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We prove that the binomial sequence (np:"“) is positive definite if and only if either p > 1,
—1<r<p—1lorp<0,p—1<r <0 and that the Raney sequence ("prj'r)ﬁ is
positive definite if and only if either p > 1,0 <r <porp <0,p—1 <r <0orelser =0.
The corresponding probability measures are denoted by v(p,r) and u(p,r) respectively.
We prove that if p > 1 is rational and —1 < r < p — 1 then the measure v(p,r) is
absolutely continuous and its density Vj - (z) can be represented as Meijer G-function.
In some cases Vp » is an elementary function. We show that for p > 1 the measures
v(p, —1) and v(p, 0) are certain free convolution powers of the Bernoulli distribution.
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1. Introduction

This paper is devoted to binomial sequences, i.e. sequences of the form

(") @
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where p, r are real parameters. Here the generalized binomial symbol is defined by:
(“):=a(a—1)---(a —n+1)/n!. For example, the numbers (27?) are moments of

the arcsine law
1

T/ x4 — ) X(4)
(see Ref. 2). We are going to prove that if p > 1, —1 < r < p—1, then the sequence
(1.1) is positive definite and the support of the corresponding probability measure
v(p,r) is contained in the interval [0, ¢(p)], where

pP

c(p) = TESI=E
For r = —1, this measure has an atom at = 0. If in addition p > 1 is a rational
number, —1 < r < p — 1, then v(p,r) is absolutely continuous and the density
function V,, can be expressed in terms of the Meijer G- (and consequently of the
generalized hypergeometric) functions. In particular cases V,, is an elementary
function.

Similar problems were studied in Refs. 6 and 7 for Raney sequences

(") "

(called Fuss sequences if r = 1). It was shown that if p > 1 and 0 < r < p then
the Raney sequence (1.3) is positive definite and the corresponding probability
measure u(p,r) has compact support contained in [0, ¢(p)]. In particular p(2,1) is
the Marchenko-Pastur distribution, which plays an important role in the theory of
random matrices.? 111718 Moreover, for p > 0 we have u(p, 1) = u(2,1)¥P~1, where
“X” denotes the multiplicative free convolution.

(x)dx

(1.2)

The paper is organized as follows. First we study the generating function D, ,
of the sequence (1.1). For particular cases, namely for p = 2, 3,3/2, we express D, ,
as an elementary function. In the next section we prove that if p > 1 and —1 <r <
p — 1 then the sequence is positive definite and the support of the corresponding
probability measure v(p,r) is contained in [0, c(p)]. If p > 1 is rational and —1 <
r < p — 1 then v(p,r) can be expressed as the Mellin convolution of modified
beta measures, in particular v(p,r) is absolutely continuous, while v(p, —1) has
an atomic part at 0. Recall that the positive definiteness of the binomial sequence
(1.1) was already proved in Ref. 6 under more restrictive assumptions (namely, that
0 <r <p-1), and the proof involved the multiplicative free, the boolean and the
monotonic convolution.

In the next section we study the density function V,,, of the absolutely con-
tinuous measures v(p,r), where p > 1 is rational, —1 < r < p — 1. We show that
Vp,r can be expressed as the Meijer G-function, and therefore as linear combination
of the generalized hypergeometric functions. In particular we derive an elementary
formula for p = 2. Then we concentrate on the cases p = 3 and p = 3/2. For par-
ticular choices of r (namely, r = 0,1,2 for p =3 and r = —1/2,0,1/2 for p = 3/2)
we express V), as an elementary function (Theorems 5.1 and 5.2).
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Some of the sequences (1.1) have combinatorial applications and appear in
the Online Encyclopedia of Integer Sequences!* (OEIS). Perhaps the most impor-
tant is (2:) (A000984 in OEIS), the moment sequence of the arcsine distribu-
tion. The sequences (3";1), (3:)7 (3”;“1) and (3"n+2) can be found in OEIS as
A165817, A005809, A045721 and A025174 respectively. We also shed some light
on sequence A091527: (3"/2n_1/2)4"7 as well as on A061162, the even numbered
terms of the former (see remarks following Theorem 5.2).

In Sec. 6 we study various convolution relations involving the measures v(p,r)
and p(p,r). For example we show in Proposition 6.2 that the measures v(p, —1)
and v(p,0) are certain free convolution powers of the Bernoulli distribution.

In Sec. 7 we prove that the binomial sequence (1.1) is positive definite if and
only if either p > 1, -1 <r <p—1orp <0,p—1 < r < 0. The measures
corresponding to the latter case are reflections of those corresponding to the former
one. Similarly, the Raney sequence (1.3) is positive definite if and only if either
p>1,0<r<porp<0,p—1<r<0orelse r=0. Quite surprisingly, the proof
involves the monotonic convolution due to Muraki.® For the Raney sequences a
different proof is contained in the recent work of Liu and Pego.* Finally, we provide
graphical representation for selected functions V,, ;..

Let us mention that Simon'® observed that the measure v(p,0) is the distribu-
tion of f,(U), where U is the uniform random variable on [0, 1] and

sin® (7u)

Tolu) = sin(ru/p) sin? (1 — 1/p)7u) (1.4)

2. Generating Functions
In this section we are going to study the generating function

Dyrls) = 3 (’“’n+ ) 2" (2.1)

n=0
(convergent in some neighborhood of 0) of the binomial sequence (1.1). First we
observe relations between the functions D, 1, D, o and D, 1.

Proposition 2.1. For every p € R\{0} we have

1 p—-1
D,_1(z)=—4+—mD,(z 2.2
p—1(2) P 0(2) (2.2)
and
Dyo(z)—1
Dpp-1(2) = %- (2.3)

Proof. These formulas are consequences of the following elementary identities:

1 ((n+1p—-1\ _1/((n+1)p\ _(np+p—1 (2.4)
p—1 n+1 p\n+1 ) n ’ '
valid forpe R, n=0,1,2,.... O
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It turns out that D, , is related to the generating function

= (np+1 z"
Bp(Z)ZZZ( n )np+1

n=0

of the Fuss numbers. This function satisfies equation

Bp(z) =14 z-By(2)?,

with the initial value B,(0) =1 (5.59 in Ref. 3), and Lambert’s formula:

, > np+r\ r-z"
Bp(z) :TLZO< n )np—l—?”'
Since
By(2)'*"
p—(p—1)By(z)
(5.61 in Ref. 3), it is sufficient to study the functions B,.
The simplest cases for B, are:

Dpr(2) =

Bo(z) =1+ z,
1
Bi(2) = 1—2’
1++v14+4z2
Bl =—H—
2
B R
2(2’) 1+ /—1_427
2422+ 24 + 22
81/2(z): ’

[\

which lead to

A( 2+z2+§\/4+z2 )1+r

Dis9.(2) = .
yarle) =
These examples illustrate the following general rules:

By(z) = Bip(—2)"",
Dy, (2) = Di—p,—1-r(—2).

The rest of this section is devoted to the cases p = 3 and p = 3/2.

1450014-4

(2.9)
(2.10)



Probability distributions with binomial moments

2.1. The case p =3
First we find Bs.

Proposition 2.2. For |z| < 4/27, we have
3
Bs(z) =

~ 3cos?a —sin®a’
where oo = % arcsin(y/27z/4).
1

Note that both the maps u — cos?(3 arcsin(u)) and u +— sin®(% arcsin(u)) are

even, hence involve only even powers of u in their Taylor expansion. Therefore the

functions u — cos?(% arcsin(y/u)) and u — sin®(% arcsin(y/u)) are well defined and

analytic on the disc |u| < 1.

(2.11)

Proof. First we note that

(3n+ 1) ! (Br)!  _ (H)a(B)n(3)a3"

n )3+l Cnt Ll (2).(3).22 - nl”

where (a), :=a(a+1)---(a+n—1) is the Pochhammer symbol. This implies that

Now, applying the identity

sin((2a — 1)t)

(2a — 1) sint ’

(see 15.4.16 in Ref. 10 or p. 1029 in Ref. 12) with ¢ = 3« and a = 2/3, we get
_ 3sina 3

Bs(z) = — = .
3(2) sinda 3cos?a — sin? a =

oF1(a,1 —a;3/2]sin’t) =

Now we can give formula for Ds ..

Corollary 2.1. For all r € R we have
3 " 1
Ds.r(2) = , 2.12
3(2) <3c032a—sin2a) cos? o — 3sin® o ( )
where o = % arcsin(,/27z/4), |z| < 27/4.

Now we observe that Ds ,.(z) and Bs(z)" can also be expressed as hypergeometric
functions.

Proposition 2.3. For all 7 € R and |z| < 4/27 we have
1—|—r’2—|—7‘73—|—7‘;1—|—r’2—|—r% , (2.13)
3 3 3 2 2 4

%). (2.14)

Ds,(2) = 3F2<

r 14+r 2+r_1—|—7" 2471
33 7 37 27 2

Bs(2)" = 3F; <
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Proof. It is easy to check that

<3n—|—r) o (1<§T)n(2<§7‘)n(3§r)n33n
- 1 2

n (55 )n (3550227 - nl
and
<3n + r) r (5 (L) 0 (22),3%"
n o )3n+r (1;T)n( L) 22l
which leads to the statement. O

As a by-product we obtain two hypergeometric identities:

Corollary 2.2. For a € R, |u] < 1 we have

1 2 3a 3a+1 (30052 a3—sin2a)3a_1
Flaat 0+ 55 —, u | = ) 2.15
s 2( 3 372 2 ‘ ) cos? a — 3sin® a (2.15)

1 2 3a+1 3a+2 3 s
Fla,a+ -,a+ =; , U e , 2.16
s 2( 3 3 2 2 ‘ ) (30052a—51n2a> (2.16)
where oo = % arcsin \/u.

Remark. One can check that (2.15) and (2.16) are alternative versions of the
following known formulas:

1 2 3a 3a—|—1 —27z (1—z)3@
F. - = 2.17
3 2<a,a+3,a+ ‘41_2 ) 2211 (2.17)
1 2 3a—|—1 3a—|—2 —27z
F - =(1-2)% 2.1
S e Fresest) B (RS AT

(7.4.1.28 and 7.4.1.29 in Ref. 13). Indeed, putting

—4sin?a
3cos? o — sin? a
we have

oy 3
3cos?a —sin o’
—27z

TISE = sin® a(3 cos® a — sin® a)? = sin® 3

and

3(cos? o — 3sin’ @)

2241 =
3cos? o — sin® a

Let us mention here that the sequences (**'), (*"), (*"') and (***?) appear

in OEIS as A165817, A005809, A045721 and A025174 respectively.
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2.2. The case p = 3/2

First we compute B3/, in terms of hypergeometric functions.

Lemma 2.1.

_ 2
2F1(3, 37_1|27z>
322

Bs/a(z) =

4z 2F1<5 7 5’27z )

6°6 2| 4

Proof. If n = 2k then the coefficient at z” on the right-hand side is

)

( 33k+3
C3(F

k1 (T w1

Vi1 (k + 1)122k+2

—(=2)-1-4-...-(3k—2)-(=1)-2-5-...(3k — 1)3F+1
3(—=1)-1-3-...-(2k — 1)(k + 1)12k+1

1-4-...-(3k—2)-2-5-...(3k —1)3*
1-3-...-(2k — 1)(k + 1)!12k

Bk [Bk+1\ 1 [3n/2+1 1
_(2k)!(k+1)!_< 2k >3k+1_< n >3n/2+1‘

Now assume that n = 2k + 1. Then

=2
3

3n/2+1 1 (6k+3)(6k+1)(6k—1) - (2k +5)
( n )3n/2+1_ 22k (2k + 1)!
(6k + 3)!!

T 2Rk + 32k + 1)
On the other hand
(%)k(%)k33k _ 5'11""'(6k3_1)‘7‘13'...-(6k+1)~3k
(3)s2%k! 5-7-...(2k + 3)22FI2k
B (6K + 3)!1
22R(2k + 3)1(2k + 1)N2kK!

Since (2k + 1)!12%k! = (2k + 1)!, the proof is complete. 0

Now we find formulas for these two hypergeometric functions.

Lemma 2.2.

-2 -1 -1 2 1
2F1<?7?; 5 u) = §00826+ gcos46, (2.19)
57 5 27 cos 3 sin® 3
F(2,5 2, =2esrsm g 2.20
2 1(6 6 2 “) sin® 38 (2:20)

where 3 = % arcsin(y/u).

1450014-7
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Proof. We know! that oF(a,b; | z) is the unique function f which is analytic at
z =0, with f(0) = 1, and satisfies the hypergeometric equation:

2(1=2)f"(z)+[c— (a+ b+ 1)2]f'(z) —abf(z) = 0.
Now one can check that this equation is satisfied by the right-hand sides of (2.19)

and (2.20) for given parameters a, b, c. m|

Now we are ready to express Bs/o as an elementary function.

Proposition 2.4. For 3|z|v/3 < 2 we have
3
(v/3cos B — sin §)2’

B3/a(z) =
where 3 = % arcsin(32v/3/2).

Proof. In view of the previous lemmas we have

1-— %00825 — %00845 2sin 33 27 cos (B sin®

33/2(2) =

% sin? 33 33 sin® 33

~ 3(1—cos2B3)(2+ cos2B)  6v/3cosBsin’ B
B 2sin? 38 sin? 38
~ 3sin® B(3cos? B+ sin® B + 2v/3 cos Fsin 3)
B sin? 33
_ 3(V/3cos B+ sin 3)?

(3 cos? 3 — sin? 3)2
_ 3
~ (V3cosB —sinB)?’ =

Now we provide formula for D35 ..

Corollary 2.3. For all 7 € R and 3|z|v/3 < 2 we have
(Gewr—7) s

(V3cos 8 —sinf)2/) cosfB(cos B —+/3sinf)’
where 3 = % arcsin(321/3/2).

D3/ar(2) =

Note also a hypergeometric expression for Dy /5 ,.:

Proposition 2.5. For all € R and 3|z|v/3 < 2 we have
I+r 247 3+7 1

2722
D =3k
3/2,7’(2) 3 2( 3 3 3 3 3 a27 4 )
+z(2r+3) e 5+2r T+2r 942r 3 3+42r
2 2\"6 "6 ' 6 2 2

+7r

2722
T )

1450014-8
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Proof. If n = 2k then the coeflicient at 2™ on the right-hand side is
(s (BDRCEe3™ (142413 +r) - Bk +7)

(%)k(l + 1) 22kE! (2k — DA 47) - (k +7)2kk!
k1) R +241) Bk (k4T
- (2k)! —( 2% )

If, in turn, n = 2k + 1 then the coefficient at z™ is

(3 + 27‘) (54%2r)k(74%2r)k(9%2r)k33k

2 (3)e(2E20), 22k K]

B+2r)(5+2r)(7T+2r)(9+2r)(11 4+ 2r)--- (6k+ 3+ 2r)
2 2k + VI3 +2r)(5 +2r) - (2k + 1+ 2r)23%k]

(2k 4+ 3 4 2r)(2k + 5+ 2r) - - - (6k + 3 + 2r)
(2k + 1)122k+1

(3(2l;+1) + T)(3(2l;+1) 1+ r)(3(2l€2+1) —94 7“) o (3(2/;4»1) — 2%k + 7“)

(2k +1)!
_(B3Rk+1)/2+r
B 2k +1 ’
which proves the odd case and completes the proof. O

3. Mellin Convolution

In this section we are going to prove that if p > 1 and —1 < r < p — 1 then the
sequence (1.1) is positive definite. Moreover, if p > 1 is rational and —1 <r < p—1
then the corresponding probability measure v(p, r) is absolutely continuous and is
the Mellin convolution product of modified beta distributions.?

Lemma 3.1. Ifp = k/l, where k,l are integers such that 1 <1 <k and if r > —1,
mp+r+1+#£0,—1,-2,..., then

(mpm+ 7‘) ;rl <p pi 1 ) o gzﬂ ;EZ : Z;Z c(p)™, (3.1)

j=1

m=0,1,2,..., where c(p) = p?(p — 1)}7P,

7 ifr<j<i,
aj = . (3.2)
THICl v <j<h,
k1
ﬁg':h,:], 1<j<k (3.3)

Writing p = &/l we will tacitly assume that k,[ are relatively prime, although
this assumption is not necessary in the sequel.

1450014-9
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Proof. Assuming that mp+r+1+#0,—1,—2,..., we have

mp+r\ I(mp+r+1) (3.4)
m S Tm+D(mp—m+r+1) ’
Now we apply Gauss’s multiplication formula:
n—1 .
T — (97)(1-n)/2,n=—1/2 r * 3.5
(n2) = (2m) /22 T 1 (24 - (3.5)

=0

which gives us:

F(mp+r+1):r<k<?+r21)>

k .
_ (1—k)/2 pmk/l4+r+1/2 m. T+
= (27) k IIr ( T )

Jj=1

l .
_ m+1Y 1-0)/2ym—+1/2 m J
I‘(m—l—l)—l"(lT)—(%r)( V22 TT T+H7)

j=1
F(mp—m+r+1):r<(k—z) (?4’;—’_—;))

k .
_ _ +j—1
— (o) A=kHD/2 (. _ pym(k=1)/l4+7+1/2 r(™,r .
(27) (k—=1) FIZL -

Applying to (3.4) we get (3.1). O

Similarly as in Ref. 7 we need to change the enumeration of a’s. Note that here
this modification depends not only on k,[ but also on r.

Lemma 3.2. Suppose that k,l are integers such that 1 <[ < k and that —1 < r <
p—1=(k—=10)/l. For 1 <i <1 define

g |k
Ji = l Tl

where |-] denotes the floor function. In addition we put jj =0 and jj , =k +1,
so that
0=jo<j1<jo<--<ji<k<k+1=j,.
For1<j <k define
(3 ifj=j,1<i<l,
R P
k—1

(3.6)
if §i <3 < Jisa-

Then {a;}4_, is a permutation of {o;}¥_, and we have 8; < &; for all j < k.

1450014-10
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Proof. If j = ji, 1 <i </, then we have to prove that

which is equivalent to

but this is a consequence of the definition of j! and the inequality |z| < x.
Now assume that j; < j < ji,;, 0 < i < k. Then we should prove that

r+j <7 +7J— i’
k= k-1
which is equivalent to
lr+15—1ik > 0.
Since |z| + 1 > z, we have
ik

1r+lj—z‘k>1r+l(j;+1)—ik>zr+z(T—r> — ik =0,

which concludes the proof.

O

Recall that for probability measures p1, p2 on the positive half-line [0, 00) the

Mellin convolution (or the Mellin product) is defined by

(o)) = [ N / L (ay)dpns (2)dpa )

(3.7)

for every Borel set A C [0,00). This is the distribution of the product X; - X of
two independent nonnegative random variables with X; ~ ;. In particular, p o d,

is the dilation of p:
1
(100)(4) = Don(4) = (14)

(¢ > 0). If p has density f(z) then D.(u) has density f(z/c)/c.
If both the measures p1, uo have all moments

sui) = [ " dp(a)
finite then so has p1 o ue and

Sm(p1 0 p2) = sy (p1) - sm(p2)

for all m.

If pq, po are absolutely continuous, with densities f1, fo respectively, then so is

(1 o e and its density is given by the Mellin convolution:

(fio f)(@) = / N fle/n 2.

1450014-11
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We will apply the modified beta distributions:>"

l

lu—1/9 _ l\v—1
B(u,v)x (1—2")"""de, xz€][0,1], (3.8)

b(u + v, u,l) =

where u, v,l > 0 and B is the Euler beta function. The nth moment of b(u + v, u, 1) is

n ~ Tu+n/D(u+wv)
/ac db(u + v,u,l)(z) = T(at ot n/0T(0)

We also put b(u,u,l) := ¢y for u,l > 0.
Now we are ready to prove.

Theorem 3.1. Suppose that p = k/l, where k,l are integers such that 1 <1 < k,
and that r is a real number, —1 < r < p—1. Then there exists a unique probability
measure v(p,r) such that (mfjr) is its moment sequence. Moreover, v(p,r) can be
represented as the following Mellin convolution:

l/(p, T) = b(&laﬂhl) ©---0 b(&kaﬂlwl) © 66(1))7

where c(p) := pP(p — 1)1=P. In particular, v(p,r) is absolutely continuous and its
support is [0, c(p)].

The density function of v(p,r) will be denoted by V,, »(z).

Proof. In view of Lemmas 3.1 and 3.2 we can write

(mp + ) _ p ] G mOT @)
m iy D@y +m/OT(5;)
for some constant D. Taking m = 0 we see that D = 1. O
Example. Assume that p=2. If =1 <7 <0 then
V(2,r):b<7‘+1,%,1)ob(l,#,l) 04y, (3.9)
and if 0 < r <1 then
u(271"):b<17%,1) ob(r—l—L%,l) 0dy. (3.10)

Theorem 3.2. Suppose that p,r are real numbers, p > 1 and —1 <r <p—1. Then
there exists a unique probability measure v(p,r), with support contained in [0, c(p)],
such that {("PF) e  is its moment sequence.

Proof. This follows from the fact that the class of positive definite sequences is
closed under pointwise limits. O

1450014-12
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Recall that if {s,}>2, is positive definite, i.e. is the moment sequence of a
probability measure p on R, then {(—1)"s,}22, is the moment sequence of the
reflection 1 of p: fi(X) := pu(—X). For the binomial sequence we have:

<np + T)(—l)” _ (n(l -p)—1- 7") (3.11)

n n

(which in particular implies (2.10)), hence if the binomial sequence (1.1), with
parameters (p,r), is positive definite then it is also positive definite for parameters
(I —p,—1—7) and we have
v(l—p,—1—r)=v(p,r). (3.12)

Therefore, if either p > 1, =1 < r < p—-1orp <0,p—1 < r <0 then the
binomial sequence (1.1) is positive definite (for illustration see Fig. 1). We will see
in Theorem 7.1 that the opposite implication is also true.

Let us also note relations between the measures v(p, —1), v(p,0), v(p,p—1) and
observe that v(p, —1) has an atomic part.

Proposition 3.1. For p > 1 we have

V(p, 1) = %50 + 000, (3.13)
dv(p,p—1)(x) = %du(p, 0)(x). (3.14)
r
1 .
1 2 s P

-

Fig. 1. The set of pairs (p,r) for which the binomial sequence (npn"'T) is positive definite, see
Theorems 3.2 and 7.1. The vertical line at p = 2 and the dots indicate those parameters (p,r) for

which the density V), is an elementary function, see Corollary 4.2, Theorems 5.1 and 5.2.

1450014-13
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Proof. Both formulas follow directly from (2.4): for n > 1 we have

- B _ c(p)
<np 1) _ p_l<"p> - p—l/ " dp(p, 0)(x)
n p n p 0
and for n >0

() e

4. Applying Meijer G-Function

We know already that if p > 1 is a rational number and —1 < r < p — 1 then
v(p,r) is absolutely continuous. The aim of this section is to describe the density
function Vj, . of v(p,r) in terms of the Meijer G-function'® and consequently, as
a linear combination of generalized hypergeometric functions. We will see that in
some particular cases V,,, can be represented as an elementary function.

Lemma 4.1. Forp > 1 and r € R define complex function

T((c—=1)p+r+1)
()((c—L)(p—1)+r+1)

Upr(0) = (4.1)

where for critical o the right-hand side is understood as the limit if it exists. Then,
putting —Ng := {0, -1, -2,...}, we have

("5 i
Ypr(n+1)= - (4.2)
p_(np 7‘) ifnp+r+1e—Np.
p n

Proof. If np+r+ 1 ¢ —Npy, then the statement is a consequence of the equality
I'(z 4+ 1) = 2I'(z). Now recall that for the reciprocal gamma function we have

d 1

=T = (—1)™ml, (4.3)

r=—m

for m € Ny (see formula (3.30) in Ref. 5). Therefore, if np +r + 1 = —N, with
N € Np, then

— n)!(—=1)N+n — n
5, (o) = @O MDY 1<N+ >(_1)n

o—n+l pn!NI(—=1)N p n
:p—l —-N -1 :p—l np+r
p n p n )
where we used the identity (%) = ("7*7")(-1)". |
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Note two identities which the functions v, , satisfy:

(o) = (o), (19)

pp1(0) = %%,0(0 +1). (4.5)

For p > 1 and r € R we define function V}, () as the inverse Mellin transform*6

of ¥ r(0):

1 d+ioco
Vpr(x) = 7 /d_ioo %y r(0)do (4.6)
whenever exists. Then (4.4) and (4.5) imply
Voa(e) = T Vo(a), (7)
Vop1(2) = —Vyo(@) (4.8)

It turns out that if p > 1 is rational, r € R, then V,, , exists and can be expressed
as Meijer function.

Theorem 4.1. Let p = k/l > 1, where k,l are integers such that 1 <1 < k, and
let r € R. Then V), , exists and can be expressed as

_ pr+1/2\/i k,0 xl A1y .., O (4 9)
x(p - 1)T+1/2 Vv 27 ok ﬂh R ﬁk ’ .

c(p)!
z € (0,¢(p)), where c(p) = p?(p—1)' 7P and the parameters aj, 3; are given by (3.2)
and (3.3). Moreover, 1, , is the Mellin transform of V,, ., i.e. we have

Vp,r(2)

c(p)
Yp.r(0) = / 27 Wy, (2)da, (4.10)
0
1+7r
Jor Ro > 1— ==,

Proof. Putting m =0 —11in (3.1) we get
(p— 1)pr=3/2 TI5_, T(B; + /1 — 1/1)
PP V2Vml [T, Dy + o/l = 1/1)

Writing the right-hand side as ¥(o/l —1/1)c(p)?, using the substitution o = lu+1
and the definition of the Meijer G-function!® we obtain

"/}p,r(a) = c(p)a' (411)

1 d+ioco
Virlt) = gz | o/l =1/ )elp) 0~ do
le(p)

d+ioco
_ lelp) /d U (u) (2! /e(p)!) " du

2121 Jg—ieo

.

2 pp=r=1/2/2x “FF\ "1 g By

SR a’“) =V (2),  (4.12)
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z = x' /e(p)!, which leads to (4.9). Recall that for the existence of the Meijer function
of type Gi:g there is no restriction on the parameters o;, 3;.

On the other hand, since Ele(ﬂj —a;) = —1/2 < 0, we can apply formula
2.24.2.1 from Ref. 13. Substituting x := ¢(p)z'/! we have

c(p) o rl ~
/ 27V, (@) de = @/ 27, 1 (2)dz
0 0

— 1)pr=3/2 ! 1y ooy Qg
_ (p ) C(p)a/ Zo/lfl/lflG/]z,z 2 1 dz
pp=r=1/2\/271 0 *\7 81, .., B
= Up,r(0).
In view of the assumptions for the formula 2.24.2.1 in Ref. 13, the last equality
holds provided R(o/l — 1/1) > —min;F; = —(1 +1)/k. O

Now we are able to describe the measures v(p,r) for rational p.

Corollary 4.1. Assume that p = k/l, where k,l are integers, and 1 < 1 < k. If
—1 < r < p—1 then the probability measure v(p,r) is absolutely continuous and
Vp,r is the density function, i.e.

v(p,r) = Vpr(z)de, € (0,c(p)).

For r = —1 we have

v(p,—1) = %50 + Vp—1(x)dx, x € (0,¢(p)).

Proof. This is a consequence of Theorem 3.1, (4.10), the uniqueness part of the
Riesz representation theorem for linear functionals on C[0, ¢(p)] and of the Weier-
strass approximation theorem. O

Now applying Slater’s theorem?:10
of generalized hypergeometric functions.

we can represent V, . as a linear combination

Theorem 4.2. Forp=Fk/l, with1 <l <k, r € R and x € (0,c(p)) we have

k
a(h,k,l,r)
7 Yk, 1) e(h kL) F P ) Rt/ k=1 4.13
por(@) ; )i Fre— 1( b(h. k) ) (4.13)
where z = x'/c(p)!,
l -1 p—r—1
Yk r) = — 21 , (414)
pp—r=1/2 27r(l<:—l)

k h

I(izh
c(h,k,1,7) = 151 PO M PO (4.15)

l j ’
H] 1 (J + )H] I+1 (r—]"f_il _%)
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and the parameter vectors of the hypergeometric functions are

r+h j-1" r+h r+j—k\"
a(h,k’,l,’/‘) = ({ k - T} 7{ k - k—1 ’ (416)
Jj=1 ]

Jj=Il+1

b(h, k) = ({%}:ﬂl : {%}j—m)' (4.17)

Proof. It is easy to check that if ¢ # j then the difference 3; — 3; of coefficients
(3.3) is not an integer and the Slater’s formula is applicable.!” O

Let us note a simpler expression for the coefficient c(h, k,,7).

Proposition 4.1. We have

9(p — 1)(r+h)/p=h+1/2 srth _q
c(h,k,1,r) = V2(p—1) ( v ) sin (T i hw). (4.18)
(—1)h=1p3/2=h\/Ix h—1 p

Proof. Using Gauss’s multiplication formula (3.5) we have

k j—h k j—Z
11 (57) = m I ()
Jj=1 =1

J7h j#h
k . A
z—h F(%) z—h F(h;z)
iy BETVETET(A - 2)  2m) DR (1)
h—=z - — '
Z—h I'(*2) k- (h— 1)

In the last equality we applied I’'Hopital’s rule together with (4.3).
Now we compute the terms in the denominator:

lf[ ( r—i—h) lHlFCJ;l r;h)

— (2m) -0/ /p=1/2p (1 _rt h)
P

and
k—i—1

k .
r+j—1 r+h\ 7‘—|—z—|—1 _r+h
,Hr<k—1_k)_HF< k
_ (27T)(k7l71)/2(k . l)h*(r+h)/p*1/2

-F<r+h—h+1>.
P
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Therefore, from a version of Euler’s reflection formula:

(z—=1)(z—=2)--(z — k) sin(7z)

I(1—2)0(z — k) =

we have
(kL) = (—1)h_1ﬁkh_3/2(% —1)--- (% —h+ l)sin(%ﬂ)
y vy by \/§l(’r‘+h)/p—l/2(k _ l)h—(?“+h)/p—1/2(h _ 1)!
which leads to (4.18). |

The easiest case is p = 2.
Corollary 4.2. For p =2, r € R we have

Voo () = cos(r - arccos y/x/4) (4.19)

m/zl (4 —x)

x € (0,4). In particular

Vaola) = ———s. (4.20)
Vo, —1/2(z) = % %7 (4.21)
Vo jol) = iﬂ \/\5/(5:_23;) (4.22)
Va(z) = % Z - . (4.23)

The density Va0 gives the arcsine distribution v(2,0). Note that if |r| > 1 then
Va,r(x) < 0 for some values of z € (0,4).

Proof. We take k =2, 1 =1 so that ¢(2) =4, z = x/4 and

r

v(2,1,r) = I

Using the Euler’s reflection formula, and the identity I'(1+r/2) = T'(r/2)r/2, we get

B '(1/2) _ cos(nr/2)
2L = Ry - v
(2,217 I'(—1/2) _ rsin(7rr/2)'

U E O B
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We also need formulas for two hypergeometric functions, namely

2F1<1+r 1—7r l‘z) _ cos(r arcsin y/z)

2 7 2 72 V1—2 ’
P <2+r 2—r 3‘ ) sin(r arcsin y/z)
— P2 )| = ——,

2 2 2 2 ry/2(1 = 2)

see 7.3.1.90 and 7.3.1.94 in Ref. 13. Now we can write
Vo () = or COS(TW/Zl?\C/CiS(_—T:LrCSin V7) L(r—1)/2
2" sin(rm/2) sin(r arcsin 1/z) /2
dmy/z(1 — 2)
or (r=1)/2
TN cos(rm/2 — rarcsin y/z)

r—1)/2

cos(r - arccos \/x/4)
T4 —x ’
which concludes the proof of the main formula. For the particular cases we use the

identity: cos(3 arccos(t)) = /(t +1)/2. |

2(

Remark. Observe that

N,
It means that if X, Y are random variables such that X ~v(2,0) and Y ~v(2, —1/2)
then X?~4Y. This can also be derived from the relation (2"_711/2)4" =(5")
(sequence A001448 in OEIS). Note also, that if Z ~ u(2, 1), the Marchenko-Pastur

law 5 /4=2 d, then 4 — Z ~ v(2,1).

Vao(vz) 1 s @)

From (3.13) we obtain

Corollary 4.3.

v(2,—-1) = %60 + (x)dx.

1
2my/x(4 — x) X(4)
5. Some Special Cases for p = 3 and p = 3/2

From now on we are going to study some special cases for k = 3, i.e. for p = 3 and
p = 3/2. Then in formula (4.13) we have three hypergeometric functions of type
3F5 with lower parameters

b(1,3) = (%;) b(2,3) = (;%) b(3,3) = (%g)
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For particular choices of r these hypergeometric functions reduce to the type oF7,
belonging to the following one-parameter family:

2F1<t tzl tz)z(l;_— Vti/l__f);t (5.1)

(see formula 15.4.18 in Ref. 10).
Let us start with p = 3.

Theorem 5.1. For p =3 we have
Vs o(x) = —(1 +v1l- Z)1/32_2/3 + (1 tviz Z>_1/3z_1/3
’ 97/3(1 — 2) 9m/3(1 —2) ’
Vai(z) = —(1+ 1_Z)2/3z_1/3+ (1+ —2) 2/331
' 6m/3(1 — 2) 67r\/3(1 —2)
V32(JJ)=—(I+ 1_Z)1/321/3+ (1+ —2) 1/3,22
' dm/3(1 — 2) 47r\/3(1 —2)

where z = 4x /27 and x € (0,27/4).

)

Proof. We have ¢(3) = 27/4 and

1—7r
7(3,1,7) = o
2(r+1)/3 . 1
e(1,3,1,7) = sm(37r( —|—7‘)/3)’
V3T
(r=1)/3(1 — i _
(2,3,1,7) = 2 (1 —r)sin(n(1 1")/3)7
V3
2(r—6)/3 _ .
C(3.3,1,1) = (3 ;‘)rsm(wr/iﬁ)
V3T

and the upper parameters for the hypergeometric functions are

1 - 2 —
a(1,3,1,r) = ( st 67")7

2 —r 4-—
a(2’371’r):< _g’r’76’r’ 6r>’

a(3’371’r): <3§r’9gr’6gr>'

For r = 0 we have ¢(3,3,1,0) = 0 and
Vaol) = —2 (21/3 A+ VI=2)' Ly 2P+ VI—2) 1/3)
PO T g Br \2vE 21T -2 N 1/3,/—1 —
_(+vI- ,z)l/?’zfg/3 N (1++1 —_Z)*l/?’z,l/g
9m/3(1 — 2) 9m/3(1 — 2)
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For » = 1 the second term vanishes and
1 (22/3 (1+VT—2)%3 s 2 53 (141 —2)"%3 1/3)
3v3r \2v7 22312 N TEN
_(1+V1_Z)2/32—1/3+(1+\/ )2/321
6m/3(1 — 2) 6m/3(1 — 2)

Finally, for the third formula we can apply (3.14), which gives us Vs q(z) =
9z
TVgﬁo(.’E). Oa

V371($) =

Similarly we work with p = 3/2.
Theorem 5.2. For p =3/2 we have
(1+V1_Z)2/3Z—1/3+(1+\/ )2/32

Y 3 /B0 2)
B (1+ /—l—z)1/3 16, (1+vV1I—2)" 1/3
‘/3/2,0(13)—ﬁz 3rvI—2z .

_(1+V1_Z)1/3 1/3 (1++1 )1/32
‘/3/2,1/2(‘1:)_ ﬂ_\/m z + ﬂ_\/m )

where z = 422 /27, x € (0,/27/4).

Proof. We have ¢(3/2) = v/27/2,

2-3"
2,r)=——
'7(37 ,’I") 3\/7?7
2(1—27’)/3 o 1—2
(1,3.2.7) = il = 21)/3),
V3T
2(=1=21/3(1 + 2r) sin(m(1 + 2
¢(2,3,2,7) = (1+ ri)))sm(w( + r)/3),
VO
o(=3-2r)/3 ) sin(2
¢(3.3,2,7) = (3 —|—37‘)r51n( 7r/3)
V OoT

and

2r 1 1—-2
a(1,3,2,r)=<5+6 L= T),

2r 2 2—2
5‘(2’372’”:(”6 T ;T, - T),

2 —2
a(3.3.2,7) = <9+6 g T).
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For r = —1/2 the second term vanishes and we have

2 (22/3 A+VT=2)*3 N 2723 (1 4+ 1 — z)_2/3zl/3)

V _ =
y2o12(0) = S T - 2 /7 2231
_(d+ \/E)Q/ngl/?) 4 (14+VT—2)"23 L1/3

B 3my/3(1 — 2) 3my/3(1 — 2)

For r = 0 we note that ¢(3,3,2,0) = 0 and we get

2 (2 (U+VI=DY s, 2B U+VI=2)
Vasa0(x) = z + z
’ 3vm \2ym 231 —2 2ym 27131 — 2
A+ \/E)l/?)z—l/fi 4 (1+ \/E)’l/?’zl/e.
3mv1l—2z 3mv1—2z2
Finally, by (3.14) we have Vi/o1/2(2) = v/32V3/20(z), which leads to the third
formula. O

Let us mention that the integer sequence (3"/ Qn_l/ 2)4”:
1, 4, 30, 256, 2310, 21504, 204204, 1966080, 19122246, . . .

appears in OEIS as A091527. It is the moment sequence of the density function
V({II) = ‘/33/27_1/2 (IE/4)/4
B 2?3 49 24/3(1 + /1 — 22/108)*/3 (5.2)
©928/3.35/2. 1. 42/3, /1 — 22]108(1 4 /1 — 22/108)%/3 '

on (0,6v/3) (see Theorem 5.2) and its generating function is Dy /s _;/9(42) (see
Corollary 2.3). The even numbered terms constitute sequence A061162, i.e.

A091527(2n) = A061162(n) = (3“ ;nl/ 2)16n _ % ,

so this is the moment sequence for the density function
V(Vz) 2?3 492431 + /1 — 2/108)%/3 (5:3)
2y/x  211/3.35/2. . 45/6, /1 — 1/108(1 + /1 — £/108)2/3 ‘

on the interval (0, 108).
From (3.13) we can also write the measures v(3,—1) and v(3/2, —1):

2

1
V(3, —1) = 550 + 3‘/370(33)d$, (54)
2 1
V(3/2, —1) = 5(50 + ng/Q,O(IE)de. (55)
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6. Some Convolution Relations

In this section we are going to prove a few formulas involving the measures v(p,r),
u(p,r)%7 and various types of convolutions. First we observe that the families v(p, r)
and p(p,r) are related through the Mellin convolution.

Proposition 6.1. For ¢ > 0 define probability measure n(c) by
n(e) :=c-x tdx, x€]0,1].
Then for p > 1,0 <r <p we have
vp,r =1 on(r/(p—1)) = pup,).

c
n—+c

np+r—1 r _(np+r r
n nip—1)+r n Jnp+r =

Note that Theorem 5.1 in Ref. 6 is a consequence of Theorem 3.2 and Proposi-
tion 6.1.

For a compactly supported probability measure ;o on R define its moment gen-
erating function by

Proof. Since the moment sequence of n(c) is { =5=}52, it is sufficient to note that

M) = [ o)

— Iz

in particular M, . (2) = Bp(2)" and My, +(2) = Dpr(2). For two such measures
U1, g2 we define their monotonic convolution® py > ps by

MM11>M2 (Z) = Mﬂl (ZMuz (Z)) : Muz (Z)

It is an associative, noncommutative operation on probability measures on R.
Let © be a probability measure with compact support contained in the positive
half-line [0, +00) and p # dg. Then the S-transform, defined by

z
M, (1 +Zsu(z)> =1+z

can be used to describe the dilation D.p, the multiplicative free power =P, the
additive free power p®t and the Boolean power p®* by:

Sp.u(2) = =4(2), (6.1)
S;LX’P (Z) = S,u(z p’ (62)
S () = 750 (5). (6.3)
Speu(2) = %Su (m) (6.4)
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These measures are well defined®!7 (and have compact support contained in the
positive half-line) for ¢, u > 0 and at least for p,¢ > 1. The Boolean power can also
be described through the moment generating function:

M, (2)

Myon(2) =

For example, S,,(,.1)(2) = (1 4 2)'~P, which implies that u(p, 1) = p(2,1)%P~1,
Recall® three formulas, which are consequences of (2.8) and of the identity:
By (2By(2)") = By(2)-

Proposition 6.2. Forp>1, -1 <r<p—1and0 < a,b,s < p we have

v(p,0) = u(p, 1) = (u(2,1)*P71)*P, (6.5)
w(p,a) > pu(p+0b,b) = p(p + b,a+b), (6.6)
v(p,7) > u(p+s,8) =v(p+s,7+s). (6.7)

In particular, if 0 <r <p—1 then

v(p,r) =v(p—7,0) > p(p,r) = p(p —r, )P~ > pu(p,r).

The formulas (6.6) and (6.7) will be applied in the next section.
Finally we observe that v(p, —1) and v(p,0) are free convolution powers of the
Bernoulli distribution.

Proposition 6.3. Forp > 1 we have

v(p, —1) = Dygy) (%50 + p; lal)m : (6.8)
where c(p) = pP(p — 1) 7P, and
v(p,0) = D, ((%5“ P; 151>Ep/(p_1)>gpl. (6.9)
Proof. First we prove that
Sup1)(2) = & _pi,)pl (%Tz)p (6.10)
Su(p,0)(2) = (p —pi)”‘l (#:zz)p_l. (6.11)

. o P . z+p—1
Indeed, putting w = (TEDE= R have 1 +w = 7(p111)1()1+z)-

Bp(w(1+4w)~P) =1+ w (see Proposition 3.3 in Ref. 6), together with (2.8), we get
1
Dy —1(w(l+w)™P) = =14z
Pl = T W

Now applying formula
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Similarly, putting v = m we get 1 +v = pp_(j_;)z and
- 14w
Dpo(v(l+v)7") = =1+z.

p—(p—1(1+v)

Now it remains to note that the S-transform of ady+ (1 — a)d,, with 0 < o < 1,
: 1+
a > 07 1S m. O

Let us note two particular cases:

1 1 X2 1 1 2
V(27 —1) =Dy <§§0 + 551) and V(27 0) =D, <§50 + 5(51) . (6.12)

7. The Necessary Conditions for Positive Definiteness

This section is fully devoted to the necessary conditions for the positive definiteness
of the binomial (1.1) and Raney (1.3) sequences.
For the Raney sequence (1.3) we have

which yields (2.9) and

—

pw(l —p,—r) = p(p,r). (7.2)

Therefore, if either p > 1,0 < r < porp <0, p—1 < r <0 then the Raney
sequence (1.3) is positive definite (apart from the proofs from Refs. 6 and 7, now
this is a consequence of Theorem 3.2 and Proposition 6.1). In the latter case the
support of u(p, r) is contained in the negative half-line (—oc, 0]. In addition, if » = 0
then the sequence is just (1,0,0,...), the moment sequence of dp.

We are going to prove that these statements fully characterize positive definite-
ness of these sequences. We will need the following

Lemma 7.1. Let {s,}22, be a sequence of real numbers and let w : (a,b) — R
be a continuous function, such that w(xg) < 0 for some xg € (a,b) and there is N
such that s, = f: 2"w(x)dx for n > N. Then {s,}52, is not positive definite.

Proof. Put wy(z) := w(z)z* and a, := san1n. Then a,, = f; wo(x)z™ dx and in
view of the uniqueness part of the Riesz representation theorem for linear function-
als on Cla, b] and of the Weierstrass approximation theorem, the sequence {a,}22,
is not positive definite. Since

E Qitj Qi = E :5(N+i)+(N+j)O‘i0‘j7
¥

]
the sequence {s,}5° , is not positive definite too. O
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Now we are ready to prove the main result of this section. Note that formulas
(6.6) and (6.7) play key role in the proof.

Theorem 7.1. (1) The binomial sequence (1.1) is positive definite if and only if
eitherp>1, —1<r<p—1orp<0,p—1<r<0.

(2) The Raney sequence (1.3) is positive definite if and only if either p > 1, 0 <
r<porp<0,p—1<r<0orelser=0.

Proof. We need only to prove that these conditions are necessary.

First we note that the maps (p,r) — (1—p,—1—7r) and (p,r) — (1 —p, —r) are
reflections with respect to the points (1/2, —1/2) and (1/2, 0) respectively. Therefore
it is sufficient to confine ourselves to p > 1/2. First we will show that if the binomial
sequence (1.1) (respectively the Raney sequence 1.3) is positive definite and p > 1/2
then p > 1 (or 7 = 0 in the case or Raney sequence).

We will use the fact that if a sequence {s,,}52 is positive definite then sg, > 0
and det(s;4;)i;_o > 0 foralln € N. Then the necessary condition det(siﬂ»)%’jzo >0
is equivalent to

2% —2p—1r —12 >0, (7.3)
for the binomial sequence (1.1) and
r@p—r—1)>0 (7.4)
for the Raney sequence (1.3).
Assume that 1/2 < p < 1, r € R and that the binomial sequence (1.1) is positive

definite. Then (7.3) implies that —1 < r < 0 and %—F %\/1 +7r+72 <p< 1, which,
in turn, implies % + ‘/T§ <p< 1. Hence 0 <1—p < 1/2 and there exists ng such
that

r+1<ng(l—p) <(no+1)(1—p)<r+2.

This implies

nop+r\ 1 1 )
( o )—n—o!il:[l(no(p—l)+r+z)<0

and

no+1

(the first factor is negative, all the others are positive), which contradicts positive
definiteness of the sequence because one of the numbers ng, ng + 1 is even.

Similarly, if 1/2 < p < 1, r # 0 and the Raney sequence is positive definite then
(7.4) implies that 1/2 < p < 1 and 0 < r < 2p — 1. Hence we can choose ng in the
same way as before, so that

’I’L()*].

(”Op”) "= LT[ telp 1) +r+i)<0

ng nop+r  nol 3
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and

no+1)p+r T r o '
<( Onolpl )(no+1)p+r:(n0+1)!1:[1((”0—’—1)@_1)"'7""")<07

which contradicts positive definiteness of the Raney sequence (1.3).

So far we have proved that if p > 1/2 and the binomial sequence (1.1) (respec-
tively the Raney sequence (1.3)) is positive definite (and if » # 0 for the case of
Raney sequence) then p > 1. For p = 1 the conditions (7.3) and (7.4) imply that
—1<r<0and0<r <1 respectively. From now on we will assume that p > 1.

Now we will work with the Raney sequences. Denote by X p the set of all pairs
(p,r) such that p > 1 and (1.3) is positive definite. By (7.4), if (p,r) € ¥ then
r>0.

Recall that if p = k/I, 1 <1 < k and 7 > 0 then, in view of Theorem 3.2 in

Ref. 7 we have
c(p)
<np + T) r _ / 2" Wp,r(x)dx,
n np+r 0

n=0,1,2,..., where for W, , we have the following expression:
a(h,k,l,r)

w, =5(k,l,r) c(hy k1 r) F ~
vrl@) =7 hz::l ke 1<b(h,k,l7r)

Z) Z(T—O—h—l)/k—l/l’ (75)

where z = z!/c(p)!,

. rlp— 175
k,r)= ——-"rmre—, 7.6
k) = T (76)

h=1 1y j— k j—h
l j r4+h— k r4j— r+h—1\"
Hj:l F(% - %) Hj:l+1 F( :71 - %)
Now we are going to prove that if p =%/l > 1 and p < r < 2p then W, »(z) <0

&(h,kl,7) = (7.7)

for some x > 0. Indeed we have —1 < l—% < 0, %—% > 0 for 7 > 2 and
%j — %k_l > 0 for j > [. Therefore ¢(1,k,l,7) < 0 and then we can express
Wp.r as

Wy (x) = 2"/P~ 1{2% zh=1)/ 1,

where ¢y, (x) are continuous functions on [0, ¢(p)) and ¢1(0) < 0. This implies that
Wpr(z) < 01if x > 0 is sufficiently small and therefore, by Lemma 7.1, the sequence
is not positive definite in this case.

We note in passing that alternatively one could use formula

V2Iph=3/2(p — 1)r+h=1)/p=h+3/2 (% — 1) . <r +h-1 )
sim|{ ——m |,
(_l)h—l(TJFhT*l_h_Fl)ﬁ h—1 p

E(h7 k’ l’ 7") =

whose proof is analogous to that of Proposition 4.1.
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On the other hand, if (pg,79) € Xg, t > 0 then by (6.6) we have

N(po + t7’r0 =+ t) = ,U(pO,TO) > u(pO + t7t)a

which implies (pg + ¢, 70 +t) € X . Hence, if we had pg < ¢ then we could choose
t > 0 such that pg +t < ro +t < 2(pg +t) and po + ¢ is rational, which in turn
implies that (pg + t,70 +t) ¢ Xg. This contradiction concludes the proof that
Yr={(p,r):p>1land 0 <r <p}.

Denote by X, the set of all pairs (p, ) such that p > 1 and the binomial sequence
(1.1) is positive definite.

Ifp=Fk/l>1and —p—1<r < —1then —1 < (r+1)/p <0 and from (4.18)
we see that ¢(1,k,l,r) < 0. Therefore V, ,.(z) < 0 if x > 0 is sufficiently small and,
consequently, in view of (4.2), (4.10) and Lemma 7.1, (p,r) ¢ 3.

Now we can prove that if (pg,79) € Xp then ro > —1. Indeed, if ry < —1 then
we can find ¢ > 0 such that —pg —t — 1 < rg+t < —1 and py + t is rational. By
(6.7) we have (po +t,ro +t) € X, because

v(po +t,ro +1t) = v(po,ro) > pu(po +t,t),

which is in contradiction with the previous paragraph.

Similarly we prove that if (pg,r0) € Xy then 7o < po — 1. If p = k/l > 1 and
p—1<r <2p—1then 1 < (r+1)/p < 2. Hence, by (4.18), ¢(1,k,1,7) < 0.
Therefore V), »(z) < 0 if > 0 is small enough which implies that (p,r) ¢ Zp.

Now, if (po,70) € Xp, po > 0 and ro > pp — 1 then one can find some ¢ > 0 such
that ro +t < 2pg + 2t — 1 and pg + t is a rational number. Then, in view of (6.7),
(po + t,ro +t) € 3, which is in contradiction with the previous paragraph. This
concludes the whole proof. O

Now we are able to characterize those u(p,r) which are infinitely divisible with
respect to the additive free convolution.

Corollary 7.1. Suppose that either p > 1,0 <r <porp<0,p—1<7r <0 or
else 1 = 0. Then the measure p(p,r) is B-infinitely divisible if and only if either
0<2r<p,r4+1<porp<2r+1,p<r<0orelser=0.

Proof. In view of Theorem 13.16 in Ref. 9, a compactly supported measure y on
R, with free cumulant sequence {r,}>2,, is B-infinitely divisible if and only if the
sequence {rp4+2}52, is positive definite (i.e. is a moment sequence of a positive
measure on R). Denote A, (p,r) := (") 5. We know from Proposition 4.2
in Ref. 6 that the free cumulants of u(p,r) are A, (p — r,r). Now, the sequence
{An42(p — 1)}, is positive definite if and only if so is the sequence {4, (p —
r,7)}2%, and the corresponding measure is 22 - u(p — r,7)(z)dx. This leads to the
conclusion. O
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8. Graphical Illustrations of Selected Cases

The formulas (4.9) and (4.13) allow us to study the graphical representation of
the function V, ,(z) for given p = k/l > 1 and r € R. Figure 2 shows V,, o(x) for
p=1/2,i=3,4,5,6,7. Figures 3-5 illustrate Vs/2.05 Vi3, and Vz /o, for various

Fig. 2. Density functions V} o(x) for some values of p.

Fig. 3. Some examples of Vp,, for p = 3/2. Note that for 7 = 3/4 and 1 the function V35 ,.(z)
also has negative values.
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0.5

-0.54

Fig. 4. Some examples of V), ,-(z) for p = 5/3.

Fig. 5. Some examples of V), ,-(z) for p = 7/2.

choice of 7, including r > p — 1 when V), ,.(z) is negative for some z. Those V},,.’s
which have negative parts are plotted with dashed lines. Finally, in Fig. 6, we show
graphs of V}, _g/5(z) for some values of p. Each of these functions is negative for
some values of x.
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0.4

Fig. 6. Some examples of V), ,(z) for r = —3/2.
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