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1. Preliminaries

There are several notions of independence for a family {Ai}i∈I of subalgebras in a

noncommutative probability space (A, φ) (see Refs. 22, 15, 19, 6, 9, 12 and 14). In

Ref. 12 we provided an interpolation between the tensor and the free independence.

The aim of this paper is to present an interpolation between the tensor and the

boolean one. The idea is similar: to allow commutations between some of these

subalgebras. We prove limit theorems depending on a parameter q and involving

boolean crossings between blocks of a partition (cf. Refs. 18, 11 and 8). We do

not find the limit measures explicitly, but we give the recurrence relation for the

corresponding orthogonal polynomials.

Let X be a set. Then P2(X) will denote the family of 2-element subsets of X .

By a partition of X we mean a family π of nonempty, pairwise disjoint subsets

of X satisfying
⋃

π = X . We will denote by Pa(m) the family of all partitions of

the set {1, 2, . . . ,m} and Pa2(m) (resp. Pa1,2(m)) will stand for the family of such

π ∈ Pa(m) that |U | = 2 (resp. |U | ≤ 2) for every U ∈ π.

We say that blocks U , V ∈ π ∈ Pa(m), with U 6= V , have boolean crossing if

there are k < r < l such that either k, l ∈ U and r ∈ V or r ∈ U and k, l ∈ V . We

denote by bc(π) the number of boolean crossings in π:

bc(π) := |{{U, V } : U, V ∈ π, U 6= V and U, V have boolean crossing}| .
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Throughout the paper we fix an index set I and a family Λ ⊂ P2(I). We say

that words i = (i1, . . . , im), j = (j1, . . . , jm) ∈ Im are Λ-equivalent (or simply equiv-

alent) if i can be converted to j by using finitely many operations (. . . , i, j, . . .) 7→
(. . . , j, i, . . .) with {i, j} ∈ Λ. We say that a word i = (i1, . . . , im) ∈ Im is Λ-reduced

(or simply reduced) if i is not equivalent to a word of the form (. . . , i, i, . . .).

2. Λ-Boolean Independence

The notion of boolean independence originates from the following result, which was

proved by Bożejko in 1981 (see Refs. 2–4). Suppose that for every i ∈ I we are

given a group Gi and a complex positive definite function φi on Gi, with φi(e) = 1.

Define a function φ on the free product group ∗i∈IGi by putting

φ(g1g2 · · · gm) = φi1 (g1)φi2 (g2) · · ·φim
(gm)

whenever m ≥ 0, g1 ∈ Gi1 \ {e}, g2 ∈ Gi2 \ {e}, . . ., gm ∈ Gim
\ {e} and i1 6= i2 6=

· · · 6= im. Then φ is positive definite on ∗i∈IGi.

This theorem (see also Refs. 5 and 6), which can be extended to the nonunital

free product of ∗-algebras, was a foundation for the study of boolean convolution

of probability measures on20
R and of boolean independence.15,19 Here we present

a generalization of the latter.

Let (A, φ) be a noncommutative probability space, i.e. A is a complex ∗-algebra

with a unit 1 and φ is a state on A.

We will say that a family {Ai}i∈I of ∗-subalgebras is Λ-boolean independent if

(a) ab = ba whenever a ∈ Ai, b ∈ Aj , {i, j} ∈ Λ and

(b) φ(a1a2 · · · am) = φ(a1)φ(a2) · · ·φ(am) whenever a1 ∈ Ai1 , . . . , am ∈ Aim
and

the word (i1, . . . , im) is reduced.

Note that we do not assume that 1 ∈ Ai.

For example, if a, c ∈ Ai, b ∈ Aj , i 6= j, then

φ(abc) =

{

φ(acb) = φ(ac)φ(b) if {i, j} ∈ Λ ,

φ(a)φ(b)φ(c) otherwise .

To give a more general formula we define, for i = (i1, . . . , im) ∈ Im, a partition

πb(i) ∈ Pa(m) by the following equivalence relation:

k ∼b l iff ik = il and ({ik, ip} ∈ Λ whenever (k < p < l or l < p < k) and ik 6= ip) .

Then we have the following:

Proposition 2.1. If a1 ∈ Ai1 , . . . , am ∈ Aim
and i = (i1, . . . , im) ∈ Im then

φ(a1a2 · · · am) =
∏

V ∈πb(i)

φ

(

∏

l∈V

al

)

.
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Proof. Let us enumerate the blocks of πb(i), according to the first element of

a block: πb(i) = {V1, V2, . . . , Vs} and if kr denotes the first element of Vr then

k1 < k2 < · · · < ks. Put jr := ikr
and br :=

∏

k∈Vr
ak (ordered product). Then the

word (j1, . . . , js) is reduced and a1 · · ·am = b1 · · · bs. Therefore, by definition,

φ(a1 · · · am) = φ(b1 · · · bs) = φ(b1) · · ·φ(bs) .

A natural construction of Λ-boolean independence is the following. For i ∈ I

let Ai be a ∗-algebra and let φi be a positive functional on Ai satisfying |φi(a)|2 ≤
φ(a∗a) for a ∈ Ai. Then φi can be extended to a state on the unital ∗-algebra

Ãi := C1⊕Ai by φ̃i(α1 + a) := α+ φi(a). We also put ψ̃i(α1 + a) := α. Define A
to be the unital Λ-free product ∗Λ

i∈IÃi (see Ref. 12) and φ on A by

φ(a1a2 · · · am) := φi1(a1)φi2 (a2) · · ·φim
(am)

whenever a1 ∈ Ai1 , . . . , am ∈ Aim
(so that ψ̃ik

(ak) = 0) and the word (i1, . . . , im)

is reduced. Then φ is a state on A (see Refs. 13 and 10) and {Ai}i∈I becomes a

Λ-boolean independent family in (A, φ).

3. Limit Theorems

Assume that I = N. For Λ ⊂ P2(N), n ∈ N and Γ ⊂ P2({1, . . . , n}) we put

t(n,Γ,Λ) := lim
N→∞

|{(j1, . . . , jn) ∈ {1, . . . , N}n
6= : {jk, jl} ∈ Λ ⇔ {k, l} ∈ Γ}|

N(N − 1) · · · (N − n+ 1)
,

if it exists, where {1, . . . , N}n
6= denotes the set of all sequences (j1, . . . , jn) such that

jk ∈ {1, . . . , N} and (k 6= l ⇒ jk 6= jl).

Lemma 3.1. Assume that Λ is a random subset of P2(N), chosen in such a way that

the family of events {{i, j} ∈ Λ}1≤i<j is independent, each of them with probability

q. Then, for almost all Λ, we have for all n ∈ N and for all Γ ⊂ P2({1, . . . , n})

t(n,Γ,Λ) = qr(1 − q)s ,

where r = |Γ|, s = n(n− 1)/2− r.

Proof. Let us fix n and Γ ⊂ P2({1, . . . , n}). For j = (j1, . . . , jn) ∈ N
n, with

pairwise distinct terms, we put

Yj(Λ) :=

{

1 if ({k, l} ∈ Γ ⇔ {jk, jl} ∈ Λ) for 1 ≤ k < l ,

0 otherwise .

Then we have E(Yj) = qr(1 − q)s, where r = |Γ|, s = n(n− 1)/2 − r.

Now define

XN(Λ) :=
1

N(N − 1) · · · (N − n+ 1)

∑

j∈{1,...,N}n
6=

Yj(Λ) .
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We need to show that

lim
N→∞

XN (Λ) = qr(1 − q)s a.e.

If i = (i1, . . . , in), j = (j1, . . . , jn) ∈ {1, . . . , N}n
6= are such that ik = jl happens at

most once then Yi and Yj are independent, so that E(Yi · Yj) = q2r(1 − q)2s, and

there are

N(N − 1) · · · (N − 2n+ 1) +N(N − 1) · · · (N − 2n+ 2)n2

= N(N − 1) · · · (N − 2n+ 2)(N + (n− 1)2)

such cases. The coefficient atN 2n−1 is −n(n−1), the same as in N2(N−1)2 · · · (N−
n+ 1)2. Therefore we can estimate the variance V (XN ) = E(X2

N ) −E(XN )2 as:

V (XN ) =
∑

i,j∈{1,...,N}n
6=

E(Yi · Yj) − q2r(1 − q)2s

N2(N − 1)2 · · · (N − n+ 1)2
≤ C

N2
,

where C is independent of N . The rest of the proof is analogous to the proof of

Lemma 1 in Ref. 18.

From now on we fix Λ ⊂ P2(N) satisfying t(n,Γ,Λ) = qr(1− q)s, where r = |Γ|,
s = n(n− 1)/2− r, for every n ∈ N and every Γ ⊂ P2({1, . . . , n}).

Theorem 3.1. Suppose that for every k ∈ {1, . . . ,m}, N, i ∈ N we are given an

element ak,N,i ∈ Ai and that for every nonempty U ⊂ {1, . . . ,m}

φ

(

∏

k∈U

ak,N,i

)

= φ

(

∏

k∈U

ak,N,j

)

:= Q(U,N)

for N, i, j ∈ N and that there exists the limit

lim
N→∞

N ·Q(U,N) := Q(U) .

Then, putting

Sk,N := ak,N,1 + ak,N,2 + · · · + ak,N,N ,

we have

lim
N→∞

φ(S1,N · S2,N · · ·Sm,N) =
∑

π∈Pa(m)

qbc(π)
∏

U∈π

Q(U) .

Proof. Put

φ1(N) := φ(S1,N · S2,N · · ·Sm,N )

and

φ2(i, N) := φ(a1,N,i1 · a2,N,i2 · · ·am,N,im
)
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for i = (i1, . . . , im). Then we have

φ1(N) =
∑

i∈{1,...,N}m

φ2(i, N) .

At this point we introduce the following notions. For π ∈ Pa(m) and Γ ∈ P2(π)

we say that the pair (π,Γ) is b-admissible if {U, V } ∈ Γ whenever U and V are

distinct blocks of π having boolean crossing. For a sequence i = (i1, . . . , im) ∈ Im

we define a partition π(i) of {1, . . . ,m} by the equivalence relation: k ∼ l iff ik = il,

and a family Γ(i) ⊂ P2(π(i)) by {U, V } ∈ Γ(i) iff (U, V ∈ π(i) and {ik, il} ∈ Λ for

k ∈ U , l ∈ V ). We say that the sequence i is b-admissible if the pair (π(i),Γ(i)) is

b-admissible.

If π(i) = π(j) and Γ(i) = Γ(j), then φ2(i, N) = φ2(j, N). Denoting this common

value by φ3(π(i),Γ(i), N) we obtain

φ1(N) =
∑

π∈Pa(m)

∑

Γ⊂P2(π)

A(π,Γ, N) · φ3(π,Γ, N) ,

where

A(π,Γ, N) = |{i ∈ {1, . . . , N}m : π(i) = π and Γ(i) = Γ}| .
We have A(π,Γ, N) ≤ N(N − 1) · · · (N − |π| + 1) and moreover

lim
N→∞

A(π,Γ, N)

N |π|
= t(|π|,Γ,Λ) = qr(1 − q)s ,

where r = |Γ|, s = |π|(|π| − 1)/2− r.

Note that π(i) = πb(i) if and only if i is b-admissible. Hence, by Proposition 2.1,

we have A(π,Γ, N)φ3(π,Γ, N) → 0 as N → ∞ whenever the pair (π,Γ) is not

b-admissible. Therefore

lim
N→∞

φ1(N) = lim
N→∞

∑

π∈Pa(m)

B(π,N)
∏

U∈π

Q(U,N) ,

where

B(π,N) := |{i ∈ {1, . . . , N}m : π(i) = π and i is b-admissible}| .
Since

B(π,N) =
∑

Γ⊂P2(π)

(π,Γ)admissible

A(π,Γ, N) ,

we have

lim
N→∞

B(π,N)

N |π|
= qbc(π) ,

which concludes the proof.

Corollary 3.1. (The central limit theorem) Suppose that ak ∈ Ak, φ(ak) = 0 and

φ(a2
k) = α. Then, putting

SN :=
a1 + a2 + · · · + aN√

N
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we have

lim
N→∞

φ(Sm
N ) :=

∑

π∈Pa2(m)

α|π|qbc(π)

for m ≥ 0, in particular the limit equals 0 if m is odd.

Corollary 3.2. (The Poisson limit theorem) Assume that ak,N ∈ Ak for k, N ∈ N

and that

lim
N→∞

φ(as
k,N ) = α

for every s ≥ 1. Then, putting

SN := a1,N + a2,N + · · · + aN,N ,

we have for m ≥ 0

lim
N→∞

φ(Sm
N ) =

∑

π∈Pa(m)

α|π|qbc(π) .

4. Partitions

In this part we prove some elementary facts regarding partitions, which will be used

in the final section. A partition π ∈ Pa(m) is said to be noncrossing if k < r < l < s,

k, l ∈ U ∈ π and r, s ∈ V ∈ π implies U = V . The class of those π ∈ Pa(m) which

are noncrossing will be denoted by NC(m) and NC2(m) (resp. NC1,2(m)) will denote

the family of such π ∈ NC(m) that |U | = 2 (resp. |U | ≤ 2) for every U ∈ π.

There is a natural partial order ≺ on the blocks of π ∈ NC(m). Namely, U ≺ V

if there are r, s ∈ V such that r < k < s holds for every k ∈ U . Now we can

define depth of a block U ∈ π, namely d(U, π) := |{V ∈ π : U ≺ V }|. Observe the

following

Proposition 4.1. If π ∈ NC(m), then

bc(π) =
∑

U∈π

d(U, π) .

Proof. It holds because two blocks U , V of a noncrossing partition have boolean

crossing if and only if either U ≺ V or V ≺ U .

With every σ ∈ Pa(m) we associate a sequence E(σ) = (ε1, . . . , εm) ∈
{−1, 0, 1}m by

εk :=











1 if k is the first element of a block U ∈ σ,with |U | ≥ 2 ,

−1 if k is the last element of a block U ∈ σ,with |U | ≥ 2 ,

0 otherwise .

Note that
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(a) ε1 + ε2 + · · · + εr ≥ 0 whenever 1 ≤ r ≤ m and

(b) ε1 + ε2 + · · · + εm = 0.

Proposition 4.2. Assume that π ∈ NC(m), E(π) = (ε1, . . . , εm) and k (resp. l) is

the first (resp. the last) element of a block U ∈ π, so k ≤ l. Then

d(U, π) = ε1 + ε2 + · · · + εk−1 = ε1 + ε2 + · · · + εl .

Proof. If V ∈ π, then U ≺ V iff the first element of V is less than k and the last

element of V is larger than l, which proves the first equality. Moreover, if a block

W ∈ π has an element between k and l, then all elements of W are between k and

l, which implies that εk + εk+1 + · · · + εl = 0.

Let us fix a sequence (ε1, . . . , εm) ∈ {−1, 0, 1}m satisfying (a) and (b). For k

such that εk = 1 put

f(k) := min{l : l > k and εk + εk+1 + · · · + εl = 0}

(such a number l exists because εk + εk+1 + · · ·+ εm ≤ 0). Then εf(k) = −1 and if

k < r < f(k), εr = 1, then εk + εk+1 + · · · + εr−1 > 0, hence εr + · · · + εf(k) < 0.

This implies that k < r < f(r) < f(k). Therefore if we define a partition

π := {{k, f(k)} : εk = 1} ∪ {{l} : εl = 0} ,

then π ∈ NC1,2(m) and E(π) = (ε1, . . . , εm). If σ ∈ Pa(m), with E(σ) = (ε1, . . . , εm)

then we put F (σ) := π, so that F is a map Pa(m) → NC1,2(m). For π ∈ NC1,2(m)

we have F (π) = π.

Proposition 4.3. If π ∈ NC1,2(m), then the number of σ ∈ Pa(m) such that

F (σ) = π equals
∏

U∈π

(d(U, π) + 1)

and the number of σ ∈ Pa1,2(m) such that F (σ) = π is
∏

U∈π

|U|=2

(d(U, π) + 1) .

Proof. We are looking for those σ ∈ Pa(m) for which E(σ) = E(π) := (ε1, . . . , εm).

Consider the first number l for which εl = −1. It can be joined with one of the

preceding k such that εk = 1, so the number of these choices is ε1 + · · ·+ εl−1. Now

assume that εs = −1 and that for every l < s, with εl = −1, we have chosen k such

that k < l and εk = 1, different k’s for different l’s. Then the number of r < s such

that εr = 1 and r has not been joined so far with any l, r < l < s, is ε1 + · · ·+εs−1.

In this way we have chosen for every block, which is not a singleton of σ, the

first and the last element. Take k with εk = 0. Then there is t := ε1 + · · · + εk

numbers r < k such that εr = 1 and r has been joined with some s > k. Hence k
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can either belong to one of these t blocks or may form a singleton {k}. Therefore

the number of such σ ∈ Pa(m) or σ ∈ Pa1,2(m) that E(σ) = (ε1, . . . , εm) is equal

to

m
∏

l=1
εl∈{−1,0}

(ε1 + · · · + εl + 1) or

m
∏

l=1
εl=−1

(ε1 + · · · + εl + 1) ,

respectively which, by Proposition 4.2, concludes the proof.

Proposition 4.4. If σ ∈ Pa1,2(m) and E(σ) = (ε1, . . . , εm), then

bc(σ) =

m
∑

l=1
εl∈{−1,0}

(ε1 + ε2 + · · · + εl) .

In particular, bc(σ) = bc(F (σ)).

Proof. Note that if σ ∈ Pa1,2(m), then bc(σ) is exactly the number of pairs of

blocks U = {k, l} ∈ σ, V = {r, s} ∈ σ, k ≤ l, r < s, satisfying r < l < s. Fix a

block U = {k, l} ∈ σ, k ≤ l. Then there are exactly ε1 + · · · + εl blocks {r, s} ∈ σ

satisfying r < l < s.

5. Orthogonal Polynomials Corresponding to the Limit Theorems

Assume that µ is an infinitely supported probability measure on the real line with

all the moments

s(m) :=

∫ ∞

−∞

tmdµ(t)

finite. It is well known (see Ref. 7) that there exists a sequence {Pm(x)}∞m=0 of

polynomials, with degPm(x) = m, which are orthogonal with respect to µ. These

polynomials satisfy the recurrence relation

xPm(x) = αmPm+1(x) + βmPm(x) + γm−1Pm−1(x) ,

P0(x) = 1, with αm, γm > 0, βm ∈ R and under convention that P−1(x) = 0.

Accardi and Bożejko1 (see also the work of Viennot21) proved the following relation

between these coefficients and the moments s(m):

s(m) =
∑

π∈NC1,2(m)

∏

U∈π

|U|=2

αd(U,π)γd(U,π) ·
∏

V ∈π

|V |=1

βd(V,π) ,

for m ≥ 0. Basing on this, we will prove

Theorem 5.1. Denote by µq,a and νq,a the probability measure corresponding to

the central and Poisson limit theorem, respectively, so that
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∑

π∈Pa2(m)

a|π|qbc(π) =

∫ ∞

−∞

tmdµq,a(t) ,

∑

π∈Pa(m)

a|π|qbc(π) =

∫ ∞

−∞

tmdνq,a(t) .

Then the families of orthogonal polynomials for µq,a and νq,a are given by the

recurrence

xPm(x) = aqmPm+1(x) +mPm−1(x) ,

xQm(x) = aqmQm+1(x) + (aqm +m)Qm(x) +mQm−1(x) ,

respectively, with P0(x) = Q0(x) = 1.

The theorem is an immediate consequence of the Accardi–Bożejko formula and

the following two lemmas.

Lemma 5.1. For m ≥ 0 and π ∈ NC2(2m), we have
∑

σ∈Pa2(2m)

F (σ)=π

a|σ|qbc(σ) =
∏

U∈π

aqd(U,π)(d(U, π) + 1) .

Proof. Fix π ∈ NC2(2m). Then, by Proposition 4.3, there are
∏

U∈π(d(U, π) + 1)

partitions σ ∈ Pa2(2m) such that F (σ) = π. By Proposition 4.4, these partitions

satisfy bc(σ) = bc(π) and using Proposition 4.1 we have
∑

σ∈Pa2(2m)

F (σ)=π

a|σ|qbc(σ) = a|π|qbc(π)
∏

U∈π

(d(U, π) + 1) =
∏

U∈π

aqd(U,π)(d(U, π) + 1) .

Lemma 5.2. For m ≥ 0 and π ∈ NC1,2(m) we have
∑

σ∈Pa(m)
F (σ)=π

a|σ|qbc(σ) =
∏

U∈π

|U|=2

(aqd(U,π)(d(U, π) + 1)) ·
∏

V ∈π

|V |=1

(d(V, π) + aqd(V,π)) .

Proof. For a block U = {k1, k2, . . . , ks}, with k1 < k2 < · · · < ks, define

G0(U) := {{k1, ks}, {k2}, {k3}, . . . , {ks−1}} ,

in particular G0({k}) = {{k}}. Then, for σ ∈ Pa(m) define a partition G(σ) ∈
Pa1,2(m)

G(σ) :=
⋃

U∈σ

G0(U) .

Then E(G(σ)) = E(σ).

Fix π ∈ Pa1,2(m), with E(π) = (ε1, . . . , εm), and suppose that {k1}, . . . , {ks}
are the singletons of π. If σ ∈ Pa(m) and G(σ) = π, then

a|σ|qbc(σ) = adqec1(σ) · · · cs(σ) ,
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where d = d(π) is the number of 2-element blocks of π, e = e(π) is the number of

boolean crossings between 2-element blocks of π and

cr(σ) :=

{

aqt(r) if {kr} is a singleton of σ ,

1 otherwise ,

with t(r) := ε1 + · · · + εkr
. It holds because there are t(r) blocks {k, l} ∈ π such

that k < kr < l and we have

S(π) :=
∑

σ∈Pa(m)
G(σ)=π

a|σ|qbc(σ) =
∑

σ∈Pa(m)
G(σ)=π

adqec1(σ) · · · cs(σ)

= adqe

s
∏

r=1

(aqt(r) + t(r)) .

Note that if π1, π2 ∈ Pa1,2(m) and F (π1) = F (π2), then d(π1) = d(π2),

e(π1) = e(π2), S(π1) = S(π2) and if π ∈ NC1,2(m), then t(r) = d({kr}, π),

e =
∑

U∈π,|U |=2 d(U, π) and

S(π) =
∏

U∈π

|U|=2

(aqd(U,π)) ·
∏

U∈π

|U|=1

(aqd(U,π) + d(U, π)) .

Now we conclude the proof by applying the second part of Proposition 4.3.

Remark 5.1. The sequences {Pm} and {Qm} belong to the family of octabasic

Laguerre polynomials introduced by Simion and Stanton.16,17
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