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We introduce and study a notion of A-freeness, which generalises both freeness and
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1. Introduction

The idea of noncommutative probability is to deal with a complex unital x-algebra
A, elements of which are called random variables, equipped with a state ¢ (i.e. a
linear function ¢ : A — C satisfying ¢(1) = 1 and ¢(a*a) > 0 for every a € A)
which plays the role of the expectation. The pair (A, ¢) is called a noncommutative
probability space. Then the classical notion of independence can be extended to this
setup in the following way:

Definition 1. A family {A;};cs of unital subalgebras is said to be independent if

(1) they commute, i.e. ab = ba whenever a € A;, b€ A;, i, j € I and i # j,
(2) ¢lar---am) = ¢(ar) - - d(am) whenever ay € A;y,...,am € A;,, ix € I and
ik#il fork;él.

(If A is an algebra with a unit 1 then by a unital subalgebra we will mean a

subalgebra containing 1.) It is easy to check that the second condition can be

replaced by the following one:

(2") ¢(araz---an) = 0 holds whenever m > 1, a1 € A;y,...,am € A;,,,
plar) =+ = P(am) =0 and iy, # 4; for k #[.

27

ir € 1,
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On the other hand, there is a notion of freeness, due to Voiculescu'®::
Definition 2. A family {A;};cs of unital subalgebras is called free if ¢p(a1 - - - ay) =
0 holds whenever m > 1, a1 € A;y,...,am € A;,,, #(a1) = -+ = P(am,) =0, i € I,

andil#ig#-~-7éim.

It is worth pointing out that independence is related to the tensor product,
while freeness is related to the unital free product of algebras. The purpose of
this paper is to investigate a notion of A-freeness, which depends on a family A of
two-element subsets of the index set I. This notion generalises both the previous
ones and is related to the A-free products: % ;A; of unital algebras and *2,¢; of
unital functionals on them, which will be defined and constructed in Sec. 3. Next,
assuming that A; are complex *-algebras and that every ¢; is a state related to
a *-representation m; of A;, we construct the A-free product representation *{\e 1T
of *& ;A;, which is related to *% ;¢;. Then we discuss A-freeness in the context
of C*- and W*-algebras. Finally we prove a central limit theorem, which involves
the g-deformed Gaussian measure (see Ref. 4), the parameter ¢ depending on the
asymptotical properties of the family A.

2. A-Freeness

In this section we introduce and study the notion of A-freeness from a purely al-
gebraic point of view. Most of results given here extend those which are known in
free probability (see Ref. 14).

From now on we fix an index set I and a family A C Po(I), where Pa(I) denotes
the family of two-element subsets of I. It will be convenient for us to introduce an
auxiliary group S(I,A) by the following presentation:

S(I,A) := (Ili* = e for all i € I and ij = ji whenever {i,5} € A).

Note that S(I,A) is an example of Coxeter group (see Refs. 6 and 10). A formal
word i = (i1,...,4m) € I"™ is said to be A-reduced (or simply: reduced) if there
is no shorter word representing the element u := iyis-- -4, € S(I,A). Note that
if (i1,...,im) is reduced then so is (im,...,41) and we have iy, ---igi; = u~".
We define the length of the element uw putting f(u) := m. Recall that in view
of the Tits theorem (see p. 50 of Ref. 6) every reduced word j representing u
can be converted to i by the application of finitely many operations of the kind
(oyiydye. )= (oo0yd,4,...) for {i,5} € A. In this situation we say that i and j are
A-equivalent, or simply: equivalent.

Let A be a unital algebra over a field I and let ¢ be a fixed linear function
¢ : A — K satisfying ¢(1) = 1. For a subalgebra B C A we denote B® := {b € B:

¢(b) = 0}.

Definition 3. Let I be a set and let A be a family of two-element subsets of I.
Then we say that a family {A;};cr of unital subalgebras of A is A-free in (A, ¢) if
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(1) ab = ba holds whenever a € A;, b € A; and {i,j} € A,
(2) ¢(araz---ay) = 0 holds whenever m > 1, a1 € A} ,...,am € A} and the
word (i1,149,...,%my) is A-reduced.

One can see that this notion coincides with freeness if A = () and with indepen-
dence if A = Py(I).

Now let us fix, for the rest of this section, a A-free family {A;};c; of unital
subalgebras of A.

Lemma 1. Every product of the form ajas-- - am, where a1 € Ay, ..., am € A,
with i, € I, can be expressed as a scalar multiple of 1 plus a finite sum of products of
the form bibs---b,, where n > 1, by € A?l, ...,b, € A?n and the word (j1,...,7n)
s reduced.

Proof. We proceed by induction on m. If the word (i1,...,%y,) is not reduced,
then after some rearrangements allowed by A, we may assume that ¢, = i,y for
some p, 1 < p < m. Then we can treat the product a,a,4+1 as a single factor and
apply the induction.

Now assume that the word (i1, ...,%,) is reduced. Then we decompose every
factor as ap = Bk -1+by putting Bk := ¢(ax) and by, := ap — Bk - 1, so that ¢(by) = 0.
Hence expanding the product

araz - am = (B1-14+01)(B2-1+b2) (B - 1+ bm)

we get bibs - -- b, as one summand and every other summand is a scalar times a

shorter product. O
Lemma 2. Suppose that a1 € A?l, e, O € A?m, b € “49'17 .., b, € Agn and that
the words (i1,...,%m) and (j1,...,Jn) are reduced.

Ifm=nandii = j1,...,0m = jm, then

d(araz - - Amby, - - - bab1) = @(a1br)d(azbz) - - - P(ambm) -

On the other hand, if i1+ im # J1j2- - Jn (i-e. if the words (i1,...,im) and
(J1,- .-, Jn) are not equivalent), then

qb(ala,g e ambn . 'bzbl) = O

Proof. We use induction on n. The statement is obvious if n = 0. Suppose that
n > 1. If the word (i1,...,%m,jn,.-.,J1) is reduced, then iiis - iy # jijo - Jjn
and by definition of A-freeness ¢(ay - - - amby, - - - b1) = 0, which proves the statement
in this case. If, on the other hand, the word (i1,...,%m,Jn,-..,j1) is not reduced,
then after some rearrangements, we can assume that i,, = j,. Now put a,,b, =
@(amby) - 1 + ¢, where ¢ € A? . Then

é(ar - ambn -+ by)
= ¢(ambn)d(ar - am—1bp_1---b1) + ¢((a1 - am—1¢)(bn—1---b1)).
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Now the second summand equals 0 by induction, because we cannot rearrange the
word (j1,...,Jn—1) so that the last letter is 4,, = j,. Hence, we conclude the proof
by applying induction to the first summand. O

Theorem 1. Suppose that A is generated by the family {A;}icr and assume that
for every i € I the restriction of ¢ to A; is tracial. Then ¢ is tracial on whole A.

Proof. We have to prove that ¢(ab) = ¢(ba) holds for every a, b € A. By the first
lemma we can assume that a = ay - a,, b = b, - - by, where a1 € A?l, e,y €
A) b€ A ... by € A9 and the words (i1, ..., im), (ji,---,jn) are reduced.

Now we conclude the proof by applying the second lemma. O

The following result, proved by Speicher'! in the free case, remains true for
A-freeness:

Proposition 1. Suppose that a; € A;,,...,am € A
m, such that iy, # i, for every k # p. Then

and that there isp, 1 < p <

Tm

plar---am) = ¢plap)p(ar - ap_1apt1---am) .

Proof. Similarly as before we decompose every factor as ap = O - 1 + bg, with
Br = ¢(ar), ¢(bx) = 0. First we prove the statement assuming that 8, = 0. We
have

(B -1+b1)(B2-1+0b2) (B -1+0by)) = Z <Hﬂk>'¢<Hbl>-

vc{l,..m} \keV gV

We will show that every summand is equal to 0. It is obvious if p € V. If p ¢ V
and V is nonempty, then it holds by induction on m. Now let us consider the
summand @(b1bs - - - by,) Telated to V = (. If the word (1,42, ... ,%m) is reduced,
then this summand is equal 0 by definition. On the other hand, if (i1, ..., %) is not
reduced then we can assume that there are two neighbouring factors which come
from the same subalgebra. Then replacing them by their product, we can apply the
induction.
Now, in the general case we have

Plar - am) = ¢lar -+ ap-1(ds, (ap) - 1+ bp)apt1 -~ am)
= ¢z’p (ap) : (b(al crrQp—1Qp41 - 'am) + ¢(a1 " 'ap—lbpa’:v+1 ce am) )
and the second summand is 0 by the first part of the proof. O
Corollary 1. Ifay € A;,,...,am € Ai,, and if the indices i1,...,im are pairwise
distinct then ¢(araz - am) = dlar)d(az) - - ¢(am).

Note that the next proposition appears in Ref. 14 for the free case, i.e. when
A =0, under a superfluous assumption that the word (i1, ...,4%,) is reduced.
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Proposition 2. Assume that a1 € A;y,...,am € A
are Abelian. Then ¢(aras - am) = ¢(am - - - azaq).

and that these subalgebras

im )

Proof. If the word (i1,...,4n) is not reduced, then we can assume that i, = ip4+1
for some p, 1 < p < m, and apply induction on m, treating a,a,+1 = apt1ap as
a single factor. On the other hand, if the word (i1,...,%.) is reduced then, using

the previous decompositions ay = (i - 1 + by, we can expand ¢(aq - - - an,) as in the
proof of Proposition 1. Now we can apply the induction to every summand related
to a nonempty subset V' C {1,...,m}, while the one related to V = 0 is equal to

¢(b1bm):¢)(bmbl):0 O

3. A-Free Product of Algebras

In this section we define and construct the A-free product of unital algebras and
unital functionals.

Definition 4. Let {A;};c; be a family of unital algebras over K. The unital A-
free product *{\E ;A; is the unique unital algebra A over K, together with unital
homomorphisms h; : A; — A, satisfying h;(a)h;(b) = h;(b)hi(a) whenever a € A;,
be Aj, {i,j} € A, such that given any unital B over K and unital homomorphisms
fi + Ai — B, such that fi(a)f;(b) = f;(b)fi(a) holds whenever a € A;, b € A;,
{i,j} € A, there exists a unique f := %, f; : A — B such that foh; = f; for every
1el.

Now we provide a construction of A-free product from which we will see that
the homomorphisms h; are in fact injections.

Let {A;}icr be a family of unital algebras over K and assume that for each
i € I we have a fixed linear function ¢; : A; — K satisfying ¢;(1) = 1. Denote
AY = Ker¢; = {a € A; : ¢i(a) = 0}. First take the unital free product *;er.A;. It
can be represented as the following direct sum of the tensor products:

vierAdi=K-10 P A oA, e--0A4)

m>1,i, €l
P17 Fim

(see Ref. 14). Define A to be the quotient of *;c;.4; over the ideal generated by the
set

{ab—ba :a € A;,be Aj, {i,j} € A}.

Now A can be identified as the direct sum

A= P A,

u€eS(I,A)
where for u € S(I,A) and for a reduced word (i1, ..., 4y, ) representing u we put

Aw) = A} @ @A) |
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in particular A(e) := K - 1. Due to the A-commutation relations, we identify the
tensor products

A, @ @A @A) ©--0 A

Ip+1

and

A ®- @A

tp+1

QA ®--- @A,
whenever {iy,ip4+1} € A, in the obvious way.
Now we define ¢ : A — K by putting
a ifa=a-1¢€Ale),
{O if a € Alu),u##e.
Denote A =+ [ A;, ¢ = L ¢; and (A, ¢) = #/L;(A;, ¢;). Then it is clear from

our construction that {A;}icr is a A-free family in (A, ¢). As a consequence of
Theorem 1 we get

¢la) :=

Corollary 2. If all ¢;’s are tracial then so is ¢ = *z/'\el(bi'

4. The A-Free Product of Representations

From now on we assume that & = C. Let {A;};cr be a family of unital x-algebras.
Then their A-free product A = *{\E ;A; admits a unique involution extending those
on A;’s. Assume that for every i € I we are given a *-representation m; : A; — B(H;)
acting on a Hilbert space H; = C¢; @ HY endowed with a distinguished unit vector
&;. Denote by ¢; the corresponding state on A;, i.e. ¢;(a) = (m;(a)&;, &) for a € A;.
We are going to construct A-free product representation m = /¢ ;m; of A = * | A;,
which generalises that given by Avitzour' and Voiculescu'®!* in the purely free
case (i.e. when A = 0).
For w € S(I,A) and for a reduced word (i1, ..., %) representing u we denote

H(u) =H) @H), @ @H

in particular we put H(e) := C&y, where &; is a distinguished unit vector. We will
identify

HY ©--QH) QH), @ QH

Ip+1

and

H) @ @HY

0 0
LM @ @MY,

whenever {iy,i,11} € A so that H(u) depends only upon u but not upon its par-
ticular representation.

Now we define

H = @ H(u)

u€eS(I,A)
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and denote (H, &) = 2 ;(H;,&). Note that HY ® H(u) = H(iu) whenever £(iu) >
£(u). Therefore, for every i € I, we have the following decomposition:

H=C&aoH) e | @ Hw |,
ueS(I,A)
L(iu)>L(u)

where we identify & with &. Now we let A; act on H by 7;(a) := m;(a) ® 1d(4),
a € A;, where Id(7) denotes the identity operator acting on € H(u), the sum being
taken over all u € S(I, A) satisfying ¢(iu) > £(u). Obviously 7; is a *-representation
of A;. In order to extend this to a +-representation of whole A = % ;. 4; we need
to prove

Lemma 3. Ifa€ A;, be A; and {3,j} € A, then 7;(a)7;(b) = 7;(b)7i(a).

Proof. Let

mi(a)gi =a- &+ ¢ and 7;(0)§; =B &+,

where a, 3 € C, ¢ € H), n € Hj. Take an element v € S and a vector x € H(v),
which for a reduced word (41, . . ., jn) representing v has the form x = 21 ® - - - Q@
with z € HY, . Now we consider four cases

(1) Assume that £(iv) > £(v) and £(jv) > £(v). Then

7i(a)7;(b)x = T (a) (B - x + 1 ®x)
=af - x+f-(@x+a n@x+(@n@x=7;b)T(a)x

as we identify ¢ ® n with n ® .
(2) If £(iv) < £(v), and £(jv) < €(v), then we can assume that i = j; and j = jo.
Denote

mi(a)zr =a1- &+ and mi(b)xe =61 & +m,
with a1, f1 € C, i € H}, m € Hj. Then
Ti(a)Tj(b)x = Ti(a)(f1 11 QT3 @ Ty + 711 QM QT3 X -+ @ Tp,)
=af 30 Qrp+ -1 RT3RQ -y

+a mAOTZIR Ry L OMOT3Q - @ xy = 7;(b)T(a)x.

(3) Now if £(iu) < £(u) but £(jv) > £(v), then assuming that ¢ = j; and using
the previous notation,

i(a)7j(b)x = 7i(a)(B - x +n®x)
=1 12® QT+ (1 QT2 @ - DTy
+a1-77®x2®~-~®xn+n®<1®x2®-~-®xnzﬁj(b)fri(a)x.
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The remaining case, when ¢(iu) > £(u) and £(jv) < £(v), can be checked similarly.
O

Now, by definition of the A-free product of unital algebras, we can extend the
family {7; }ier to a x-representation 7 of A, so that

w(arag - ) = Ty (a1) 70, (a2) - 7, ()

whenever a, € A;, and (i1,...,4,) is a reduced word. We show that the state
¢(a) = (r(a)éo, &) on A is equal to *5 ;.
Theorem 2. Assume that ay € AY ... am € AY , m >1 and that (iy, ..., im) is

a reduced word. Then ¢(aias - am) = 0.

Proof. Put ¢; := 7, (az)&;, . Then
(Chs &ir) = (miy, (ak )iy s §ir) = bip (ar) =0
hence (; € HY and consequently
m(ay -~ am)éo = iy (a1) -+ iy (@m)éo = 1 @ -+ @ (G € Hiniz - im),
s0 that ¢(ay - am) = (w(ay - - - am)€o, &) = 0. O

5. C*- and W*-Probability Spaces

The results from the previous section allow us to study A-freeness and A-free prod-
ucts in the context of C*- and W*-algebras.

Definition 5. A C*-probability space is a pair (A, ¢), where A is a unital C*-
algebra and ¢ is a state on A.

A W*-proability space is a pair (A, ¢), where A is a W*-algebra and ¢ is a
normal state on A.
Using the same methods as in the purely free case (see Ref. 14) one can prove

Proposition 3. If (A, ) is a C*-probability space and {A;}icr is a A-free family
of unital x-subalgebras, then the family {C*(A;)}ier is A-free.

If (A, @) is a W*-probability space and {A;}icr is a A-free family of unital x-
subalgebras, then the family of bicommutants { A} }icr is A-free.

We are also able to define the A-free product of C*- and of W*-algebras.

Definition 6. Let {A4;};cs be a family of unital C*-algebras. The unital C*-algebra
A-free product *?e ;A; is the unique unital C*-algebra A, together with unital ho-
momorphisms h; : A; — A, satisfying h;(a)h;(b) = h;j(b)hi(a) whenever a € A;,
be Aj, {i,j} € A, such that given any unital C*-algebra B and unital homomor-
phisms f; : A; — B, such that f;(a)f;(b) = f;(b)fi(a) holds whenever a € Aj;,
be Aj, {i,j} € A, there exists a unique f := *é\elfi : A — B such that foh; = f;
for every i € I.
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This algebra A is the enveloping C* algebra of the x-algebra A-free product of
the A;’s. Due to the construction from the previous section, the homomorphims h;
are in fact injections.

Definition 7. Let {A4;}icr be a family of W* algebras, each A; acting on a Hilbert
space H;, endowed with a distinguished unit vector &;. Their W*-algebra A-free
product */  A; = A, acting on (H, &) = *5;(H;,&;) is defined as

.A = <U 7~TZ(AZ)> 5

il
where the representations 7; are those defined in the previous section.

Let (A, ¢) be a C*-probability space. For an element a € A we will denote by
(a) the unital C*-subalgebra generated by a. We will say that a family {a;}ier of
elements of A is A-free if the family of subalgebras {(a;)}:cr is A-free. Now assume
that I = {1,2,...,m} and that {a;}ics is a A-free family of self-adjoint elements
of A and let u; denote the distribution of a;, i.e. the unique compactly supported
probability measure on the real line satisfying

¢(af):/tk dui(t), k=0,1,2,....

Then the distribution p of a = a3 + - + a,, depends only on the measures p;.
Denoting

we obtain the A-convolution of m compactly supported probability measures on
R (which, of course, for m = 2 corresponds either to the classical or to the free
convolution). Using the methods of Bercovici and Voiculescu? one can extend this
to an m-ary operation on the whole class of probability measures on R.

6. Limit Theorems

This part is devoted to limit theorems in A-free probability. As the main tool we
use the notion of admissibility (see Ref. 11) adapted to A-freeness. We go on assum-
ing that {A;}icr is a A-free family of unital subalgebras in our noncommutative
probability space (A, ¢).

For m > 1 we denote by Pa(m) the class of all partition of the set {1,2,...,m}.
If U,V are distinct blocks of a partition = € Pa(m), then we say that they cross if
thereare 1 <k <r<l<s<msuchthat k,l €U, r, s€ V. Set

c(m) = |{{U,V} € Pa(n) : U and V cross}|.

Note that in general ¢(w) is different from the left-reduced number of crossings
introduced by Nica® and from the number of restricted crossings, studied by Biane?
but these three numbers do coincide if 7 is a pair partition.
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With a word i = (i1,...,4m,) € I™ we associate a partition (i) € Pa(m) by the
following equivalence relation:
kwlifandonlyifik:il.

A block U = {k(1),...,k(t)} € n(i), k(1) < k(2) < --- < Kk(t), is said to be a
segment if {iy(1),41} € A holds for every [ satisfying k(1) <1 < k(t) and [ ¢ U. In

particular, every singleton {k} € 7 (i) is a segment. Note that if a; € A;,,...,am €
A;  and U is a segment of 7(i1,...,%,) then, in view of Proposition 1,
Har - am) = 6 <H) s (H)
keU 1¢U
(writing [[;cy, @i we mean the ordered product, i.e. [];cy ar := ayyayo) - - aygs) if

V= {1(1),1(2),...,1(s)} and {(1) < {(2) < -+ < I(s)).

Definition 8. A sequencei = (iy,...,i,,) is said to be admissible if either |x(i)| = 1
or 7(i) has a segment U = {k(1),...,k(t)}, k(1) < --- < k(t), and the subsequence

(15 e Tk (1) s = Th(E)s -« 2 Tm) 5

of length m — t obtained from i by removing terms iy for k € U is also admissible.

Note that if a1 € Ay, ..., am € A;, and if i = (i1,...,14,,) is admissible, then
ol -an) = ]| ¢(H“k> |
Uem(i) keU
Proposition 4. A word i = (i1,...,im) € I"™ is admissible if and only if

1<p<r<g<s<m and ip,=1iq# i, =1is implies {ip,ir} €A. (%)

Proof. Assume that isatisfies (x). Since this property is inherited by subsequences,
it is enough to show that (i) has a segment. Define a partial order on blocks of
7(d) by V. < U = {k(1),...,k(t)}, k(1) < k(2) < --- < Ek(t) if and only if there
exists s such that k(s) <! < k(s + 1) for every | € V. Then it is easy to see that
every block which is minimal with respect to “<” is a segment.

On the other hand, if k < r <1 < s, i =4 # ir = i and {ix, i} ¢ A then
none of the blocks containing k, [ or r, s can become a segment. O

Definition 9. Suppose that a; € A;,,...,am € A;,, . By an elementary moment
we will mean a term of the form ¢(ay)are) - - arw)), where 1 < k(1) < k(2) <
<o < k(t) <m and Tp(1) = tr(2) = " = k)

The following two lemmas in the free case were proved by Speicher.!!

Lemma 4. Assume that a1 € A;,,...,am € A;, . Then ¢(ar---am) is a sum
of products of elementary moments, with sign “+” or “=", where every summand
consists of at least M factors, where M = |{i1,...,im}|
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Proof. We proceed by induction on m. If the word (i1, ..., iy,) is not reduced then
we can assume that ¢, = i,41 for some 1 < p < m and apply induction, treating
apap+1 as a single factor.

If (i1,...,4m) is reduced, then we have

¢((ar — ¢(a1)1) (a2 — ¢(az)1) - (am — ¢(am)1)) = 0

hence
Plar---am)= > (D] élar)e <H az)
0AUC{1,...,m} keU 1¢U
and we apply the induction to every summand. O
Lemma 5. Assume that the word (i1, ..., 4y) is not admissible. Then ¢(ay -+ am)
is a sum of products of elementary moments, with signs “+” or “=", where every
summand consists of more than M factors, where M = |{i1,...,im}|.

Proof. First observe that if {i,,i,+1} € A and 4, = ;41 then the operations

(...,iu,iu+1,...)'—> (...7iu+1,iu,...)

and

(G P S T [ CRRU S
preserve admissibility (and nonadmissibility) of a word. Therefore we can assume
that (i1,...,%m) is reduced.

Now we proceed by induction on m. If a1, as € A;, by, by € Aj, i # j and
{i,j} ¢ A, then

d(arbrazbe) = ¢(a1)d(a2)d(b1ba) + @(aira2)d(b1)P(b2) — d(ar)P(br)d(az)d(b2),

which proves the assertion for m = 4.
Assume that i is nonadmissible, reduced and that p < r < ¢ <'s, ip, = ig # ip =
is, {ip,ir} # A. Now we expand as before:

dlay - am) = Z (_1)\U|+1 H o(ak)d (H al> .

0AUC{1,...,m} keU lgu

By the previous lemma the summand related to U is a sum of at least |U| +
[{i; : I ¢ U}| elementary moments. This number is obviously greater than M if
Un{p,r,q,s} # 0, and for the other summands the induction is applicable. O

From now on we assume that I = N and that for every k € {1,...,m} and
N, i € N we are given elements a(k, N, i) € A; such that for every U C {1,...,m},
N,i, jeN:

Q(U,N):=¢ (H a(l@]\ﬂi)) =¢ (H a(k7N7j)> :

keU keU
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Put
S(k,N) := a(k,N,1) + a(k, N,2) + - - + a(k, N, N) .
We want to study limit of
¢1(N) = ¢(S(1,N)---S5(m, N))
when N — co. We have
(bl(N): Z ¢2((Zlalm)7N)a
i1yeim€{1,...,N}
where
d2((i1, -y im), N) := é(a(l, N,i1)a(2, N,iz) - - a(m, N, iy,)).
With a word i € I™ we associate 7(i) € Pa(m) as before and I'(i) C Pa(n(i)) by
ri)={{U,v}:U,ven@i) and {ipir}e€AforpelUreV}.
Then we have ¢(i, N) = ¢(j, N) whenever i, j € {1,...,N}", 7(i) = 7(j) and
I'(i) =T'(j), so we can define
¢3(m(i),I' (1), N) := ¢a(i, N).
Now we obtain
= > > Al ) ¢3(m, L', N)
wePa(m) I'CPa(n)
where
A(n,IN)=l{ie{1,...,N}™:n(i)=n and TI'(i)=T}.

We will call a pair (m,T), with 7 € Pa(m), T € Pa(rw), admissible if k <r <1 <s,
k,leUem r,seVemand U #V implies {U,V} €T.
At this point we impose the following assumptions:

Assumption 1. For every nonempty U C {1,...,m},i € N:
lim N-Q(U,N) = Q(U).
Note that by Lemma 5 this assumption excludes all nonadmissible pairs in the
limit, i.e.

lim A(r,T,N) - ¢3(m, T, N) =0,

n—oo

whenever the pair (7, T") is nonadmissible, because
A(m,T)N) < N(N—=1)--- (N —|n|+1).
Therefore

lim ¢;(N) = lim_ > B(mN)-[[ew.N),

n—o00
ﬂEPa (m) Uern
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where
B(m,N)=H{ie{l,...,N}™:7n(i) =7 and iis admissible}|.

Secondly we assume that probability that a pair {i,j} belongs to A tends to a
fixed number ¢ and that for every n the family of events: {ji, i} € A, 1 <k <1< n,
becomes independent as N tends to infinity. Namely, for n, N € N define Q(n, N)
as the set of all such sequences (j1,...,Jn) that ji,...,j, are pairwise distinct
elements of {1,..., N} and for every I' C P2({1,...,n}) define Q(n,I", N) to be the
set of those (j1,-..,jn) € Q(n, N) which satisfy:

{jk.ii} €A {k1} €T.
Assumption 2. (cf. Ref. 8) For every n € N, T' C Py({1,...,n})

Q(n,I', N
L 20T )

— T 1_ S
N 00 V] q"(1—4q)°,

where r = |I'| and s = |P2({1,...,n})\T|=n(n—-1)/2 —r.

Note that |Q(n, N)| = N(N —1)--- (N —n+1), so we can replace |Q2(n, N)| by
N™ in the denominator. As a consequence the probability that a given = € Pa(m)
is admissible tends to ¢“™, i.e.

B(T(, N) c(m)

lim =q

N—oco N‘ﬂ'|

Therefore we have proved the following limit theorem:

Theorem 3. Under Assumptions 1 and 2 we have

Jim o(S(LN)- S N) = 30 ¢ [] Q).

mePa(m) Uern

Now we consider the central limit theorem. Denote by Pag(m) the family of all
pair partitions of {1,...,m}, i.e. partitions satisfying |U| = 2 for every U € =. Of
course Pas(m) = @ if m is odd. Then under Assumption 2 we have

Theorem 4. (Central Limit Theorem) Suppose that m > 1 and that for every
i € N we are given elements a(1,i),...,a(m,i) € A;, with ¢(a(k,i)) = 0, and
satisfying

o(alk,i) - a(l,i)) = a({k,1})
for every 1 <k <l <m, i€ N. Then putting

k1) +a(k,2) + -+ a(k,N)
VN

Sk, N) = A
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we have

lim ¢(S(1,N)---S(m,N))= > ¢ ] a(U)

N—o0
mEPaz(m) Uen

if m is even, and this limit equals 0 if m is odd.
Proof. It is enough to put a(k, N, i) := \/—%a(k, i) and apply the last theorem. O

Finally we get a version of the central limit theorem, which is analogous to
those obtained by Bozejko, Kiimmerer and Speicher?-!2
tum probability and by Fendler” in the context of Coxeter groups. It involves
the so-called g-deformed Gaussian measure v4, which is supported on the inter-

val [-2/y/1 — ¢,2/+/T — q| and has the following form:
sin 0 o n n 2
vg(dz) = —/1—q (1 - ¢")1 - ¢"¢**dz,
n=1

in the context of quan-

s

where 6 € [0, 7] is such that 21/T — ¢ = 2 cos§. The corresponding family of orthog-
onal polynomials are the g-Hermite polynomials, for which the recurrence relation
is the following: Ho(z) = 1, Hy(z) = x and

zHp(23q) = Hpp1(z59) + L+ g+ +¢" Hpo1(z39), m>1.

Corollary 3. Suppose that for every i € N we have an element a; € A; satisfying
#(a;) =0 and ¢p(a?) =1 and define

ap+az+---+an

VN

Then, under Assumption 2, the distribution of Sy tends to the g-deformed Gaussian
measure, i.e. we have

Sy =

: my _ c(m)
Jim g(SR) = Y q

wePas(m)

if m is even and this limit equals 0 if m is odd.
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