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1. Preliminaries

There are several notions of independence for a family {A;};cr of subalgebras in a
noncommutative probability space (A, ¢) (see Refs. 22, 15, 19, 6, 9, 12 and 14). In
Ref. 12 we provided an interpolation between the tensor and the free independence.
The aim of this paper is to present an interpolation between the tensor and the
boolean one. The idea is similar: to allow commutations between some of these
subalgebras. We prove limit theorems depending on a parameter ¢ and involving
boolean crossings between blocks of a partition (cf. Refs. 18, 11 and 8). We do
not find the limit measures explicitly, but we give the recurrence relation for the
corresponding orthogonal polynomials.

Let X be a set. Then Py(X) will denote the family of 2-element subsets of X.
By a partition of X we mean a family 7w of nonempty, pairwise disjoint subsets
of X satisfying |Jm = X. We will denote by Pa(m) the family of all partitions of
the set {1,2,...,m} and Pay(m) (resp. Paj 2(m)) will stand for the family of such
7w € Pa(m) that |U| = 2 (resp. |U| < 2) for every U € .

We say that blocks U, V € m € Pa(m), with U # V', have boolean crossing if
there are k < r < [ such that either k, l € U andr € Vorr e U and k,l € V. We
denote by be(m) the number of boolean crossings in

be(m) .= {{U,V}: U,V € n,U #V and U,V have boolean crossing}| .
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Throughout the paper we fix an index set I and a family A C Pa(I). We say
that words i = (i1,...,%m), j = (J1,.-.,Jm) € I"™ are A-equivalent (or simply equiv-
alent) if i can be converted to j by using finitely many operations (...,7,J,...) —
(-..y4,4,...) with {i,j} € A. We say that a word i = (i1,...,9m) € I"™ is A-reduced
(or simply reduced) if i is not equivalent to a word of the form (...,4,4,...).

2. A-Boolean Independence

The notion of boolean independence originates from the following result, which was
proved by Bozejko in 1981 (see Refs. 2-4). Suppose that for every i € I we are
given a group G; and a complex positive definite function ¢; on G;, with ¢;(e) = 1.
Define a function ¢ on the free product group *;c;G; by putting

(9192 -+ gm) = bi, (91) by (92) - - - Pi, (Gim)

whenever m > 0, g1 € Gy, \ {e}, g2 € Gi, \ {e},..., gm € Gi,, \ {e} and i1 # i2 #
-+ % 4. Then ¢ is positive definite on ;¢ 1G;.

This theorem (see also Refs. 5 and 6), which can be extended to the nonunital
free product of x-algebras, was a foundation for the study of boolean convolution
of probability measures on?® R and of boolean independence.®1 Here we present
a generalization of the latter.

Let (A, ¢) be a noncommutative probability space, i.e. A is a complex *-algebra
with a unit 1 and ¢ is a state on A.

We will say that a family {A;};cr of x-subalgebras is A-boolean independent if

(a) ab = ba whenever a € A;, b€ Aj, {i,j} € A and

(b) ¢laraz---am) = d(ar)d(az) - -- p(am) whenever a1 € A;\,...,am € A;,, and
the word (i1, ...,%m) is reduced.
Note that we do not assume that 1 € A;.
For example, if a, c € A;, b € A, i # j, then
stabe — { 9lach) = 9lae)o) it (i) € 4,
d(a)p(b)op(c) otherwise.
To give a more general formula we define, for i = (i1,...,4,,) € I"™, a partition

mp(1) € Pa(m) by the following equivalence relation:
k ~p Ui i =4 and ({ik,ip} € A whenever (k <p<lorl<p<k)and iy #ip).
Then we have the following:

Proposition 2.1. Ifa; € A;y,...,am € A;,, andi= (i1,...,0y) € I™ then

tm

dlaraz - am) = H ¢<Hal>.

Veﬂ'b(i) lev
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Proof. Let us enumerate the blocks of (i), according to the first element of
a block: mp(i) = {V1,Va,...,Vs} and if k. denotes the first element of V,. then
k1 < ko <--- <ks. Put j, =4, and b, := erw ay (ordered product). Then the
word (j1,...,Js) is reduced and aq - - - @, = by - - - bs. Therefore, by definition,

¢ar---am) = ¢(b1---bs) = ¢(b1) - - P(bs) - O

A natural construction of A-boolean independence is the following. For i € I
let A; be a x-algebra and let ¢; be a positive functional on A; satisfying |¢;(a)]? <
¢(a*a) for a € A;. Then ¢; can be extended to a state on the unital x-algebra
A; := C1® A; by ¢i(al +a) := a+ ¢;(a). We also put 1;(al + a) := a. Define A
to be the unital A-free product 2 ;A; (see Ref. 12) and ¢ on A by

Plaraz -~ am) := @i, (a1) iy (az) - -~ iy, (am)

whenever ay € Aj,,...,am € A;,, (so that ¢y, (ai) = 0) and the word (i1, ..., im)
is reduced. Then ¢ is a state on A (see Refs. 13 and 10) and {A;};c; becomes a
A-boolean independent family in (A, ¢).

3. Limit Theorems
Assume that I = N. For A C P3(N), n € Nand I" C P2({1,...,n}) we put

C H{Uneesdn) €L NV i} € A {2} €T
tn, I, A) = Jim NN-1)- (N—n+1) ’

if it exists, where {1,..., N}’; denotes the set of all sequences (j1,. . ., jn) such that
Jjr€{l,...,N}and (k #1 = ji # 5i).

Lemma 3.1. Assume that A is a random subset of P2(N), chosen in such a way that
the family of events {{i,j} € A}i<ic; is independent, each of them with probability
q. Then, for almost all A, we have for alln € N and for all T C P2({1,...,n})

t(na FaA) = qr(]- - Q)S )

where r =T, s=n(n—1)/2 —r.
Proof. Let us fix n and I' € P2({1,...,n}). For j = (j1,...,jn) € N", with
pairwise distinct terms, we put

1 if {ki}el & {jr,ateN)forl1 <k<l,

¥i(A) = ({&, 1} Lk, i} € A)

0 otherwise.

Then we have E(Y;) = ¢"(1 — q)®, where r =|I'|, s=n(n —1)/2 —r.
Now define

1
Xn(A) = N(N—1)---(N—n+1) je{lz:N}n Y;(A).
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We need to show that

lim Xy(A)=4"(1-1¢q)° ae.

—00

Ifi=(i1,...yin),j= (J1,---,Jn) € {1,...,N}’;é are such that ip = j; happens at
most once then Y; and Yj are independent, so that E(Y; - Y;) = ¢*"(1 — ¢)?%, and
there are

N(N—=1)--+(N=2n+1)+ NN —1)--- (N - 2n+2)n°
=N(N—-1)---(N=2n+2)(N + (n—1)%

such cases. The coefficient at N?2"~1is —n(n—1), the same as in N>(N—1)2-.. (N —
n + 1)2. Therefore we can estimate the variance V(Xy) = E(X%) — E(Xy)? as:

_ E(Y:-Y;) —¢*(1-q)* 9
VXN = ) NEN—1)2 - (N—n+1)? - N2’

Lje{l. N}

where C' is independent of N. The rest of the proof is analogous to the proof of
Lemma 1 in Ref. 18. O

From now on we fix A C Py(N) satisfying t(n,I', A) = ¢"(1 — ¢)%, where r = |T'|,
s=n(n—1)/2—r, for every n € N and every I C P2({1,...,n}).

Theorem 3.1. Suppose that for every k € {1,...,m}, N, i € N we are given an

element ap n; € A; and that for every nonempty U C {1,...,m}
¢ (H ak,N,i) =¢ (H ak,N,j> = Q(U,N)
keU keU

for N, i, 7 € N and that there exists the limit
Nlim N-Q(U,N):=Q(U).

Then, putting

Sk,N = ap, N1+ arN2+ -+ ap NN,

we have
A}Enoo ¢(S1,N - So.N -+ Sm,N) = Z Pt H Q).
wePa(m) Uen
Proof. Put
G1(N) == d(S1,N - So,n - Sm,N)
and

¢2(1, N) := ¢(a1,n,i, - G2,N,i> """ Qm, N i)
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for i = (i1,...,%m,). Then we have
p(N)= Y $,N).
ie{l,..,N}m

At this point we introduce the following notions. For 7 € Pa(m) and I' € Pa(7)
we say that the pair (m,I") is b-admissible if {U,V} € T' whenever U and V are
distinct blocks of 7 having boolean crossing. For a sequence i = (i1,...,%m,) € I™
we define a partition 7(i) of {1,...,m} by the equivalence relation: k ~ [ iff i, = 4,
and a family I'(i) C Pa(n(i)) by {U, V}eT(@) iff (U, V € n(i) and {ig, i1} € A for
ke U,l e V). We say that the sequence i is b-admissible if the pair (7(i),'(i)) is
b-admissible.

If 7(i) = 7(j) and I'(i) = T'(j), then ¢2(i, N) = ¢2(j, N). Denoting this common
value by ¢3(m(i), (i), N) we obtain

f(N)= Y DY Alx ) - ¢3(m, L', N),
wePa(m) T CPa ()
where
A(m,T,N)=|{ie{l,...,N}" :7n(i) =7 and I'(i) =T}|.
We have A(w,I', N) < N(N —1)--- (N — |x| + 1) and moreover
. A(m,T,N) B o, s
am ——m— = (7], I, A) = ¢"(1 - ¢)",

where r = |T'|, s = |7|(|7| — 1)/2 —r.

Note that 7(i) = m(i) if and only if i is b-admissible. Hence, by Proposition 2.1,

we have A(m,I’, N)¢s(m,I'y N) — 0 as N — oo whenever the pair (m,I') is not
b-admissible. Therefore

Jim_¢y(N) = lim_ > B(x,N) ] QU,N),

ﬂEPa(m) Uen
where
B(nm,N):=[{ie{1,...,N}™:7n(i) = 7 and i is b-admissible}|.
Since
B(m,N)= > A(x,T,N),
ICPy(m)
(m,I")admissible
we have
: B(ﬂ—7 N) __ be(m)
MmN T

which concludes the proof. O

Corollary 3.1. (The central limit theorem) Suppose that ax, € Ay, ¢(ar) =0 and
#(a2) = a. Then, putting
aitax+ o +ay

VN

SN =
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we have
. my .__ |7| be(m)
Jim o(Sy) = > ol
mE€Pag(m)

for m > 0, in particular the limit equals 0 if m is odd.

Corollary 3.2. (The Poisson limit theorem) Assume that ax,n € Ay fork, N € N
and that

ngﬂoo Plag n) =a

for every s > 1. Then, putting
Syi=ai,n+aN+-+annN,
we have for m >0

Jim_ (S = > alrlghe

mePa(m)

4. Partitions

In this part we prove some elementary facts regarding partitions, which will be used
in the final section. A partition = € Pa(m) is said to be noncrossing if k < r <1 <'s,
k,leUemandr, s €V €rimplies U = V. The class of those 7 € Pa(m) which
are noncrossing will be denoted by NC(m) and NCy(m) (resp. NCq 2(m)) will denote
the family of such m € NC(m) that |U| = 2 (resp. |U| < 2) for every U € .

There is a natural partial order < on the blocks of 7 € NC(m). Namely, U < V
if there are r, s € V such that r < k < s holds for every k € U. Now we can
define depth of a block U € 7, namely d(U, ) := |[{V € w : U < V}|. Observe the
following

Proposition 4.1. If 7 € NC(m), then

™)=Y dU,m).

Uer

Proof. It holds because two blocks U, V' of a noncrossing partition have boolean

crossing if and only if either U < V or V < U. O
With every ¢ € Pa(m) we associate a sequence (o) = (€1,...,6m) €
{-1,0,1}™ by
1 if k is the first element of a block U € o, with |U| > 2,
ep =< —1 if k is the last element of a block U € o, with |U| > 2,
0 otherwise .

Note that
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(a) e1+e2+ - +¢& >0 whenever 1 <r <m and
(b) e1+e2+---+e, =0.

Proposition 4.2. Assume that 1 € NC(m), E(7) = (€1,...,6m) and k (resp. 1) is
the first (resp. the last) element of a block U € w, so k <. Then

d(va):51+52+"'+€k_1=€1+62—|—'-~—|—§l.

Proof. If V € m, then U < V iff the first element of V is less than k and the last
element of V' is larger than [, which proves the first equality. Moreover, if a block
W € 7 has an element between k and [, then all elements of W are between k& and
[, which implies that e + eg41 + -+, = 0. O

Let us fix a sequence (e1,...,&,) € {—1,0,1}™ satisfying (a) and (b). For k
such that e, = 1 put

f(k) :=min{l: 1l >k and e, + €41 + - -+ &, =0}

(such a number [ exists because e + €41 + - + &5 <0). Then €5y = —1 and if
k<r<f(k),e =1, then ex +epy1 +---+er—1 >0, hence e, +--- + 5y <O.
This implies that k& < r < f(r) < f(k). Therefore if we define a partition

m={{k, f(k)} :er =1} U{{l}: e, =0},

then 7 € NCq o(m) and E(7) = (e1,...,em). If 0 € Pa(m), with E(0) = (€1,...,6m)
then we put F'(o) := m, so that F' is a map Pa(m) — NCj o(m). For 7 € NCy 2(m)
we have F(r) = 7.

Proposition 4.3. If 7 € NCj 2(m), then the number of o € Pa(m) such that
F(o) =7 equals

H (d(U,m) + 1)

Uen

and the number of o € Paj o(m) such that F'(o) =7 is

I[ dw, =) +1).
\g\egz
Proof. We are looking for those o € Pa(m) for which £(c) = E(n) := (€1,...,Em)-
Consider the first number [ for which ¢; = —1. It can be joined with one of the
preceding k such that e, = 1, so the number of these choices is €1 +---+¢;_1. Now
assume that e, = —1 and that for every [ < s, with e = —1, we have chosen k such
that k < [ and e = 1, different k’s for different {’s. Then the number of » < s such
that €, = 1 and r has not been joined so far with any [, r < < s,ise1+---+e€5_1.
In this way we have chosen for every block, which is not a singleton of o, the
first and the last element. Take k with £, = 0. Then there is ¢ := 1 + -+ + ¢,
numbers r < k such that £, = 1 and r has been joined with some s > k. Hence k
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can either belong to one of these ¢ blocks or may form a singleton {k}. Therefore
the number of such ¢ € Pa(m) or o € Paj 2(m) that £(c) = (e1,...,&m) is equal
to

I[I @+ +a+) oo J] GE+-+a+1),

=1 =1
e €{—1,0} e=—1

m m
respectively which, by Proposition 4.2, concludes the proof. O

Proposition 4.4. If 0 € Pa; 2(m) and £(0) = (e1,...,&m), then

m

be(o) = Z (e1+e2+--+¢ep).

=1
e1€{—1,0}

In particular, be(o) = be(F(0)).

Proof. Note that if ¢ € Paj 2(m), then be(o) is exactly the number of pairs of
blocks U = {k,l} € 0, V = {r,s} € 0, k < I, r < s, satisfying r < 1 < s. Fix a
block U = {k,l} € o, k <. Then there are exactly e1 + --- + &; blocks {r,s} € o
satisfying r < I < s. O

5. Orthogonal Polynomials Corresponding to the Limit Theorems

Assume that p is an infinitely supported probability measure on the real line with
all the moments

sm) o= [ naute)

finite. It is well known (see Ref. 7) that there exists a sequence {Pp,(x)}2_, of
polynomials, with deg Py, (z) = m, which are orthogonal with respect to u. These
polynomials satisfy the recurrence relation

me(x) = aumJrl(x) + ﬂum(x) + 'melefl(x) )

Py(x) = 1, with am, vm > 0, B € R and under convention that P_j(x) = 0.
Accardi and Bozejko! (see also the work of Viennot?!) proved the following relation
between these coeflicients and the moments s(m):

s(m) = Z H Qq(U,x)Yd(U,x) * H Bav,x) s

Ue ve
mENCy 2(m) \U\:z \V\=7rl

for m > 0. Basing on this, we will prove

Theorem 5.1. Denote by pq,qa and vq,, the probability measure corresponding to
the central and Poisson limit theorem, respectively, so that



Limit Theorems in A-Boolean Probability 457

T alrlge = / g (t),

mEPag(m) o
Z al™lgPelm) = / t"dvg.q(t) -
wePa(m) -

Then the families of orthogonal polynomials for pg. and v, are given by the
recurrence

P, () = ag™ Phy1(z) + mPp_1(x),
2Qun (@) = 40" Q1 (%) + (ag™ + M) Qo (@) + MQ—1(2)
respectively, with Py(z) = Qo(x) = 1.
The theorem is an immediate consequence of the Accardi—-Bozejko formula and

the following two lemmas.

Lemma 5.1. For m > 0 and 7 € NC3(2m), we have

Z alolgbelo) = H ag?Um) dU,m)+1).

oEPag(2m) Uern
F(o)=n

Proof. Fix m € NCy(2m). Then, by Proposition 4.3, there are [ [, (d(U,7) + 1)
partitions o € Pay(2m) such that F'(oc) = m. By Proposition 4.4, these partitions
satisfy be(o) = be(mr) and using Proposition 4.1 we have

Z allgbele) = gllgbe(m H (dU,m)+1) = H ag? @™ (d(U,7) 4+ 1)

o€Pag(2m) Uen Uen O
F(o)=mn

Lemma 5.2. For m >0 and m € NCy 2(m) we have

> dlg @ = T (ag" D (dU,m) + 1) ] (@(V.m) +aq").

ocePa(m) Uen ven
F(o)=m |U|=2 [V]=1

Proof. For a block U = {kq, ka,...,ks}, with k; < ks < --- < k, define

Go(U) == {{k1, ks}, {ko}, {3}, ..., {ks—1}} s

in particular Go({k}) = {{k}}. Then, for 0 € Pa(m) define a partition G(o) €
Pal,g(m)

G(o) = U Go(U).
Uco

Then £(G(0)) = &(0).
Fix m € Paj o(m), with £(7) = (e1,...,em), and suppose that {ki},...,{ks}
are the singletons of 7. If 0 € Pa(m) and G(o) = , then

0l = algter (o) - ea(o)
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where d = d(m) is the number of 2-element blocks of m, e = e(m) is the number of
boolean crossings between 2-element blocks of 7 and

ag"™) if {k,} is a singleton of o,
er(0) = )
1 otherwise,

with t(r) := €1 + -+ + €k,.. It holds because there are ¢(r) blocks {k,l} € 7 such
that k < k, <[ and we have

S(n) = Z alolgbelo) = Z alqei(o) - - - cs(0)

ocPa(m) oc€Pa(m)
G(o)=n G(o)=mn

= a%¢" (ag"™ +1(r)).

r=1

e(m) = e(me), S(m) = S(me) and if 7 € NCj2(m), then ¢(r) = d({k.},m),
€ =2 ver =2 dU,7) and

s = [ (ag"@)- ] (aq™™ +d(v, ).

ver vemn
|U|=2 |U|=1
Now we conclude the proof by applying the second part of Proposition 4.3. O

Remark 5.1. The sequences {P,,} and {Q,} belong to the family of octabasic
Laguerre polynomials introduced by Simion and Stanton.!6:17
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