Exercise 1. For what values of parameters a and b is the following
function continuous?

T o<1
fley=qa®’+ax+b : 1<x<2.
z+3 o 2<zx

Solution: Each of functions involved is continuous everywhere, so the
only issue is the points in which different functions are spliced, that is
1 and 2. We compute one-sided limits

lim f(z) = lim z =1,

r—1— r—1—

lim f(z) = lim (2> +az +b) =1+a+b,

z—1+ z—1t
lim f(z) = lim (2> 4 ax +b) = 4+ 2a + b,
T—2~ T—2~
Ay S0 = g lord) =5
We thus have two equations with two unknowns:
l=14a+b=a+b=0, and 4+4+2a+b=5=2a+0b=1,

and so a=1 and b = —1.



2

Exercise 2. Is the following series convergent?

CS) 3n
> 5

n=1

Solution: We can apply the d’Alembert’s criterion:
B gl 92" B 3 3 3

Qp+1
G,

Thus the series is convergent.

T 92t T gn T gentiozn) | g@2r—2n) | g2n



Exercise 3. Find the radius of convergence of the power series

o0

n!
n

n=1 n

n

Solution: We compute the inverse of the radius:

ny1  (n+1 n"  (n+1) " 1 n"

an (1)l (n+ D)1 (n4 1) 1

n" n \" 1 1 1
p— pu— pu— f— é —_.
(n+1)m \n+1 (BE)r A+ e

The radius of convergence is the inverse of the above limit, so R = e.
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Exercise 4. Analyse the following function. Determine the extrema,
intervals of monotonicity, find the asymptotes, sketch the graph.
2% — 3z +2
(@) = 77—
%+ 3x + 2

Solution: The function’s domain is all real numbers except for —2 and
—2, where the denominator is zero. Most important is to compute the
derivative.

) = (22 — 3)(z* + 3z +2) — (22 + 3)(z* — 3z + 2)

(22 + 3z + 2)?
22 462 + 4w — 3% — 9 — 6 — 22° 4 627 —4x — 32° + 92 — 6
B (22 + 3z + 2)?

B 622 — 12

(22 + 32+ 2)2
The sign of the derivative is determined by the sign of the numerator,
so f'(z) > 0« 2% > 2 and so f(z) increases on (—o0, —2), (=2, —v/2)
and (v/2,00), and decreases on (—v/2, —1) and (—=1,v/2). f'(z) =0 &
22 =2, 50 £ = +/2. These are the only possibilities for local extrema.
Clearly, at —/2 we have a maximum, since f(z) / to the left, and \,
to the right of —v/2, while at v/2 we have a minimum, since f(z) \,

to the left, and  to the right of v/2. The function “explodes” at —2
and —1, since the denominator is zero there, while the numerator is

non-zero. Thus the function has two vertical asymptotes + = —2 and
xr = —1. Moreover,
3., 2
— 2 + Z
lim f(r)= lim —%—2 =1,
r—Fo00 z—zoo | + < —+ =

so the function has horizontal asymptotes y = 1 at both +00 and —oo



Exercise 5. Compute the derivative of order 3 of the function

f(z) = log(a?).

Solution: Couldn’t be any simpler:

fla)=—g-2w=",
-2
f//<x> — ?,
2.9 4
fra) = = =
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Exercise 6. Compute the limit

2cosx — a2 —2

lim . 5
t—0 zxsinr —x

Solution: It is an indeterminate expression of the type g at zero, so
we use de I’Hospital.
2cosr — 22 —2 —2sinx — 2z

lim - 5 = lim — )
=0 zsinz —x z—=0sinT + rcosx — 2x

This again is an indeterminate expression of the type %, but we can
factor out = from both numerator and the denominator, and get

_osinz _ 9

im — = .

2—0 2L 4 cosw — 2
This is no longer indeterminate: the numerator has finite limit —4,
while the denominator goes to zero, through negatives. Thus this last

limit (and hence the original limit) is improper +o0.




Exercise 7. Find the maximal and minimal values of the function

fl@) =|a* = 1] + 3z
on the interval [—2,2].

Solution: The maximal and minimal values are attained at the end-
points, points of non-differentiability or at points where the derivative
is zero. The function might be non-differentiable at +1, since the ab-
solute value is non-differentiable at zero. So, we need to compare the
values of the function at points +2, +1, and at any possible zeros of
the derivative. We thus look for these zeros. We consider two cases:

?>1= f(z) =2’-143z= f'(z) =22+43 = f'(2) =0z = -3

This point indeed falls into the considered case z? > 1, so there we
have a zero of the derivative. Now consider the other case:

1’ <1= f(z)=—2"+1+3z = f'(2) = 2243 = f'(2) =0 &z = 3.

This point is, however, outside the considered range z*> < 1, so we do
not have any new zeros of the derivative. So, the maximal and minimal
values have to be chosen from:

f(=2)=3-6=-3,
f(=3)=53-5=-%.
f(=1) = =3,
f(1) =3,
F2)=3+6=09

1

Thus the minimal value is —=2 (because it is less than -3), and the

maximal value is 9.
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