CALCULUS
PROBLEMS LIST 4
18.10.2011

(1) Prove the inequality: 2% < (k + 1)! for each natural k > 2.
(2) Prove the Bernoulli’s inequality: for > —1 and any n € N

(I1+2)" > 1+ nz.
(3) Show that for x > 0 and any n € N we have

-1
(14+2x)" > 1+%w2.

(4) Prove, that for any n € N the following inequalities hold

(a) <g>+(T)++(Z> =9,

0 (-0

2
(5) Show, that for any natural number n we have the inequality ( n) < 4",
n

6) Prove, that for any number a € R or a € C satisfying the condition |a| < 1 we
ymg
have lim a" = 0.

n—oo
(7) Find the limits:
. ]- n . 1 n
@) fim (14 22)" () Jim (1=2)"

(8) Find the limits of sequences:
(a) a, = /2" + 3, (b) a, = /2" + 3" + 5n.
(9) For which real a does the limit
lim V/n +n® — /n
n—oo

exist? Find this limit for those o for which it exists.
(10) Compute the limits:

(a) iy LH2F3 4+ (b) lim 12422432+ 4n?
n—00 n2 ’ n—00 n3 '
(11) Compute the limits of sequences:
sin®n

(a) an = n (b) ap = v logna
1 —1)"
(c) a, = ﬁlog (1+ %)
(12) Prove, that if a, “—=% g then the sequence of absolute values {|a,|} is also
convergent, and
lim |a,| =]g].
n—oo
Show that the above theorem does not hold the other way around, that is find a

sequence {a,} which is not convergent, even though {|a,|} does converge.
1



n—oo

(13) Prove, that if |a,,] —— 0 then {a,} also converges to 0.

(14) Prove, that if sequences {a,} and {b,} satisfy a, < b, and are convergent, then
lim a, < lim b,

(15) The sequence a,, is given in the following way: a; = 0, a; = 1, and

anp, + Ap+1

CLn+2:T, fOI'TLILQ,....
Show that 5
Ji o= 5

(16) Show that if @, “——» 0 and the sequence {b,} is bounded, then
lim (a, - b,) = 0.

n—oo

(17) Show that if a, > 0 for all n € N and a, ~— 0 then
lim — =00
n—00 (U,
(improper limit).
(18) Given is a sequence {b,}, about which it is known, that
Ve>0Vn>10/e |b,+2| <e.
Find M such that
VneN |b|<M,
ny such that
Vn>n b,<0,
19 such that
Vn>ny b,>-—3,
and ns such that )
Vn>ns |b,—2>—

10°
Vn? 1
(19) Let a, = ywtn and € = 106" Find ng € N such, that for n > ng we have
n

la, — 1] < e.



