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Abstract Let X be a Banach space with a Schauder basis {en}, and let Φ(I) =
∑∞

n=1 en

∫
I
fn(t)dt be

a finitely additive interval measure on the unit interval [0, 1], where the integrals are taken in the sense

of Henstock–Kurzweil. Necessary and sufficient conditions are given for Φ to be the indefinite integral of

a Henstock–Kurzweil–Pettis (or Henstock, or variational Henstock) integrable function f : [0, 1] → X.

Keywords Henstock–Kurzweil integral, Henstock–Kurzweil–Pettis integral, Henstock integral, vari-

ational Henstock integral, Pettis integral
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1 Introduction

This paper deals with the problem of representing a vector-valued finitely additive interval
measure as an integral. When the measure is countably additive there is abundant literature
(see, e.g., [1] and the reference there) describing the topic, while there are few results if the
measure is purely additive. In [2] and [3] we studied the last problem for Banach spaces
possessing the Radon–Nikodym or the weak Radon–Nikodym property. Here we go on in such
investigation and consider the case of finitely additive interval measures taking values in a
Banach space with basis.

It has been proven in [4] that if (Ω, Σ, μ) is a complete probability space, X is a Banach
space with a Schauder basis {en} and ν is an X-valued (countably additive) measure of the
form ν(E) =

∑
n en

∫
E

fn dμ, then ν has a Pettis integrable Radon–Nikodym derivative if and
only if the series

∑
n fnen is a.e. convergent in the norm topology of X. We present here

analogues of that result in case of finitely additive interval measures. More precisely, we take
into account a finitely additive interval measure Φ defined on subintervals of [0, 1] and being of
the form Φ(I) =

∑∞
n=1 en

∫
I
fn(t)dt (I is an interval and the integrals are taken in the sense

of Henstock–Kurzweil) and we look for conditions guaranteeing the representation of Φ in the
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form Φ(I) =
∫

I
f(t)dt, where the integral is now the Henstock–Kurzweil–Pettis integral. As one

could expect, in the finitely additive case the situation is much more complicated, and the ordi-
nary replacing, in the result of Lipecki and Musia�l [4], of the measure ν by Φ does not provide
a correct characterization (see Example 3.1). In Section 3 we present a proper generalization
of the Lipecki–Musia�l result for the Henstock–Kurzweil–Pettis integral (see Theorem 3.9 and
Corollary 3.11). We obtain also some sufficient conditions on the target Banach space X guar-
anteeing, for a finitely additive interval measure Φ, the existence of a Henstock–Kurzweil–Pettis
integrable Radon–Nikodym derivative (see Proposition 3.6 and Theorem 3.13). In Section 4
we characterize finitely additive interval measures possessing a variational Henstock (or a Hen-
stock) integrable Radon–Nikodym derivative (see Theorem 4.3 and Theorem 4.4). We do not
investigate the representation for the Riemann integral (cf. [5]) but we are going to do it in
future.

2 Basic Facts

Throughout this paper, if not specified explicitly, X is a Banach space with a normalized base
{en} and {e∗n} is the associated biorthogonal sequence in the dual space X∗ of X. A basis {en}
is said to be shrinking if the closed linear subspace of X∗ spanned by the sequence {e∗n : n ∈ N}
coincides with X∗.

The unit interval [0, 1] of the real line is equipped with the usual topology and the Lebesgue
measure λ. We denote by L the family of all Lebesgue measurable subsets of [0, 1] and by I
the collection of all closed subintervals of the interval [0, 1]. For E ∈ L the symbol |E| denotes
the Lebesgue measure of E.

A partition in [0, 1] is a collection of pairs P = {(I1, t1), . . . , (Ip, tp)}, where I1, . . . , Ip are
non-overlapping subintervals of [0, 1] and ti ∈ Ii, i = 1, . . . , p. If

⋃p
i=1 Ii = [0, 1], we say that

P is a partition of [0, 1]. Given a subset E of [0, 1], we say that the partition P is anchored on
E if ti ∈ E for each i = 1, . . . , p. A gauge on [0, 1] is a positive function on [0, 1]. For a given
gauge δ on [0, 1], we say that a partition P is δ-fine if Ii ⊂ (ti − δ(xi), ti + δ(xi)), i = 1, . . . , p.

Definition 2.1 A function f : [0, 1] → X is said to be Henstock integrable (briefly H-inte-
grable) on [0, 1] if there exists w ∈ X with the following property : for every ε > 0 there exists
a gauge δ on [0, 1] such that

∥
∥
∥
∥

p∑

i=1

f(ti)|Ii| − w

∥
∥
∥
∥ < ε, (2.1)

for each δ-fine partition {(I1, t1), . . . , (Ip, tp)} of [0, 1].

We set (H)
∫ 1

0
fdt := w. It is known that if f : [0, 1] → X is H-integrable on [0, 1] and

I ∈ I, then also fχI is H-integrable on [0, 1]. We say in such a case that f is H-integrable on
I. We call the finitely additive interval function F (I) := (H)

∫
I
fdt the H-primitive of f . By

H([0, 1], X) we denote the set of all H-integrable functions f : [0, 1] → X. In case of X = R we
will rather use the name of Henstock–Kurzweil instead of Henstock only and we will denote by
(HK)

∫
I
fdt the corresponding integral and by HK[0, 1] the space of all HK-integrable functions

f : [0, 1] → R (we identify functions that are equal a.e.).
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We recall that the Alexiewicz norm in HK[0, 1] is defined by

‖f‖A := sup
0<s≤1

∣
∣
∣
∣ (HK)

∫ s

0

f(t)dt

∣
∣
∣
∣ .

The conjugate space of HK[0, 1] is linearly isometric to the space BV[0, 1] of functions of bounded
variation (see [6]). The weak topology of HK[0, 1] will be denoted by σ(HK, BV).

A family {fα}α∈A of functions fα : [0, 1] → X is said to be Henstock equiintegrable (briefly
H-equiintegrable) if, in the definition of H-integrability, for each ε > 0 it is possible to find a
gauge δ satisfying inequality (2.1) for all the functions of the family.

A generalization of the classical notion of Pettis integral is that of Henstock–Kurzweil–Pettis
integral where the Henstock–Kurzweil integral takes the place of the Lebesgue one (see [7–10]).

Definition 2.2 A function f : [0, 1] → X is said to be scalarly Henstock–Kurzweil integrable
(briefly scalarly HK-integrable) on [0, 1] if, for each x∗ ∈ X∗, the function x∗f is Henstock–
Kurzweil integrable on [0, 1]. A scalarly Henstock–Kurzweil integrable function f : [0, 1] → X is
said to be Henstock–Kurzweil–Dunford integrable (briefly HKD-integrable) on [0, 1] if, for each
interval I ∈ I, there exists a vector Ψ(I) ∈ X∗∗ such that, for every x∗ ∈ X∗,

x∗Ψ(I) = (HK)
∫

I

x∗f(t)dt. (2.2)

If Ψ(I) ∈ X, for each I ∈ I, then f is said to be Henstock–Kurzweil–Pettis integrable (briefly
HKP-integrable) on [0, 1]. We call Ψ(I) the Henstock–Kurzweil–Pettis integral of f over I and
we write (HKP)

∫
I
f(t)dt := Ψ(I). Moreover by the symbol HKP([0, 1], X) we denote the family

of all X-valued Henstock–Kurzweil–Pettis integrable functions on [0, 1].

It follows from [11, Theorem 3] that a function f : [0, 1] → X is HKD-integrable if and
only if f is scalarly Henstock–Kurzweil integrable (Gamez and Mendoza consider there the
Denjoy–Khintchine integral, but the proof works also for the Henstock–Kurzweil integral).

In the following we will identify a finitely additive interval function Φ: I → X with the
corresponding finitely additive (vector) measure defined in the field generated by I and will say
simply “interval measure” instead of “finitely additive interval measure”.

We say that an interval measure Φ: I → X is continuous if the pointwise function Φ(a) :=
Φ([0, a]) is continuous. Φ: I → X is called scalarly continuous if x∗Φ is continuous for each
x∗ ∈ X∗.

Definition 2.3 Given an additive interval function Φ: I → X, a gauge δ and a set E ⊂ [0, 1],
we define

Var(Φ, δ, E) = sup
{ p∑

i=1

‖Φ(Ii)‖ : {(Ii, ti) : i = 1, . . . , p} δ-fine partition anchored on E

}

.

Then we set
VΦ(E) = inf{Var(Φ, δ, E) : δ gauge on E}.

We call VΦ the variational measure generated by Φ. VΦ is known to be a metric outer
measure in [0, 1] (see [12]). In particular, VΦ restricted to Borel subsets of [0, 1] is a measure.
We say that the variational measure VΦ is absolutely continuous if for E ∈ L, |E| = 0 implies
VΦ(E) = 0. In such a case we write VΦ � λ.
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3 Henstock–Kurzweil–Pettis Integrable Derivatives of an Interval Measure

We start with an example of a finitely additive interval measure Φ: I → X such that Φ(I) =
∑∞

n=1 en

∫
I
fn(t)dt,

∑∞
n=1 fnen is a.e. convergent, and there exists x∗ ∈ X∗ with

∫ 1

0

x∗
∞∑

n=1

fn(t)endt �=
∞∑

n=1

x∗(en)
∫ 1

0

fn(t)dt.

This will show that the direct replacing of ν by Φ in [4] is impossible.

Example 3.1 Let a �= 0 be an arbitrary real number and let In := (2−n, 2−n+1) for every
n ∈ N. Define

f1 :=
a

|I1|χI1 ,

and
fn := − a

|In−1|χIn−1 +
a

|In|χIn
,

for n > 1. We have
∑

n |fn(t)| < ∞, for every t ∈ [0, 1]. So f(t) :=
∑

n fn(t)en defines an
l1-valued function.

We have (HK)
∫ 1

0
fn(t)dt = 0, for n > 1 and (HK)

∫ 1

0
f1(t)dt = a. Notice also that for a fixed

I ∈ I, we have
∫

I
fn(t)dt = 0, for sufficiently large n ∈ N, and so we can define Φ: I → l1 by

formula

Φ(I) :=
∞∑

n=1

en

∫

I

fn(t)dt.

Take x∗ = (1, 1, 1, . . .). Then x∗ ∈ l∞, and

x∗f(t) =
∞∑

n=1

fn(t) = 0 for every t ∈ [0, 1].

Moreover,
∞∑

n=1

x∗(en)
∫ 1

0

fn(t)dt =
∞∑

n=1

∫ 1

0

fn(t)dt = a �=
∫ 1

0

x∗f(t)dt = 0.

Remark 3.2 In [13, Theorem 40 and Example 41], Gordon proved that a separable Banach
space X is weakly sequentially complete if and only if each X-valued scalarly HK-integrable
function is also HKP-integrable. Since l1 is weakly sequentially complete, it follows that the
function f in Example 3.1 is not scalarly HK-integrable.

Example 3.1 motivates the hypothesis of scalar HK-integrability of
∑∞

n=1 fnen, in the next
propositions.

We begin with necessary and sufficient conditions for an interval measure to be represented
as a Henstock–Kurzweil–Pettis integral of a Banach space valued function that are almost
obvious but their verification may be difficult.

We need the following proposition, proved in [14] by a different method.

Proposition 3.3 Let g and gn, n = 1, 2, . . . , be real valued HK-integrable functions defined
on [0, 1], and let Ψ and Ψn, n = 1, 2, . . ., be the HK-primitives of g and gn, respectively. Then
{gn} is σ(HK, BV)-convergent to g if and only if
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(i) supn ‖gn‖A < +∞;
(ii) (HK)

∫
I
gn(t)dt → (HK)

∫
I
g(t)dt, for each I ∈ I.

Proof The “only if” part is obvious. To prove the “if” part, remark that the functions Ψn,
n = 1, 2, . . . , are continuous and by (i) they are also uniformly bounded. Then, applying the
integration by parts formula (see [15]), for each function h of bounded variation, by (ii), we get

lim
n

(HK)
∫ 1

0

hgn dt = lim
n

[

Ψn(1) h(1) −
∫ 1

0

Ψndh

]

= Ψ(1)h(1) −
∫ 1

0

Ψdh

= (HK)
∫ 1

0

hg dt. �

Theorem 3.4 Let Φ: I → X be an interval measure such that for every I ∈ I and every
n ∈ N the scalar interval measure e∗nΦ has a representation e∗nΦ(I) = (HK)

∫
I
fn(t)dt. Then,

the following are equivalent :
(j) There exists f ∈ HKP([0, 1], X) such that

Φ(I) = (HKP)
∫

I

f(t)dt, for every I ∈ I;

(jj) The series
∑∞

n=1 fnen is a.e. convergent to a function f : [0, 1] → X in the norm
topology of X and for every x∗ ∈ X∗ the series

∑∞
n=1 fnx∗(en) is σ(HK, BV)-convergent to

x∗f ;
(jjj) There exists f : [0, 1] → X such that for every x∗ ∈ X∗ the series

∑∞
n=1 fnx∗(en) is

σ(HK, BV)-convergent to x∗f .
In either case f =

∑∞
n=1 fnen and the series is convergent a.e..

Proof (j)⇒(jj) For I ∈ I, set Φn(I) := (HK)
∫

I
fn(t)dt. Then Φ(I) =

∑∞
n=1 Φn(I) en and the

series is norm convergent. That is,

lim
n

∥
∥
∥
∥ (HKP)

∫

I

f(t)dt − (HKP)
∫

I

n∑

k=1

fk(t)ekdt

∥
∥
∥
∥ = 0.

Consequently, we have, for each x∗ ∈ X∗,

lim
n

∣
∣
∣
∣ (HK)

∫

I

x∗f(t)dt − (HK)
∫

I

n∑

k=1

fk(t)x∗(ek)dt

∣
∣
∣
∣ = 0. (3.1)

Let W = {Φ(I) : I ∈ I}. Then, for each x∗ we have sup{|x∗Φ(I)| : I ∈ I} ≤ ‖x∗f‖A < ∞ and
so, due to the Banach–Steinhaus Theorem, the set W is bounded. Set M = sup{‖x‖ : x ∈ W}.
As a consequence we get, for each x∗ ∈ B(X∗), n ∈ N, and I ∈ I,

∥
∥
∥
∥ (HK)

∫

I

n∑

k=1

fk(t)x∗(ek)dt

∥
∥
∥
∥

A

≤ M. (3.2)

Taking into account (3.1), (3.2) and Proposition 3.3, we get the σ(HK, BV)-convergence of
∑∞

n=1 fnx∗(en) to x∗f .
The a.e. convergence of the series

∑∞
n=1 fnen is a direct consequence of the equalities

∫

I

e∗nf(t)dt = e∗nΦ(I) = (HK)
∫

I

fn(t)dt, I ∈ I, n ∈ N.

(jj)⇒(jjj) We set f =
∑∞

n=1 fnen.
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(jjj)⇒(j) For a fixed I ∈ I and x∗ ∈ X∗, we have

x∗Φ(I) = lim
n→∞ x∗

( n∑

k=1

Φk(I)ek

)

= lim
n→∞

n∑

k=1

Φk(I)x∗(ek)

= lim
n→∞

n∑

k=1

[

(HK)
∫

I

fkdt

]

x∗(ek) = lim
n→∞(HK)

∫

I

n∑

k=1

fkx∗(ek)dt

= lim
n→∞(HK)

∫

I

x∗
( n∑

k=1

fkek

)

dt = (HK)
∫

I

x∗fdt. �

Remark 3.5 Taking into account [8, Theorem 3], we can add to the equivalent conditions in
Theorem 3.4 the following statement:

(jv) The series
∑∞

n=1 fnen is a.e. convergent to a scalarly HK-integrable function f : [0, 1] →
X in the norm topology of X and the topology σ(HK, BV) coincides on the set Zf := {x∗f :
‖x∗‖ ≤ 1} with the topology of convergence in measure.

Proposition 3.6 Assume that X is weakly sequentially complete or {en} is shrinking. Let
Φ: I → X be an interval measure such that for every I ∈ I and every n ∈ N the scalar interval
measure e∗nΦ has the representation e∗nΦ(I) = (HK)

∫
I
fn(t)dt.

If the series
∑∞

n=1 fnen is a.e. convergent in the norm topology of X to a scalarly HK-
integrable function f : [0, 1] → X, then f ∈ HKP([0, 1], X) and

Φ(I) = (HKP)
∫

I

f(t)dt, for every I ∈ I. (3.3)

Conversely, if there exists f satisfying equality (3.3), then the series
∑∞

n=1 fnen with fn =
e∗n(f), n ∈ N, is a.e. convergent in the norm topology of X and f =

∑∞
n=1 fnen a.e..

Proof Assume the weak sequential completeness of X. According to [13, Theorem 40] the
function f is Henstock–Kurzweil–Pettis integrable. Let Ψ: I → X be its Henstock–Kurzweil–
Pettis integral.

We have

e∗nΨ(I) = (HK)
∫

I

e∗nf(t)dt = (HK)
∫

I

fn(t)dt = e∗nΦ(I), for every n ∈ N.

Therefore,

Φ(I) = (HKP)
∫

I

f(t)dt, for every I ∈ I.

Assume now that {en} is shrinking. As remarked before, by [11, Theorem 3] and the assumption,
it follows that the function f is Henstock–Kurzweil–Dunford integrable; that is, there exists an
interval function Ψ: I → X∗∗ such that

x∗Ψ(I) = (HK)
∫

I

x∗f(t)dt, for every x∗ ∈ X∗ and I ∈ I.

In particular,

e∗nΨ(I) = (HK)
∫

I

e∗nf(t)dt = (HK)
∫

I

fn(t)dt = e∗nΦ(I), for every n ∈ N.

Since the sequence {e∗n} separates points of X∗∗, we have the equality Φ = Ψ. This completes
the proof of the direct part.
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Assume now that the equality (3.3) holds true. Then the a.e. convergence of the series
∑∞

n=1 fnen is a direct consequence of the equalities
∫

I

e∗nf(t)dt = e∗nΦ(I) = (HK)
∫

I

fn(t)dt, I ∈ I, n ∈ N. (3.4)

Thus the proof is complete. �
In the next part of this section we obtain an integral representation of interval measures

by means of conditions on the variational measures of their primitives. The result is a direct
generalization of the main theorem from [4].

It has been proven in [8] that if f : [0, 1] → X is HKP-integrable, then the set Zf := {x∗f :
‖x∗‖ ≤ 1} is weakly compact in HK[0, 1]. It turns out that in case of an arbitrary Φ : I → X

the following result holds true:

Lemma 3.7 Let X be an arbitrary separable Banach space and let Φ : I → X be such that
Vx∗Φ � λ for every x∗ ∈ X∗. Let TΦ : X∗ →HK[0, 1] be defined by TΦ(x∗) := (x∗Φ)′. Then
TΦ is sequentially weak∗-weakly continuous on X∗ and the set TΦ(B(X∗)) is weakly compact in
HK[0, 1].

Proof Notice first that TΦ is a linear bounded operator. Indeed, ‖TΦ(x∗)‖A = ‖(x∗Φ)′‖A <

∞, because the function (x∗Φ)′ is HK-integrable. The Banach–Steinhauss theorem yields the
boundedness of TΦ.

In order to check the weak∗-weak continuity of TΦ let {x∗
n} be a sequence of points from

B(X∗) that is weak∗ converging to x∗
0. Then for each I ∈ I (cf. [15]), we have

lim
n

(HK)
∫

I

(x∗
nΦ)′(t)dt = lim

n
〈x∗

n, Φ(I)〉 = 〈x∗
0, Φ(I)〉 = (HK)

∫

I

(x∗
0Φ)′(t)dt.

Due to the boundedness of TΦ, we have also supn ‖(x∗
nΦ)′‖A < ∞. It follows from Proposi-

tion 3.3 that the sequence {(x∗
nΦ)′} is weakly convergent to (x∗

0Φ)′. �

Proposition 3.8 Let X be an arbitrary Banach space and Φ be an X-valued interval measure
such that Vx∗Φ � λ, for every x∗ ∈ X∗. Assume that there is a decomposition [0, 1] =

⋃
k Hk

into measurable sets of positive measure such that Vx∗Φ(Hk) < ∞ for every k ∈ N and every
x∗ ∈ X∗ and, for every k ∈ N, the function x∗ → Vx∗Φ(Hk) is sequentially weak∗-continuous.

If f : [0, 1] → X is a scalarly measurable function, then the set

K =
{

x∗ ∈ X∗ : x∗f ∈ HK[0, 1] and x∗Φ(I) = (HK)
∫

I

x∗f(t)dt, ∀ I ∈ I
}

is weak∗ sequentially closed.

Proof It is obvious that K �= ∅. Notice first that if x∗ ∈ K, then (x∗Φ)′ = x∗f a.e. (cf. [15]).
Let {x∗

n} ⊂ K be such that x∗
n → x∗

0 in the w∗-topology. We may assume, without loss of
generality, that all x∗

n, n = 0, 1, 2, . . . , belong to B(X∗). By hypothesis Vx∗
0Φ � λ, and so there

exists g ∈ HK[0, 1] such that x∗
0Φ(I) = (HK)

∫
I
g dt, for all I ∈ I (cf. [16]).

By the assumption and by [17, Corollary 3], we have, for each k ∈ N,

lim
n

∫

Hk

|x∗
nf(t) − g(t)|dt = lim

n
V(x∗

n−x∗
0)Φ(Hk) = 0.
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Hence, there is a subsequence {x∗
k,nm

}m of {x∗
n} with limm x∗

k,nm
f = g, a.e. on Hk. It follows

that g = x∗
0f a.e. and so x∗

0f ∈ HK[0, 1]. By Lemma 3.7, the sequence (x∗
nf) is σ(HK, BV)-

convergent to x∗
0f . This yields x∗

0 ∈ K and so K is weak∗ sequentially closed. �

Theorem 3.9 Let Φ: I → X be an interval measure such that for every n ∈ N the scalar in-
terval measure e∗nΦ has the representation e∗nΦ(I) = (HK)

∫
I
fn(t)dt, I ∈ I. Then the following

two conditions are equivalent :
(A) (a) the series

∑∞
n=1 fnen is a.e. convergent to a function f : [0, 1] → X in the norm

topology of X;
(b) Vx∗Φ � λ, for every x∗ ∈ X∗;
(c) there is a decomposition [0, 1] =

⋃
k Hk into measurable sets of positive measure

such that Vx∗Φ(Hk) < ∞ for every k ∈ N and every x∗ ∈ X∗ and, for every k ∈ N the function
x∗ → Vx∗Φ(Hk) is sequentially weak∗-continuous.

(B) There exists f ∈ HKP([0, 1], X) such that

Φ(I) = (HKP)
∫

I

f(t)dt, for every I ∈ I. (3.5)

Proof (A)⇒(B) If the function x∗ → Vx∗Φ(Hk) is weak∗-continuous, for every k ∈ N, then
we have K ⊃ Q := {∑m

i=1 aie
∗
i : (a1, . . . , am) ∈ R

m, m ∈ N}, where K is defined as in
Proposition 3.8. But Q is sequentially weak∗ dense in X∗, and so we may apply Proposition 3.8
to get the required HKP-integrability of f and the equality (3.5).

(B)⇒(A) Assume that the equality (3.5) holds. Then conditions (a) follows by (3.4), and
condition (b) by [16]. It remains to prove condition (c). For each k ∈ N, let Hk := {t ∈
[0, 1] : k − 1 ≤ ‖f(t)‖ < k}. The separability of X yields the strong measurability of f and the
measurability of each set Hk. Let {x∗

n} be an arbitrary sequence of functionals with x∗
n → x∗

0

in the w∗-topology. For arbitrary k ∈ N and n ∈ N (see [17, Corollary 3]), we have

V(x∗
n−x∗

0)Φ(Hk) =
∫

Hk

|x∗
nf(t) − x∗

0f(t)|dt

and the integrands are bounded by 2k. It follows from the Lebesgue dominated convergence
theorem that, for each k ∈ N,

lim
n

V(x∗
n−x∗

0)Φ(Hk) = 0.

Since |Vx∗
nΦ(Hk) − Vx∗

0Φ(Hk)| ≤ V(x∗
n−x∗

0)Φ(Hk), we obtain the required continuity. �

Remark 3.10 The assumption (a) in Theorem 3.9 can be replaced by any of the following
two conditions:

(a′) There exists a scalarly HK-integrable function f such that for each x∗ ∈ X∗ the series
∑∞

n=1 fnx∗(en) is a.e. convergent to x∗f ;
(a′′) There exists a scalarly HK-integrable function f such that for each x∗ ∈ X∗ the series

∑∞
n=1 fnx∗(en) is convergent in measure to x∗f .

As a particular case of Theorem 3.9, we obtain [4, Theorem 2] for the Lebesgue measure.

Corollary 3.11 ([4]) Let ν : L → X be a countably additive measure such that e∗nν(E) =
∫

E
fn(t)dt, for every E ∈ L and n ∈ N. If the series

∑∞
n=1 fnen is a.e. convergent to a function
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f : [0, 1] → X in the norm topology of X (or in measure for every x∗ ∈ X∗), then f is Pettis
integrable and

(P )
∫

E

f(t)dt =
∑

n

en

∫

E

fn(t)dt, for every E ∈ L.

Proof Let ν : L → X be a countably additive measure such that e∗nν(E) =
∫

E
fn(t)dt for

every E ∈ L and n ∈ N, and let us assume that the condition (a) of Theorem 3.9 is fulfilled.
By the hypothesis, we have

ν(E) =
∞∑

n=1

en

∫

E

fn(t)dt, for every E ∈ L.

Then ν � λ. Therefore, for each x∗ ∈ X∗, x∗ν is a finite measure and x∗ν � λ. Moreover,
by the finiteness of x∗ν, we infer that it is of bounded variation. Therefore, x∗ν is a Lebesgue
primitive, for each x∗ ∈ X∗.

Let now Φ : I → X be defined by Φ(I) = ν(I). By [2, Lemma 3.3], we have Vx∗Φ(E) ≤
|x∗ν|(E), for every E ∈ L (where |x∗ν| denotes the ordinary variation of the measure x∗ν).

Hence, the condition (b) of Theorem 3.9 is fulfilled.

Consider now a new norm on X defined by

|||x||| := sup
n

∥
∥
∥
∥

n∑

k=1

αkek

∥
∥
∥
∥, if x =

∞∑

k=1

αkek. (3.6)

It is well known that the norm ||| · ||| is monotone and equivalent to the initial norm of X (cf.
[18, p. 250]). Let | · | be the norm on X∗ determined by ||| · |||.

For each k ∈ N, let Hk := {t ∈ [0, 1] : k − 1 ≤ |||f(t)||| < k}, where f =
∑∞

n=1 fnen. Then
[0, 1] =

⋃
k Hk. Moreover, the separability of X yields the strong measurability of f and the

measurability of each set Hk.

Since |x∗f(t)| < |x∗|k, for each t ∈ Hk, we have x∗f ∈ L1(Hk) for each x∗ ∈ X∗ and each
k ∈ N. Moreover, by the Lebesgue Dominated Convergence Theorem, we have
∫

E∩Hk

x∗f(t)dt = lim
p

∫

E∩Hk

p∑

n=1

x∗(en)fn(t)dt = lim
p

p∑

n=1

x∗(en)
∫

E∩Hk

fn(t)dt = x∗ν(E ∪ Hk),

for each x∗ ∈ X∗ and E ∈ L, and, applying once again [2, Lemma 3.3], we obtain

Vx∗Φ(Hk) ≤ |x∗ν|(Hk) =
∫

Hk

|x∗f(t)|dt.

So
∫ 1

0

|x∗f(t)|dt =
∞∑

1

∫

Hk

|x∗f(t)|dt =
∞∑

1

|x∗ν|(Hk) = |x∗ν|([0, 1]) < ∞

for each x∗ ∈ X∗.

Let now {x∗
n} be an arbitrary sequence of functionals with x∗

n → x∗
0 in the w∗-topology.

Then

|Vx∗
nΦ(Hk) − Vx∗

0Φ(Hk)| ≤ V(x∗
n−x∗

0)Φ(Hk) ≤
∫

Hk

|x∗
nf(t) − x∗

0f(t)|dt,
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and, applying once again the Lebesgue Dominated Convergence Theorem, we get the sequential
weak∗-continuity of the function x∗ → Vx∗Φ(Hk). Consequently, it follows from Theorem 3.9
that f is HKP-integrable and

x∗ν(I) = (HK)
∫

I

x∗f(t)dt, for each I ∈ I.

Since each function x∗f is Lebesgue integrable, the right-hand side of the above equality extends
uniquely to a measure defined on L. As the left-hand side is the restriction of the measure
x∗ν, we obtain the equality x∗ν(E) =

∫
E

x∗f(t)dt, for every E ∈ L. This proves the Pettis
integrability of f and the expected equality ν(E) = (P )

∫
E

fdt. �
Since we have not applied any part of [4] in the proof of Theorem 3.9, our result presents a

new proof of [4, Theorem 2] in case of the Lebesgue measure.
In the next theorem, we present a characterization of HKP-differentiable interval measures

with values in spaces not containing c0. It turns out that under such restriction the assumptions
may be essentially weaker. For readers’ convenience we recall the Romanowski lemma:

Lemma 3.12 ([15, Lemma 5.18]) Let F be a family of open intervals in (0, 1) and assume
that F has the following properties :

(1) if (α, β) and (β, γ) belong to F , then (α, γ) belongs to F ;
(2) if (α, β) belongs to F , then every open interval in (α, β) belongs to F ;
(3) if (α, β) belongs to F for every interval [α, β] ⊂ (c, d), then (c, d) belongs to F ;
(4) if all the intervals contiguous to the perfect set E ⊂ [0, 1] belong to F , then there exists

an interval I in F such that I ∩ E �= ∅.
Then F contains the interval (0, 1).

Theorem 3.13 Assume that c0 � X. Let Φ: I → X be an interval measure such that for
every I ∈ I and every n ∈ N the scalar set function e∗nΦ has the representation e∗nΦ(I) =
(HK)

∫
I
fn(t)dt. Then the following two conditions are equivalent :

(C) (a) the series
∑∞

n=1 fnen is a.e. convergent in the norm topology of X to a scalarly
HK-integrable function f : [0, 1] → X;

(b) Φ is scalarly continuous.
(D) There exists f ∈ HKP([0, 1], X) such that

Φ(I) = (HKP)
∫

I

f(t)dt, for every I ∈ I. (3.7)

Proof (C)⇒(D) Let F be the collection of all open intervals K in [0, 1] such that f is HKP-
integrable on each closed subinterval I of K and

e∗nΦ(I) = (HK)
∫

I

e∗nf dt, (3.8)

for every I ∈ I and for every n ∈ N.
F is not empty. In fact, by hypothesis (a), there exists J ⊂ [0, 1] such that f |J is Dunford

integrable (see [13, Theorem 33]). Since c0 � X and X is separable, then by [13, Theorem 22],
f |J is Pettis integrable. Set Φ̂(K) = (P )

∫
K

fdt for K ∈ I, K ⊂ J . For every n ∈ N, we have

e∗nΦ̂(K) =
∫

K

e∗nfdt =
∫

K

fndt.
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Then Φ̂(K) = Φ(K). This means that J ∈ F , hence F is not empty.

Now we prove that, by the hypothesis (b), if (a, b) ∈ F , then f is HKP-integrable in [a, b]
and (3.7) is satisfied for each subinterval I of [a, b]. In fact, for each I ∈ I, let x∗∗

I be the
HKD-integral of f on I. Then for every x∗ ∈ X∗, we have

x∗(x∗∗
(a,b)) = (HK)

∫ b

a

x∗f(t)dt = lim
n

(HK)
∫ b−1/n

a+1/n

x∗f(t)dt

= lim
n

x∗Φ[a + 1/n, b − 1/n] = x∗Φ[a, b].

Since a weak∗ convergent sequence may have only one limit point, we have x∗∗
(a,b) = Φ[a, b] ∈ X,

and f is HKP-integrable in [a, b].

So to get the thesis it is enough to show that (0, 1) ∈ F . To this end we are going to apply
Romanovski’s lemma to the family F . Properties (1)–(3) of Romanovski’s lemma are easily
verified. Now we are going to prove property (4). Let E be a perfect subset of [0, 1] such that
each interval in (0, 1) contiguous to E belongs to F . Since f is scalarly HK-integrable, then f

is HKD-integrable on [0, 1] (see [11]). Therefore f is also Denjoy–Dunford integrable on [0, 1].
Hence by [13, Theorem 33] there exists an interval [u, v] with u, v ∈ E and E ∩ (u, v) �= ∅ such
that f is Dunford integrable in [u, v]. Since c0 � X and X is separable, by [13, Theorem 22], f

is Pettis integrable in [u, v] and equality (3.8) is satisfied for each interval K ⊂ (u, v). Therefore
(u, v) belongs to F and also property (4) of the Romanovski Lemma is satisfied. Then (0, 1) ∈ F
and the proof of the direct part is complete.

(D)⇒(C) follows as in Proposition 3.6. �

Theorem 3.13 can be also interpreted as a necessary and sufficient condition for integrability
of a function with values in a Banach space not containing any isomorphic copy of c0. In
such a case, it can be considered as a generalization of a result of Gordon from [13], where
he proved that each scalarly Denjoy-integrable function with values in a weakly sequentially
complete Banach space is Denjoy–Pettis integrable and presented a counterexample for c0-
valued functions.

Corollary 3.14 Assume that c0 � X and f : [0, 1] → X is a scalarly HK-integrable function
with f =

∑∞
n=1 fnen. If there exists an interval measure Φ : I → X such that e∗nΦ(I) =

(HK)
∫

I
e∗nf(t)dt, for every n ∈ N, then f is HKP-integrable and

Φ(I) = (HKP)
∫

I

f(t)dt, for every I ∈ I.

4 Other Integrals

In this section we obtain some representations of interval measures by means of the Radon–
Nikodym derivatives which are integrable in a stronger sense than in the Henstock–Kurzweil–
Pettis one.

We recall the definition of the variational Henstock integral.

Definition 4.1 A function f : [0, 1] → X is said to be variationally Henstock integrable (briefly
vH-integrable) if there is an additive interval function F : I → X such that for each ε > 0 there
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exists a gauge δ with
p∑

i=1

‖f(ti)|Ii| − F (Ii)‖ < ε, (4.1)

for each δ-fine partition {(I1, t1), . . . , (Ip, tp)} of [0, 1]. By the symbol vH([0, 1], X) we denote
the family of all X-valued variationally Henstock integrable functions f .

Let us recall that for real valued functions the HK-integral coincides with the vH-integral.
A family {fα}α∈A of functions fα : [0, 1] → X is said to be variationally Henstock equiinte-
grable (briefly vH-equiintegrable) if it is possible to find for each ε > 0 a gauge δ satisfying
inequality (4.1) for all the functions of the family.

Let us start with the obvious remark that if f is vH-integrable (resp. H-integrable) with
respect to ‖ · ‖, then it is also vH-integrable (resp. H-integrable) with respect to any equivalent
norm on X. In the sequel we assume that X is endowed with the monotone norm defined
in (3.6).

We need the following version of [19, Theorem 4].

Theorem 4.2 Let {fn ∈ vH([0, 1], X)} be a sequence of functions and let N ⊂ [0, 1] be a set
with |N | = 0 such that

(i) fn(t) → f(t) for t ∈ E, where E = [0, 1] \ N ;
(ii) {fn} is pointwise bounded in N ;
(iii) {fn} is vH-equiintegrable on [0, 1].

Then f ∈ vH([0, 1], X) and ‖f − fn‖A → 0.

Proof By proceeding, with easy changes, as in [19, Theorem 4] we have that the sequence
{fnχE} is pointwise convergent to fχE on [0, 1] and vH-equiintegrable on [0, 1]. Then it is
also H-equiintegrable on [0, 1]. So, by [20, Theorem 1], fχE is H-integrable on [0, 1] and
‖fχE − fnχE‖A → 0. Then, by a simple passage to the limit in the formula of the vH-
equiintegrability, we get the vH-integrability of fχE and then also of f . �

Theorem 4.3 Let Φ: I → X be a continuous interval measure such that, for every I ∈ I and
every n ∈ N, the scalar interval measure e∗nΦ has the representation e∗nΦ(I) = (HK)

∫
I
fn(t)dt.

Then the following conditions are equivalent :
(E) There exists f ∈ vH([0, 1], X) such that

Φ(I) = (vH)
∫

I

f(t)dt, for every I ∈ I;

(F) The series
∑∞

n=1 fn(t)en is a.e. convergent and the sequence of functions gn :=
∑n

i=1 fiei

is vH-equiintegrable.

Proof (E)⇒(F) As f is vH-integrable, for every n ∈ N and for every I ∈ I, we have e∗nΦ(I) =
(HK)

∫
I
e∗nf(t)dt, e∗nf(t) = fn(t) a.e., and f(t) =

∑∞
n=1 fn(t) en a.e.. Moreover, for every ε > 0,

there exists a gauge δ on [0, 1] such that
p∑

i=1

‖f(ti)|Ii| − Φ(Ii)‖< ε, (4.2)

for each δ-fine partition {(I1, t1), . . . , (Ip, tp)} of [0, 1].
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Set Φn := e∗nΦ and Ψn :=
∑n

j=1 Φjej . It follows from the monotonicity of the norm that,
for every n ∈ N,

p∑

i=1

‖gn(ti)|Ii| − Ψn(Ii)‖ =
p∑

i=1

∥
∥
∥
∥

n∑

j=1

[fj(ti)|Ii| − Φj(Ii)]ej

∥
∥
∥
∥

≤
p∑

i=1

∥
∥
∥
∥

∞∑

j=1

[fj(ti)|Ii| − Φj(Ii)]ej

∥
∥
∥
∥

=
p∑

i=1

‖f(ti)|Ii| − Φ(Ii)‖< ε.

Consequently the functions gn are vH-equiintegrable with respect to ‖ · ‖.
(F)⇒(E) Let us denote by N ⊂ [0, 1] the set of all points t ∈ [0, 1] such that the series

∑∞
n=1 fn(t)en is not convergent and define f(t) :=

∑∞
n=1 fn(t)en for t ∈ [0, 1] \ N , f(t) := 0

for t ∈ N . We are going to prove that f is vH-integrable. Set Φn = e∗nΦ and observe that, for
every n ∈ N, the function Gn =

∑n
i=1 Φiei is the vH-primitive of gn. Since for every t ∈ [0, 1],

for every h ∈ R and for every n ∈ N, we have
∥
∥
∥
∥

n∑

i=1

(Φi(t) − Φi(t + h))ei

∥
∥
∥
∥≤ ‖Φ(t) − Φ(t + h)‖,

by the continuity of Φ, we get the equicontinuity of the functions {Gn}. Now we are going to
show that the sequence {gn} is pointwise bounded in N . Indeed, fix ε = 1. According to the
vH-equiintegrability of the sequence {gn}, for each t ∈ N let δ(t) be such that

‖gn(t)|I| − Gn(I)‖ < 1 (4.3)

and

‖Gn(I)‖ < 1, (4.4)

for every n ∈ N and for every δ-fine interval I containing t. Fix one of such intervals and call
it I.

So by (4.3) and (4.4), we infer

‖gn(t)‖ ≤ ‖Gn(I)‖ + 1
|I| <

2
|I| .

Therefore, the sequence {gn} is pointwise bounded in N . Then, by applying Theorem 4.2, we
get that f ∈ vH([0, 1], X). �

Theorem 4.4 Let Φ: I → X be a continuous interval measure such that, for every I ∈ I and
every n ∈ N, the scalar interval measure e∗nΦ has the representation e∗nΦ(I) = (HK)

∫
I
fn(t)dt.

Then the following conditions are equivalent :
(G) There exists f ∈ H([0, 1], X) such that

Φ(I) = (H)
∫

I

f(t)dt, for every I ∈ I;

(H) The series
∑∞

n=1 fn(t)en is a.e. convergent and the sequence of functions gn :=
∑n

i=1 fiei

is H-equiintegrable.
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Proof (G)⇒(H) If f is H-integrable, proceeding as in the case of the vH-integral, we obtain
f(t) =

∑∞
n=1 fn(t)en a.e. in [0, 1].

Moreover, for every ε > 0 there exists a gauge δ on [0, 1] such that
∥
∥
∥
∥

p∑

i=1

[f(ti)|Ii| − Φ(Ii)]
∥
∥
∥
∥< ε, (4.5)

for each δ-fine partition {(I1, t1), . . . , (Ip, tp)} of [0, 1].
Set Φn := e∗nΦ and Ψn :=

∑n
j=1 Φjej . It follows from the monotonicity of the norm that,

for every n ∈ N,
∥
∥
∥
∥

p∑

i=1

[gn(ti)|Ii| − Ψn(Ii)]
∥
∥
∥
∥ =

∥
∥
∥
∥

p∑

i=1

n∑

j=1

[fj(ti)|Ii| − Φj(Ii)]ej

∥
∥
∥
∥

=
∥
∥
∥
∥

n∑

j=1

p∑

i=1

[fj(ti)|Ii| − Φj(Ii)]ej

∥
∥
∥
∥

≤
∥
∥
∥
∥

∞∑

j=1

p∑

i=1

[fj(ti)|Ii| − Φj(Ii)]ej

∥
∥
∥
∥

=
∥
∥
∥
∥

p∑

i=1

[ ∞∑

j=1

fj(ti)ej |Ii| −
∞∑

j=1

Φj(Ii)ej

]∥
∥
∥
∥

=
∥
∥
∥
∥

p∑

i=1

[f(ti)|Ii| − Φ(Ii)]
∥
∥
∥
∥ < ε.

Hence the functions gn are H-equiintegrable with respect to ‖ · ‖.
(H)⇒(G) We may proceed as in the previous theorem, applying this time the uniform

version of the Henstock Lemma (see [21, Lemma III 5.6] and the convergence theorem for
H-equintegrable functions [19, Theorem 2]). �

Using the notion of equiintegrability we obtain the following sufficient condition for the
HKP-integral.

Proposition 4.5 Let Φ: I → X be a continuous interval measure such that, for every I ∈ I
and every n ∈ N, the scalar set function e∗nΦ has the representation e∗nΦ(I) = (HK)

∫
I
fn(t)dt.

If the series
∑∞

n=1 fn(t)en is a.e. convergent to a function f and the sequence of functions
gn :=

∑n
i=1 fiei is scalarly H-equiintegrable (i.e. for every x∗ ∈ X∗ the sequence {x∗gn} is

HK-equiintegrable), then f is HKP-integrable and

Φ(I) = (HKP)
∫

I

f(t)dt, for every I ∈ I.

Proof Let us denote by N ⊂ [0, 1] the set of all points t ∈ [0, 1] such that the series
∑∞

n=1 fn(t)en is not convergent, and set Φn = e∗nΦ. We observe that for every n ∈ N the
function gn is H-integrable and Gn =

∑n
i=1 Φiei is its H-primitive. Proceeding as in Theo-

rem 4.3, we get that the sequence {gn} is pointwise bounded in N . Then by the convergence
theorem for HK-equintegrable functions [19, Theorem 2], we obtain that for every x∗ ∈ X∗ the
series

∑∞
n=1 fnx∗(en) is σ(HK, BV)-convergent to x∗f . So an application of Theorem 3.4 gives

us the thesis. �
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We do not know if the HK-equiintegrability of the sequence {fn} itself and the a.e. con-
vergence of the series

∑∞
n=1 fn(t)en guarantee the HKP-integrability of f . The next example

shows that such HK-equiintegrability is not necessary.

Example 4.6 We are going to consider the example of Gamez–Mendoza [11]:
Given a sequence of intervals An = [an, bn] ⊆ [0, 1] such that a1 = 0, bn < an+1 for all

n ∈ N and limn→∞ bn = 1, we define f : [0, 1] → c0 by

f(t) :=
(

1
2|A2n−1|χA2n−1(t) − 1

2|A2n|χA2n
(t)

)∞

n=1

.

Moreover, for n ∈ N, we set

fn(t) :=
1

2|A2n−1|χA2n−1(t) − 1
2|A2n|χA2n

(t),

and take an arbitrary 0 < ε < 1/4.
The function f takes values in c0, it is HKP-integrable but the sequence {e∗nf = fn : n ∈ N}

in not HK-equiintegrable. In fact, assume there is a gauge δ : [0, 1] → (0, 1) such that, for each
δ-fine partition {(Ii, ti)}1≤i≤p and each n ∈ N, we have

∣
∣
∣
∣

∑

1≤i≤p

fn(ti)|Ii| − (HK)
∫ 1

0

fn(t)dt

∣
∣
∣
∣ < ε. (4.6)

Now let us define a new gauge δ′ in the following way: if t ∈ (an, bn), then (t − δ′(t), t +
δ′(t)) ⊂ (an, bn). If t ∈ (bn, an+1), then (t − δ′(t), t + δ′(t)) ⊂ (bn, an+1). If t ∈ {an, bn}, then
δ(t) < 1

2n+2 |An|. Moreover, let δ′′(t) = min{δ(t), δ′(t)} if t < 1 and δ′′(1) = δ(1). Let n0 ∈ N

be the first index such that δ′′(1) ≤ a2n0 . If δ′′(1) < a2n0 , then we leave δ′′(1) as it is. If
δ′′(1) = a2n0 , then we redefine δ′′(1) such that b2n0−1 ≤ δ′′(1) ≤ a2n0 .

Let {(I1, t1), . . . , (Ip, tp)} be a δ′′-fine partition of [0, 1]. Then tp = 1 and
∣
∣
∣
∣

p∑

i=1

fn0(ti)|Ii| − (HK)
∫ 1

0

fn0(t)dt

∣
∣
∣
∣ =

∣
∣
∣
∣

p∑

i=1

fn0(ti)|Ii|
∣
∣
∣
∣ =

1
2

∑

ti∈A2n0−1

|Ii|
|A2n0−1| ≥ 1/4,

in contradiction to (4.6). This proves that the sequence {fn} is not HK-equiintegrable.
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