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Abstract. We prove that on a complete product of two arbitrary probability spaces, one of
which is endowed with a particular linear lifting (we call it admissible), there exists a linear lifting
possessing the property that all its sections determined by the marginal space without lifting are
invariant under corresponding, given a priori, marginal linear lifting. If both marginal spaces are
endowed with linear liftings (at least one of them to be admissible) then the lifting in the product
space may have additional product properties. We prove also that for non-atomic marginal spaces
there exist no marginal linear liftings and no linear lifting in the product possessing all its sections
invariant under both marginal linear liftings.

Introduction. It follows from a result of Talagrand in [7] that given a complete finite
measure space (2, X, u) there exists a lifting (called consistent) p on (€2, X, i) such that
there exists a lifting 77 on the complete direct product (22, ¥, i) ® (2, X, u) satisfying the
equality

© T(f®g) =p(f)®pE)

Talagrand proved also in [8] (assuming CH), that there exist non-consistent liftings for
arbitrary f, g € £%°(u). Then Macheras and Strauss proved in [2] that given complete
probability spaces (2, X, 1), (®, T, v) and a fixed lifting p on (2, X, i), one can find
liftings 0 on (®, T, v) and  on (L2, X, u) ® (®, T, v) satisfying the equality

P) T(f®g =p(f)®c(g) forall feLu),geLlTW).

In [4] we have proven that for an arbitrary pair of complete probability spaces (€2, X, i),
(®, T, v) and a fixed lifting p on (€2, X, w) there exists a lifting o on (®, T, v) and a lifting
7 in the product space satisfying (P) and

(S) [T(Hlo =0(7(l) forall feLl®u®v), weQ.
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Moreover, we have proven also that in case of non-purely atomic measure spaces there
exist no liftings p, o and 7 satisfying (S) and

(NI = pn(HIP) forall feLl®u®v),0cO.

Here we investigate the same problem for the collection of all linear liftings, which form
much larger class of objects than liftings. As the existence of linear liftings p, o and
satisfying (P) and (S) follows from [4], we concentrate ourselves on the question of the
existence of a linear lifting 7w on £ (u Qv) satisfying (P) and (S) when marginal linear
liftings p and o are given a priori. We single out the class of “admissible linear liftings”
on (®, T, v) which has the property that if ¢ is an admissible linear lifting on (®, T, v)
then for each linear lifting p on (€2, X, ) there exists 7 satisfying (P) and (S) for almost
all o € Q (see Proposition 2.4). If v is separable, then (S) may be satisfied everywhere
(Theorem 2.2). The proofs are independent of [4].

In case of non-atomic probability spaces however it turns out that the results of [4] cannot
be improved. There exist no linear liftings p for u, o for v, and & for ® v such that all
sections of w(f) are invariant with respect to p and o, respectively, for every bounded
measurable function f (see Theorem 3.2). The proof of this fact heavily depends on the
results of [4] concerning densities.

1. Preliminaries. For a given probability space (2, X, ) the family of all x-null sets is
denoted by ¥¢. The (Carathéodory) completion of (€2, X, i) will be denoted by (€2, f, ).
L% (1) denotes the family of all bounded real-valued p-measurable functions on (2, X, ).
The equivalence class of all u-measurable functions in £%°(w), that are p-a.e. equal to f,
will be denoted by f* and the space of equivalence classes-by L°°(u). Equivalent functions
are not identified. The space of equivalence classes of functions that are p-integrable is
denoted by L(u). The o-algebra generated by a family £ of sets is denoted by o (£). N
and R stand for the natural numbers and the real numbers respectively. If M € Q, then
MF€ := Q\ M. We use the notion of (lower) density, linear lifting, lifting in the sense of [1]
(see also [5]), and for any probability space (€2, X, u) we denote by ¥ (u), G(u), and by
A () the system of all (lower) densities, linear liftings, and liftings, respectively.

We denote by (2 x ®,X ® T, u ® v) the product probability space of the proba-
bility spaces (2, X, 1) and (®,T,v). By (2 x ©, X ® T, u ® v) will be denoted its
(Carathéodory) completion. If n € T is a sub-c-algebrathen ¥ ®g n:= 0 (T ® T)o U
(2 ®n)), S ®on is the completion of ¥ ®q n with respect to (1 ® V)[(X¥ ®o 1) and
(L ®V)|(X ®o n) is the completion of (1 ® V)[(X ®o 7).

E,(g) denotes a version of the conditional expectation of a function g € £°°(v) with
respect to a sub-o-algebran S T.

If f is a function defined on 2 x ® and (w, 0) € 2 x O is fixed, then we use the ordinary
notation f,,, f¢ for the functions obtained from f by fixing w and @ respectively. In a
similar way the sections E,,, E? of aset E € Q x © are defined.

All the densities used in this paper are lower densities so that for simplicity we will use
the word “density” instead of “lower density”.
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Wecallamw € G(u ® v) a product (linear lifting) of the linear liftings p € G(u) and
o € G(v) (and we write 7 € p ® o), if

T(f®g =p(f)®c(g) forall feL¥u) and geL>W).

Corresponding definitions for liftings and densities can be found in [4].

2. Existence of linear liftings with one-sided lifting invariant sections. It has been
observed already by Talagrand [8] that not all liftings have good product properties. The
same holds true in the case of our investigations concerning linear liftings. Therefore we
are going to separate a wide class of linear liftings posessing properties suitable for our
purposes.

Definition 2.1 ([3]). Let (®, T, v) be a probability space. A linear lifting o € G(v)
is called an admissible linear lifting if it can be constructed with the help of the transfinite
induction in the way described below.

(A) Let d be the smallest cardinal with the property, that there exists a collection M C T
of cardinality d such that o (M) is dense in 7 in the pseudometric generated by v. Let M =
(My)q <, benumbered by ordinals less than «, where « is the first ordinal of the cardinality d.
Denote by 79 the o-algebra o (Tp) and for each 1 £ a < « denote by 7, the o-algebra
generated by the family {M, : y < a} U no. We may assume that M, ¢ n, for
each . Notice, that all the measures v|n, are complete. For each limit y < « of countable
cofinality we fix an increasing sequence of ordinals y;,, < y which is cofinal with y and a
free ultrafilter ¢/, on N.

(B) For the algebra ng and g € L% (v|no) we define og € G(v|ng) by setting oy(g) = a,
if g =aae. (v).

(C) If y is a limit ordinal of uncountable cofinality, then 1, = [J 14 and we define
o<y

oy € G(v|n,) by setting
oy(g) =oq(g) if ge€ L v[ng).
(D) If y is of countable cofinality, then we put for simplicity o, := oy, and 1, = 1,
foralln € N. Then n,, = a(nLeJN nn) and we define o, by setting
oy (h) := lim o0, (Ey,(h)) for he LCW|n,).
neld,

Using the arguments of the proof of Theorem 2 in [1, Chapter I'V, Section 1] and assuming
the completeness of (®, T, v), we get o, € G(v|n,) and 0y, |[LP(V|ne) = 04 for each
a < y.If (®,T,v) is not complete, then we assume the T'-measurability of every oy, (h).

(E) Let now y = B + 1. To simplify the notations let M := Mg. It then follows that

LZlny) = {gxm +hyxme : g.h € L2W[np)}.
Put

Wi :=essinf{B e ng: M & B ae. (ving)},

Wy :=essinf{B € ng : M & B a.e. (v|ng)},
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and

oy (gxm + hxme) = xmop(@xw, +hxwe) + xmeop(hxw, + g xws)

if g, h € L2(v|ng). It follows that oy, € G(v|n,) and o, |[L>(vIng) = op.

(F) We define o € G(v) just by setting 0 = 0.

Throughout the collection of all admissible linear liftings on (®, T, v) will be denoted
by AG(v) and each 0 € AG(v) will be considered together with a fixed collection of the
elements involved into the above construction, without any additional remarks. In case of
d = ®p we need only one ultrafilter, which we denote by /.

By converting the above definition into an inductive proof, we see that AG(v) # @ for
every complete probability space (®, T, v). It should be mentioned also that the above con-
struction, which leads to admissible linear liftings, is the standard, well known, construction
of linear liftings.

Theorem 2.2. Let (©, T, v) be a complete separable probability space and (2, X, 1)
a complete probability space. Then for each p € G(u) and each o € AG(v) there exists a
¢ € G(u®v) such that ¢ € p ® o and

(N = o([(N]w)
for every f € L®(u®v) and every w € Q.

Proof. Let there be given a p € G(u) and 0 € AG(v) and choose the sequence
M = (M,,);;O:O C T as well as the o-subalgebras 7, in T, the free ultrafilter ¢/ on N, and
the sequence (o,,) of linear liftings o, € G(v|n,) according to the Definition 2.1. Note that
E@O"]n+l =o(X ®OnnU{QXMn})~ R

We shall be constructing now a sequence (gpn);’o: o of linear liftings ¢, € G((n ® V)]
(X ®o0 nn)), satisfying the following set of conditions:

(1) Pul L (1 @ VI(E ®0 Nn—1)) = @p_1 ifn = 1;
) 0n(g ® h) = p(g) ® 0y (h) forall g € LX(1), h € LX(v|n,) and n 2 0;
3) [pn () € L2]ny) forevery f € L2((1 @ VII(E Qo 1)),

weQandn = 0.

Forevery n = 0 and every f € L®((u ® v)[(Z ®g 1)), there exists N,,_ s € Zo such
that for each w ¢ N, ¢

“4) [0 (N]w = on(len(]e);
(5 Ey,_ ([0n(N]o) = [0n—1(Exgyn,_ (N ae. (v)
forevery f € L2((u ® v)T(E ®0 M), w € Qandn 2 1;

(©) [n (N1 = pLen (N1,
foreveryn 20, f € L®((1 ® v)T(E ®o 1nn)) and 6 € O.
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The proof is inductive. We start the induction by setting ¢o(f) := p(g) ® xe if f €
LX(n @ v[E ® no) and f = g ® xo ae. (L®V).

Assume now that the conditions (1)-(6) are satisfied for some n = 1 (or (2)-(4) and (6)
in case of n = 0) and take f € L® (L ® v)T(E ®0 Mn+1)) with f = Gxaxm, + H xexme
and G, H € L((u ® U)T(E ®o nn)). We set then

7 Pnt1(f) = Xxm, @n (G xvy + Hxve) + xaxmsen(H xv, + G xvg)
where
Vi := essinf{E €  Qq ng: Q2 xMy EEae. (u@vmﬂ)},
Vy:=essinf{E€ T®pnp : @ x M CEae. (L®vlnp)),

and depend in fact on n. If Wi, W, are defined according to Definition 2.1 (E), then we
have by [2] (Claim 3 in the proof of Theorem 3) and by the u ® v-density of ¥ ® 7, in
D) ®0 Nn»

®) Vi=Qx W, and Va=Qx W, ae (u®V)[(Z Qo 1p)).

For simplicity we assume that the above equalities hold true everywhere. Hence for
each (w, 0)

[n+1()]e = xm, [0 (G xvy + Hxve)lo + xmglen(H xv, + G xve)lo

and

[(pn—H (f)]e
= X, Oen(Gxvy + Hxve)l’ + xaag O (H xv, + Gxve)l.
The above two formulae prove the required measurability of all sections [¢,+1(f)]w

and the condition (6). Let f € L£®(u) and u = gxm, + hxm,c € LOW[Nu41) with
g h € L2W|n,). We get (2) for g 41:

Pnt1(f @ u) = xaxm, eul(f ® & xvy + (f & W) xvel
+ xeem, Pul(f @ M) xv, + (f @ g)xvsl
= p(f) ® [, 0n (8 xwy + hxwe) + Xm,con(hxw, + 8 xwe)]
= p(f) ® ony1u).
Forany f € L®((11 ® v)|[(E ®0 nnt1)) there exist G, H € L®((1 ® V)[(Z ®0 7))

suchthat f = G xoxm, + H xox me- By the inductive assumption and the Fubini theorem,
there exists Ny € X such that

[@n(Gxv, + Hxv)lo = on([@n(Gxvy + Hxve)lw)
= on([Gxv, + Hxvelo) ae. (v),

[ (H xv, + Gxve)lo = on([@n(H xv, + G xve)lw)
= on([Hxv, + Gxvglo) ae.(v)
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and [, (f)lo = fo ae.(v) forall o ¢ Ny. Applying condition (8) we have for each
w € Q\Ny

[@n+1(N]w
= [0 (Gxvy + Hxvo)lo + Xag,e @ (H xvy + G xve)lw

xm, 0n(Lon (G xvy + H xve)lw) + X, 0n ([ (H xv, + G Xve)lw)

XMy n(Goxivil, + Hoxpvey,) + xm,con (Hoxivl, + GoXpvg,)

XMnUn(Ga)XW1 + HwXWf) + XM,,”Un(HwXWZ + GwXWZC)
= ont1(fo),

i.e. (4) holds true for ¢, 41 (f) withw ¢ Ny.
It follows from (7) that we have (1 ® v)|(Z ®q 1,))-a.e.

Exgon, () = Exgon, (Pn+1(£)
= Ep, Otm,)en(Gxv, + Hxye) + [1 = Ey, (xm,)en(H xv, + G xvs)

and so setting for the simplicity m, = 0, (E;, (xm,)) we have also ((u ® v)T(E Ronn))-a.e.

n(Exggn, () = mn@n(Gxv, + Hxye) + (1 —mp)@n(H v, + G xvg).

According to the Fubini theorem, there exists aset L, y € Tp suchthatforeacht € ®\L, f,
we have p-a.e.

[9n(Exggn, (SN = ma@)[ea(Gxv, + Hxve)l’
+ [1 = my O)]l@n(H xv, + G xv)1.

Since p is a linear lifting and the condition (6) is satisfied, the above equality holds true
everywhere on 2 when 6 € ®\ L, y. Hence we get for each w €

[n (Esgon, D)o = malen(Gxv, + Hxvo)lw
C)) + (L= mp)len(H xv, + Gxve)lo

and the equality holds true (v|n,)—a.e. Now, applying (9), we are able to prove for all @
the equality

Ey, ([ont1(H)o) = [0n(Exgyy, (N)]o  ae. ().

To doit, let us fix w € Q and D € n,. We have the following equalities:

/ [ns1 (/)] (@)dv(O)
D

= /XMH[‘Pn(GXVI + Hxve)lwdv(0)
D
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+ /(1 = xm)@n(H xv, + G xve)lwdv(0)
D

= /Eﬂn(XMn[¢n(GXV1 + Hxye)lw)dv(6)

D
+ /Enn((l — xm )@ (H xvy + G xve)lw)dv(6)
D
= /Eﬂn(XM,,)[(Pn(GXVI + Hxve)lwdv(0)
D

4 [0~ £, Gon, n(H s + Gt ladv )
D

= [ malonGoxy, + Hoypldv(©)
D

+ /(1 — mu)[on(H xv, + G xvg)lwdv(0)
D

- / [on(Esay, (F)]udv,
D

where the last equality follows from (9). Thus, the condition (5) is fulfilled for n + 1.
Following the definition

o (h) = lim 0, (Ey, (h)) for he L),
neld

we put

P(f) = lim ¢, (Esgyy, (/) for fe LU v).

According to [1], we have § € G(u ® v) and &TE ®0 N = @, for all n.
It is an easy consequence of the inductive assumption (5) that for each w € 2 and for
each f € LX(u® v) the sequence

{[en(Exgon, N]o)nzi

is a martingale. Due to the Martingale Convergence Theorem the above sequence is for
each w € Q2 v-a.e. convergent, and so

[Pl = Jim [gn(Ex gy, (Mo ace. ),

Consequently [@(f)]» is a measurable function and again from the Martingale
Convergence Theorem we have for all @

E,, ([¢(N]w) = [en(Ex ®0 n (Nl ae. (v).
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These facts imply that for each w ¢ | J Ny, ¢
n

[@(Nle = iierill[%(Ez &om (N]o = ’11131{ on(Ep, ($(N]w) = o (()]w).

Setting [¢(f)]e = o ([¢(f)]w) foreach w € 2, we get the o -invariance of all Q-sections
of p(f). It is also easy to check the product property of ¢. [

Remark 2.3. If (®, T, v) and (2, X, i) are not necessarily complete but they admit
the existence of linear liftings o and p and the admissibility of o, then the lifting ¢ € G
(u ® v) takes in fact its values in a proper subspace of £ (i ® v). The functions from this
space have all their Q2-sections 7 -measurable.

Proposition 2.4. Let (®, T, v) be a complete probability space. If o € AG(v) then for
each complete probability space (2, ¥, 1) and each p € G(i) there exists ¢ € G(u®v)
such that ¢ € p ® o and for every f € L®(u®v) there exists a set Ny € X such that

[e(N]o = o(e(f)lw) forevery we Q\ Ny.

Proof. Let there be given a p € G(u) and a o0 € AG(v) together with other elements
involved into the construction of o € AG(v). In particular the family M = (My)q <, the
o -subalgebras (1y)q <« and the sequences (y,) cofinal with limit ordinals y < k are fixed.
Using transfinite induction, we shall be constructing now a transfinite sequence (@y)q,<,

with oy € G((u ® v)T(Z ®0 7Na)) such that:

(10) Pa(g®h) = p(g) ®oy(h) forall ge L), he LF(Vna);

(1) oy IL2(1 @ VI(E ®0 1a)) = ¢o forall @<y < i

if fel®u® vTZ ®0 ne) then there exists N;’(‘ € X such that forevery w ¢ N }‘ we have

12) [9a()]o € L2We) and  [ga(f)lo = 0a([pa(f)]w)-

We start the induction defining the linear lifting @9 € G((14 ® v)T(E ®o no)) exactly as
in Theorem 2.2.

Assume now, that we are given y < « with a system (¢q)o <, satisfying the conditions
(10), (11) and (12) ((10) and (12) in case of y = 0).

We distinguish three cases.

A) y is alimit ordinal of uncountable cofinality. Then X @0 ny = UE @0 N ). Setting

o<y

0y (f) = wa(f) if £ €L ® VI(E o na))

we get unambiguously defined linear liftings ¢, € G((u ® v)T(E ®o 1y )) satisfying all
required conditions.
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B) y is of countable cofinality. For simplicity put o, := 0y,, ¢, := @y, and 1, 1= 1,
for all n € N. Then

Z<§>077)/ =o(U E®077n)-
neN
Taking the ultrafilter {), and setting

oy (f) = nlgl} on(Ex gyn, (£)) for feL(u@I(E &0 1y))

we get ¢, € G((u ® v)T(E ®o 1)) (see the arguments of the proof of Theorem 2 in
[1, Chapter IV, Section 1]).

Letg € L2%(u)andh € L*(v|n,). Applying [2] (Section 2, Lemma 1), and the inductive
assumptions, we get (10) holds true for ¢, :

¢y (g ®h) = lim p,(Exg,,, (g ®h) = lim ¢g,(Exgy,, (g ®h))
neld, neld,
= lim ¢,(g ® Ep,(h) = lim p(g) ® on(Ey, (h))
neld, neld,

=p(@)® nligl on(Ep,(h)) = p(g) ® oy (h).

According to [4, Lemma 2.1], if n € N, then

Npo = {0 € Q: [Esgy (Nlo = Ey, (fo) ae. )} € o,
Applying the above property and the martingale convergence theorem, we get for all
© ¢ UNg () UNpn
n
loy (N]w = Loy (@) (N]e = nl;rbr{l (@nlExgon, [oy (H1Do
14
= lim Un[(‘Pn[EE®On,, [y (N 1Dl = lim 0, (Ey, [y (f)]e))
neld, nelty
= Uy([‘py(f)]w)
i.e. (12) holds true for ¢, (in the last equality the admissibility of o has been applied).

COy=p+1.
To simplify the notations let M := Mg. It then follows that

L® (1 @ v)[(Z Q0 1))
={Gxaxm + Hxaxme : G, H € L2 (1 @ V)|(E Qo np))}-

Put

V) := essinf{E € T ® ng:Q2xMCEEae. (u@vmﬁ)},

Vy:=essinfE€ Z®ng: 2 x M* CEae. (u®v|ng),
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and

Py (Gxaxm + Hxaxme) =
13) xexm@p(Gxvy + Hxve) + xaxmeop(Hxv, + G xvg)

if G, H € L2((u @ v)I(Z ®o 1p)).
It follows that ¢, € G((u ® V)I(X ®o 1ny)). If Wi, W, are defined according to
Definition 2.1 (E), then we have by [2] and by the ® v-density of ¥ ® ngin X @0 ng,

(14) Vi=Qx W, and Va=Qx W, ae (u®V)[(Z Qo 1p)).

Validity of the product property (10) follows exactly as in Theorem 2.2. Also the proof
of (12) imitates that from Theorem 2.2.

We can define now ¢ on £ (u ® v) satisfying the conditions (10), (11), (12) just by
setting ¢ = ¢,,. O

Remark 2.5. Clearly we would like to have in Proposition 2.4 the equality [¢(f)], =
o([p(f)]w) for all w € Q. Unfortunately, we do not know, whether the measurability of
[¢(f)]w always takes place for all ® € 2, under the assumptions of Proposition 2.4. As
Theorem 2.2 shows, with a little bit more precise induction, one can achieve this result
if (®, T, v) is separable. We prove in the next theorem that under the assumptions of
Proposition 2.4 one can always have a linear lifting with Q-sections lifting invariant but
possibly without the product property.

Theorem 2.6. Let (®, T, v) be a complete probability space. If o € AG(v) then for
each complete probability space (2, $, j1) there exists Y € G(u®v) such that

[V (N]o =0 (¥ (N]w)

forevery f € L®(u®v) and every w € Q.
Moreover, if a lifting p € A(u) is given a priori, then ¥ can be selected in such a way
that the relation € p ® o also holds true.

Proof. By Proposition 2.4 there exists ¢ € G(u®v) such that for every f €
L£%°(1 @ v) there exists N} € X with

5) [9(Nlo =0e(Hl,)  forall e Q\N}.

Moreover, by [4] there exists 1 € A(u ® v) such that [ (f)], € L (v) forevery w € Q
and f € L2 ®v).
We define now a mapping ¥ : £ (u ® v) — L (1 ® v) by setting

[V (Nlw :=o(7 (o)

for each f € L®(u®v) and each @ € Q. The idempotence of o implies the desired
formula in the assertion of the Theorem. To complete the first part of the proof we need to
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show yet the measurability of ¥/ (f). But due to the Fubini theorem, we have [¢( )]y =
[7(f)]e for o ¢ N]% € ¥p and so it follows from (15) that [V ()], = o (7 (f)]w) =

o([¢(Hlw) = [¢(f)], for all w ¢ N}. U NJ%. Consequently, ¥ (f) = ¢(f) u® v-ae.,
what proves the measurability of ¥ (f).

Assume now that we are given a lifting p € A(un). Then following again [4], we can
have 7 € A(u®v) and G € A(v) such that 7 € p ® & and

G([7(Hle) = [1(f)lo forevery weQ andf € LC(u®v).
Define ¢ as in the first part of the proof. If f € £°(u) and g € L>(v), then

W (f ®w=0(r(f®8]w) =0@(n(f ® glw)
=0(@[p(f) ®5(w) = @[p(f) (@) (8
p(f)@)-0(@(@(8)) = p(fHw) - o(g.

It follows that € p ® 0. [

There is an obvious question in Proposition 2.4 and Theorems 2.2 and 2.6 about measura-
bility of all ®-sections. Similarly, one can ask on lifting invariance of almost all ®-sections.
Unfortunately, such generalizations cannot be achieved with the methods presented in this

paper.

Question 2.7. Is it possible to obtain in theorems 2.4 and 2.6 a linear lifting ¢ €
G (1 ® v) such that [ ( £)1? is in addition measurable forall f € £°(u ® v) andalld € @?

Question 2.8. Giventwo complete probability spaces (€2, X, i) and (®, T, v), does
there exist a linear lifting ¥ € G(u ® v) such that [ (f)], € T and [y (f)]? € = for all
felL®u®v),we NLandh € O?

This question has a positive answer for densities instead of linear liftings (see [4]) but it
remains open also for liftings. Also if one drops positivity of linear liftings, then the answer
is affirmative (see Remark 2.9).

Subject to (CH) if we assume that the measure algebra of the product probability space
(2x0, ¥ ®T, u®v) has cardinality less or equal to X, then there is alifting € A(u @ v)
which gives a positive answer to the last question (see e.g. [5, Theorem 2.7]).

Remark 2.9. For given probability space (€2, X, i) we denote by V() the system of
all linear maps v from £%°(w) into itself satisfying v(1) = 1 and the two basic properties
of the lifting v(f) = f ae. (u) and v(f) = v(g) forall f,g € L®(u) with f = g
a.e. (). (Such maps should be called ‘linear liftings’, but cannot, since this naming has
been reserved for the positive linear lifting already).

If two complete probability spaces (€2, ¥, n) and (®, T, v) are given, then for all p €
V(u) and all T € V(v) there exists a ¢ € V(u®v) such that ¢ € p ®  and for all
f e L2(u®v) and for all w € Q we have [¢(f)], € L>(v) and for all & € © we have
[p(NI” € L2(w).



478 K. MUSIAE, W. STRAUSS and N. D. MACHERAS ARCH. MATH.

To seeitchoose Hamel bases (¢7);c; and (f j') jes for L°°(u) and L*°(v), respectively. By
[9, Exercise 39.2] the system (e] ® f;*) (i, j)e1x s is a Hamel basis for L> (1) ® L (v). /Izlext
choose an algebraic complementary linear subspace X for L () ® L>°(v) in L (1 ® v),
a Hamel basis (gp)rek for X, & € gp N L>®(u ® v) for k € K, and define

| D aipe ® f+ ) agl

G, j)elxJ keK
= Z a(i,j)p(ei)@)f(ﬁ)-{-zakfk,
(i, j)elxJ kekK

where 0 # a; € Rand 0 # a(;, ;) € R for at most finitely many a; and a(;, j). Then put
@ 1= ¢* o r®™, where r* is the canonical surjection from £%°(u ® v) onto L®(u ® v).
Since p(f) € L®(u ® v) it follows clearly that [¢(f)], € £>°(V) and [¢(f)]® € L)
forall f € L2(u®v), all v € Qand all & € O. The relation ¢ € p @ T is clear by
definition.

3. Existence of product linear liftings with all sections invariant with respect to the
marginal linear liftings. Besides the two problems formulated at the end of the previous
section there is yet another obvious question: Do there exist p € G(u), 0 € G(v) and
¢ € G(u ® v) such that for each feL>®u ®v) and each (w,0) € Q x O

(F) p(e(HY) =[e(H1? and o ([@()lw) = [(F)]o-

We say that ¢ has (p, o)-invariant sections, if the above condition holds true. A corre-
sponding definition can be given for liftings and densities. In case when only the inequalities

p(e(HI) S TN and o (@(Hlw) < [9(H)lw

hold true, we say on (p, o)-sub-invariant sections.
Ifé € ¥(u), T € ¥ (v) and ¢ € ﬁ(u@ v) are such that for each £ € X ® T and each
(w, ) € Q x ® we have

(SF) 8([p(E)?) S [p(E))’ and o ([¢p(E)lw) < [9(E)lw,

then ¢ is said to have (8, t)-sub-invariant sections.

It is our aim to prove now that the above question has in general a negative answer. In
particular, it is so in the case of non-atomic measures p and v. To prove it we define
(according to [1, page 36]), for p € G(n) a lower density p by setting

PA) ={weQ:p(xa)(w) =1} for A€ X.

Lemma 3.1. If there exist p € G(n), o € GO) and ¢ € G(u®v) possessing
(p, 0)-sub-invariant sections, then the corresponding ¢ € z?(,u@v) has (p,o)-
sub-invariant sections.
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Proof. Notice first that if for an E € X®7T and an o the inequality
l[e(xe))w 2 o(@(XE)]w) is satisfied, then

o ([¢(E)]w) € [@(E)]w.
Indeed, since we have

Xo(E) = 0(XE) = XigEo)r = 1 — Xg(Eo)
then

o(XpE),) = 0 (le(xp)lw) = 1 — o (XgE),)-

If 0 € o([¢(E)]w), then o(xE),)(@) = 1, and so it is a consequence of the
above inequalities that o ([¢(xE)]w)(@) = 1. But in virtue of the assumption this
implies [¢(xg)]o(@) = 1. It follows that & € [@(E)],. Consequently, we have
5([@(E)]w) € [@(E)]w. In a similar way the inclusion & ([g(E)]?) € [@(E)]’ can be
obtained. O

Now we are able to formulate the next essential result.

Theorem 3.2. Let (2, X, ) and (®, T, v) be complete probability spaces. If there
exist p € G(v), 0 € GW) and ¢ € G(LR V) possessing (p, o)-(sub)invariant sections,
then either p or v is purely atomic.

Proof. According to (Lemma 3.1) ¢ has (p, o)-sub-invariant sections, but then it
follows from Theorem 5 from [6] that either w or v is purely atomic. [

A consequence of the above theorem is that the linear lifting ¢ from Theorem 2.2 cannot
have in general (p, o)-invariant sections. In particular, it is so in the case of non-atomic
probability measures p and v.

The following question remains open:

Question 3.3. Do there exist p € G(v), 0 € G(v) and ¢ € G(u® v) such that
(p € p ® o and) for each f € EOO(M® v) there exist Ny € X and My € Ty with the
property that whenever w ¢ Ny and 6 ¢ M ¢ then

p(e(HY) =[e(H1? and o ([@()lw) = [@(F)]w?

Do there exist densities instead of linear liftings with the above properties?
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