βj − βi−1, γj−1 or −γi−2, respetively, and the weight of a path isthe produt of weights of its steps (see [MS℄).From now on we will assume that
γn =















a if n = 0,
b if n is odd,
c if n > 0 is even, βn =















u if n = 0,
v if n is odd,
w if n > 0 is even.



SOME CLASS OF POLYNOMIAL HYPERGROUPS 359This lass ontains orthogonal polynomials related to some interesting distributions whihappear in nonommutative probability (see [BLS℄). In the ase when b = c and v = wthe orresponding measure was thoroughly studied in [SY℄.Our aim is to provide expliit formulas for the oe�ients L(k, m, n) in this ase.Note, that by (4) and (5) we an assume that k ≤ m ≤ n ≤ k + n. Set Γ(s) :=
∏s−1

i=0
γi.If s > 1 then Γ(s) = Γ(s − 1)b if s is even and Γ(s) = Γ(s − 1)c if s is odd.Theorem. Assume that 0 ≤ k ≤ m ≤ n ≤ k + m and put s := [(k + m + n)/2]. Then

L(k, m, n) is equal to:e1) Γ(s) if n = k + m,e2) Γ(s − 1)(b + c − a + (w − u)(w − v)) if k, m, n are even, s is odd,e3) Γ(s−1)(b+c−a) if only one of the numbers k, m, n is even, s is even and n < k+m,e4) Γ(s − 1)(2c − a) if n < k + m and either k, m, n, s are all even or only one of thenumbers k, m, n is even, s is odd,o1) Γ(s − 1)(a(w − v) + c(v − u)) if k, m, n are odd, s is eveno2) Γ(s)(v − u) if k, m, n are odd, s is odd,o3) Γ(s)(w − u) if only one of the numbers k, m, n is odd.Note that in ases (e1)�(e4) the sum k + m + n is even, while in ases (o1)�(o3) it isodd.Proof. We will proeed by indution on k. First we examine a few partiular ases. For
n = k+m the formula is a onsequene of (3) so we will assume that k ≥ 1 and n < k+m.If k = 1 ≤ m then (6) yields

L(1, m, m) = (βm − u)L(0, m, m) =

{

Γ(m)(v − u) if m is odd,
Γ(m)(w − u) if m is even,whih ompletes the proof for k = 1.Now let us onsider the speial ase when n = k + m − 1, k ≥ 2. Then k + m + n =

2(k + m − 1) + 1 is odd, s = k + m − 1 = n and L(k − 1, m, n + 1) = L(k − 2, m, n) = 0.Moreover, if m is even then βn − βk−1 = 0 so we get
L(k, m, k + m − 1) = γk+m−2Γ(k + m − 2)(w − u) = Γ(k + m − 1)(w − u).If m is odd, k is even then n is even so

L(k, m, k + m − 1) = (w − v)Γ(k + m − 1) + bΓ(k + m − 2)(v − u)

= Γ(k + m − 1)(w − u),and if k, m are odd then n is odd, hene
L(k, m, k + m − 1) = (v − w)Γ(k + m − 1) + cΓ(k + m − 2)(w − u)

= Γ(k + m − 1)(v − u).Now let us hek the ase k = 2 and n = m. If m is even, we have
L(2, m, m) = L(1, m, m + 1) + (w − v)L(1, m, m) + bL(1, m, m − 1) − aL(0, m, m)

= Γ(m + 1) + Γ(m)(w − u)(w − v) + Γ(m)b − Γ(m)a

= Γ(m)(c + (w − u)(w − v) + b − a),



360 W. MŁOTKOWSKIwhile if m odd then βn − βk−1 = v − v = 0 and we get
L(2, m, m) = L(1, m, m + 1) + cL(1, m, m − 1) − aΓ(0, m, m)

= Γ(m + 1) + cΓ(m) − aΓ(m) = Γ(m)(b + c − a).Therefore we have ompleted the ase k = 2.From now on we assume that 2 < k ≤ m < k + m − 1. We will onsider four ases.I. Assume that k, n are even. Then
L(k, m, n) = L(k−1, m, n+1)+(w−v)L(k−1, m, n)+bL(k−1, m, n−1)−cL(k−1, m, n).a) If m, s are even then the sum of the �rst, seond and forth summand is zero andwe get

L(k, m, n) = Γ(s − 1)(b + c − a) + (w − v)Γ(s − 1)(w − u) + bΓ(s − 3)b(2c − a)

−cΓ(s − 2)
(

b + c − a + (w − u)(w − v)
)

= Γ(s − 2)b(2c − a)b) If m is even and s is odd then the �rst summand anels with the fourth one(inluding the speial ase n = k + m − 2) so
L(k, m, n) = (w−v)Γ(s−1)(w−u)+bΓ(s−2)(b+c−a) = Γ(s−1)

(

b+c−a+(w−u)(w−v)
)

.) Now assume that m is odd and s is even. Then
L(k, m, n) = Γ(s − 1)

(

a(w − v) + c(v − u)
)

+ (w − v)Γ(s − 1)(b + c − a)

+bΓ(s − 1)(v − u) − cΓ(s − 1)(w − u) + Γ(s − 1)b(w − u) = Γ(s)(w − u)d) Finally, assume that m, s are odd. Then
L(k, m, n) = Γ(s)(v − u) + (w − v)Γ(s − 2)b(2c − a)

+bΓ(s − 2)
(

a(w − v) + c(v − u)
)

− cΓ(s − 1)(w − u) + Γ(s − 1)c(w − u) = Γ(s)(w − u).II. If k is even and n is odd then βn − βk−1 = v − v = 0, γn−1 = γk−2 = c and
L(k − 1, m, n − 1) = L(k − 2, m, n) (unless n = k + m − 2), whih leads

L(k, m, n) = L(k − 1, m, n + 1).In the ase n = m + k − 2 we get
L(k, m, n + k − 2) = Γ(k + m − 1) + cΓ(k + m − 4)b(2c − a) − cΓ(k + m − 2)

= Γ(k + m − 2)(b + c − a).III. Similarly, if k is odd and n is even then βn −βk−1 = w−w = 0, γn−1 = γk−2 = band L(k − 1, m, n − 1) = L(k − 2, m, n) (again, unless n = k + m − 2), whih, similarlyas before, leads
L(k, m, n) = L(k − 1, m, n + 1),and for n = k + m − 2 we get

L(k, m, k + m − 2) = Γ(k + m − 1) + bΓ(k + m − 3)(b + c − a) − bΓ(k + m − 2)

= Γ(k + m − 2)(2c − a).IV. Finally, assume that k, n are odd. Then
L(k, m, n) = L(k−1, m, n+1)+(v−w)L(k−1, m, n)+cL(k−1, m, n−1)−bL(k−2, m, n).



SOME CLASS OF POLYNOMIAL HYPERGROUPS 361a) If m, s are even then, similarly as in the ase (Ib), the �rst summand anels withthe fourth one:
L(k, m, n) = (v−w)Γ(s−1)(w−u)+cΓ(s−2)

(

b+c−a+(w−u)(w−v)
)

= Γ(s−1)(b+c−a).b) The ase when m is even and s is odd is analogous to ase (Ia), i.e. the sum of the�rst, seond and forth summand is zero:
L(k, m, n) = Γ(s − 1)

(

b + c − a + (w − u)(w − v)
)

+(v −w)Γ(s− 1)(w − u) + cΓ(s− 3)b(2c− a)− bΓ(s− 2)(b + c− a) = Γ(s− 2)b(2c− a).) Now assume that m is odd and s is even. Then
L(k, m, n) = Γ(s)(w − u) + (v − w)Γ(s − 1)(b + c − a)

+cΓ(s − 1)(w − u) − bΓ(s − 1)(v − u) = Γ(s − 1)
(

a(w − v) + c(v − u)
)

.d) Finally, if m, s are odd then
L(k, m, n) = Γ(s)(w − u) + (v − w)Γ(s − 2)b(2c − a)

+cΓ(s − 1)(w − u) − cΓ(s − 2)
(

a(w − v) + c(v − u)
)

= Γ(s)(v − u),whih ompletes the whole proof.Corollary. The sequene {Pn}
∞

n=0 admits nonnegative produt linearization if and onlyif:
a ≤ b + c, a ≤ 2c, a ≤ b + c + (w − u)(w − v),

u ≤ v, u ≤ w, and 0 ≤ a(w − v) + c(v − u).For example, if either w = v or w = u then {Pn}
∞

n=0 admits nonnegative produtlinearization if and only if a ≤ b + c, a ≤ 2c and u ≤ v.Finally let us speify our results to orthogonal polynomials related to limit measureswith respet to onditionally free indendene introdued by Bo»ejko, Leinert and Speiher[BLS℄.1. The entral limit theorem (Theorem 4.3 in [BLS℄): a = α2, b = c = β2, u = v =

w = 0. Here {Pm}∞m=0 admit nonnegative produt linearization if and only if α2 ≤ 2β2and this holds if and only if the orresponding measure has no atom.2. The Poisson limit theorem (Theorem 4.4 in [BLS℄): a = α2, b = c = β2, u = α2,
v = w = β2+1 (these reurrene oe�ients are not alulated expliitly in [BLS℄ but theyan be derived from the �nal formula in [M℄). Here the neessary and su�ient onditionfor nonnegative produt linearization for these polynomials {Rn}

∞

n=0 is α2 ≤ β2 + 1 and
α2 ≤ 2β2.3. Let us now onsider the symmetrization of the Poisson measure. It means that weare dealing with polynomials {Qn}

∞

n=0 whih are related to {Rn}
∞

n=0 by Rn(x2) = Q2n(x),so we get a = α2, b = 1, c = β2 and u = v = w = 0. Here the orresponding ondition isthe same as in the previous ase: α2 ≤ β2 + 1 and α2 ≤ 2β2.
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