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Approximation of functions and multifunctions by simple functions and multifunctions plays
an important role in the theory separable valued functions and multifunctions. Also in case of
Pettis integrable functions with values in non-separable Banach spaces there exists a satisfactory
approximation theory, but in case of Pettis integrable multifunctions with values in non-separable
Banach spaces no such a theory exists. It is the aim of this paper to fill in that gap.
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Introduction

One of the most exploited property of multifunctions taking as their values (weakly)
compact subsets of a separable Banach space is approximation of multifunctions
by simple multifunctions and by selections.

In case of multifunctions having their values in non-separable Banach spaces the
classical approximation is no more valid. First of all, multifunctions may be not
Effros measurable and the selections are in general not strongly measurable. This
excludes general approximation approach via simple functions. The second reason
is that the weak topology restricted to weakly compact sets may be now not
metrizable and this immediately eliminates some methods of proofs that used to
be applied in case of separable Banach spaces. Consequently, the technique applied
in this paper is closer to the methods used in the theory of Pettis integration of
functions with values in non-separable Banach spaces.

Following the existing approximation and convergence theory for Pettis integrable
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functions (see [24] and [26]) I prove the corresponding approximation and conver-
gence results for Pettis integrable multifunctions. The results are proved without
invoking the existence of any selections. The main tool applied in the convergence
part of the paper is a scalar equi-convergence in measure of a sequence of multi-
functions. In case of strongly measurable functions on a finite measure space it
is obvious that a.e. convergent sequence is convergent in measure. When func-
tions fail to be strongly measurable, it is clear only that each composition with
functionals is convergent in measure. Our approach shows that even in case of
non-measurable functions and multifunctions, the a.e. convergence in the norm
topology or in the Hausdorff metric yields a certain type of convergence in mea-
sure that is essentially stronger than the scalar convergence in measure. From a
formal point of view this is simply the convergence in measure that is uniform on
the unit ball of X*, but it seems that that type of convergence has been totally
overlooked, so far.

Here are the most essential results of the paper.

A characterization of ¢b(X)-valued Pettis integrable multifunctions that can be

approximated in the Pettis metric by simple multifunctions (Theorems 2.3 and
4.6).

A characterization of ¢b(X)-valued Pettis integrable multifunctions that can be

approximated in the Hausdorff metric by simple multifunctions (Theorems 3.4,
3.7, 4.3 and 4.4).

A characterization of ¢b(X)-valued multifunctions that satisfy the strong law of
large numbers (Theorems 5.6 and 5.8).

1. Basic facts

This section contains definitions, notation and a few facts that are already mostly
known.

Throughout (§2, %, 1) is a complete probability space, X is the collection of all
sets of positive measure, N'(u) :={F € X : u(F) =0} and ANY :={ANE: FE €
Y}, o(€) is the o-algebra generated by a family £ of sets. (§2, X, u) is said to be
separable, if it is separable in the Fréchet-Nikodym pseudometric. £ denotes the
collection of all Lebesgue measurable subsets of the set of real numbers R or [0, 1]
and, N is the set of all positive integers. X is a Banach space with its dual X*
and the closed unit ball of X is denoted by B(X).

¢(X) denotes the collection of all nonempty closed convex subsets of X, ¢b(X)
is the collection of all bounded members of ¢(X), cwk(X) denotes the family of
all weakly compact elements of ¢b(X) and ck(X) is the collection of all compact
members of ¢b(X). For every C € ¢(X) the support function of C is denoted by
s(+,C) and defined on X* by s(z*,C) = sup{(z*,z): = € C}, for each z* € X*.

I assume that on ¢b(X) the Hausdorff metric dy is defined. It is known that cb(X)
endowed with dpy is a complete metric space. If C;D € ¢b(X), then we have
Hérmander’s formula dg (C, D) = supj, < |s(z*, C) — s(z*, D) (cf. [7, Théoreme
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I1.18]). ¢b(X) is considered with the Minkowski addition: A& B := A+ B. If
A,B,C, D C (2 are nonempty, then (cf. [19, Proposition 1.1.17]) dy(A @& B,C &

Besides the metric convergence I will consider also the so called scalar convergence
(cf. [29]). A sequence of sets A,, € cb(X) is scalarly convergent to A € ¢b(X) if
lim, s(z*, A,)) = s(a*, A), for every a* € X*. A set ) # S C ¢b(X) is said to
be scalarly separable in ¢b(X), if there exists at most countable family {A,, : n €
N} C S such that for each A € S there is a subsequence {4,, : k € N} that is
scalarly convergent to A.

The weak* topology of X* will be denoted by o(X*, X).
Any map I': 2 — ¢(X) is called a multifunction. 1 associate with each I" the set
Zp = {s(@", )« l2"|| < 1},

where I consider functions, not equivalence classes of a.e. equal functions. The set
of equivalence classes of functions scalarly equivalent will be denoted by Z.

In the proofs I will often identify functions with their equivalence classes.

A function f: 2 — X is called a selection of I' if f(w) € I'(w), for every w € 2.
If A C X is nonempty, then I write |A| := sup{||z|: x € A}.

A map M: X — cb(X) is additive, if M(AU B) = M(A) & M(B) for every pair
of disjoint elements of X. An additive map M : X' — ¢b(X) called a multimeasure
if s(z*, M(-)) is a finite measure, for every z* € X*. If M is a point map, then
I talk about measure. If M: X — ¢b(X) is countably additive in the Hausdorff
metric, then it is called an h-multimeasure. 1t is known that if M: X — cwk(X),
then M is a multimeasure if and only if it is an h-multimeasure (cf. [19, Theorem
8.4.10]). A multimeasure M: X — ¢(X) is said to be p-continuous if u(E) = 0
yields M(E) = {0}, for every E € X. M(X) will denote the set {M(E): E € X}
and | M (X) will denote the set | J{M(F) : E € ¥'}. Let me point out here that
in my paper [27] the set | J{M(E) : E € X'} was denoted by M(X). I think that
the just proposed notation is better. If m : ' — X is a vector measure, then its
range {m(F) : E € X} is denoted by m(X) and is identified with (Jm(X).

A vector measure m: X — X such that m(A) € M(A), for every A € X, is called
a selection of M. S(M) will denote the set of all countably additive selections of
M.

Sr denotes the family of all scalarly measurable selections of a multifunction I.

A family W C Ly(u) (or just a family W of integrable functions, not equivalence
classes) is uniformly integrable if W is bounded in L;(u) and for each £ > 0 there
exists 0 > 0 such that if u(A) < d, then sup oy S lfldp < e. Equivalently, W is
uniformly integrable if and only if lime_sup ey |, (1> |f] dp = 0.

I shall apply also the following fact (cf. [11, Theorem 1.2.4]): Let {f;: t € T} be a
bounded subset of Ly () and let j; : ¥ — R be defined by . (E) := [}, fi dp, for
each £ € XY and t € T. Then {f; : t € T} is uniformly integrable if and only if
{p : t € T} is uniformly o-additive.
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Definition 1.1. A multifunction I" : {2 — ¢(X) is said to be scalarly measurable if
for every 2* € X*, the map s(z*, I'(+)) is measurable with respect to X. Sometimes
I shall consider also multifunctions that are scalarly measurable with respect to
a smaller g-algebra. A multifunction is simple if it scalarly measurable and takes
finitely many values. Scalarly measurable multifunctions I’ A : 2 — ¢(X) are
scalarly equivalent if s(x*, ") = s(z*, A) a.e., for each z* € X* separately. A
multifunction I": 2 — ¢(X) is scalarly integrable if s(x*, I") is integrable for every
z* e X*. I': 2 — ¢(X) is scalarly bounded if there is a constant M > 0 such that
for every z* € X*
|s(z*, )| < M||z*|| a.e.

I say that a space Y C X determines a multifunction I': 2 — ¢(X) (see [27,
Definition 2.1)) if s(z*,I") = 0 p-a.e. for each z* € Y1 (the exceptional sets
depend on z*). O

It is known (cf. [27]) that each scalarly measurable multifunction I” can be rep-
resented as [’ = 220:1 I, xE,, where I,’s are scalarly bounded and X' 3 E,,’s are
pairwise disjoint.

Definition 1.2. Denote by C an arbitrary nonvoid subfamily of ¢b(X). A scalarly
integrable multifunction I": 2 — ¢(X) is Pettis p-integrable in C, if for each A € X
there exists a set Mp(A) € C such that

s(z*, Mr(A)) = / s(x*, I")du for every z* € X™*. (1)
A
I call Mp(A) the Pettis integral of I' over A and set (P) [, I"dp := Mp(A). If no
confusion is possible, I shall write simply [ 4 dp. O]

It follows from (1) that M is a p-continuous multimeasure. Moreover,

sup /(2|3(m*,F)|du < 00. (2)

flz*]I<1

Indeed,

/ s(z*, ) d,u‘ = 2sup [s(z", Mp(E))| < oo,
B

EeX

[ 15t Dl de < 2sup
2

EeX

where the last inequality follows from the fact that s(x*, Mp(+)) is for each z* a
scalar measure.

Hence, by the Banach—Steinhaus Theorem, | JM(X) is bounded. This yields

sup / |s(z*, )| dp < 2sup{||x||: T € UMF(E)} < 00.
Q

fz*][<1

Definition 1.3. Denote by P(u,C) the collection of all multifunctions I": 2 —
¢(X) that are Pettis p-integrable in C and by P(u, X) the space of X-valued Pettis
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p-integrable functions. I define in the usual way the multiplication by a number
and the addition by I'(w) ® A(w) := I'(w) + A(w). Identifying scalarly equivalent
elements of P(u,C), one gets the space P(u,C). P(u, cb(X)) can be endowed with
a (Pettis) metric (see [6, p. 392]) defined by:

dp(I'yA) := sup /]s(m*,F)—s(a:*,AHd,u (3)
) J 02

z*eB(X*

and P(p1, X') can be furnished with the norm defined by || f|| p := sup|« <1 [, [2*f| dp-
[

dp is properly defined due to (2). Let us notice also that (see [6, Lemme 7))

sup dg(Mr(E), Ma(E)) < dp(I, A) < 2sup dg(Mr(E), Ma(E)). (4)

EeX EeX

If I and A are only scalarly integrable, then (3) defines a metric on the collection
of all scalarly integrable multifunctions (scalarly equivalent ones are identified).
The proof of this fact will be presented in Section 6 since it needs some additional
knowledge that is not in the main stream of the paper.

It is known that P(u, X) is in general not complete. The same holds true also in
case of P(u,cb(X)) and dp (sequences divergent in P(u, X)) remain divergent also
in Py, cb(X))).

One can also easily check (just applying Hormander’s formula) that if I" : 2 —
cb(X) is Pettis p-integrable in ¢b(X), then My is an h-multimeasure if and only if
the family {s(x*, Mp) : ||z*|] < 1} of scalar measures is uniformly o-additivite. In
view of [11, Theorem I.2.4] this property is equivalent to the uniform integrability
of Zp with respect to p. But one should remember that even in case of a function
the uniform integrability - in general - does not guarantee its Pettis integrability
(see [15]).

Let = C X be a o-algebra and let I" and A be two ¢(X)-valued multifunctions
such that I is scalarly measurable with respect to X and A is scalarly measurable
with respect to Z. Assume also that I € P(u, cb(X)) and A € P(u|=, cb(X)). If
JpTdp = [, Adp for every E € Z, then A is called the conditional expectation
of I with respect to = and is denoted by E(I'|Z). If {X), : n € N} is an increasing
sequence of o-algebras Y, C X and {I}, : 2 — ¢b(X) : n € N} are multifunctions
such that each I, is scalarly measurable with respect to Y, and Pettis integrable
on X,, then {(I,,X,) : n € N} is called a martingale, if E(I},1]|X,) = I, for
every I/ € Y, and n € N.

Let R: cb(X) — loo(B(X™*)) be the canonical Radstrom isometry given by R(C')(z*)
=s(x*,C). If M : X — ¢b(X) is an h-multimeasure, then RoM : X' — 1o (B(X™))
is a vector measure. If M < p, then also RoM < p. Following [3], T define
an embedding of X* into [} (B(X*)) by #* — e+, where (e,+,g) := g(z*), for
arbitrary g € lo(B(X™)). Notice that s(z*, W) = (ey, R(W)) for every W €
cb(X) and {e,~ : ||z*]| < 1} is norming for I, (B(X™)).
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2. Approximation by simple multifunctions. Compactness

It is my aim to characterize those multifunctions that can be — in some sense
— approximated by sequences of simple multifunctions. First a lemma being a
particular case of [6, Corollaire 4].

Lemma 2.1. Let M : X — ¢b(X) be a p-continuous multimeasure. If Mp(X) is
relatively compact in the Hausdorff metric, then for each € > 0 there exists a finite
partition m of 2 into pieces of positive measure such that the simple multifunction
=3 per %XE satisfies the inequality

sup dys (M(E), [E qu) <e. (5)

Eex
Equivalently, sup pe s, supj,« <1 |s(z*, M(E)) — s(z*, [, I'dp)| <e.

More precisely, there exists a martingale of simple multifunctions I, : 2 — cb(X)
such that

sup dy (M(E),/ Fndu> < 1/n for eachn € N.
E

Eex
If M is cwk(X) or ck(X)-valued, then the same holds true for I and I,’s. ]

It is well known that each cwk(X)-valued multimeasure is an h-multimeasure (cf.
[19, Theorem 8.4.10]). I present another general example.

Corollary 2.2. If M : ¥ — ¢b(X) is a multimeasure and M(X) is relatively
compact in the Hausdorff metric, then M is an h-multimeasure.

Proof. Let ¢ > 0 be arbitrary and I" be a simple multifunction satisfying the

inequality (5). If J, F, = F € X is a decomposition of F' into pairwise disjoint
elements of Y, then

dn M(F»M(G F>>)

(o) r{u7) ()
o) () 0 <o o))

I'dp, {0}>

<dg|M UFk>a/ Fdﬂ>+dH</
k>m U U

I'dy, {O}) < 2e

k>m Fi k>m Fy

Uk>m Fy

<€+dH<

for sufficiently large m, because I' is a simple multifunction and so the map £ —
J I’ dp is an h-multimeasure. O



K. Musial / Approzimation of Pettis Integrable Multifunctions with ... 839

As a direct consequence one obtains the following approximation of multifunctions
by a sequence of simple multifunctions:

Theorem 2.3. Let I' : 2 — ¢(X) be a scalarly integrable multifunction. Then
the following conditions are equivalent:

(i) I is Pettis integrable in cb(X) and Mp(X) is relatively compact in the Haus-
dorff metric;
(i) There exists a (martingale) sequence of simple multifunctions I, : 2 —
cb(X) such that
liELn dp(I',T},) = 0; (6)

(#i) I is Pettis integrable in cb(X) and Zr is norm relatively compact in Li(p).

In (i) and (ii), if I' is Pettis integrable in cwk(X) (or in ck(X)), then I,’s can
be chosen to be also cwk(X) (or ck(X)) valued.

Proof. (i) = (ii). It is a direct consequence of Lemma 2.1 that there exists a
martingale of simple multifunctions I, : {2 — ¢b(X) such that

sup dg (MF(E),/ Fndp) < 1/n, for every n € N.
E

FEeXy

Hence
dp(I,T,) = sup / Is(a*, I') — s(a®, )| dyt < 2/n.
(9}

[l <1
This yields the required result.

(13) = (uit). It follows from (i7) that given € > 0 there exists n € N such that
Zr C eB(Ly(u)) + convZr,. Since Zr, is norm relatively compact, it follows that
also Zr is norm relatively compact in L (u). Moreover, it follows from (6) and (4)
that for each £ € X the sequence (M, (F)), is Cauchy in the Hausdorff metric
dy. Consequently, it is dy-convergent to a set that is the Pettis integral of I" on
E.

(i1) = (i). Assume that (4i7) is fulfilled. Since Zr is separable in L;(u), there
exists a sequence (x*) in B(X*), such that {s(z*,I") : n € N} is dense in Zp.
If Y is the o-algebra generated by all s(xx, ') and by N(u) then, clearly u]f
is separable and each s(z*, ) is Y-measurable. Assume that o({E, : n € N})
is p-dense in >, Moreover, let m, be the partition of {2 generated by the sets
E.... E,.

Put for each n

r, = Z M,LLIE(EL?XE with the convention {0}/0 = {0}.

Eeﬂ'n

One can easily check that {I},,0(m,),n € N} is a ¢b(X)-valued martingale; in
particular, for each * € X*, the sequence {s(z*, I},), o(m,), n € N} is a real valued



840 K. Musiat / Approzimation of Pettis Integrable Multifunctions with ...

uniformly integrable martingale. Moreover, E(s(z*, I")|o(m,)) = s(z*, I},) p—a.e.
for every n € N. Hence lim, s(z*, I},) = E(s(z*, I')|X) = s(z*,I') in L (4|2) and
1 X ace. (cf. [11]).

Fix now ¢ > 0, z* € B(X*) and £ € Y. By the assumption there exists a set
{#1,..., 20} C B(X*) such that {s(z/,I") : i < p} forms an e-mesh in Zp. If
Fel i<pand m €N, then

+s(27, MF(E)) — (2, Mp(F))| + |s(z, Mp(F)) — s(2®, Mp(F))|
< 2/ |s(2", ') = (2, D) dp + [s(2, Mp(E)) = s(27, M, (E))]
+s(z, Mp, (E)) = sz, Mp, (F))| + [s(2, M, (F)) — s(2, Mp(F))]

<2/| ", I") — s(z], |d,u—|—2/| 25 D)l dp
+s(z, Mr,, (E)) — s(z, Mr,, (F))]

The first part of the proof implies the existence of m € N such that [, |s 0 z*, r)-—

(2

s(zf, In)| dp < ¢, for every i < p. Moreover, there exists ¢ < p with [, [s(z*, ") —
s(zf, I')| dp < e. For those i and m we have now the inequality

|s(z", Mp(E)) — s(a*, Mp(F))| < 4e + [s(2], M, (E)) = s(z, Mr,, (F)[.~ (7)

But I, is simple and so the set {M, (F): F € X} is dy relatively compact. If
{F1,...,F,} is an e-mesh in {M, (F) : F € X'}, then there exists j < ¢ with

|s(z7, M, (E)) — s(z, M, (F}))| < dg(Mpy,(E), My (F;)) <e.
Thus, setting in (7) F' = F}, we have
|s(z*, Mp(E)) — s(z*, Mp(F}))| < 5e

and as the sets {F1,..., F,} are chosen independently of £ and z*, we have the
required inequality
dg(Mr(E), Mp(F;)) < be. m

Corollary 2.4. If I' : 2 — ¢(X) is Pettis integrable in cb(X), then Mp(X) is
relatively compact in the Hausdorff metric if and only if I' can be approximated in
dp by a sequence of simple multifunctions I, : 2 — cb(X).

3. Approximation by simple multifunctions. Separability

Lemma 3.1. Let I, : 2 — c¢(X),n € N, be a sequence of scalarly integrable
multifunctions such that sup, sup,-cpx+ [o |s(x*, I,)| du < oo. Then

lim sup sup wpfls(z*, I,)| > C} =0.

Cotoo n greB(X*)
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In particular, if I' : 2 — ¢(X) is an arbitrary scalarly integrable multifunction
fulfilling the inequality (2), then

lim sup p{s(z*,I)| >C}=0. (8)

C‘PFOO Z‘*EB(X*)

Proof. If L := sup,, sup,-cp(x-) [, [s(2*, )| dp, then for each n € N and 2* €
B(X*), we have

L> / s(@*, T)| du > Cufs(a*, L)| > C}.
(94

It follows that
sup sup p{|s(z",I,)| > C} < L/C
n  z*eB(X*)

and so img . 1 oo SUP,, SUP e p(x) i [s(27, [3,)] > C'} = 0.
Setting I, = I, for all n, we obtain (8). ]

Proposition 3.2. Let (I}, X)nen, be a martingale of multifunctions I, : {2 —
c(X) that are Pettis integrable in cb(X), [cwk(X), ck(X)]. If the family \J, Zr, is
uniformly integrable, then there exists an h-multimeasure M : o (N (u) U, Xn) —
cb(X), [cwk(X), ck(X)] such that

lirrln dy(Mr,(E), M(E)) =0, for every E € o <N(,u) U UE”> : (9)

Proof. To prove (9) notice first that for every £ € |J,, 2, and 2* € X* we have
Jps(a*, 1) du = [, s(x*, ") dp, for sufficiently large n, depending only on E. This
follows from the equality [, I3, du = [, I}, dp, valid for every E € X, and m > n.
Let us fix € > 0 and ¢ > 0 such that u(F) < § yields [, |s(z*, I,)|dp < e, for
every n € N,F € ¥ and z* € B(X*). If E € o(N(n) U, 2») then there exist
no € N and F € X, such that u(EAF) < 6. We have then for all m > n > ng

|s(«", M, (E)) = s(z", Mr,, (E))|
< |s(@", M, (E)) = s(2*, My, (F))| + |s(2", M, (F)) — s(z*, M, (F))]
+|s(z", Mr,, (F)) — s(«", Mp,,(E))|

/E | Isla T+ (e M (F) = s(a" Mr, ()

IN

+/ |s(z*, I},)| dp < 2e.
EAF

It follows that for each E € o (N (p) U, 2») the sequence (M, (E)), is Cauchy
in the metric dy. Consequently, it is convergent to a set M (FE). It is obvious that
M is an h-multimeasure on o (N (p) U, 2n). O
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Proposition 3.3. Let (I, X)nen, be a martingale of multifunctions I, : {2 —
c(X) that are Pettis integrable in cb(X), [cwk(X), ck(X)] and, let I' : 2 — ¢(X) be
a multifunction that is also Pettis integrable in cb(X), [cwk(X), ck(X)]. Assume
moreover that for each n € N and each x* € B(X")

E(s(z*, IN)|X,) = s(z*, I},) a.e.

If Zr is uniformly integrable, then the family \J, Zr, is uniformly integrable and

lirrln dg(Mr, (E), Mp(E)) =0, forevery E €0 (/\/(u) U U2n> : (10)

If ' is scalarly measurable with respect to o (N (p) U, Xn), then (10) is valid for
every B € 3.

Proof. Since the conditional expectation operator is a contraction on Lq(u), we
have for every z* € X* and n € N

/|s(:1:*,Fn)|d,u§ / |s(z*, I")|dp  for every E € X, .
B E

In particular

sup sup /ls(x*,Fn)\dug sup /\s(x*,ﬁ)\d,u<oo.
7 7

n z*eB(X*) z*€B(X*)

We have to prove that

lim sup sup / |s(x*, I,)| dp = 0.
C=00 n greB(X*) J{|s(a*,[W)|>C}

But {|s(z*, I},)| > C} € X, for every n € N, 2* € X* and C € R and consequently,

/ ls(a*, I3)) du < / Is(*, I)| d.
{Is(z*,In)|>C} {Is(z*,In)|>C}

Let € > be arbitrary and § > 0 be adapted to € in such a way that u(E) < 0 yields
[ ls(@*, 1) dp < €, for every x* € B(X*).

We have then

sup sup / |s(z”, I)| dp
n z*eB(X*) J{|s(z*,[7)|>C}

< sup sup / |s(z", )| dp < e
no z*eB(X*) J{|s(z*,IW)|>C}

for sufficiently large C' (in virtue of Lemma 3.1) and so the expected uniform
integrability takes place.

(10) is a consequence of Proposition 3.2.

Assume now that I is scalarly measurable with respect to £ := o (N () U, %,).



K. Musial / Approzimation of Pettis Integrable Multifunctions with ... 843

Claim.

lim sup
" z*eB(X*)

/ hs(x*, I},) du —/ hs(z*, I") du’ =0 for cach h € Loo(p|2).
0 0
(11)

Proof. It is a consequence of Proposition 3.2 that

lim sup
N x*eB(X*)

/ s(z*, I") dp — / s(z*, I7,) du’ =0 for every E € X (12)
E E

Fix ¢ > 0 and h € Loo(uu|2) and, let h. € Loo(12|X) be a simple function such that
Ilh — he||loo < €. We have then

/hs(x*,Fn)du—/hs(x*,F)du‘
7 0

< / |h — hel |s(z*, [,)| dp + /has(x*,Fn)du—/has(x*,f’)dlz’
7 0 0

+/Wh—mH4ﬁvau
0

IN

mw/Mﬂmmw+/mWﬁm¢h/mwﬁmw'
n 0N (9} 0]

+6/ |s(z*, )| dp
7

IN

25/ |s(x™, )| dp + ‘/ hgs(x*,Fn)du—/ hgs(x*,F)du‘
7 19 19

Since, in virtue of (12), the second term is as small as we need, for sufficiently
large n and independently of x* € B(X™), we have the required equality (11). [

In order to obtain the convergence (10) for every E € X, it suffices to notice that
if H e X and n € N, then

/}Is(x*,Fn)du: /QXHs(x*,Fn)d,u:/Q]E<XHs(x*,Fn)|§> dp
- [ Bl D", 1) do

Similarly,

[ st D= [ Bl St 1) d

2

because [I' is scalarly measurable with respect to Y. The Claim completes the
proof. n
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It has been proven in [23, Theorem 10.1] that if f : 2 — X is a Pettis integrable
function, then Z; is separable in L;(p) if and only if the range v(X) of the
integral is separable in X. While investigating integrals of multifunctions one
meets a different situation. As long as the set Zr is weakly relatively compact,
there is a positive correlation between the separability of Mp(Y) and of Zp. In
general however, the separability of Z is a weaker property.

Let us notice also that if I" : 2 — ¢(X) is scalarly integrable and Rol is Pettis
integrable, then Zg, is uniformly integrable (this is an elementary fact about
vector measures). But s(z*, I'(w)) = (eg, Rol'(w)) (for every w and z* € X*)
and so Zr C Zpr is also uniformly integrable.

Theorem 3.4. Let X be an arbitrary Banach space and let I': 2 — ¢(X) be a
multifunction that is Pettis integrable in cb(X), [cwk(X), ck(X)] and Mr is an
h-multimeasure. Then the following conditions are equivalent:

(7))  Mp(X) is separable in the Hausdorff metric;

(j7) Zr is a separable subset of Ly(u);

(777) There exists a martingale (I, X )nen (o7 a sequence (I,)nen) of c¢b(X)
[cwk(X), ck(X)]-valued simple multifunctions, such that one of the following
conditions is fulfilled, for each x* € X*:

(o) {s(z*,I}): n € N} is p—a.e. convergent to s(z*,I");
(B) {s(z*,I},) : n € N} is convergent in p—measure to s(xz*,I);
(v) {s(z*,I},) : n € N} is convergent to s(x*, ") in Ly(u);

(jv) There ezists a martingale (I}, Xn)nen (o7 a sequence (I,)nen) of cb(X)

[cwk(X), ck(X)]-valued simple multifunctions, such that

lims(z*, M, (E)) = s(z*, Mp(E)) for every E € X and x* € X*;
(v)  There ezists a o—algebra Y C X such that (12, ¥, u]i) is separable and I is

scalarly measurable with respect to f’;
(vj) There ezists a martingale (I, X )nen (o1 a sequence (I7,)nen) of cb(X)
[cwk(X), ck(X)]-valued simple multifunctions, such that

limdy(Mp(E), Mr, (E)) =0, forevery E € X.

If I is Pettis integrable in ck(X), then the above conditions are equivalent to the
following one:

(vjj) Mp(X) is scalarly separable in cb(X).

Proof. (j) = (jj). If R:cb(X) — lo(B(X™)) is the Radstrom embedding, then
v X — lo(B(X™)) defined by v(E) = RoMp(FE) is countably additive in the
norm topology of . (B(X™*)) and v(X) is a separable set.

It follows from [23, Theorem 3| (see also [30, Theorem 5-3-2], [24, Theorem 10.1]
and [26, Theorem 6.8]) that the set {dj—;" 1 2* e l5 (B(X™))} is separable in Ly ()

(the original proof needs only obvious modifications).
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Notice that s(z*, I'(w)) = (eyz+, Rol'(w)) for every w and so the separability of Z
follows from the separability of the set {dfl—;” c2f e X (B(X*)} D Zrin Ly(p).

(77) = (jjj)a. Assume, that the set Z is separable. Then there exists a sequence
(z) in B(X*), such that {s(z>,I") : n € N} is dense in Zp. If X is the o—

algebra generated by all s(x*,I") and by N(u) then, clearly u|§’ is separable and
each s(z*,I) is Y-measurable. Assume that oc({E, : n € N}) is u-dense in z.
Moreover, let 7, be the partition of {2 generated by the sets Ey,..., E, .

Put for each n

r, = Z MNIE(EE)) xe with the convention {0}/0 = {0}.

Eeﬂ'n

One can easily check that {([},,0(m,)) : n € N} is a ¢b(X)-valued martingale;
in particular, for each z* € X* the sequence {(s(z*,I},),0(m,)) : n € N} is
a real valued uniformly integrable martingale. Moreover, E(s(z*, I')|o(m,)) =
s(z*, I},) p—a.e. for every n € N. Hence lim, s(z*, I},) = E(s(z*, I')|2) = s(z*, T)
in Ly (%) and p|X —ae. (cf. [11]).

The implications (jjj)a = (777)8 = (jjj)y = (jv) are obvious.

(jv) = (v). Let (I,)52, be a sequence of simple multifunctions fulfilling the
condition (jv). If N(u) € X, C X is a separable o-algebra such that I, is
scalarly measurable with respect to X, then I is scalarly measurable with respect
to o(lJ,, 2») that is also a separable o-algebra.

(v) = (vj). Assume that X is y-complete and o({E, : n € N}) is pu-dense in 3.
Moreover, let m, be the partition of {2 generated by the sets Ey,..., E, .

Put for each n

r, = Z M,LLIE(EL?XE with the convention {0}/0 = {0}.

EETK’n

One can easily check that {I},,0(m,),n € N} is a ¢b(X)-valued martingale and
E(s(z*, I')|o(m,)) = s(z*, I},) a.e. We apply now Proposition 3.3.

(vj) = (j). Each family M, (X)) is separable and so also M(X') is separable.
(vjj) = (j). We use the Radstrom embedding R : ¢b(X) — C[B(X*,o(X*, X))],
into the space of weak*-continuous functions defined B(X*). The required conclu-
sion follows then from [19, Theorem 7.2.11].

(7) = (vjj). is obvious. O

Remark 3.5. According to a result of Bartle-Dunford-Schwartz [2] the range of
each Banach space valued measure is weakly relatively compact. Thus, the set
(RoMp)(X) = Mp(X) in Theorem 3.4 is a weakly relatively compact subset of
lo(B(X™)). O
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The next example (taken from [16]) shows that there are ck(cy)-valued Pettis inte-
grable multifunctions such that Zp is separable without M (X') being separable.
Since ¢q is separable, also ck(cg) is separable in the Hausdorff metric. It is well
known (cf. [3]) that if X is separable, then each ck(X)-valued multifunction I’
which is Pettis integrable in cwk(X) generates Pettis integrability of Rol”. In our
example I" is Pettis integrable in cb(cg) and Rol fails to be Pettis integrable.

It is worth to notice that I'is generated by a Henstock-Kurzweil-Pettis integrable
function (see [13]).

Example 3.6. Consider a sequence of intervals A,, = [a,,b,] C [0,1] such that
a; =0, b, < a,yq for all n € N and lim,, .., b, = 1 and define f : [0, 1] — ¢o by

F() = <|A2—il‘m_l<t> - <t>>°°

n=1

The function f is scalarly integrable but it is not Pettis integrable (see [16]).
In particular, Z; is not uniformly integrable but being a subset of L0, 1] it is
separable. The Dunford integral of f over E € L is given by

|EN Agyq|  |ENAg|\™°
F(b) dt = < _ .
/E Q Aors]  Awl /o

Define I": [0, 1] — ¢b(cg) by I'(t) := conv{0, f(¢)}. I is scalarly integrable and as
the zero function is a Pettis integrable selection of I, it follows from [14, Theorem
3.7] that I' is Pettis integrable in ¢b(cy). Being a subset of L]0, 1] the set Zp is
a separable set. But Zp is not uniformly integrable and so M : £ — ck(cp) fails
to be an h-multimeasure. Since f is a non-Pettis integrable selection of I', the
multifunction I” is not Pettis integrable in cwk(cy) (see [14, Theorem 5.4]). Hence,
it follows from [3, Proposition 3.5] that Rol" is a non-Pettis integrable function.
Thus, even in case of a separable Banach space, Pettis integrability of I" in ¢b(X)
does not guarantee — in general — Pettis integrability of RoI". On the other hand,
it is known that if X is separable, then also ck(X) is separable and so (cf. [3]) each
ck(X)-valued multifuncion that is Pettis integrable in cwk(X) generates Pettis
integrability of Rol’.

For each t € [0,1] we have I'(t) = conv{0, f(t)} = {a(t)f(t): 0 < a(t) < 1}.
If h is a strongly measurable selection of I', then «(t) = ||h(t)||/||f(t)|| for each
t € U, An and zero otherwise. It follows that « : [0,1] — [0, 1] is a measurable
function. Thus, if a strongly measurable function h : [0,1] — ¢ is a selection
selection of I, then there exists a measurable function « : [0, 1] — [0, 1] such that

h=af.
One can easily check that af is a Pettis integrable selection of I if and only if

|An]

Denote by A the collection of all «v: [0,1] — [0, 1] such that lim,, —— |A ‘ Ju a(t)dt =
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0. Then

Mp(E) = /E D) dt

1 1 b
E N —— a(t)dt — —— a(t) dt ra €A
{<|A2n—1| ENAzn_1 ( ) |A2n| ENAzn ( ) >”:1 }

e are going to prove that the set Mp(L) is non-separable in the Hausdorff metric.
To show it, let us recall first that according to a result of Sierpinski [28] there exists
continuum infinite subsequences of N with the property that every two different
subsequences have only finitely many common terms. Denote the whole collection
by E. If A= {ny,na,...,ng,...} €E, then Ea:=J~, Asn,—1. We have then

Mp(Es) = < ! a(t)dt> ca€h
|A2n—1| EANAg, 1 n=1

If Ay # As and a € A, then

1 - 1 -
sup inf a(t) dt - B(t)dt
achA BeA <|A2n1’ EAlﬂAznfl -1 ’Aznfl‘ EA2ﬂA2n,1 -1
n= n= Co
inf (£ dt — — B(t) dt

= sup inf sup Q —

ach BEA p |A2n71‘ Ea,NAzn—1 ’Aanl‘ Ea,NAzn1

1

> sup  sup a(t)dt =1

ach nea\As [Azne—1] Ja,, _,

It follows that dy(Mr(Ea,), Mr(E4A,)) > 1 and so Mp(X) is non-separable. [

In the general case separability of Z is equivalent to local separability of Mp(X).

One should remember that in the next theorem, multifunctions that are
Pettis integrable in cwk(X) or ck(X) come under Theorem 3.4.

Theorem 3.7. Let X be an arbitrary Banach space and let I': 2 — ¢(X) be a
multifunction that is Pettis integrable in cb(X). Then the following conditions are
equivalent:

(i)  Zr is a separable subset of Ly(u);

(ii) There exists a martingale (L, X)) nen (o7 a sequence (I,)nen) of cb(X)—
valued simple multifunctions, such that one of the following conditions is
fulfilled for each x* € X*:

(a) {s(z*,I},) : n € N} is uniformly integrable and p—a.e. convergent to
s(z*, T);

(b) {s(z*,I}) : n € N} is uniformly integrable and convergent in p—measure
to s(z*, I");

(c) {s(z*,I},) : n € N} is convergent to s(x*, ") in Ly(u);
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(i) There exists a martingale (I, Xy )nen (or a sequence (I,)nen) of cb(X)-
valued simple multifunctions, such that

lim s(z*, M, (F)) = s(z*, Mp(E)) for every E € X and x* € X*;

(iv) There ezists a o—algebra Y C X such that (12, f,u!f) is separable and I" is

scalarly measurable with respect to g’;

(v)  There ezists a decomposition 2 = |J, Hy of §2 into pairwise disjoint sets
of positive measure such that each family Mp(Hy N X)) is separable in the
Hausdorff metric;

(vi) Mp(X) is locally dy-separable, that is each set E € XF contains a subset
F e XF such that Mp(F N X) is dy-separable.

FEach of the above conditions yields scalar separability of Mp(X) in cb(X).

Proof. The proofs of the implications (i) = (i) = (i4i) = (iv) coincide with the
corresponding proofs in Theorem 3.4.

(iv) = (v). Let 2 = |J, Hi be a decomposition of {2 into pairwise disjoint sets
of positive measure such that I is scalarly bounded on every Hj. Since M is
an h-multimeasure on each set Hy, it follows from Theorem 3.4 that each family
Mpr(H, N X) is dg-separable.

(v) = (). It follows from Theorem 3.4 that each family Zpp, is separable
in Li(u|Hy). Hence Zp is also separable in Li(u). Indeed, if 2* € X*, then
limy, [, |s(z*, ") — s(z*, 'xr_ m,)|dp = 0 and s(z*, I'xyr | g,) can be approxi-
mated by a fixed countable subset of Zpjr_ g,

(v) = scalar separability of Mr(X). Let the sets Hy, k € N, be defined as in (iv).

By the assumption, for each k € N there exists a countable family Fy := {E}, :
n € N} C XN Hy such that {Mp(Ey,) : n € N} is dg-dense in Mp(H, N X).

I claim that Mp(XY) is scalarly separable. Let £ € X and € > 0 be arbitrary. For
each k € N there exists Ej,, € F such that dg(Mp(EN Hy), Mp(Ey,,)) < /2.
Hence, if ||z*|| < 1, then

s(z*, Mp(E)) — s (x*, M (CJ Eknk>) ‘

k=1

Sé‘ZQ_k—F Z |s(z*, Mp(E N H))| <e
k=1 k=m+1
for sufficiently large m. Thus, lim,, s(z*, Mr(U;~, Exn,)) = s(z*, Mp(E)).

The equivalence of (v) and (vi) is obvious. O

The example below presents still another multifunction I" : [0,1] — ck(cy) that
is Pettis integrable in ¢b(cy), M (L) is not dy-separable but Zp is separable. Its
idea is taken from [11], p. 53. Contrary to Example 3.6 the function generating I’
is not Henstock-Kurzweil-Pettis integrable.
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Example 3.8. Consider a sequence of intervals B,, = (ay,b,] C [0,1] such that
by =1, apy1 < byy1 < ay, for all n € N and lim,, .o, a, = 0. Let f:[0,1] — ¢o be
given by

1 1 1

5(t) = (EX& (O Xm0 0 )

for each t € [0,1]. f is a scalarly integrable function (with respect to the Lebesgue
measure) and its Dunford integral over E € L is given by

EnNnB,| |[ENB EnNB, >
[ soya- (EOBL OB | B0B
B | Bi| | By | By n=1

The Pettis integral and the Henstock-Kurzweil-Pettis integral of f do not exist,
because the Dunford integral fol ft)ydt = (1,1,...,1,...) ¢ ¢y (compare with
[11], p. 53). In particular the set Z; is not uniformly integrable. It is however
separable as a subset of L]0, 1]. Define a ck(cp)-valued multifunction by I'(t) :=
conv{0, f(t)}, t € [0,1]. One can easily see that I" is scalarly integrable and as the
zero function is a Pettis integrable selection of I, it follows from [14, Theorem 3.7]
that I" is Pettis integrable in ¢b(co) and if Sp(I”) is the set of all Pettis integrable
selections of I'; then

M (E) = {/Em) dt: f e sp(r)}.

Since Zr is not uniformly integrable, My : £ — ck(cp) fails to be an h-multi-
measure. Since f is a non-Pettis integrable selection of I', the multifunction I is
not Pettis integrable in cwk(cg) (see [14, Theorem 5.4]). Hence, it follows from [3,
Proposition 3.5] that Rol  is a non-Pettis integrable function.

For each ¢t € [0,1] we have I'(t) = conv{0, f(t)} = {a(t)f(t): 0 < a(t) < 1}.
If h is a strongly measurable selection of I', then «(t) = ||h(¢)||/||f(t)|| for each
t € U, By. Without loss of generality, we may assume that o(t) =0if t ¢ |J, B,
and so « : [0,1] — [0,1] is a measurable function. Thus, if a strongly measurable
function h : [0, 1] — ¢y is a selection of I', then there exists a measurable function
a:[0,1] — [0, 1] such that h = «af.

ét is clear that a selection af is Pettis integrable if and only if lim,, ﬁ | B, a(t)dt =

Let A := {a: [0,1] — [0,1]: af is Pettis integrable }. As a direct consequence of
the above equality and the separable theory (cf. [14]) we have for each E € L the
equality

/EF(t) dt — conv{/Ea(t)f(t) dt: o € A} _ {/Ea(t)f(t) dt: o € A}

where the last equality is a consequence of the convexity of A.

Thus,
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for every E € L. Let us prove now that My (L) is dg non-separable.

Denote by = the collection of all increasing infinite subsequences of N such that
if Ay € Z and Ay € =, then A; and A, have only finitely many common
terms. It is well known that the cardinality of = equals continuum. If A =
{nl,ng, ey Ny e } € =, then let Fy := Uzozl Bnk

If Ay # Ay and « € A, then

1 h 1 )
sup inf ||( —=— a(t) dt “\N1B ] A(t) dt
ach PEA < |Bn| Fa,NBn n=1 |Bn| FayNBn n=1llcqo
of sup | L () dt — —— B(t) dt
= sup 1nf sup |+—— & -
ach BEA g |Bn| Fa,NBn |Bn| Fa,NBn

1
> sup  sup alt)dt =1

a€A npeA1\ Az |Bnk | By,

Hence dyg(Mp(Fa,), Mr(Fa,)) > 1 and the range of RoM is non-separable. [

Remark 3.9. Separability of Z; and the range of M (X') are not hereditary pro-
perties. That is, there are multifunctions A and I" such that A(w) C I'(w) for
every w € {2, Zp is separable and Z, is not. Similarly, the range of M is dy-
separable, whereas the range of M, is not.

As an example let V = B(l(W)), where W is an uncountable set and let (12, X, u)
be such that there exists a Pettis integrable function f : 2 — B(l(W)) with non-
separable range of its integral (see [15, 2D]). If I' = V/, then Z is compact in L; ()
and Mp(Y) is dy-compact, whereas Z; amd v;(X') are not separable in L;(u) and
in X, respectively (see [24] or [26]).

Question 3.10. If V is a weakly compact set, then each V-valued scalarly mea-
surable function is scalarly equivalent to a strongly measurable function (see [20])
and so the above example does not work there. This leads to the following two
questions.

Let I" and My : ¥ — cwk(X) be as in Theorem 3.7. Assume that f € Sp is
arbitrary and the condition (¢) is fulfilled. Is the set Zf separable in L;(p)?

Assume that m € S(Mr) is arbitrary and the set Mp(X) is separable in the
Hausdorff metric or it is scalarly separable. Is the set m(X') separable?

Question 3.11. Assume that " is ¢b(X) valued. Suppose that for each f € Sr
the set Zy is separable (or norm relatively compact) in L;(p) (it is so if X has the
WRNP, for instance). Is Zp also separable (or norm relatively compact)?

Assume that M is a multimeasure such that M (XY) is scalarly separable. When is
M (X)) separable in the Hausdorff metric?

4. Convergence theorems

The following theorem has been proven in [27, Theorem 5.1].
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Theorem 4.1. Let I': 2 — cwk(X) be scalarly integrable and let {I},: 2 —
cwk(X): n € N} be a sequence of multifunctions Pettis integrable in cwk(X).
If the family \J,, Zr, tis uniformly integrable and lim, s(z*,I7,) = s(z*,I') in -
measure, for each x* € X* (or weakly in Li(u), for each x* € X*), then I is
Pettis integrable in cwk(X) and,

(SC) lims(z*, M, E) = s(z*, Mp(E)) for every z* € X* and E € X.

n

If I,’s are assumed to be c¢(X)-valued, determined by a WCG space and Pettis
integrable in c¢b(X), then I' is Pettis integrable in cb(X) and (SC) holds true.

One may ask if the scalar convergence (SC) can be replaced by a stronger one. In
general the answer is negative even for Pettis integrable functions (see [27, Remark
5.4]). Tt is my aim to show that assuming stronger properties of the multifunctions
one may obtain also a stronger convergence of the corresponding integrals. Our
first proposition is to assume that (I7,), is a martingale. Then we will replace the
scalar convergence s(z*, I,) — s(z*,I") in measure by the uniform convergence in
measure.

Theorem 4.2. Let I': 2 — cwk(X) be scalarly integrable and let (I, X )nen be a
martingale of multifunctions I, : 2 — cwk(X), n € N, that are Pettis integrable in
cwk(X). If the family \J, Zr, is uniformly integrable and lim,, s(z*, I,) = s(z*, I)
in p—measure, for each x* € X* (or weakly in Ly(u), for each x* € X*), then
I' is Pettis integrable in cwk(X), E(I'|X,) = I,, n € N, in the sense of scalar
equivalence, and

(HC) limdy(Mp(E), M, (E)) =0 for every E € X.

If I,’s are assumed to be c¢(X)-valued, determined by a WCG space and Pettis
integrable in cb(X), then I' is Pettis integrable in cb(X) and (HC') holds true.

Proof. In virtue of Theorem 4.1 I" is Pettis integrable in cwk(X) (or in ¢b(X)).
For each z* the sequence {(s(z*,1},),0([,)) : n € N} is a scalar martingale con-
verging in measure to s(z*,I"). Being uniformly integrable, it is convergent in
Li(p). Hence Zr is contained in the weak closure of the relatively weakly com-
pact set |J, Zr, C Li(p). Consequently, Zp is uniformly integrable and Mp is
an h-multimeasure. At this stage we apply (11) that holds true for arbitrary
martingale. O]

As a direct consequence of Theorems 3.4, 4.1 and 3.7 we obtain the following
characterizations of multifunctions approximated by simple multifunctions:

Theorem 4.3. Let ' : 2 — ¢(X) be a scalarly integrable multifunction. Then I’
is Pettis integrable in cwk(X) and Mp(X) is separable in the Hausdorff metric if
and only if there exists a (martingale) sequence (I,)nen of cwk(X)—valued simple
multifunctions, such that \J, Zr, is uniformly integrable and, one of the following
conditions is satisfied for each v* € X*:
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(o) A{s(z*,I},): n € N} is u—a.e. convergent to s(z*,I");

(B) {s(a*,I}): n € N} is convergent in u—measure to s(z*,I");
(v)  A{s(z*,I},) : n € N} is convergent to s(z*,I") in Ly(p);

(0) {s(x*,I},) : n € N} is convergent to s(x*, ") weakly in Ly ().

Proof. <. It follows from Theorems 4.1 that " is Pettis integrable in cwk(X)
and so M is an h-multimeasure, what is equivalent to the uniform integrability
of the set Zp. Theorem 3.4 yields the dy-separability of Mp(X).

=. If I": 2 — ¢(X) is Pettis integrable in cwk(X), then Zr is uniformly integrable
(see [27, Proposition 2.2]) and so M is an h-multimeasure. According to Theorem
3.4 there exists a martingale (I5,, X)), satisfying the conditions (a)—(d). It
follows from Proposition 3.3 that the family |J, Zr, is uniformly integrable. [

Theorem 4.4. Let I' : 2 — ¢(X) be a scalarly integrable multifunction. As-
sume that there exists a (martingale) sequence (I,)nen of cb(X)-valued simple
multifunctions, such that \J, Zr, is uniformly integrable and, one of the following
conditions is satisfied for each x* € X*:

(o) A{s(z*,I},) : n € N} is u—a.e. convergent to s(z*,I");

(B)  A{s(z*,I}) : n € N} is convergent in p—measure to s(x*, I);
(v) As(a*,I}): n € N} is convergent to s(x*,I") in Ly (u);

(0) As(z*,I},) : n € N} is convergent to s(x*, ") weakly in Ly ().

Then I' is Pettis integrable in cb(X) and Mp(X) is locally separable in the Haus-
dorff metric.

Proof. The proof is similar to the proof of Theorem 4.3 but instead of Theorem
3.4 we apply now Theorem 3.7. ]

[ say that a sequence of scalarly measurable multifunctions I5,: 2 — ¢b(X), n €

N, is scalarly equi-convergent in measure to a scalarly measurable multifunction
I': 2 — cb(X) if for every § > 0

lim sup p{w € 2: |s(z*, I, (w)) — s(z*, ['(w))| >} = 0.

o fler]<1

If I': 2 — ¢b(X) and A: 2 — ¢b(X) are scalarly measurable, then let

p(IA) = inf{)\ :osup pfls(z*, ") —s(z™, Q)| > A} < )\} :

[J*[|<1

One can check that p is a pseudometric on P(u, cb(X)) such that p(I, A) = 0 if
and only if I" and A are scalarly equivalent.Thus, p is a metric on P(u, cb(X)).
Moreover, p(I,,I") — 0 if and only if the sequence I,: 2 — ¢b(X), n € N, is
scalarly equi-convergent in measure to I": {2 — cb(X).

If I': 2 — ¢b(X) and A: 2 — ¢b(X) are scalarly integrable then, p(I,A) <
dp(A, ).
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It is also easy to see that if f,’s are strongly measurable functions, then it may
happen that f, — f in the sense of scalar equi-convergence in measure, but
fn = f in measure. But in the non-separable case, where in general the func-
tions w — || f(w)|| are non-measurable, the scalar equi-convergence in measure is
a very convenient substitute of the convergence in measure.

Lemma 4.5. Let I},: 2 — ¢b(X), n € N, and I' : 2 — cb(X) be scalarly mea-
surable multifunctions. Consider the following conditions:

(A) lim,dy([, ") =0, p-a.e;
(B) V>0 lim, p{dg(Ln, I") > 6} = 0 (s is the inner measure induced by j1);
(C) lim, p(Iy,I") =0.

Then (A) = (B) = (C).
Proof. (A) = (B). Given 6 > 0 and n € N let
A ={we N :dy(l(w), [w)) > 5}

Suppose that there exists § > 0 with limsup,, p.(A%) =a > 0. If BS C A% is a
measurable kernel of A2, then there is an increasing sequence (ny) of integers such

that s(BS ) > a/2, for all k € N. Let

o0 [e.9]
B’ := limsup Bka = m U bek.
k m=1k=m

Then p(B°) = limy, pn (Upe,, BY,) = a/2. It follows that if w € B°, then the ine-
quality dy (I, (w), I'(w)) > § holds true for infinitely many k’s. That contradicts
the p-a.e. convergence of the sequence (I7,),en to I' in the Hausdorfl metric.

(B) = (C). Let A% be defined as before. Then

A= | {w: ls(", Th(w)) — s(z*, I'(w))| > 6}

flz*[I<1
and so
iy (A%) > p{|s(2*, I,) — s(z*, )| > 6} for each 2* € B(X™).

Consequently,
p(A0) > sup pdls(e”, ) — s(z, I)| > 6}

flz*]I<1

what yields the scalar equi-convergence of (I3,) in measure to I O

The next result is a generalization of [27, Theorem 5.2].

Theorem 4.6. Let I,: 2 — cwk(X) [ck(X)], n € N, be Pettis integrable in
cwk(X) [ck(X)] and satisfying the following two conditions:

(a) The set U, Zr, is uniformly integrable,
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(b)  The sequence {I,: n € N} is scalarly equi-convergent in measure to a scalarly
integrable I': 2 — c(X).

Then I' is Pettis integrable in cwk(X) [ck(X)] and lim,, dp(I,, I") = 0. In partic-
ular

(PC) limdy (M, (E), Mp(E)) =0 uniformly on X.

If I,’s are assumed to be c¢(X)-valued, determined by a WCG space and Pettis
integrable in cb(X), then I' is Pettis integrable in ¢b(X) and lim, dp(I,,I") = 0.

Proof. Assume that I,’s are ¢(X)-valued. It follows from Theorem 4.1 that I’
is Pettis integrable in ¢b(X). Due to the classical Vitali convergence theorem,
the set Zp is a subset of the norm closure of the set | J, Zp,. Consequently, Zp
is uniformly integrable. Together with the condition (a) this yields the uniform
integrability of the family {s(z*, I},) — s(z*, I"): ||z*|| < 1, n € N}. We have then
for arbitrary £ € X and § > 0

dy(Mr, (E), Mp(E)) = sup |[s(z", M, (E)) — s(z", Mp(E))|

[[*]|<1

<dn(Ty D)= swp [ |5 ) = s, 1) du
2

flz*]I<1

< sup |S(x*>Fn) - S(ZL'*,F)| d:u

S| /{|s(m*,rn>s<w*,r>|sa}

+ sup |S(‘I*7Fn) - 3(:13*,F)|d,u

flz*]I<1 /{IS(w*vfn)S(w*,F)|>5}

<d+ sup

/ s(@*, I) — s(a", D)|dp (13)
le*[|<1 J{|s(z* , ) —s(z*,I")|>6}

Due to the scalar equi-convergence of {I},: n € N} to I" and the uniform integra-
bility of {s(z*, I,) —s(z*, I"): ||=*|| < 1, n € N}, the second term of the inequality
(13) is arbitrarily small for sufficiently large n’s. The required convergence rela-
tions are consequences of the above inequalities.

Since metric spaces P(u, cwk(X)) and P(u, ck(X)) are complete, in case of cwk(X)
and ck(X)-valued multifunctions I5,, n € N, it follows from (PC) that also My
takes its values in cwk(X) or ck(X), respectively. O

Corollary 4.7. Let I': 2 — ¢(X) be scalarly integrable and let {I,: 2 — cb(X):
n € N} be a sequence of simple multifunctions satisfying the following two condi-
tions:

(a) The set\J, Zr, is uniformly integrable,
(b)  The sequence {I},: n € N} is scalarly equi-convergent in measure to I.

Then I is Pettis integrable in cb(X) and Mp(X) is relatively compact in the Haus-
dorff metric.
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If I,’s are functions, then we get the following result, that is a generalization of
27, Corollary 5.3]:

Theorem 4.8 ([1]). Let f,: 2 — X, n € N, be a sequence of Pettis inte-
grable functions scalarly equi-convergent in measure to a function f: 2 — X (e.g.
| fn — fll = 0 a.e.). If the family |, Zy, is uniformly integrable, then f is Pettis
integrable and

hTILIl an - f”P =0.

o fro]

Remark 4.9. In [22] Banach spaces possessing the weak Radon-Nikodym pro-
perty are characterized in terms of martingales convergent in the Pettis norm. As
a consequence, if X is without WRNP and p is non-atomic, then there exists a
scalarly bounded X-valued martingale which is divergent in P(u, X). In virtue of
Theorem 4.8 that martingale cannot be scalarly equi-convergent in measure. But if
X has WRNP, then it suffices to assume in Theorem 4.8 the uniform integrability

of U, Zy, only.

In particular

lim sup
N Eex

5. The strong law of large numbers

I shall start with a simple but useful fact concerning Pettis integrability on larger
o-algebra than the initial one. To prove it, we need to know how to integrate
bounded non-negative real functions with respect to multifunctions, but such a
theory is well known.

Lemma 5.1. Assume that = is a sub-c-algebra of X and that I' : 2 — cb(X) is

scalarly measurable with respect to =. If I' € P(u|=,cb(X)), then we have also
I' € P, cb(X)).

Proof. If F € X, then we set Mp(F) := [, E(xr|Z)dMp. Hence, if z* € X*,
then

s(z*, Mp(F)) = /

Blxr|=) ds(a’, Mr) = [ E(uelZ)s(a’, ) d
P4

n

_ /QIE(s(x*,F)XFE)d,u—/Qs(x*,F)Xqu:/s(x*,F)du .

F

For each j € N let §2; := (2 and 7; be the canonical projection of 2 = [[>2, 2,
onto {2;. Moreover, let 1o, be the countable direct product of ;1 on £2°°. Following
Talagrand [31] (see also [25]), I say that a function f : {2 — X satisfies the strong
law of large numbers (briefly SLLN) if there exists ay € X such that

n

ap = flm)

J=1

lim

n—oo

=0 fp —a.e.
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Hoffmann-Jgrgensen proved (see [17]) that if f satisfies the SLLN, then f is scalarly
integrable and ay = |, o [ dp, where the integral is the Gelfand integral taking its
value in X on the set (2. Then Talagrand strengthened that result, proving (see
[31]) that if f satisfies the SLLN, then f is Pettis integrable. Consequently Z¢ is
uniformly integrable.

By analogy, I formulate the corresponding property for multifunctions.

Definition 5.2. A multifunction I" : {2 — ¢b(X) satisfies the strong law of large
numbers if there exists Ap € ¢b(X) such that

1 n
lim dy | Ar, — I'(m;) | =0 poo — ace.
. H( F,HGB (Wj)) H a.e

j=1

It should be observed that if I" takes its values in cwk(X) or in ck(X), then also
Ap € cwk(X) or Ap € ck(X), respectively. O

Proposition 5.3. If I : 2 — cb(X) satisfies the strong law of large numbers,
then I is scalarly integrable and [, s(z*, ') dp = s(x*, Ar), for every a* € X*.

Proof. If z* € X*, then lim,_ |s(z*, Ap) — L Yo 8@, (7)) = 0 poo — ace.

n
Consequently, it follows from the classical theory that I is scalarly integrable and

Jos(a*, ) dp = s(z*, Ap). O

Before we prove the main characterization of multifunctions that satisfy the SLLN,
we have to recall the definition of a stable set of functions.

Definition 5.4 (Fremlin, Talagrand [30]). Let H be a collection of real valued
functions defined on (2. H is said to be stable if for each A € E:[ and arbitrary
reals o < (3 there exist k,l € N satisfying the inequality

T (A’““ N YL <ed x{r> W) < p(AM,

feH

where x4 is the direct product of k + [ copies of .

If I' : 2 — cb(X) is such that Z is stable, then we say that I" is properly
measurable (see [30] for functions). O

If 'H is stable then all elements of ‘H are measurable functions. If H is stable and
pointwise bounded, then its pointwise closure is also stable (see [30, 9-1]).

Now I can formulate a result that partially generalizes Theorem 1.10 from [27],
proved for multifunctions with weakly compact values, to arbitrary c¢b(X)-valued
multifunctions. In that case it was assumed that Zp is uniformly integrable. In
the following theorem I assume that I is locally integrably bounded, what simply
means that if A € X, then there is A D B € X such that [I'] is pointwise
dominated on B by an integrable function.
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Theorem 5.5. Let I' : 2 — cb(X)[cwk(X), ck(X)] be properly measurable and
locally integrably bounded. If Zr is uniformly integrable, then I' is Pettis integrable
in cb(X)[cwk(X), ck(X)], Ro I is Pettis integrable and M (X)) is relatively com-
pact in the Hausdorff metric.

Proof. Assume first that I" is integrably bounded and let A € £;(p) be such that
|s(z*, I'(w))] < h(w) for all 2* € B(X*) and w € 2. We have s(z*,['(w)) =
(e4+, RoI'(w)) for every w and x* € X*. Thus, the set Zg, is also order bounded
by h. Since {e,+ : ||z*|| < 1} is norming for [, (B(X*)), its absolutely convex
hull is weak*-dense in B(I* (B(X*)). This means that Zg is contained in the
pointwise closure of the absolutely convex hull of Zr, which is a stable set (see [30,
Theorem 11-2-1]). Hence Zg, is stable. Consequently Rol  is Pettis integrable
and Mg, (X) is norm relatively compact([30, Theorem 6-1-2]).

Then, we can argue exactly as in the proof of Proposition 4.4 in [4]. Since
/ Rol'dp € u(E)convRol'(E) for every E € X
E

and R(cb(X)) is a closed convex cone, there exists a set M(F) € ¢b(X) with
R(M(E)) = [, Rol'dp. If z* € X* is arbitrary, then

/Es(x*,F)du: /E(ew*,RoF>dp: <ex*,/ERoI’d,u)
= (€, R(M(E))) = s(z", M(E)).

This proves the Pettis integrability of I" in ¢b(X). Since R is an isometry the set
Mp(X) is dg-relatively compact.

Taking into account that cwk(X) and ck(X) are also closed cones, we obtain the
other two conclusions.

If I' is cwk(X)-valued, then its Pettis integrability in cwk(X) follows also from
[27, Theorem 1.10]. If I" is ck(X)-valued, then its Pettis integrability in ck(X)
follows also from [27, Theorem 3.16]

Consider now the general situation. Let {2 = |J, {2, be a partition of (2 into
pairwise disjoint measurable sets in such a way that I is integrably bounded on
each §2,. For each n € Nlet M, : X' — cb(X) be defined by M,(E) = [, I'dp.

Since I is scalarly integrable we have for all x* € X* and £ €

> fs(at My(EN2,) <) |s(z*, )| dp = /Q |ls(z*, I')| dp < .

ENng,

Due to uniform integrability of Zp, given € > 0 there exists ng € N such that

sup / |s(z*, )| dp < e.
U

e l<1 S U, s g 20

It follows that the series Y > | [ mno. 1 dpis Cauchy in the metric dg, hence it is
convergent. [
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Theorem 5.6. For a multifunction I" : {2 — ¢b(X) the following conditions are
equivalent:

(i) I salisfies the strong law of large numbers;
(ii) I is properly measurable and integrably bounded.

Proof. (i) = (ii). Let us notice first that if I" : 2 — ¢b(X) satisfies the strong
law of large numbers, then also the function Rol’ : 2 — Y = [(B(X")) does.
According to [31] Rol” satisfies the SLLN if and only if Rol" is properly measurable
and [, ||Rol ||y dp < oc.

Notice that s(z*, I'(w)) = (eg+, RoI'(w)) for every w and z* € X*. Thus, if the
set Zgrr is stable the same holds true also for Zp. We have also the equality
||RoI'|ly = |I'| pointwise and so (i) is fulfilled.

(17) = (i). Exactly as in the proof of Theorem 5.5 we conclude that Zg, is stable
and [ ||Rol'|ly du < oo. Consequently Rol satisfies the SLLN and is Pettis
integrable. But that means the existence of a point ar,r € Y such that

1 n
- — Rol'(m;)|| =0 pe — a.e. 14
ARer nz ol'(m;) H a.e (14)

Jj=1

lim
n

Invoking once again to the proof of Theorem 5.5 we obtain a set Ar € ¢b(X) with
R(Ar) = apr = [, Rol'dp and [, s(z*,I")dp = s(z*, Ap). The equality (14)

turns now into
1 n
limd Ap, — I'm)] =0 o — a.€. ]
1 H< an@ (%)) H a.e

Jj=1

As a consequence of Theorems 2.3, 5.5 and 5.6, we have the following

Corollary 5.7. If I' : 2 — cb(X) [cwk(X), ck(X)] satisfies the SLLN, then I’
is Pettis integrable in cb(X) [cwk(X), ck(X)], Mp(X) is relatively compact in dg
and there ezist simple multifunctions I, : 2 — cb(X) [cwk(X), ck(X)], n € N,
such that lim,, dp(I, I},) = 0.

It is our aim now to prove that Cesaro averages of the multifunctions I'(r;), j € N,
are convergent not only a.e. but also in the Pettis norm.

Theorem 5.8. If I': 2 — cb(X) satisfies the strong law of large numbers, then
timdp { Ar, 2@ r(x)
im — T
o P r n e i

= sup /
r*€B(X*) J N2

Proof. Notice first that each multifunction I'(m;) : £2°° — ¢b(X) is scalarly mea-
surable with respect to the o-algebra 7;'(X) and is Pettis integrable on 7rj_1(2).

)| diteo = 0.

xAp——Zme
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The measurability is obvious and the integrability is a simple consequence of the
equality fﬂfl(B) s(x*, I'(m;)) dpoo = [ s(x*, ') dp = s(a*, Mp(B)), valid for arbi-

trary B € 2 and z* € X™.

It follows from Lemma 5.1 that each I'(7;) is Pettis integrable on the product
o-algebra. Moreover, Theorem 5.6 yields the uniform integrability of Zr and so
each Zp () is uniformly integrable with respect to fioo.

It follows from Lemma 4.5 that the sequence {+ @)_, '(m;) : n € N} is scalarly
equi-convergent in measure o, to Ar. Taking into account the uniform integra-
bility of Zp(x,) we are able to prove that the set |J;_; Z Lo P(ny) is also uniformly
integrable with respect to . To show it, given € > 0 let § > 0 be fixed in such
a way that pi(A) < ¢ yields

sup {/A (2%, T(m1)| djios : 7 € B(X*)} <e.

Moreover, let n > 0 be arbitrary. Then

1 n
lim sup jpeq|s |2, =€ () || >n+]|Ar]
" greB(X*) { < n @ J
1 n
< lim  sup oo [S| 2%, — @ L(m) || >n+|s(z", Ap)|
" gxeB(X*) n =
1 n
= lim sup fioq |s|z", — @F(?Tj) —|s(z*, Ap)| >n
n Z‘*EB(X*) n j:1

>n}:0.
>Cl}:O.

s (xﬂ % @ F(ﬂ'j))

Since the family {%s(w*,@?ﬂ I'(m;)) : 2" € B(X*) & n < ng} is uniformly
integrable, there exists Cy > 0 such that

s (x*, % EBF(@))

< lim  sup um{s<x,ﬁ@F(ﬂj) —s(x*, Ar)

n preB(X*)

J=1

If ¢y > |Ar|, then we have for n = Cy — |Ar|

s (m*, % EB F(ﬂj))

lim sup uoo{

N z*eB(X*)

Let ng € N be such that

>Cl} < 9.

Vn>nyg Sup fieo
z*€B(X*)

>02} < 4.
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s (:U*,%éf(@)) C’} < 4. (15)

To prove the required uniform integrability we have to show that
dpse = 0.

s (I*, % @ F(@))

But notice that for each n € N and 2* € B(X*) the set {|s(z =1 I(m)| >

C'} and the expression " i1 |s(z”, I'(m;)| are permutation 1nvar1ant with respect
to {m,...,m,}. Consequently, if C' > max{C}, C}, then

(I*, % @ F(ﬂ—j))

n

al
<1 [s(a*, T(m,)) | dpi
0 S s oy 2

= |s(z*, I'(m1))| djtoo -
/{H (", T(m))| dy

w*, tan_ I(r)))|>C}

Thus,

VvV C > max{C,Co} sup sup [fie
n z*eB(X*)

lim _sup Sup/

‘n Vi=1

[{I (% 3@ T () )[>C

Applying (15) and the uniform integrability of Zp(x,), we obtain the inequality

s (av*, % @ F(m))

Jj=1

/{! (% 7@ I(m))[>C}

which proves the uniform integrability of [~ Z1 4 D(mj) -
n )=

Now the convergence lim, dp(Ar, 1 D, I (7;)) = 0 is a direct consequence of
Theorem 4.6. [

As a particular case of Theorem 5.8, we have
Theorem 5.9. Let f: 2 — X be a function. If f satisfies the strong law of large
numbers, then

=0.
P

o flag =5 > fm)

6. Gelfand and Dunford integrable multifunctions

It is the purpose of this section to prove that formula (3) produces a metric also
in case of scalarly integrable multifunctions. To this aim I need a few basic facts
concerning the Gelfand and the Dunford integrals for multifunctions.
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A multifunction I" : 2 — ¢(X*) is said to be weak®™ scalarly measurable, if for every
x € X, the support function s(z, I'(+)) is measurable. I" : 2 — ¢(X™*) is said to be
weak* scalarly integrable, if for every € X, the function s(z, I'(+)) is integrable.
A multifunction I" : 2 — ¢(X*) is weak* scalarly bounded, if there is a constant
M > 0 such that for every z € X |s(z, )| < M||z|| a.e.

A function f : 2 — X* is said to be a weak® quasi-selection of a multifunction
I': Q2 — c(X"),if fis weak® scalarly measurable and we have x f(w) € zI"'(w) for
p-almost every w € 2 (the exceptional sets depend on x). The collection of all
weak* quasi-selections of I" will be denoted by W*QS(I").

If moreover f(w) € I'(w), for every w € (2, then f is called a weak® selection of I

cw*k(X*) denotes the family of all weak*-compact members of ¢b(X*). H denotes
the closure of H in the weak® topology.

If I': 2 — cw k(X*) is weak® scalarly integrable, then I" can be represented in
the form

rw)=Y Lwxe W) (16)

where the sets F,, € X are pairwise disjoint, u (|J,, £,) = p(f2) and each I},: 2 —
cw*k(X™) is weak* scalarly bounded.

M : Y — cw'k(X") is additive, if M(AU B) = M(A) + M(B). An additive
map M : X — cw*k(X™) is called a weak® multimeasure, if s(z, M(-)) is a finite
measure, for every x € X. If M is a point map, then we talk about weak* measure.
If m: X — X*is a weak* measure such that m(A) € M(A), for every A € X,
then m is called a weak* selection of M. W*S(M) will denote the set of all weak*
selections of M.

If M: XY — cwk(X") is a weak® multimeasure, then the weak* semivariation of
M on a set £ € X is defined by | M|*(E) := sup{|s(z, M)|(E) : = € B(X)},
where |s(z, M)|(E) is the ordinary variation of the measure s(z, M) on the set E.

If M : X — ¢b(X) is a multimeasure, then the semivariation of M on a set £ € ¥
is defined by ||M||(E) := sup{|s(z*, M)|(E) : z* € B(X*)}.

Proposition 6.1. If M : X' — cw*k(X™) is a weak® multimeasure, then | M||*(£2)
<o0o. If M : X — ¢b(X) is a multimeasure, then || M||(£2) < co. In particular the
set |JM (X)) is bounded.

Proof. Assume that M : X — cw*k(X™*) is a weak® multimeasure. If z €
B(X), then it follows from the classical measure theory that |s(z, M)|(£2) <
2sup{|s(z, M(E))| : E € X} < oo. It follows that the set |JM(X) = U{M(E) :
E € ¥} is weak® bounded and since X is a Banach space, it is norm bounded.
Hence, sup{|s(z, M)|(£2) : z € B(X)} < 2|UM(X)| < co. The second part can
be proved in a similar way. O]

If M is a weak™ multimeasure or a multimeasure, then the variation of M is defined
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by

|M|(E) : = sup {Z |M(A)| : P is a finite measurable partition of E} :
P aep

It turns out that sometimes a weak™ multimeasure is an h-multimeasure.

Proposition 6.2. If M : X — cw*k(X*) is a weak® multimeasure (or M : X —
cb(X) is a multimeasure) of finite variation, then it is an h-multimeasure.

Proof. Let {A; : i € N} be a sequence of pairwise disjoint elements of E:[. We
have then

= sup |s (x,ZM(Ai)*> s |aM (U Ai) M (U A]) )

b)) )
= sup s (x,M (U Aj)) < sup Z|3($7M(Aj))|

lel<1 et

> 1MI(4).

j>k

IN

Since the variation of M is finite the last term tends to zero as k — oo and that
proves the required o-additivity of M. Il

The next result proved by Costé [8] shows that weak* multimeasures are rich with
weak™ measures, being selections of the initial weak™ multimeasure.

Proposition 6.3. If M : X — cw*k(X*) is an arbitrary weak® multimeasure,
then W*S(M) # 0 and for each E € X

M(E) = {m(E) :m € W*S(M)} .

Proof. I shall recall the proof of the second part only. Suppose there is £ € X
such that

M(E)\ {m(E): m e W*S(M)} # 0.
Then, due to the Hahn-Banach theorem, there are zp € X and o € R such that
s(xo, M(E)) > a > (xg,m(E)) for every m € W*S(M). (17)
Define M, : X — cw*k(X*) by
M (A) = {2" € M(A) : zo(z") = s(xo, M(A))}.
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Notice that (17) yields

M, (E)yn{m(E) :m € W*S(M)} =0. (18)

According to [10, Theorem 2.3] M is a weak” multimeasure and, by the first
part of the current proposition, it has a selectiom m : X' — X* that is a weak*
measure. Clearly we have m(E) € M, (E). But m is also a selection of M and so

m(E) € {m(E) : m € W*S(M)} . This however contradicts (18). O

Definition 6.4. Denote by C an arbitrary family of nonempty convex subsets of
X*. A weak* scalarly integrable multifunction I" : {2 — ¢(X*) is Gelfand integrable
in C, if for each set A € X there exists a set M&(A) € C such that

s(z, ME(A)) = /A s(z, ") du, for every x € X.

M (A) is called the Gelfand integral of I" on A and we write (G) [, I'dp =
ME(A). O

One can immediately see that if C € {cw*k(X*), cwk(X*), ck(X*)}, then ME is
a weak* multimeasure. By Proposition 6.1 ||M&]]*(£2) < co.

One can easily check that |M&| is always a measure. Indeed, if {4; : i € N} are
pairwise disjoint elements of X', then

g (U Ai) . (UAz-) -3 M)A
=1 =1 =1

for every n € N. Consequently,

6] (Um) > > IMEI(A)

And conversely, if By, ..., By, are pairwise disjoint measurable subsets of | J)~ , A
and z; € B(X),i=1,...,k, are arbitrary, then

k

Z s(xzj, M (B;)))|
S (l‘j,Mlg (Bj HDA1>>' = Z s (mﬁiM]g(Biji))‘
DY sy, ME(B; N Ay ZZ\MC’B N 4)]

i=1 j=1 i=1 j5=1

> IMF|(A).

I
N

IN
o

IN
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Given € > 0 one can always find z; € B(X) such that [M§(B;)| < s(z;, MZ(B;))+
e/k. Hence we have

> |MEB))| <

It follows that

s(zj, MF (B;))| +¢ < Z\Mﬂ(/l )+e

.
Il =
—

M7 <UA@-) < D IMFI(4)

The following fact is essential for our further investigations:

Proposition 6.5. If I' : {2 — cw*k(X™) is Gelfand integrable in cw*k(X™*), then
|ME| is a o-finite measure and

|\ME|(E / Yrdu, for every E € X,

where Yr is a non-negative measurable function satisfying the following properties:

(@) |s(z, (W) < r(w)|z|| for every x and almost every w;

(8) Vr(w) <|I'w)| for every w;
(v) If ¢ is another measurable function satisfying the conditions () and (f3)

(with ¥ replaced by @), then ¥r < ¢ a.e.
Proof. The existence of ¢ is well known (cf. [27] or [24]).

Then, if £, :={w:n—-1<9Yr(w) <n} and I,(w) = I'(w) whenever w € E,,
then we get the representation (16). If I" is Gelfand integrable and E € X, then

s MEENED < [ Js@Dldu< ol [ brdn < nlalu(B0E,).
ENE,

ENE,
Moreover,
\MS(ENE,)| = sup{||z*]| : 2* € MS(ENE,)} = sup  sup |z(z*)
r*eME(ENEy) |z <1
= sup |s(z, MF(ENE,))| < Yrdu
=<1 ENEy,

and so |[ME|(ENE,) < Jenp, Yrdp <np(ENE,) < co. Thus, M§ is of o-finite

variation and
ME|(E / rdy.

By the classical Radon—Nikodym theorem there exists a nonnegative measurable
function A on €2 such that

|ME|(E) = / hdu for each E € X.
E
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The inequality |M&|(E) < fE Yrdu  yields now the relation h < ¢ p—a.e.. If
] < 1. then

1s(z, MG)|(E) = /E ls(a, T)|dpu < |ME|(E) = L hdp.

Hence |s(z,I")| < h p-a.e.. It follows from the properties of 1 that ¥p < h
p—a.e., and this completes the proof of the equality

|ME|(E) = / Ypdp, for every B € X, O
E

Proposition 6.6. Let I' : 2 — cw*k(X*) be Gelfand integrable in cw*k(X™).
Then W*QS(I') # 0 and a weak* scalarly integrable v : 2 — X* is a Gelfand
integrable weak* quasi-selection of I' if and only if for every x € X (x,v) < s(z,I")
a.e., if and only if ¥ 5 A — fAyd,u is a weak® selection of M.

Proof. It is quite obvious that a weak™ scalarly integrable v : {2 — X* is a Gelfand
integrable weak* quasi-selection of I" if and only if for every = € X (x,~) < s(z,I)
a.e. so [ will prove only that W*QS(I") # 0.

Let ME : ¥ — cw*k(X*) be the Gelfand integral of I". Then, according to
Propositions 6.3 and 6.5 there exists a weak* selection m : X — X* of M& that
is of o-finite variation. Moreover s(x, M%(-)) < pu for every x and so (see [24],
Theorem 11.1) for every m € W*S(M) there is a Gelfand integrable function
v : 2 — X* satisfying for every x and every A € X' the equality

(. m(A)) = / (2 7) dp.

Thus, we have for every x and every A € X' the relation

[ @) due < st 214 = [ st

and so (z,7) < s(z,I") a.e., for every x separately. This means that v €
W*QS(I).

The rest of the proof is also easy. m

The following theorem has been independently proven in [5]. I present a simpler
proof.

Theorem 6.7. If I' : 2 — cw*k(X™") is weak® scalarly integrable, then I is
Gelfand integrable in cw*k(X*) and for every E € X

*

MEE) = {(©) [ ydu:y e w-osi) (19)
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Proof. Assume at the beginning that I is scalarly bounded. Let us fix A € ¥
and define a sublinear functional on X setting

o(z) = /As(x,F) djs.

Denote by X’ the space X* endowed with the topology o(X*, X). Then X"™* = X.
In order to prove the existence of a weak*-closed convex set M4 C X* with

s(z, ME(A)) = / s(z, ") du for every z € X,
A

we have to show first, according to the Hormander theorem [18], that the functional
is o (X", X')-lower semicontinuous (cf. [7], p. 48). That is we need the (X, X*)-
lower semicontinuity of . Equivalently, we have to prove that for each real a

Q) :={r € X : p(z) < a}

is weakly closed. As it is convex it is enough to show that it is norm closed. So let
{z,, : n € N} C Q(«) be such that ||z, — z|| — 0. Since for each w the set I'(w)
is norm bounded, the support function s(-, I'(w)) is norm-continuous for every w.
Consequently,

s(xp, I'(w)) — s(z, I'(w)) for every w.

Consequently, due to the Lebesgue dominated convergence theorem,

/s(a:,F)du:/lims(xn,F)duzlim/s(xn,F)duga.
A A" " JA

This proves the Gelfand integrability of I" in the family of weak*-closed convex
subsets of X*. Since I is weak* scalarly integrable, the set M&(A) is also weak*
bounded. Thus, I is Gelfand integrable in cw*k(X*).

If I' is arbitrary, then according to (16) I'(w) = >, I'h(w)xEg,(w), where all I},’s
are weak™ scalarly bounded and FE,,’s are pairwise disjoint. As we have just proven
cach I, is Gelfand integrable in cw*k(X™). By Proposition 6.6, each I, xg, has
a weak® quasi-selection ¢,. Then § := " 4, is a Gelfand integrable weak® quasi-
selection of I

Let A(w) := I'(w) — 6(w). We have now s(z, A) > 0 a.e., for each x € X. In order
to prove the Gelfand integrability of A in cw*k(X*), we follow exactly as in the
first part of the proof, proving the weak* lower semicontinuity of the functional

P(x) ::/As(x,A)du.

But now we apply the Fatou lemma instead of the Lebesgue dominated convergence
theorem.
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The Gelfand integrability of I" in cw*k(X ™) is a simple consequence of the equalities
(for each z € X and each F € X))

/Es(x,F)du: [Es(x,A)du—i—/Ex(Sdu
:s(x,(G)/EAd,u) +x((G)/E(5du)
:s<x,(G)/EAdp+(G)/E5dy).

We are going to prove now the equality (19). According to Propositions 6.3 and
6.5 for each £ € XF

ME(E) = {m(E) : m € WS(MF)} (20)

and each weak® countably additive selection m : X' — X* is of o-finite variation.
Moreover s(z, M&(+)) < p for every x and so (see [24], Theorem 11.1) for every
m € W*S(ME) there is a Gelfand integrable function 7 : 2 — X* satisfying for
every x and every A € X the relations

[ @) da = o m() < s ME() = [ (oD, (21)
A A

what means that 7 is a weak® quasi-selection of I". (19) is a direct consequence of
(20) and (21). O

Definition 6.8. Denote by C an arbitrary family of nonempty convex subsets of
X**. A scalarly integrable multifunction I" : {2 — ¢(X) is Dunford integrable in C,
if for every set A € X there exists a set ME(A) € C such that

s(z*, MP(A)) = / s(z*, I')du, for every z* € X*.
A

MRE(A) is called the Dunford integral of I" on A. O

As a consequence of Theorem 6.7 we obtain

Theorem 6.9. FEach scalarly integrable multifunction I : {2 — ¢b(X) is Dunford
integrable in cw*k(X*).

Proof. We want to apply Theorem 6.7 but I is not necessarily cw*k(X**)-valued.
So we define a cw*k(X**)-valued multifunction I" by setting I'(w) := I'(w) , w €
{2, where the closure is taken with respect to the weak* topology of X**. We have
then s(z*, I'(w)) = s(z*, I'(w)), for each z* € X* and each w € §2. According to

Theorem 6.7, I" is Gelfand integrable in cw*k(X**) and so for each A € X there
exists MP(A) € cw*k(X**) satisfying the equality

s(x*, MP(A)) = /

s(z*, T dp = / s(z*, I")du for every x* € X™.
A

A



868 K. Musiat / Approzimation of Pettis Integrable Multifunctions with ...

This proves the required Dunford integrability of I'. O]

Proof of the correctness of the definition of dp for scalarly integrable
multifunctions. Setting in Proposition 6.1 M = MZE one obtains sup{ [, [s(z, I')|
dp : ||z|| <1} < oo and that proves that the definition of dp by (3) is proper. [

I am going to take the opportunity and present yet a result that is not connected
with the main topic of this paper but generalizes [5, Theorem 6.8 and Remark 6.9
that described Gelfand integrability of compact valued multifunctions.

Theorem 6.10. Let I': {2 — ck(X™) be a weak® scalarly integrable multifunction
and let the set {s(x,I"): x € B(X)} be uniformly integrable. Then I' is Gelfand
integrable in cwk(X*) and \J ME(X) is a weakly relatively compact set. If the zero
function is a weak® quasi-selection of I', then |J M&(X) is a weakly compact set.

Proof. Consider a partition of {2 of the form 2 = (2, such that (n —1)||z| <
|s(x, )| < nl|z| a.e., for every x € X and n € N separately. According to [5]
each multifunction I, defined by I,(F) := I'(E N §2,) is Gelfand integrable in
cwk(X*).

Let € > be fixed and § > 0 be adapted to ¢ in such a way that u(E) < ¢ yields
Jps(x, I dp < e, for every x € B(X) and £ € X. Let m € N be such that
,u(Uan 2,) < ¢ and let E € X be fixed.

According to [5] I" is Gelfand integrable in cwk(X*) on |J
cwk(X*) be such that M&(ENJ
m > Ny

iem 2, so let W €
(2;) C W. We have then for each z € X and

<m

s(w, MF (E))

s(x,MFG(Em U Qi)) +s(a:, ME(EN|Y !22»)>

<m i>m
gs(x,Mﬁ(EﬂUQi)) +/ |s(z, I'")| du
<m UiZnL ‘QimE

< s(az,Mg(Eﬂ U Q,)) +e <s(z,W)+el|x

<m

s(x, W +eB(X™)).

It follows that
ME(E) CW +eB(X™).

Due to Grothendieck’s characterization of weak compactness (cf. [12, Lemma
XII1.2]) the set ME(E) is weakly relatively compact.

Now, let f: 2 — X* be a weak™ quasi-selection of " and G := " — f.

According to the first part of the proof the multifunction G is Gelfand integrable
in cwk(X*) and since |JMSG(X) = ME(R2), the total range of MS is weakly
compact. As a weak® quasi-selection of I" the function f satisfies for each x € X the
inequality zf < s(x, ") and so the set {zf : ||z|| < 1} is weakly relatively compact.
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It is known, and easily seen, that ME(Z) is a weakly relatively compact set.
Consequently the set Mf(X) € M§(X) + M§ (L) is weakly relatively compact.
This completes the proof. Il
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