
2nd Reading

May 21, 2014 16:8 WSPC/S0219-0257 102-IDAQPRT 1450014

Infinite Dimensional Analysis, Quantum Probability
and Related Topics
Vol. 17, No. 2 (2014) 1450014 (32 pages)
c© World Scientific Publishing Company

DOI: 10.1142/S0219025714500143

Probability distributions with binomial moments

Wojciech M�lotkowski

Instytut Matematyczny, Uniwersytet Wroc�lawski,
Plac Grunwaldzki 2/4, 50-384 Wroc�law, Poland

mlotkow@math.uni.wroc.pl

Karol A. Penson

Sorbonne Universités, UPMC Univ. Paris 06, UMR 7600,
Laboratoire de Physique de la Matière Condensée (LPTMC),

F-75005 Paris, France
and

CNRS, UMR 7600,
Laboratoire de Physique de la Matière Condensée (LPTMC),

F-75005 Paris, France
penson@lptl.jussieu.fr

Received 3 September 2013
Accepted 14 January 2014

Published 23 May 2014
Communicated by M. Bożejko

We prove that the binomial sequence
`np+r

n

´
is positive definite if and only if either p ≥ 1,

−1 ≤ r ≤ p − 1 or p ≤ 0, p − 1 ≤ r ≤ 0 and that the Raney sequence
`np+r

n

´
r

np+r
is

positive definite if and only if either p ≥ 1, 0 ≤ r ≤ p or p ≤ 0, p−1 ≤ r ≤ 0 or else r = 0.
The corresponding probability measures are denoted by ν(p, r) and µ(p, r) respectively.
We prove that if p > 1 is rational and −1 < r ≤ p − 1 then the measure ν(p, r) is
absolutely continuous and its density Vp,r(x) can be represented as Meijer G-function.
In some cases Vp,r is an elementary function. We show that for p > 1 the measures
ν(p,−1) and ν(p, 0) are certain free convolution powers of the Bernoulli distribution.

Keywords: Mellin convolution; Meijer G-function; free probability.

AMS Subject Classification: 44A60, 33C20, 46L54

1. Introduction

This paper is devoted to binomial sequences, i.e. sequences of the form{(
np+ r

n

)}∞

n=0

, (1.1)
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where p, r are real parameters. Here the generalized binomial symbol is defined by:(
a
n

)
:= a(a − 1) · · · (a − n+ 1)/n! . For example, the numbers

(
2n
n

)
are moments of

the arcsine law
1

π
√
x(4 − x)

χ(0,4)(x)dx

(see Ref. 2). We are going to prove that if p ≥ 1, −1 ≤ r ≤ p−1, then the sequence
(1.1) is positive definite and the support of the corresponding probability measure
ν(p, r) is contained in the interval [0, c(p)], where

c(p) :=
pp

(p− 1)p−1
. (1.2)

For r = −1, this measure has an atom at x = 0. If in addition p > 1 is a rational
number, −1 < r ≤ p − 1, then ν(p, r) is absolutely continuous and the density
function Vp,r can be expressed in terms of the Meijer G- (and consequently of the
generalized hypergeometric) functions. In particular cases Vp,r is an elementary
function.

Similar problems were studied in Refs. 6 and 7 for Raney sequences{(
np+ r

n

)
r

np+ r

}∞

n=0

(1.3)

(called Fuss sequences if r = 1). It was shown that if p ≥ 1 and 0 ≤ r ≤ p then
the Raney sequence (1.3) is positive definite and the corresponding probability
measure µ(p, r) has compact support contained in [0, c(p)]. In particular µ(2, 1) is
the Marchenko–Pastur distribution, which plays an important role in the theory of
random matrices.9,11,17,18 Moreover, for p > 0 we have µ(p, 1) = µ(2, 1)�p−1, where
“�” denotes the multiplicative free convolution.

The paper is organized as follows. First we study the generating function Dp,r

of the sequence (1.1). For particular cases, namely for p = 2, 3, 3/2, we express Dp,r

as an elementary function. In the next section we prove that if p ≥ 1 and −1 ≤ r ≤
p − 1 then the sequence is positive definite and the support of the corresponding
probability measure ν(p, r) is contained in [0, c(p)]. If p > 1 is rational and −1 <
r ≤ p − 1 then ν(p, r) can be expressed as the Mellin convolution of modified
beta measures, in particular ν(p, r) is absolutely continuous, while ν(p,−1) has
an atomic part at 0. Recall that the positive definiteness of the binomial sequence
(1.1) was already proved in Ref. 6 under more restrictive assumptions (namely, that
0 ≤ r ≤ p− 1), and the proof involved the multiplicative free, the boolean and the
monotonic convolution.

In the next section we study the density function Vp,r of the absolutely con-
tinuous measures ν(p, r), where p > 1 is rational, −1 < r ≤ p − 1. We show that
Vp,r can be expressed as the Meijer G-function, and therefore as linear combination
of the generalized hypergeometric functions. In particular we derive an elementary
formula for p = 2. Then we concentrate on the cases p = 3 and p = 3/2. For par-
ticular choices of r (namely, r = 0, 1, 2 for p = 3 and r = −1/2, 0, 1/2 for p = 3/2)
we express Vp,r as an elementary function (Theorems 5.1 and 5.2).
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Some of the sequences (1.1) have combinatorial applications and appear in
the Online Encyclopedia of Integer Sequences14 (OEIS). Perhaps the most impor-
tant is

(
2n
n

)
(A000984 in OEIS), the moment sequence of the arcsine distribu-

tion. The sequences
(
3n−1

n

)
,
(
3n
n

)
,
(
3n+1

n

)
and

(
3n+2

n

)
can be found in OEIS as

A165817, A005809, A045721 and A025174 respectively. We also shed some light
on sequence A091527:

(
3n/2−1/2

n

)
4n, as well as on A061162, the even numbered

terms of the former (see remarks following Theorem 5.2).
In Sec. 6 we study various convolution relations involving the measures ν(p, r)

and µ(p, r). For example we show in Proposition 6.2 that the measures ν(p,−1)
and ν(p, 0) are certain free convolution powers of the Bernoulli distribution.

In Sec. 7 we prove that the binomial sequence (1.1) is positive definite if and
only if either p ≥ 1, −1 ≤ r ≤ p − 1 or p ≤ 0, p − 1 ≤ r ≤ 0. The measures
corresponding to the latter case are reflections of those corresponding to the former
one. Similarly, the Raney sequence (1.3) is positive definite if and only if either
p ≥ 1, 0 ≤ r ≤ p or p ≤ 0, p− 1 ≤ r ≤ 0 or else r = 0. Quite surprisingly, the proof
involves the monotonic convolution due to Muraki.8 For the Raney sequences a
different proof is contained in the recent work of Liu and Pego.4 Finally, we provide
graphical representation for selected functions Vp,r .

Let us mention that Simon15 observed that the measure ν(p, 0) is the distribu-
tion of fp(U), where U is the uniform random variable on [0, 1] and

fp(u) =
sinp(πu)

sin(πu/p) sinp−1((1 − 1/p)πu)
. (1.4)

2. Generating Functions

In this section we are going to study the generating function

Dp,r(z) :=
∞∑

n=0

(
np+ r

n

)
zn (2.1)

(convergent in some neighborhood of 0) of the binomial sequence (1.1). First we
observe relations between the functions Dp,−1, Dp,0 and Dp,p−1.

Proposition 2.1. For every p ∈ R\{0} we have

Dp,−1(z) =
1
p

+
p− 1
p

Dp,0(z) (2.2)

and

Dp,p−1(z) =
Dp,0(z) − 1

pz
. (2.3)

Proof. These formulas are consequences of the following elementary identities:

1
p− 1

(
(n+ 1)p− 1

n+ 1

)
=

1
p

(
(n+ 1)p
n+ 1

)
=
(
np+ p− 1

n

)
, (2.4)

valid for p ∈ R, n = 0, 1, 2, . . . .
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It turns out that Dp,r is related to the generating function

Bp(z) :=
∞∑

n=0

(
np+ 1
n

)
zn

np+ 1
(2.5)

of the Fuss numbers. This function satisfies equation

Bp(z) = 1 + z · Bp(z)p, (2.6)

with the initial value Bp(0) = 1 (5.59 in Ref. 3), and Lambert’s formula:

Bp(z)r =
∞∑

n=0

(
np+ r

n

)
r · zn

np+ r
. (2.7)

Since

Dp,r(z) =
Bp(z)1+r

p− (p− 1)Bp(z)
(2.8)

(5.61 in Ref. 3), it is sufficient to study the functions Bp.
The simplest cases for Bp are:

B0(z) = 1 + z,

B1(z) =
1

1 − z
,

B−1(z) =
1 +

√
1 + 4z
2

,

B2(z) =
2

1 +
√

1 − 4z
,

B1/2(z) =
2 + z2 + z

√
4 + z2

2
,

which lead to

D0,r(z) = (1 + z)r,

D1,r(z) = (1 − z)−1−r,

D−1,r(z) =
(1+

√
1+4z
2 )1+r

√
1 + 4z

,

D2,r(z) =
( 2
1+

√
1−4z

)r

√
1 − 4z

,

D1/2,r(z) =
4(2+z2+z

√
4+z2

2 )1+r

4 + z2 + z
√

4 + z2
.

These examples illustrate the following general rules:

Bp(z) = B1−p(−z)−1, (2.9)

Dp,r(z) = D1−p,−1−r(−z). (2.10)

The rest of this section is devoted to the cases p = 3 and p = 3/2.
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2.1. The case p = 3

First we find B3.

Proposition 2.2. For |z| < 4/27, we have

B3(z) =
3

3 cos2 α− sin2 α
, (2.11)

where α = 1
3 arcsin(

√
27z/4).

Note that both the maps u �→ cos2(1
3 arcsin(u)) and u �→ sin2(1

3 arcsin(u)) are
even, hence involve only even powers of u in their Taylor expansion. Therefore the
functions u �→ cos2(1

3 arcsin(
√
u)) and u �→ sin2(1

3 arcsin(
√
u)) are well defined and

analytic on the disc |u| < 1.

Proof. First we note that(
3n+ 1
n

)
1

3n+ 1
=

(3n)!
(2n+ 1)!n!

=
(1
3 )n(2

3 )n(3
3 )n33n

(2
2 )n(3

2 )n22n · n!
,

where (a)n := a(a+ 1) · · · (a+ n− 1) is the Pochhammer symbol. This implies that

B3(z) = 2F1

(
1
3
,
2
3
;
3
2

∣∣∣∣27z
4

)
.

Now, applying the identity

2F1(a, 1 − a; 3/2 | sin2t) =
sin((2a− 1)t)
(2a− 1) sin t

,

(see 15.4.16 in Ref. 10 or p. 1029 in Ref. 12) with t = 3α and a = 2/3, we get

B3(z) =
3 sinα
sin 3α

=
3

3 cos2 α− sin2 α
.

Now we can give formula for D3,r.

Corollary 2.1. For all r ∈ R we have

D3,r(z) =
(

3
3 cos2 α− sin2 α

)r 1
cos2 α− 3 sin2 α

, (2.12)

where α = 1
3 arcsin(

√
27z/4), |z| < 27/4.

Now we observe that D3,r(z) and B3(z)r can also be expressed as hypergeometric
functions.

Proposition 2.3. For all r ∈ R and |z| < 4/27 we have

D3,r(z) = 3F2

(
1 + r

3
,
2 + r

3
,
3 + r

3
;

1 + r

2
,
2 + r

2

∣∣∣∣27z
4

)
, (2.13)

B3(z)r = 3F2

(
r

3
,
1 + r

3
,
2 + r

3
;

1 + r

2
,
2 + r

2

∣∣∣∣27z
4

)
. (2.14)
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Proof. It is easy to check that(
3n+ r

n

)
=

(1+r
3 )n(2+r

3 )n(3+r
3 )n33n

(1+r
2 )n(2+r

2 )n22n · n!

and (
3n+ r

n

)
r

3n+ r
=

( r
3 )n(1+r

3 )n(2+r
3 )n33n

(1+r
2 )n(2+r

2 )n22n · n!
,

which leads to the statement.

As a by-product we obtain two hypergeometric identities:

Corollary 2.2. For a ∈ R, |u| < 1 we have

3F2

(
a, a+

1
3
, a+

2
3
;

3a
2
,
3a+ 1

2

∣∣∣∣u) =
( 3
3 cos2 α−sin2 α

)3a−1

cos2 α− 3 sin2 α
, (2.15)

3F2

(
a, a+

1
3
, a+

2
3
;

3a+ 1
2

,
3a+ 2

2

∣∣∣∣u) =
(

3
3 cos2 α− sin2 α

)3a

, (2.16)

where α = 1
3 arcsin

√
u.

Remark . One can check that (2.15) and (2.16) are alternative versions of the
following known formulas:

3F2

(
a, a+

1
3
, a+

2
3
;

3a
2
,
3a+ 1

2

∣∣∣∣ −27z
4(1 − z)3

)
=

(1 − z)3a

2z + 1
, (2.17)

3F2

(
a, a+

1
3
, a+

2
3
;

3a+ 1
2

,
3a+ 2

2

∣∣∣∣ −27z
4(1 − z)3

)
= (1 − z)3a (2.18)

(7.4.1.28 and 7.4.1.29 in Ref. 13). Indeed, putting

z =
−4 sin2 α

3 cos2 α− sin2 α

we have

1 − z =
3

3 cos2 α− sin2 α
,

−27z
4(1 − z)3

= sin2 α(3 cos2 α− sin2 α)2 = sin2 3α

and

2z + 1 =
3(cos2 α− 3 sin2 α)
3 cos2 α− sin2 α

.

Let us mention here that the sequences
(
3n−1

n

)
,
(
3n
n

)
,
(
3n+1

n

)
and

(
3n+2

n

)
appear

in OEIS as A165817, A005809, A045721 and A025174 respectively.
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2.2. The case p = 3/2

First we compute B3/2 in terms of hypergeometric functions.

Lemma 2.1.

B3/2(z) =
1 − 2F1(−2

3 ,
−1
3 ; −1

2 |27z2

4 )
3z2

+ z · 2F1

(
5
6
,
7
6
;

5
2

∣∣∣∣27z2

4

)
.

Proof. If n = 2k then the coefficient at zn on the right-hand side is

− (−2
3 )k+1(−1

3 )k+133k+3

3(−1
2 )k+1(k + 1)!22k+2

=
−(−2) · 1 · 4 · . . . · (3k − 2) · (−1) · 2 · 5 · . . . (3k − 1)3k+1

3(−1) · 1 · 3 · . . . · (2k − 1)(k + 1)!2k+1

=
1 · 4 · . . . · (3k − 2) · 2 · 5 · . . . (3k − 1)3k

1 · 3 · . . . · (2k − 1)(k + 1)!2k

=
(3k)!

(2k)!(k + 1)!
=
(

3k + 1
2k

)
1

3k + 1
=
(

3n/2 + 1
n

)
1

3n/2 + 1
.

Now assume that n = 2k + 1. Then(
3n/2 + 1

n

)
1

3n/2 + 1
=

(6k + 3)(6k + 1)(6k − 1) · · · (2k + 5)
22k(2k + 1)!

=
(6k + 3)!!

22k(2k + 3)!!(2k + 1)!
.

On the other hand

(5
6 )k(7

6 )k33k

(5
2 )k22kk!

=
5 · 11 · . . . · (6k − 1) · 7 · 13 · . . . · (6k + 1) · 3k

5 · 7 · . . . (2k + 3)22kk!2k

=
(6k + 3)!!

22k(2k + 3)!!(2k + 1)!!2kk!
.

Since (2k + 1)!!2kk! = (2k + 1)! , the proof is complete.

Now we find formulas for these two hypergeometric functions.

Lemma 2.2.

2F1

( −2
3
,
−1
3

;
−1
2

∣∣∣∣u) =
2
3

cos 2β +
1
3

cos 4β, (2.19)

2F1

(
5
6
,
7
6
;

5
2

∣∣∣∣u) =
27 cosβ sin3 β

sin3 3β
, (2.20)

where β = 1
3 arcsin(

√
u).

1450014-7
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Proof. We know1 that 2F1(a, b; c | z) is the unique function f which is analytic at
z = 0, with f(0) = 1, and satisfies the hypergeometric equation:

z(1 − z)f ′′(z) + [c− (a+ b + 1)z]f ′(z) − abf(z) = 0.

Now one can check that this equation is satisfied by the right-hand sides of (2.19)
and (2.20) for given parameters a, b, c.

Now we are ready to express B3/2 as an elementary function.

Proposition 2.4. For 3|z|√3 < 2 we have

B3/2(z) =
3

(
√

3 cosβ − sinβ)2
,

where β = 1
3 arcsin(3z

√
3/2).

Proof. In view of the previous lemmas we have

B3/2(z) =
1 − 2

3 cos 2β − 1
3 cos 4β

4
9 sin2 3β

+
2 sin 3β
3
√

3
27 cosβ sin3 β

sin3 3β

=
3(1 − cos 2β)(2 + cos 2β)

2 sin2 3β
+

6
√

3 cosβ sin3 β

sin2 3β

=
3 sin2 β(3 cos2 β + sin2 β + 2

√
3 cosβ sinβ)

sin2 3β

=
3(
√

3 cosβ + sinβ)2

(3 cos2 β − sin2 β)2

=
3

(
√

3 cosβ − sinβ)2
.

Now we provide formula for D3/2,r.

Corollary 2.3. For all r ∈ R and 3|z|√3 < 2 we have

D3/2,r(z) =
(

3
(
√

3 cosβ − sinβ)2

)r 1
cosβ(cos β −√

3 sinβ)
,

where β = 1
3 arcsin(3z

√
3/2).

Note also a hypergeometric expression for D3/2,r:

Proposition 2.5. For all r ∈ R and 3|z|√3 < 2 we have

D3/2,r(z) = 3F2

(
1 + r

3
,
2 + r

3
,
3 + r

3
;

1
2
, 1 + r

∣∣∣∣ 27z2

4

)
+
z(2r + 3)

2 3F2

(
5 + 2r

6
,
7 + 2r

6
,
9 + 2r

6
;

3
2
,
3 + 2r

2

∣∣∣∣ 27z2

4

)
.
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Proof. If n = 2k then the coefficient at zn on the right-hand side is

(1+r
3 )k(2+r

3 )k(3+r
3 )k33k

(1
2 )k(1 + r)k22kk!

=
(1 + r)(2 + r)(3 + r) · · · (3k + r)
(2k − 1)!!(1 + r) · · · (k + r)2kk!

=
(k + 1 + r)(k + 2 + r) · · · (3k + r)

(2k)!
=
(

3k + r

2k

)
.

If, in turn, n = 2k + 1 then the coefficient at zn is

(3 + 2r)
2

(5+2r
6 )k(7+2r

6 )k(9+2r
6 )k33k

(3
2 )k(3+2r

2 )k22kk!

=
(3 + 2r)

2
(5 + 2r)(7 + 2r)(9 + 2r)(11 + 2r) · · · (6k + 3 + 2r)
(2k + 1)!!(3 + 2r)(5 + 2r) · · · (2k + 1 + 2r)23kk!

=
(2k + 3 + 2r)(2k + 5 + 2r) · · · (6k + 3 + 2r)

(2k + 1)!22k+1

=
(3(2k+1)

2 + r)(3(2k+1)
2 − 1 + r)(3(2k+1)

2 − 2 + r) · · · (3(2k+1)
2 − 2k + r)

(2k + 1)!

=
(

3(2k + 1)/2 + r

2k + 1

)
,

which proves the odd case and completes the proof.

3. Mellin Convolution

In this section we are going to prove that if p ≥ 1 and −1 ≤ r ≤ p − 1 then the
sequence (1.1) is positive definite. Moreover, if p > 1 is rational and −1 < r ≤ p−1
then the corresponding probability measure ν(p, r) is absolutely continuous and is
the Mellin convolution product of modified beta distributions.2

Lemma 3.1. If p = k/l, where k, l are integers such that 1 ≤ l < k and if r > −1,
mp+ r + 1 �= 0,−1,−2, . . . , then(

mp+ r

m

)
=

1√
2πl

(
p

p− 1

)r+1/2
∏k

j=1 Γ(βj +m/l)∏k
j=1 Γ(αj +m/l)

c(p)m, (3.1)

m = 0, 1, 2, . . . , where c(p) = pp(p− 1)1−p,

αj =


j

l
if 1 ≤ j ≤ l,

r + j − l

k − l
if l + 1 ≤ j ≤ k,

(3.2)

βj =
r + j

k
, 1 ≤ j ≤ k. (3.3)

Writing p = k/l we will tacitly assume that k, l are relatively prime, although
this assumption is not necessary in the sequel.

1450014-9
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Proof. Assuming that mp+ r + 1 �= 0,−1,−2, . . ., we have(
mp+ r

m

)
=

Γ(mp+ r + 1)
Γ(m+ 1)Γ(mp−m+ r + 1)

. (3.4)

Now we apply Gauss’s multiplication formula:

Γ(nz) = (2π)(1−n)/2nnz−1/2
n−1∏
i=0

Γ
(
z +

i

n

)
(3.5)

which gives us:

Γ(mp+ r + 1) = Γ
(
k

(
m

l
+
r + 1
k

))

= (2π)(1−k)/2kmk/l+r+1/2
k∏

j=1

Γ
(
m

l
+
r + j

k

)
,

Γ(m+ 1) = Γ
(
l
m+ 1
l

)
= (2π)(1−l)/2lm+1/2

l∏
j=1

Γ
(
m

l
+
j

l

)
,

Γ(mp−m+ r + 1) = Γ
(

(k − l)
(
m

l
+
r + 1
k − l

))

= (2π)(1−k+l)/2(k − l)m(k−l)/l+r+1/2
k∏

j=l+1

Γ
(
m

l
+
r + j − l

k − l

)
.

Applying to (3.4) we get (3.1).

Similarly as in Ref. 7 we need to change the enumeration of α’s. Note that here
this modification depends not only on k, l but also on r.

Lemma 3.2. Suppose that k, l are integers such that 1 ≤ l < k and that −1 < r ≤
p− 1 = (k − l)/l. For 1 ≤ i ≤ l define

j′i :=
⌊
ik

l
− r

⌋
,

where �·	 denotes the floor function. In addition we put j′0 := 0 and j′l+1 := k + 1,
so that

0 = j′0 < j′1 < j′2 < · · · < j′l ≤ k < k + 1 = j′l+1.

For 1 ≤ j ≤ k define

α̃j =


i

l
if j = j′i, 1 ≤ i ≤ l,

r + j − i

k − l
if j′i < j < j′i+1.

(3.6)

Then {α̃j}k
j=1 is a permutation of {αj}k

j=1 and we have βj ≤ α̃j for all j ≤ k.
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Proof. If j = j′i, 1 ≤ i ≤ l, then we have to prove that

r + j′i
k

≤ i

l
,

which is equivalent to

j′i ≤
ik

l
− r,

but this is a consequence of the definition of j′i and the inequality �x	 ≤ x.
Now assume that j′i < j < j′i+1, 0 ≤ i ≤ k. Then we should prove that

r + j

k
≤ r + j − i

k − l
,

which is equivalent to

lr + lj − ik ≥ 0.

Since �x	 + 1 > x, we have

lr + lj − ik ≥ lr + l(j′i + 1) − ik > lr + l

(
ik

l
− r

)
− ik = 0,

which concludes the proof.

Recall that for probability measures µ1, µ2 on the positive half-line [0,∞) the
Mellin convolution (or the Mellin product) is defined by

(µ1 ◦ µ2)(A) :=
∫ ∞

0

∫ ∞

0

1A(xy)dµ1(x)dµ2(y) (3.7)

for every Borel set A ⊆ [0,∞). This is the distribution of the product X1 · X2 of
two independent nonnegative random variables with Xi ∼ µi. In particular, µ ◦ δc
is the dilation of µ:

(µ ◦ δc)(A) = Dcµ(A) := µ

(
1
c
A

)
(c > 0). If µ has density f(x) then Dc(µ) has density f(x/c)/c.

If both the measures µ1, µ2 have all moments

sm(µi) :=
∫ ∞

0

xmdµi(x)

finite then so has µ1 ◦ µ2 and

sm(µ1 ◦ µ2) = sm(µ1) · sm(µ2)

for all m.
If µ1, µ2 are absolutely continuous, with densities f1, f2 respectively, then so is

µ1 ◦ µ2 and its density is given by the Mellin convolution:

(f1 ◦ f2)(x) :=
∫ ∞

0

f1(x/y)f2(y)
dy

y
.
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We will apply the modified beta distributions:2,7

b(u+ v, u, l) :=
l

B(u, v)
xlu−1(1 − xl)v−1dx, x ∈ [0, 1], (3.8)

where u, v, l > 0 and B is the Euler beta function. The nth moment of b(u+ v, u, l) is∫
xndb(u + v, u, l)(x) =

Γ(u+ n/l)Γ(u+ v)
Γ(u+ v + n/l)Γ(u)

.

We also put b(u, u, l) := δ1 for u, l > 0.
Now we are ready to prove.

Theorem 3.1. Suppose that p = k/l, where k, l are integers such that 1 ≤ l < k,

and that r is a real number, −1 < r ≤ p− 1. Then there exists a unique probability
measure ν(p, r) such that

(
mp+r

m

)
is its moment sequence. Moreover, ν(p, r) can be

represented as the following Mellin convolution:

ν(p, r) = b(α̃1, β1, l) ◦ · · · ◦ b(α̃k, βk, l) ◦ δc(p),

where c(p) := pp(p − 1)1−p. In particular, ν(p, r) is absolutely continuous and its
support is [0, c(p)].

The density function of ν(p, r) will be denoted by Vp,r(x).

Proof. In view of Lemmas 3.1 and 3.2 we can write(
mp+ r

m

)
= D

k∏
j=1

Γ(βj +m/l)Γ(α̃j)
Γ(α̃j +m/l)Γ(βj)

· c(p)m

for some constant D. Taking m = 0 we see that D = 1.

Example. Assume that p = 2. If −1 < r ≤ 0 then

ν(2, r) = b
(
r + 1,

r + 1
2

, 1
)
◦ b
(

1,
r + 2

2
, 1
)
◦ δ4, (3.9)

and if 0 ≤ r ≤ 1 then

ν(2, r) = b
(

1,
r + 1

2
, 1
)
◦ b
(
r + 1,

r + 2
2

, 1
)
◦ δ4. (3.10)

Theorem 3.2. Suppose that p, r are real numbers, p ≥ 1 and −1 ≤ r ≤ p−1. Then
there exists a unique probability measure ν(p, r), with support contained in [0, c(p)],
such that {(mp+r

m

)}∞m=0 is its moment sequence.

Proof. This follows from the fact that the class of positive definite sequences is
closed under pointwise limits.
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Recall that if {sn}∞n=0 is positive definite, i.e. is the moment sequence of a
probability measure µ on R, then {(−1)nsn}∞n=0 is the moment sequence of the
reflection µ̂ of µ: µ̂(X) := µ(−X). For the binomial sequence we have:(

np+ r

n

)
(−1)n =

(
n(1 − p) − 1 − r

n

)
(3.11)

(which in particular implies (2.10)), hence if the binomial sequence (1.1), with
parameters (p, r), is positive definite then it is also positive definite for parameters
(1 − p,−1 − r) and we have

ν(1 − p,−1 − r) = ν̂(p, r). (3.12)

Therefore, if either p ≥ 1, −1 ≤ r ≤ p − 1 or p ≤ 0, p − 1 ≤ r ≤ 0 then the
binomial sequence (1.1) is positive definite (for illustration see Fig. 1). We will see
in Theorem 7.1 that the opposite implication is also true.

Let us also note relations between the measures ν(p,−1), ν(p, 0), ν(p, p−1) and
observe that ν(p,−1) has an atomic part.

Proposition 3.1. For p ≥ 1 we have

ν(p,−1) =
1
p
δ0 +

p− 1
p

ν(p, 0), (3.13)

dν(p, p− 1)(x) =
x

p
dν(p, 0)(x). (3.14)

Fig. 1. The set of pairs (p, r) for which the binomial sequence
`np+r

n

´
is positive definite, see

Theorems 3.2 and 7.1. The vertical line at p = 2 and the dots indicate those parameters (p, r) for
which the density Vp,r is an elementary function, see Corollary 4.2, Theorems 5.1 and 5.2.
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Proof. Both formulas follow directly from (2.4): for n ≥ 1 we have(
np− 1
n

)
=
p− 1
p

(
np

n

)
=
p− 1
p

∫ c(p)

0

xn dµ(p, 0)(x)

and for n ≥ 0(
np+ p− 1

n

)
=

1
p

(
(n+ 1)p
n+ 1

)
=

1
p

∫ c(p)

0

xnxdµ(p, 0)(x).

4. Applying Meijer G-Function

We know already that if p > 1 is a rational number and −1 < r ≤ p − 1 then
ν(p, r) is absolutely continuous. The aim of this section is to describe the density
function Vp,r of ν(p, r) in terms of the Meijer G-function10 and consequently, as
a linear combination of generalized hypergeometric functions. We will see that in
some particular cases Vp,r can be represented as an elementary function.

Lemma 4.1. For p > 1 and r ∈ R define complex function

ψp,r(σ) =
Γ((σ − 1)p+ r + 1)

Γ(σ)Γ((σ − 1)(p− 1) + r + 1)
, (4.1)

where for critical σ the right-hand side is understood as the limit if it exists. Then,
putting −N0 := {0,−1,−2, . . .}, we have

ψp,r(n+ 1) =


(
np+ r

n

)
if np+ r + 1 /∈ −N0,

p− 1
p

(
np+ r

n

)
if np+ r + 1 ∈ −N0.

(4.2)

Proof. If np + r + 1 /∈ −N0, then the statement is a consequence of the equality
Γ(z + 1) = zΓ(z). Now recall that for the reciprocal gamma function we have

d

dx

1
Γ(x)

∣∣∣∣
x=−m

= (−1)mm!, (4.3)

for m ∈ N0 (see formula (3.30) in Ref. 5). Therefore, if np + r + 1 = −N , with
N ∈ N0, then

lim
σ→n+1

ψp,r(σ) =
(p− 1)(N + n)!(−1)N+n

pn!N !(−1)N
=
p− 1
p

(
N + n

n

)
(−1)n

=
p− 1
p

(−N − 1
n

)
=
p− 1
p

(
np+ r

n

)
,

where we used the identity
(

a
n

)
=
(
n−a−1

n

)
(−1)n.
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Note two identities which the functions ψp,r satisfy:

ψp,−1(σ) =
p− 1
p

ψp,0(σ), (4.4)

ψp,p−1(σ) =
1
p
ψp,0(σ + 1). (4.5)

For p > 1 and r ∈ R we define function Vp,r(x) as the inverse Mellin transform16

of ψp,r(σ):

Vp,r(x) =
1

2πi

∫ d+i∞

d−i∞
x−σψp,r(σ) dσ (4.6)

whenever exists. Then (4.4) and (4.5) imply

Vp,−1(x) =
p− 1
p

Vp,0(x), (4.7)

Vp,p−1(x) =
x

p
Vp,0(x). (4.8)

It turns out that if p > 1 is rational, r ∈ R, then Vp,r exists and can be expressed
as Meijer function.

Theorem 4.1. Let p = k/l > 1, where k, l are integers such that 1 ≤ l < k, and
let r ∈ R. Then Vp,r exists and can be expressed as

Vp,r(x) =
pr+1/2

√
l

x(p− 1)r+1/2
√

2π
Gk,0

k,k

(
xl

c(p)l

∣∣∣∣∣α1, . . . , αk

β1, . . . , βk

)
, (4.9)

x ∈ (0, c(p)), where c(p) = pp(p−1)1−p and the parameters αj , βj are given by (3.2)
and (3.3). Moreover, ψp,r is the Mellin transform of Vp,r , i.e. we have

ψp,r(σ) =
∫ c(p)

0

xσ−1Vp,r(x)dx, (4.10)

for �σ > 1 − 1+r
p .

Proof. Putting m = σ − 1 in (3.1) we get

ψp,r(σ) =
(p− 1)p−r−3/2

pp−r−1/2
√

2πl

∏k
j=1 Γ(βj + σ/l − 1/l)∏k
j=1 Γ(αj + σ/l − 1/l)

c(p)σ. (4.11)

Writing the right-hand side as Ψ(σ/l− 1/l)c(p)σ, using the substitution σ = lu+ 1
and the definition of the Meijer G-function10 we obtain

Vp,r(x) =
1

2πi

∫ d+i∞

d−i∞
Ψ(σ/l − 1/l)c(p)σx−σdσ

=
lc(p)
2πxi

∫ d+i∞

d−i∞
Ψ(u)(xl/c(p)l)−udu

=
(p− 1)p−r−3/2

√
l

z1/lpp−r−1/2
√

2π
Gk,0

k,k

(
z

∣∣∣∣∣α1, . . . , αk

β1, . . . , βk

)
:= Ṽp,r(z), (4.12)
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z = xl/c(p)l, which leads to (4.9). Recall that for the existence of the Meijer function
of type Gk,0

k,k there is no restriction on the parameters αj , βj .

On the other hand, since
∑k

j=1(βj − αj) = −1/2 < 0, we can apply formula
2.24.2.1 from Ref. 13. Substituting x := c(p)z1/l we have∫ c(p)

0

xσ−1Vp,r(x)dx =
c(p)σ

l

∫ 1

0

zσ/l−1Ṽp,r(z)dz

=
(p− 1)p−r−3/2

pp−r−1/2
√

2πl
c(p)σ

∫ 1

0

zσ/l−1/l−1Gk,0
k,k

(
z

∣∣∣∣∣α1, . . . , αk

β1, . . . , βk

)
dz

= ψp,r(σ).

In view of the assumptions for the formula 2.24.2.1 in Ref. 13, the last equality
holds provided �(σ/l − 1/l) > −minjβj = −(1 + r)/k.

Now we are able to describe the measures ν(p, r) for rational p.

Corollary 4.1. Assume that p = k/l, where k, l are integers, and 1 ≤ l < k. If
−1 < r ≤ p − 1 then the probability measure ν(p, r) is absolutely continuous and
Vp,r is the density function, i.e.

ν(p, r) = Vp,r(x)dx, x ∈ (0, c(p)).

For r = −1 we have

ν(p,−1) =
1
p
δ0 + Vp,−1(x)dx, x ∈ (0, c(p)).

Proof. This is a consequence of Theorem 3.1, (4.10), the uniqueness part of the
Riesz representation theorem for linear functionals on C[0, c(p)] and of the Weier-
strass approximation theorem.

Now applying Slater’s theorem5,10 we can represent Vp,r as a linear combination
of generalized hypergeometric functions.

Theorem 4.2. For p = k/l, with 1 ≤ l < k, r ∈ R and x ∈ (0, c(p)) we have

Vp,r(x) = γ(k, l, r)
k∑

h=1

c(h, k, l, r)kFk−1

(
a(h, k, l, r)

b(h, k)

∣∣∣∣∣ z
)
z(r+h)/k−1/l, (4.13)

where z = xl/c(p)l,

γ(k, l, r) =
l(p− 1)p−r−1

pp−r−1/2
√

2π(k − l)
, (4.14)

c(h, k, l, r) =

∏h−1
j=1 Γ( j−h

k )
∏k

j=h+1 Γ( j−h
k )∏l

j=1 Γ( j
l − r+h

k )
∏k

j=l+1 Γ( r+j−l
k−l − r+h

k )
, (4.15)
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and the parameter vectors of the hypergeometric functions are

a(h, k, l, r) =

({
r + h

k
− j − l

l

}l

j=1

,

{
r + h

k
− r + j − k

k − l

}k

j=l+1

)
, (4.16)

b(h, k) =

({
k + h− j

k

}h−1

j=1

,

{
k + h− j

k

}k

j=h+1

)
. (4.17)

Proof. It is easy to check that if i �= j then the difference βi − βj of coefficients
(3.3) is not an integer and the Slater’s formula is applicable.10

Let us note a simpler expression for the coefficient c(h, k, l, r).

Proposition 4.1. We have

c(h, k, l, r) =
√

2(p− 1)(r+h)/p−h+1/2

(−1)h−1p3/2−h
√
lπ

( r+h
p − 1
h− 1

)
sin
(
r + h

p
π

)
. (4.18)

Proof. Using Gauss’s multiplication formula (3.5) we have

k∏
j=1
j �=h

Γ
(
j − h

k

)
= lim

z→h

k∏
j=1
j �=h

Γ
(
j − z

k

)

= lim
z→h

∏k
j=1 Γ( j−z

k )

Γ(h−z
k )

= lim
z→h

∏k−1
i=0 Γ( i+1−z

k )
Γ(h−z

k )

= lim
z→h

(2π)(k−1)/2kz−1/2Γ(1 − z)
Γ(h−z

k )
=

(2π)(k−1)/2kh−1/2(−1)h−1

k · (h− 1)!
.

In the last equality we applied l’Hôpital’s rule together with (4.3).
Now we compute the terms in the denominator:

l∏
j=1

Γ
(
j

l
− r + h

k

)
=

l−1∏
i=0

Γ
(
i+ 1
l

− r + h

k

)

= (2π)(l−1)/2l(r+h)/p−1/2Γ
(

1 − r + h

p

)
and

k∏
j=l+1

Γ
(
r + j − l

k − l
− r + h

k

)
=

k−l−1∏
i=0

Γ
(
r + i+ 1
k − l

− r + h

k

)
= (2π)(k−l−1)/2(k − l)h−(r+h)/p−1/2

·Γ
(
r + h

p
− h+ 1

)
.
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Therefore, from a version of Euler’s reflection formula:

Γ(1 − z)Γ(z − k) =
π

(z − 1)(z − 2) · · · (z − k) sin(πz)

we have

c(h, k, l, r) =
(−1)h−1

√
πkh−3/2( r+h

p − 1) · · · ( r+h
p − h+ 1) sin( r+h

p π)√
2l(r+h)/p−1/2(k − l)h−(r+h)/p−1/2(h− 1)!

which leads to (4.18).

The easiest case is p = 2.

Corollary 4.2. For p = 2, r ∈ R we have

V2,r(x) =
cos(r · arccos

√
x/4)

π
√
x1−r(4 − x)

, (4.19)

x ∈ (0, 4). In particular

V2,0(x) =
1

π
√
x(4 − x)

, (4.20)

V2,−1/2(x) =
1
2π

√ √
x+ 2√

x3(4 − x)
, (4.21)

V2,1/2(x) =
1
2π

√ √
x+ 2√

x(4 − x)
, (4.22)

V2,1(x) =
1
2π

√
x

4 − x
. (4.23)

The density V2,0 gives the arcsine distribution ν(2, 0). Note that if |r| > 1 then
V2,r(x) < 0 for some values of x ∈ (0, 4).

Proof. We take k = 2, l = 1 so that c(2) = 4, z = x/4 and

γ(2, 1, r) =
2r

4
√
π
.

Using the Euler’s reflection formula, and the identity Γ(1+r/2) = Γ(r/2)r/2, we get

c(1, 2, 1, r) =
Γ(1/2)

Γ((1 − r)/2)Γ((1 + r)/2)
=

cos(πr/2)√
π

,

c(2, 2, 1, r) =
Γ(−1/2)

Γ(−r/2)Γ(r/2)
=
r sin(πr/2)√

π
.
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We also need formulas for two hypergeometric functions, namely

2F1

(
1 + r

2
,
1 − r

2
;

1
2

∣∣∣∣ z) =
cos(r arcsin

√
z)√

1 − z
,

2F1

(
2 + r

2
,
2 − r

2
;

3
2

∣∣∣∣ z) =
sin(r arcsin

√
z)

r
√
z(1 − z)

,

see 7.3.1.90 and 7.3.1.94 in Ref. 13. Now we can write

V2,r(x) =
2r cos(rπ/2) cos(r arcsin

√
z)

4π
√

1 − z
z(r−1)/2

+
2r sin(rπ/2) sin(r arcsin

√
z)

4π
√
z(1 − z)

zr/2

=
2rz(r−1)/2

4π
√

1 − z
cos(rπ/2 − r arcsin

√
z)

=
x(r−1)/2 cos(r · arccos

√
x/4)

π
√

4 − x
,

which concludes the proof of the main formula. For the particular cases we use the
identity: cos(1

2 arccos(t)) =
√

(t+ 1)/2.

Remark. Observe that

V2,0(
√
x)

2
√
x

=
1
4
V2,−1/2

(x
4

)
.

It means that ifX,Y are random variables such that X ∼ ν(2, 0) and Y ∼ ν(2,−1/2)
then X2 ∼ 4Y . This can also be derived from the relation

(
2n−1/2

n

)
4n =

(
4n
2n

)
(sequence A001448 in OEIS). Note also, that if Z ∼ µ(2, 1), the Marchenko–Pastur

law 1
2π

√
4−x

x dx, then 4 − Z ∼ ν(2, 1).

From (3.13) we obtain

Corollary 4.3.

ν(2,−1) =
1
2
δ0 +

1
2π
√
x(4 − x)

χ(0,4)(x)dx.

5. Some Special Cases for p = 3 and p = 3/2

From now on we are going to study some special cases for k = 3, i.e. for p = 3 and
p = 3/2. Then in formula (4.13) we have three hypergeometric functions of type
3F2 with lower parameters

b(1, 3) =
(

1
3
,
2
3

)
, b(2, 3) =

(
2
3
,
4
3

)
, b(3, 3) =

(
4
3
,
5
3

)
.

1450014-19



2nd Reading

May 21, 2014 16:8 WSPC/S0219-0257 102-IDAQPRT 1450014

W. M�lotkowski & K. A. Penson

For particular choices of r these hypergeometric functions reduce to the type 2F1,
belonging to the following one-parameter family:

2F1

(
t

2
,
t+ 1

2
; t
∣∣∣∣ z) =

(1 +
√

1 − z)1−t

21−t
√

1 − z
(5.1)

(see formula 15.4.18 in Ref. 10).
Let us start with p = 3.

Theorem 5.1. For p = 3 we have

V3,0(x) =
(1 +

√
1 − z)1/3

9π
√

3(1 − z)
z−2/3 +

(1 +
√

1 − z)−1/3

9π
√

3(1 − z)
z−1/3,

V3,1(x) =
(1 +

√
1 − z)2/3

6π
√

3(1 − z)
z−1/3 +

(1 +
√

1 − z)−2/3

6π
√

3(1 − z)
z1/3,

V3,2(x) =
(1 +

√
1 − z)1/3

4π
√

3(1 − z)
z1/3 +

(1 +
√

1 − z)−1/3

4π
√

3(1 − z)
z2/3,

where z = 4x/27 and x ∈ (0, 27/4).

Proof. We have c(3) = 27/4 and

γ(3, 1, r) =
21−r

35/2−r
√
π
,

c(1, 3, 1, r) =
2(r+1)/3 sin(π(1 + r)/3)√

3π
,

c(2, 3, 1, r) =
2(r−1)/3(1 − r) sin(π(1 − r)/3)√

3π
,

c(3, 3, 1, r) =
2(r−6)/3(3 − r)r sin(πr/3)√

3π
and the upper parameters for the hypergeometric functions are

a(1, 3, 1, r) =
(

1 + r

3
,
5 − r

6
,
2 − r

6

)
,

a(2, 3, 1, r) =
(

2 + r

3
,
7 − r

6
,
4 − r

6

)
,

a(3, 3, 1, r) =
(

3 + r

3
,
9 − r

6
,
6 − r

6

)
.

For r = 0 we have c(3, 3, 1, 0) = 0 and

V3,0(x) =
2

9
√

3π

(
21/3

2
√
π

(1 +
√

1 − z)1/3

21/3
√

1 − z
z−2/3 +

2−1/3

2
√
π

(1 +
√

1 − z)−1/3

2−1/3
√

1 − z
z−1/3

)

=
(1 +

√
1 − z)1/3

9π
√

3(1 − z)
z−2/3 +

(1 +
√

1 − z)−1/3

9π
√

3(1 − z)
z−1/3.
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For r = 1 the second term vanishes and

V3,1(x) =
1

3
√

3π

(
22/3

2
√
π

(1 +
√

1 − z)2/3

22/3
√

1 − z
z−1/3 +

2−5/3

√
π

(1 +
√

1 − z)−2/3

2−2/3
√

1 − z
z1/3

)

=
(1 +

√
1 − z)2/3

6π
√

3(1 − z)
z−1/3 +

(1 +
√

1 − z)−2/3

6π
√

3(1 − z)
z1/3.

Finally, for the third formula we can apply (3.14), which gives us V3,2(x) =
9z
4 V3,0(x).

Similarly we work with p = 3/2.

Theorem 5.2. For p = 3/2 we have

V3/2,−1/2(x) =
(1 +

√
1 − z)2/3

3π
√

3(1 − z)
z−1/3 +

(1 +
√

1 − z)−2/3

3π
√

3(1 − z)
z1/3,

V3/2,0(x) =
(1 +

√
1 − z)1/3

3π
√

1 − z
z−1/6 +

(1 +
√

1 − z)−1/3

3π
√

1 − z
z1/6,

V3/2,1/2(x) =
(1 +

√
1 − z)1/3

π
√

3(1 − z)
z1/3 +

(1 +
√

1 − z)−1/3

π
√

3(1 − z)
z2/3,

where z = 4x2/27, x ∈ (0,
√

27/4).

Proof. We have c(3/2) =
√

27/2,

γ(3, 2, r) =
2 · 3r

3
√
π
,

c(1, 3, 2, r) =
2(1−2r)/3 sin(π(1 − 2r)/3)√

3π
,

c(2, 3, 2, r) =
2(−1−2r)/3(1 + 2r) sin(π(1 + 2r)/3)√

3π
,

c(3, 3, 2, r) =
2(−3−2r)/3(3 + 2r)r sin(2πr/3)√

3π

and

a(1, 3, 2, r) =
(

5 + 2r
6

,
1 + r

3
,
1 − 2r

3

)
,

a(2, 3, 2, r) =
(

7 + 2r
6

,
2 + r

3
,
2 − 2r

3

)
,

a(3, 3, 2, r) =
(

9 + 2r
6

,
3 + r

3
,
3 − 2r

3

)
.
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For r = −1/2 the second term vanishes and we have

V3/2,−1/2(x) =
2

3
√

3π

(
22/3

2
√
π

(1 +
√

1 − z)2/3

22/3
√

1 − z
z−1/3 +

2−2/3

2
√
π

(1 +
√

1 − z)−2/3

2−2/3
√

1 − z
z1/3

)

=
(1 +

√
1 − z)2/3

3π
√

3(1 − z)
z−1/3 +

(1 +
√

1 − z)−2/3

3π
√

3(1 − z)
z1/3.

For r = 0 we note that c(3, 3, 2, 0) = 0 and we get

V3/2,0(x) =
2

3
√
π

(
21/3

2
√
π

(1 +
√

1 − z)1/3

21/3
√

1 − z
z−1/6 +

2−1/3

2
√
π

(1 +
√

1 − z)−1/3

2−1/3
√

1 − z
z1/6

)

=
(1 +

√
1 − z)1/3

3π
√

1 − z
z−1/6 +

(1 +
√

1 − z)−1/3

3π
√

1 − z
z1/6.

Finally, by (3.14) we have V3/2,1/2(x) =
√

3zV3/2,0(x), which leads to the third
formula.

Let us mention that the integer sequence
(
3n/2−1/2

n

)
4n:

1, 4, 30, 256, 2310, 21504, 204204, 1966080, 19122246, . . .

appears in OEIS as A091527. It is the moment sequence of the density function

V (x) := V3/2,−1/2(x/4)/4

=
x4/3 + 9 · 24/3(1 +

√
1 − x2/108)4/3

28/3 · 35/2 · π · x2/3
√

1 − x2/108(1 +
√

1 − x2/108)2/3
(5.2)

on (0, 6
√

3) (see Theorem 5.2) and its generating function is D3/2,−1/2(4z) (see
Corollary 2.3). The even numbered terms constitute sequence A061162, i.e.

A091527(2n) = A061162(n) =
(

3n− 1/2
2n

)
16n =

(6n)!n!
(3n)!(2n)!2

,

so this is the moment sequence for the density function

V (
√
x)

2
√
x

=
x2/3 + 9 · 24/3(1 +

√
1 − x/108)4/3

211/3 · 35/2 · π · x5/6
√

1 − x/108(1 +
√

1 − x/108)2/3
(5.3)

on the interval (0, 108).
From (3.13) we can also write the measures ν(3,−1) and ν(3/2,−1):

ν(3,−1) =
1
3
δ0 +

2
3
V3,0(x)dx, (5.4)

ν(3/2,−1) =
2
3
δ0 +

1
3
V3/2,0(x)dx. (5.5)
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6. Some Convolution Relations

In this section we are going to prove a few formulas involving the measures ν(p, r),
µ(p, r)6,7 and various types of convolutions. First we observe that the families ν(p, r)
and µ(p, r) are related through the Mellin convolution.

Proposition 6.1. For c > 0 define probability measure η(c) by

η(c) := c · xc−1dx, x ∈ [0, 1].

Then for p > 1, 0 < r ≤ p we have

ν(p, r − 1) ◦ η(r/(p− 1)) = µ(p, r).

Proof. Since the moment sequence of η(c) is { c
n+c}∞n=0, it is sufficient to note that(

np+ r − 1
n

)
· r

n(p− 1) + r
=
(
np+ r

n

)
r

np+ r
.

Note that Theorem 5.1 in Ref. 6 is a consequence of Theorem 3.2 and Proposi-
tion 6.1.

For a compactly supported probability measure µ on R define its moment gen-
erating function by

Mµ(z) :=
∫

R

1
1 − xz

dµ(x),

in particular Mµ(p,r)(z) = Bp(z)r and Mν(p,r)(z) = Dp,r(z). For two such measures
µ1, µ2 we define their monotonic convolution8 µ1 � µ2 by

Mµ1�µ2(z) = Mµ1(zMµ2(z)) ·Mµ2(z).

It is an associative, noncommutative operation on probability measures on R.
Let µ be a probability measure with compact support contained in the positive

half-line [0,+∞) and µ �= δ0. Then the S-transform, defined by

Mµ

(
z

1 + z
Sµ(z)

)
= 1 + z

can be used to describe the dilation Dcµ, the multiplicative free power µ�p, the
additive free power µ�t and the Boolean power µ�u by:

SDcµ(z) =
1
c
Sµ(z), (6.1)

Sµ�p(z) = Sµ(z)p, (6.2)

Sµ�t(z) =
1
t
Sµ

(z
t

)
, (6.3)

Sµ�u(z) =
1
u
Sµ

(
z

u+ (u− 1)z

)
. (6.4)
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These measures are well defined9,17 (and have compact support contained in the
positive half-line) for c, u > 0 and at least for p, t ≥ 1. The Boolean power can also
be described through the moment generating function:

Mµ�u(z) =
Mµ(z)

u− (u− 1)Mµ(z)
.

For example, Sµ(p,1)(z) = (1 + z)1−p, which implies that µ(p, 1) = µ(2, 1)�p−1.
Recall6 three formulas, which are consequences of (2.8) and of the identity:

Bp−r(zBp(z)r) = Bp(z).

Proposition 6.2. For p ≥ 1, −1 ≤ r ≤ p− 1 and 0 ≤ a, b, s ≤ p we have

ν(p, 0) = µ(p, 1)�p = (µ(2, 1)�p−1)�p, (6.5)

µ(p, a) � µ(p+ b, b) = µ(p+ b, a+ b), (6.6)

ν(p, r) � µ(p+ s, s) = ν(p+ s, r + s). (6.7)

In particular, if 0 ≤ r ≤ p− 1 then

ν(p, r) = ν(p− r, 0) � µ(p, r) = µ(p− r, 1)�p−r � µ(p, r).

The formulas (6.6) and (6.7) will be applied in the next section.
Finally we observe that ν(p,−1) and ν(p, 0) are free convolution powers of the

Bernoulli distribution.

Proposition 6.3. For p > 1 we have

ν(p,−1) = Dc(p)

(
1
p
δ0 +

p− 1
p

δ1

)�p

, (6.8)

where c(p) = pp(p− 1)1−p, and

ν(p, 0) = Dp

((
1
p
δ0 +

p− 1
p

δ1

)�p/(p−1)
)�p−1

. (6.9)

Proof. First we prove that

Sν(p,−1)(z) =
(p− 1)p−1

pp

(
1 + z

p−1
p + z

)p

, (6.10)

Sν(p,0)(z) =
(p− 1)p−1

pp

(
p

p−1 + z

1 + z

)p−1

. (6.11)

Indeed, putting w = z
(p−1)(1+z) we have 1 +w = pz+p−1

(p−1)(1+z) . Now applying formula
Bp(w(1 +w)−p) = 1 +w (see Proposition 3.3 in Ref. 6), together with (2.8), we get

Dp,−1(w(1 + w)−p) =
1

p− (p− 1)(1 + w)
= 1 + z.
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Similarly, putting v = z
p−z+pz we get 1 + v = p(1+z)

p−z+pz and

Dp,0(v(1 + v)−p) =
1 + v

p− (p− 1)(1 + v)
= 1 + z.

Now it remains to note that the S-transform of αδ0 +(1−α)δa, with 0 < α < 1,
a > 0, is 1+z

a(1−α+z) .

Let us note two particular cases:

ν(2,−1) = D4

(
1
2
δ0 +

1
2
δ1

)�2

and ν(2, 0) = D2

(
1
2
δ0 +

1
2
δ1

)�2

. (6.12)

7. The Necessary Conditions for Positive Definiteness

This section is fully devoted to the necessary conditions for the positive definiteness
of the binomial (1.1) and Raney (1.3) sequences.

For the Raney sequence (1.3) we have(
np+ r

n

)
r(−1)n

np+ r
=
(
n(1 − p) − r

n

) −r
n(1 − p) − r

(7.1)

which yields (2.9) and

µ(1 − p,−r) = µ̂(p, r). (7.2)

Therefore, if either p ≥ 1, 0 ≤ r ≤ p or p ≤ 0, p − 1 ≤ r ≤ 0 then the Raney
sequence (1.3) is positive definite (apart from the proofs from Refs. 6 and 7, now
this is a consequence of Theorem 3.2 and Proposition 6.1). In the latter case the
support of µ(p, r) is contained in the negative half-line (−∞, 0]. In addition, if r = 0
then the sequence is just (1, 0, 0, . . .), the moment sequence of δ0.

We are going to prove that these statements fully characterize positive definite-
ness of these sequences. We will need the following

Lemma 7.1. Let {sn}∞n=0 be a sequence of real numbers and let w : (a, b) → R

be a continuous function, such that w(x0) < 0 for some x0 ∈ (a, b) and there is N
such that sn =

∫ b

a
xnw(x)dx for n ≥ N . Then {sn}∞n=0 is not positive definite.

Proof. Put w0(x) := w(x)x2N and an := s2N+n. Then an :=
∫ b

a
w0(x)xn dx and in

view of the uniqueness part of the Riesz representation theorem for linear function-
als on C[a, b] and of the Weierstrass approximation theorem, the sequence {an}∞n=0

is not positive definite. Since∑
i,j

ai+jαiαj =
∑
i,j

s(N+i)+(N+j)αiαj ,

the sequence {sn}∞n=0 is not positive definite too.
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Now we are ready to prove the main result of this section. Note that formulas
(6.6) and (6.7) play key role in the proof.

Theorem 7.1. (1) The binomial sequence (1.1) is positive definite if and only if
either p ≥ 1, −1 ≤ r ≤ p− 1 or p ≤ 0, p− 1 ≤ r ≤ 0.

(2) The Raney sequence (1.3) is positive definite if and only if either p ≥ 1, 0 ≤
r ≤ p or p ≤ 0, p− 1 ≤ r ≤ 0 or else r = 0.

Proof. We need only to prove that these conditions are necessary.
First we note that the maps (p, r) �→ (1− p,−1− r) and (p, r) �→ (1− p,−r) are

reflections with respect to the points (1/2,−1/2) and (1/2, 0) respectively. Therefore
it is sufficient to confine ourselves to p ≥ 1/2. First we will show that if the binomial
sequence (1.1) (respectively the Raney sequence 1.3) is positive definite and p ≥ 1/2
then p ≥ 1 (or r = 0 in the case or Raney sequence).

We will use the fact that if a sequence {sn}∞n=0 is positive definite then s2n ≥ 0
and det(si+j)n

i,j=0 ≥ 0 for all n ∈ N. Then the necessary condition det(si+j)1i,j=0 ≥ 0
is equivalent to

2p2 − 2p− r − r2 ≥ 0, (7.3)

for the binomial sequence (1.1) and

r(2p− r − 1) ≥ 0 (7.4)

for the Raney sequence (1.3).
Assume that 1/2 ≤ p < 1, r ∈ R and that the binomial sequence (1.1) is positive

definite. Then (7.3) implies that −1 ≤ r ≤ 0 and 1
2 + 1

2

√
1 + r + r2 ≤ p < 1, which,

in turn, implies 1
2 +

√
3

4 ≤ p < 1. Hence 0 < 1 − p < 1/2 and there exists n0 such
that

r + 1 < n0(1 − p) < (n0 + 1)(1 − p) < r + 2.

This implies (
n0p+ r

n0

)
=

1
n0!

n0∏
i=1

(n0(p− 1) + r + i) < 0

and (
(n0 + 1)p+ r

n0 + 1

)
=

1
(n0 + 1)!

n0+1∏
i=1

((n0 + 1)(p− 1) + r + i) < 0

(the first factor is negative, all the others are positive), which contradicts positive
definiteness of the sequence because one of the numbers n0, n0 + 1 is even.

Similarly, if 1/2 ≤ p < 1, r �= 0 and the Raney sequence is positive definite then
(7.4) implies that 1/2 < p < 1 and 0 < r ≤ 2p− 1. Hence we can choose n0 in the
same way as before, so that(

n0p+ r

n0

)
r

n0p+ r
=

r

n0!

n0−1∏
i=1

(n0(p− 1) + r + i) < 0
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and(
(n0 + 1)p+ r

n0 + 1

)
r

(n0 + 1)p+ r
=

r

(n0 + 1)!

n0∏
i=1

((n0 + 1)(p− 1) + r + i) < 0,

which contradicts positive definiteness of the Raney sequence (1.3).
So far we have proved that if p ≥ 1/2 and the binomial sequence (1.1) (respec-

tively the Raney sequence (1.3)) is positive definite (and if r �= 0 for the case of
Raney sequence) then p ≥ 1. For p = 1 the conditions (7.3) and (7.4) imply that
−1 ≤ r ≤ 0 and 0 ≤ r ≤ 1 respectively. From now on we will assume that p > 1.

Now we will work with the Raney sequences. Denote by ΣR the set of all pairs
(p, r) such that p ≥ 1 and (1.3) is positive definite. By (7.4), if (p, r) ∈ ΣR then
r ≥ 0.

Recall that if p = k/l, 1 ≤ l < k and r > 0 then, in view of Theorem 3.2 in
Ref. 7 we have (

np+ r

n

)
r

np+ r
=
∫ c(p)

0

xn ·Wp,r(x)dx,

n = 0, 1, 2, . . . , where for Wp,r we have the following expression:

Wp,r(x) = γ̃(k, l, r)
k∑

h=1

c̃(h, k, l, r)kFk−1

(
ã(h, k, l, r)

b̃(h, k, l, r)

∣∣∣∣∣ z
)
z(r+h−1)/k−1/l, (7.5)

where z = xl/c(p)l,

γ̃(k, l, r) =
r(p− 1)p−r−3/2

pp−r
√

2πk
, (7.6)

c̃(h, k, l, r) =

∏h−1
j=1 Γ( j−h

k )
∏k

j=h+1 Γ( j−h
k )∏l

j=1 Γ( j
l − r+h−1

k )
∏k

j=l+1 Γ( r+j−l
k−l − r+h−1

k )
. (7.7)

Now we are going to prove that if p = k/l > 1 and p < r < 2p then Wp,r(x) < 0
for some x > 0. Indeed we have −1 < 1

l − r
k < 0, j

l − r
k > 0 for j ≥ 2 and

r+j−l
k−l − r+h−1

k > 0 for j > l. Therefore c̃(1, k, l, r) < 0 and then we can express
Wp,r as

Wp,r(x) = xr/p−1

[
k∑

h=1

φh(x)x(h−1)/p

]
,

where φh(x) are continuous functions on [0, c(p)) and φ1(0) < 0. This implies that
Wp,r(x) < 0 if x > 0 is sufficiently small and therefore, by Lemma 7.1, the sequence
is not positive definite in this case.

We note in passing that alternatively one could use formula

c̃(h, k, l, r) =

√
2lph−3/2(p− 1)(r+h−1)/p−h+3/2

(−1)h−1( r+h−1
p − h+ 1)

√
π

( r+h−1
p − 1
h− 1

)
sin
(
r + h− 1

p
π

)
,

(7.8)

whose proof is analogous to that of Proposition 4.1.
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On the other hand, if (p0, r0) ∈ ΣR, t > 0 then by (6.6) we have

µ(p0 + t, r0 + t) = µ(p0, r0) � µ(p0 + t, t),

which implies (p0 + t, r0 + t) ∈ ΣR. Hence, if we had p0 < r0 then we could choose
t > 0 such that p0 + t < r0 + t < 2(p0 + t) and p0 + t is rational, which in turn
implies that (p0 + t, r0 + t) /∈ ΣR. This contradiction concludes the proof that
ΣR = {(p, r) : p ≥ 1 and 0 ≤ r ≤ p}.

Denote by Σb the set of all pairs (p, r) such that p ≥ 1 and the binomial sequence
(1.1) is positive definite.

If p = k/l > 1 and −p− 1 < r < −1 then −1 < (r + 1)/p < 0 and from (4.18)
we see that c(1, k, l, r) < 0. Therefore Vp,r(x) < 0 if x > 0 is sufficiently small and,
consequently, in view of (4.2), (4.10) and Lemma 7.1, (p, r) /∈ Σb.

Now we can prove that if (p0, r0) ∈ Σb then r0 ≥ −1. Indeed, if r0 < −1 then
we can find t ≥ 0 such that −p0 − t − 1 < r0 + t < −1 and p0 + t is rational. By
(6.7) we have (p0 + t, r0 + t) ∈ Σb, because

ν(p0 + t, r0 + t) = ν(p0, r0) � µ(p0 + t, t),

which is in contradiction with the previous paragraph.
Similarly we prove that if (p0, r0) ∈ Σb then r0 ≤ p0 − 1. If p = k/l > 1 and

p − 1 < r < 2p − 1 then 1 < (r + 1)/p < 2. Hence, by (4.18), c(1, k, l, r) < 0.
Therefore Vp,r(x) < 0 if x > 0 is small enough which implies that (p, r) /∈ Σb.

Now, if (p0, r0) ∈ Σb, p0 ≥ 0 and r0 > p0 − 1 then one can find some t > 0 such
that r0 + t < 2p0 + 2t− 1 and p0 + t is a rational number. Then, in view of (6.7),
(p0 + t, r0 + t) ∈ Σb, which is in contradiction with the previous paragraph. This
concludes the whole proof.

Now we are able to characterize those µ(p, r) which are infinitely divisible with
respect to the additive free convolution.

Corollary 7.1. Suppose that either p ≥ 1, 0 ≤ r ≤ p or p ≤ 0, p − 1 ≤ r ≤ 0 or
else r = 0. Then the measure µ(p, r) is �-infinitely divisible if and only if either
0 ≤ 2r ≤ p, r + 1 ≤ p or p ≤ 2r + 1, p ≤ r ≤ 0 or else r = 0.

Proof. In view of Theorem 13.16 in Ref. 9, a compactly supported measure µ on
R, with free cumulant sequence {rn}∞n=1, is �-infinitely divisible if and only if the
sequence {rn+2}∞n=0 is positive definite (i.e. is a moment sequence of a positive
measure on R). Denote An(p, r) :=

(
np+r

n

)
r

np+r . We know from Proposition 4.2
in Ref. 6 that the free cumulants of µ(p, r) are An(p − r, r). Now, the sequence
{An+2(p − r, r)}∞n=0 is positive definite if and only if so is the sequence {An(p −
r, r)}∞n=0 and the corresponding measure is x2 · µ(p − r, r)(x)dx. This leads to the
conclusion.
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8. Graphical Illustrations of Selected Cases

The formulas (4.9) and (4.13) allow us to study the graphical representation of
the function Vp,r(x) for given p = k/l > 1 and r ∈ R. Figure 2 shows Vp,0(x) for
p = i/2, i = 3, 4, 5, 6, 7. Figures 3–5 illustrate V3/2,r, V5/3,r and V7/2,r for various

x
1 2 3 4 5 6 7 8

0

0.1

0.2

0.3

Fig. 2. Density functions Vp,0(x) for some values of p.

x
0 0.5 1 1.5 2 2.5

0

0.5

1

1.5

0.5

Fig. 3. Some examples of Vp,r for p = 3/2. Note that for r = 3/4 and 1 the function V3/2,r(x)
also has negative values.
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x0 1 2 3

0
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1

1.5

0.5

Fig. 4. Some examples of Vp,r(x) for p = 5/3.

x
0 1 2 3 4 5 6 7 8

0

0.2

0.4

0.6

0.8

1.0

1.2

0.2

Fig. 5. Some examples of Vp,r(x) for p = 7/2.

choice of r, including r > p − 1 when Vp,r(x) is negative for some x. Those Vp,r’s
which have negative parts are plotted with dashed lines. Finally, in Fig. 6, we show
graphs of Vp,−3/2(x) for some values of p. Each of these functions is negative for
some values of x.
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x
0.1 0.2 0.3 0.4

0
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0.4

0.6

0.6
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0.2

Fig. 6. Some examples of Vp,r(x) for r = −3/2.
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