MATHEMATICAL ANALYSIS
PROBLEMS LIST 4

23.10.08

(1) Prove the inequality: 2% < (k + 1)! for each natural k > 2.
(2) Prove, that for any natural numbers k£ < n the following inequ-

ality holds

(e a(2)(-0) - (-50)

(3) Prove the Bernoulli’s inequality: for > —1 and arbitrary na-

tural n > 1 we have (1 + x)” > 1+ nz. Also, show that for

x> 0and n € N, n > 1 we have the following inequality

(4) Prove, that for any n € N the following inequalities hold

o)) ()

0 050

(5) Show, that for every natural number n > 2 we have the inequ-

2
ality ( ") < 4m,
n

(6) Prove, that for any number a € R or a € C satisfying the

condition |a| < 1 we have lim a” = 0.

(7) Find the limits:
. 1 n . 1 n
(a) Tim (1+ ﬁ) : (b) Jim (1- ﬁ) :

(8) Find the limits of sequences:

(a) a, = V2" + 3", (b) a, = /2" + 3" + 5.
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(9) For which real « exists the limit
lim /n +n® — /n.

Find the limits for those a for which they exist.
(10) Compute the limits:

142434 124224324 ... 40
o) i LE2ESE o P2 E et
n—00 n n—00 n
(11) Compute the limits of sequences:
.2
(a) a, = = n, (b) a, = VInn,
n
1 (=D"
n=—In(1 .
(©) an =5t (1+ =)
(12) Prove, that if
lim a, =a

then the sequence of absolute values {|a,|} is also convergent,
and

lim |a,| = |al.

n—oo
Show, that the above theorem does not hold the other way
around, that is find a sequence {a,} which is not convergent,
despite the fact that {|a,|} does converge. On the other hand,
prove, that if

lim |a,| =0

then {a,} also converges to 0.
(13) Prove, that if sequences {a,} and {b,} satisfy a,, < b, and are

convergent, then

lim a, < lim b,,.

n—oo n—oo

(14) The sequence a, is given in the following way: a; = 0, as = 1,

and
an+2:%, forn=1,2,....
Show that
Jim 0, = 5
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(15) Show that if lim a, = 0 and the sequence {b,} is bounded,

then
lim (a, - b,) =0.
(16) Show that if a,, > 0, and lim a, = 0 then
lim — =o00
n—oo an

(improper limit).

(17) Given is a sequence {b,}, about which it is known, that
Ve>0Vn>10/e |b,+2| <e.
Exhibit M such that
VneN |b,| <M,

Nj such that
Vn Z Nl bn < 0,

N5 such that
Vn>Ny b,>-3,

and Nj3 such that

1

10
vn? 1
(18) Let a, = vnin and € = 100" Find ng € N such, that for
n

n > ng we have |a, — 1| <.



