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Abstract In our former paper (Fund. Math. 166, 281-303, 2000) we discussed densi-
ties and liftings in the product of two probability spaces with good section properties
analogous to that for measures and measurable sets in the Fubini Theorem. In the
present paper we investigate the following more delicate problem: Let (£2, X', u) and
(®,T,v) be two probability spaces endowed with densities v and t, respectively.
Can we define a density on the product space by means of a Fubini type formula
WOE)={(w,0):wev({w:6 € T1(Ez})}, for E measurable in the product, and
the same for liftings instead of densities? We single out classes of marginal densities
v and T which admit a positive solution in case of densities, where we have some-
times to replace the Fubini type product by its upper hull, which we call box product.
For liftings the answer is in general negative, but our analysis of the above problem
leads to a new method, which allows us to find a positive solution. In this way we
solved one of the main problems of Musial, Strauss and Macheras (Fund. Math. 166,
281-303, 2000).
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1 Introduction

The study of liftings compatible with the product structure of probability spaces
started with a paper of M. Talagrand [15] and was carried on from different points of
view by other authors (see [1, 5-11, 13]). In [10] we considered products of two prob-
ability spaces endowed with densities and liftings possessing good section properties
analogous to that for measures and measurable sets in the Fubini Theorem. These
properties were then applied by us to show the permanence of the measurability of
stochastic processes under lifting modification (see [10] and [14]). As to be expected
many convenient properties known from the Fubini Theorem for product measures
fail for product liftings and densities. The main positive result proved in [10] was
the following one: Given complete probability spaces (£2, X', u) and (@, T, v) and
liftings p for w and o for v there exists a lifting 7w for the completed product measure
,u@ v such that [7(E)], = o ([7(E)],) for each E € X QT and w € £2, provided
that o is smooth enough.

In this paper we construct products of densities and liftings via sections, in a way
paralleling Fubini formulae for product measures (see Definition 4.1), where mea-
sures are replaced by densities an liftings, respectively. For this reason we call it
a Fubini type product. As often in lifting theory, in this process we are enfaced with
problems of measurability and as well with problems of the validity of the basic
lifting properties for the product. Moreover it turns out that even if we start with den-
sities on the factors, we often can only achieve subdensity structure for the product.
This convinced us that we have to consider so called primitive liftings, i.e. homor-
phisms with structural properties weaker than those of densities (see Preliminaries).
For restoring the density property we define a second product, the box product, by
taking the monotone hull of our former Fubini type product (see Definition 4.3). We
single out primitive liftings in the factors (see Definition 3.2) being crucial for a posi-
tive solution of the above mentioned problems. To get the existence of the product we
apply results from [10]. As one of the main positive results we obtain the following
one: Given complete probability spaces (§2, ¥, 1) and (®, T, v) and liftings p for
w and o for v there exists a lifting 7 for the completed product measure i ® v such
that [n(E)]9 = p([n(E)]e) foreachE€ X ®T and6 € © provided that ¢ is smooth
enough and the pair (p, o) preserves measurability (Theorem 4.3). This solves one of
the problems left open in [10]. This is completely different result from that mentioned
above from [10]. We prove that without the additional assumption about preserving
measurability, £2-sections cannot be replaced by ®-sections in [10].

Section 3 is of preparatory nature and serves for singling out primitive liftings
which can appear as marginals in those products, which are again primitive liftings
(see Theorem 3.1). In Sect. 4 we give the basic existence theorems for Fubini type and
box products (see Theorems 4.1, 4.2, and 4.3). Section 5 is devoted to non-existence
results (see Theorems 5.1, 5.2 and 5.4).
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2 Preliminaries

For a given probability space (2, X', u) aset N € X with u(N) = 0is called a p-null
set and for A, B € X we write A = B a.e. (u) or A =, B iff AAB, the symmetric
difference of A and B, is a p-null set. The family of all p-null sets is denoted by Xy.
The (Carathéodory) completion of (£2, X', u) will be denoted by (£2, > ). P(£2)
denotes the family of all subsets of §2. The o -algebra generated by a family L of sets
is denoted by o (£). A filter F in X is said to be u-stable if A € F and u(AAB) =0
yields Be F.If M C 2, then M“:= 2\ M.

For given probability space (£2, ¥, u) and a map @ : ¥ — P(X) we consider
the following properties for A, B € X

L1) w(A)=Aae.(u);
(L2) A= B ae.(u) implies w (A) = @ (B);
(N) w(@) =0 and w (2) = £2;

(O) A C Bimplies w (A) C w(B);

(F) w(A)N@(B) Cw(ANB).

@) w(ANB)=w(A) Nw(B).

(U) @ (A°) = [ (A)]°.

Wecallaw € £% satisfying (L1), (L2), and (N) a primitive lifting for u and we
denote by P (u) the class of all primitive liftings. Due to (L1) each @ € P (i) can be
uniquely extended to @ € P (). Indeed, it is enough to set @ (A) = @ (B), where
AeX, Be X and L(AAB) = 0. A primitive lifting for u will be called a monotone
lifting for w if it satisfies in addition the condition (O). If a primitive lifting satisfies
also (F), we call it a subdensity for ;. We denote by O(u) and F(u) the class
of all monotone liftings and subdensities, respectively. Monotone subdensities are
called densities and denoted by () (notice that ¥ () = O(n) N F(u)). Densities
preserving complements are called liftings and denoted by A(u). Compare with [4,
Chap. II1, Sects. 2 and 3] (see also [12]). We write A (v) and AG A(v) for the classes
of all admissible densities and all admissibly generated liftings, respectively (see [5]
and [10] for the definitions). The space P(2)Y will always be considered under
pointwise order, i.e. @ < @, if @ (E) C @y (E) forevery E € X.

We denote by (2 x ©, Y ® T, u ® v) the product probability space of the
probability spaces (£2, X, ) and (©@,T,v) and by (2 x @, T RT, uQv) its
(Carathéodory) completion. For given v € P() and t € P(v) we denote by v ® ©
the setof all ¢ € z‘x‘(,u@ v) satisfying (A x B) = v(A) x t(B) forall A € X and all
BeT.

If E is a subset of £2 x ® and (w, 0) € 2 x O is fixed, then we use the ordi-
nary notation E,,, E? for the sections {# € @ : (w,0) € E}, {w e 2 : (w,0) € E},
respectively.

It follows from our definitions that if ¢ € 9(u @ v) and E € ¥ ® T, then
[p(E)], € T for every w € §2 and [q)(E)]g € X forevery 6 € ©.

Throughout the paper (£2, X', u) and (®, T, v) are arbitrary but fixed complete
probability spaces.
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3 Lifting of Sections

Definition 3.1 For given 7 € P(®)7 we define the set

To(E) ={(w,0) e N2 xO E,eT ANO €T(Ey)}
foral E€ X ®T. Similarly for v € P(£2)* we define

V(E) ={(w,0)eR2 xO E’c X rnweuv(EY))

foral Ec X ®T.

Below we will discuss only 7, since the corresponding properties for v® are easy
to derive from those of 7,.

Remark 3.1 For T € P(v) the mapping 7, : E € ¥ T —> P(£2 x O) has the fol-
lowing properties.

() If E,Fe X®T then E = F ae.(u®v) implies for all & € ® the equality
[te(E))’ = [t (F)) ae.(w).
In fact by Fubini’s theorem there exists a set N € Xy such that E,, = F,
a.e.(v) for all w ¢ N what yields the equality [7,(E)]? \ N = [to(F)]? \ N, for
alld e ®.
(i) For A€ ¥ and B € T we get 7,(A x B) = A x t(B). In particular this makes
clear, that (L.2) is false for the operation t,.
(iii) Te(P) =V and 7,(2 X @) =2 x O.
(iv) If 7 satisfies condition (F), so does t,.
(v) Fort € A(v) we get T4(E€) =[to(E)]“ foral E€ X Q T.
Indeed, we have t(E,) U T[(E°)y] = O, for every w and the sets on the left
hand side are disjoint.

Now the following critical problems arise.

19 When do we have 7,(E) € X ® T forall E€ X ®T?
20 When do we have t,(E) = E ae.(u®v) forall E€ X QT?
Since we deal with sections the following questions will become important.
30 For which 6 € @ is [to(E)]? € X forall E€c X QT?
49 For which 6 € ® holds [1.(E)]? = E? a.e.(u) true?

Note that due to the completeness of (2 x @, X T, w ® v) condition (L.1) for z,
always implies 1° from which follows by means of Fubini’s theorem the existence of
aset Mg e Tj such that [7,(E)]? € X, even [t,(E))’ = E? a.e.(u) forall 6 ¢ Mg if
E € ¥ ®T. But there are also reverse implications by the next proposition.

Proposition 3.1 For given t € P(v) the following conditions are equivalent.
() T(E) e ZRT forevery E€c X®T.
(i) te(E)=F a.e. (,u,@v)for every E € X RT.
(iii) There exists a ¢ € P(u® v) such that for all E € X T there exists a set N €
2o with T([p(E)]w) = [¢(E)]w for allw ¢ NE.
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(iv) There existsa ¢ € P(u Q) such that forall E € ¥ QT and all w € 2 we have
T([p(E)]w) = [¢(E)]w.

Proof The implication (ii) = (i) is trivially true due to the completeness of the
probability space (2 x @, X ® T, u®v).

Ad (i) = (ii). If t,(E) € X QT for some E € X ®T, then H := 1,(E)AE €
Y®T and by the Fubini theorem there exists a set Ng € X such that [t4(E)], =
E, ae.(v) for all @ ¢ Ng. By Cavalieri’s principle this implies (u Rv)(H) =
fv([t.(E)]wAEw) du(w) =0, ie. (L1) To(E) = E ae. (L ®v).

Ad (i) = (iv). Choose an arbitrary ¢ € ¥ (1 ®v) (according to [3] ¥ (u ® v) # ¥)
and treat it as an element of ¥ (u ®v) (notice that we have always [@(E)], € T
since p(E) € X @ T). Then define ¢ (E) := 1,(¢(E)) foreach E € ¥ ® T. It follows
p(E)e X QT foreachE€ X QT by assumption. Due to the implication (i) = (ii)
proved already we have ¢(E) =, 5, 9(E) =,5, E forall E € ¥ ®T,ie. ¢ satis-
fies (L1).

For E,F € ¥ QT with E = F ae.(u®v) we get g(E) = @(F), hence ¢(E) =
o(F), i.e. (L2) for ¢.

Since @ satisfies (N) also ¢ satisfies condition (N), hence ¢ € P(u Rv).

Forall E€ X ®T we have t([¢p(E),) = [¢(E)]o since [¢(E)], = T([@(E)]w)
for all w € §2. Hence (iv) is satisfied.

(iii) is an obvious consequence of (iv).

Ad (iii) = (i). Let be given ¢ € P(u ®v) such that forall E € ¥ ® T there exists
aset Ng € Xy with t([¢(E)]w) = [¢(E)]e for all w ¢ Ng and note that there exists
aset Lp € Xy such that E,, =, [¢(E)], € T forall w ¢ Lg. Put Pg := Ngp U Lg.
Then Pg € Xy and t(E,) = t([¢(E)]w) = [¢(E)], for all w ¢ Pg. It follows that
To(E)AQ(E) S Pp x O € (X ®T)g, hence 1,(E) e Z®T. O

Definition 3.2 Once the basic complete probability spaces (§2, X, u) and (©, T, v)
are fixed, we say that T € P(v) is a @-marginal if it satisfies one of the equivalent
conditions of Proposition 3.1.

We say that T € P(v) generates i-measurable sections, if [14(E )1? € X for all
EcX®T andallf € 6.

If T € P(v) is a ®-marginal and generates j-measurable sections, then it is called
u-smooth.

7 € P(v) is a weak @-marginal if for all E € ¥ ® T exists a set Mg € Ty such
that [7,(E)]? = E? a.e.(u) forall 0 ¢ M.

In an obvious way one may define v € P(u) to be a (weak) §2-marginal or gener-
ate v-measurable sections.

It follows from Proposition 3.1 that each ®-marginal is a weak ®-marginal. Since
all T € AY(v) are @-marginals and generate p-measurable sections by [10, Corol-
lary 2.7], there is a large variety of w-smooth densities. Notice also that if 7 € F(v)
is a ®-marginal and T € F(v) dominates 7, then also T is a @ -marginal. Similarly, if
T € F(v) is a weak ®-marginal, then also T € F(v) is a weak ©-marginal.

Lemma 3.1 Assume that T € P(v) is a @ -marginal. Then T is w-smooth if and only
ifthe p € P(1 ® V) from Proposition 3.1(iii) can be taken such that [(p(E)]e e X for
every 0 € ©.
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Proof Let be given ¢ € P(iu®v) such that for all E € ¥ ®T there exists a set
Ng € Xy with t([¢(E)]w) = [¢(E)], for all ® ¢ Ng and note that there exists a set
Lg e Xosuchthat E, € T and E,, =, [¢p(E)], forallw ¢ Lg. Put P := Ng U LE.
Then Pg € Xp. Now for every 6 € ® we get

[t(E)P N PE ={we Pi:0 cT(Ey)) ={we P :6 € t([p(E)]w)
= {w € P§:0 €[p(E)lw) = [p(E))’ N Pf.

Hence [t.(E)I?Al@(E)]? € Xy. Since (£2,X,p) is complete we have then
[¢(E)]’ € X if and only if [z, (E)]’ € X. O

4 Fubini-Type Products

Definition 4.1 For given v € P(£2)% and t € P(®)T we define a mapping v O 7 :
Y ®T — P(£2 x O) by the formula

WOTNE) ={(,0)eR xO:[t.(E))’ €X and wecv(n(E)?)} (4.1

foral Ee X QT.
In a similar way we defineamapt ©; v: X ®T — P(2 x ©) by

TOrVIE) ={(0,0) e xO:[V(E)]lweT and 6 e t([v*(E)lw)}

foral E€c Y ®T.

Again we will discuss below only the product v © t since it is easy to derive
from results about v © t corresponding results for the product t ©; v. By [10, The-
orem 3.5], we have v © T # t O v if the spaces (£2, ¥, u) and (@, T, v) are not
purely atomic, i.e. practically in all interesting cases.

Lemma 4.1 For givenv € P(u) andt € P(v) themapvOT: X QT — P(2 x O)
has the following properties:

(1) v([te(E)1?) =[(v © T)(E)) forall 6 € ® with [14(E)]’ € X.
(i) [(v O T)E)? =v([(vO T)E)) forall E € QT and all 0 € O
(iii) The conditions (L2) and (N) are satisfied for v © T;
vy vOtTev®r;
(v) If v and t are densities, then v © T satisfies condition (F).

Proof (i) follows directly from (4.1).

Ad (). If E€ X QT and 6 € O then [(v O 1)(E)]’ = v([t.(E)]?) forall § € ©®
with [74(E)]? € ¥ and [(v © 7)(E))’ =@ for all § € ® with [t(E,)]? ¢ ¥. In both
cases it follows that [(v © T)(E)]? = v([(v © 1)(E)]?) for all E € ¥®T and all
0e®.

Ad (iii). According to Remark 3.1 condition (L2) follows from (i). Clearly v O®
satisfies also (N).
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Ad (iv). If A € ¥ and B € T, then according to condition (i) we get

[(wO (A x B =v([r(A x B)I")
=v({weR:0et([AXBlp)=v({{we A:0 €t(B)}).
Ad(v).LetE, Fe X QT be arbitrary. According to (iii) we may assume, without
loss of generality, that E, F € ¥ ® T. Then t(E,) N t(F,) = t(E, N F,) for all
we Q. Letus fix now 8 € ® such that [v O T(E)Nv O (F)’ =[vo t(E)l? N
[vO (P #0.
Then we have [t4(E)]’ € ¥ and [t,(F)]’ € . Hence,
[te(ENF)’ ={w:0 € 1(E, N Fp)} ={w:0 € 1(Ey) NT(F,)}
={w:0 et(E,)}N{w:0 € 1(F,)} = [t.(E)l N[t (F))’ € X.

Consequently,
v([Te(E N F)1”) = v([te(E)) N[re(F)17)

and then

(v o T)E) NwoF)) =v(t(E)”) Nu(t.(F)])
= v([te(E))’ N[te(F)I”) = ([t (EN F)I’) = [(v O T)(EN F)]’,

ie. [VODE)NwOoDP) ClvonENH. If[veotE)]’ Nvo
7(F)]? = ¢ then, the last inclusion also holds true and so we obtain the condition
(F)forvOr. O

Remark 4.1 Since v © 1 satisfies (L2) by Lemma 4.1 and since for any G € X ST
there exists £ € ¥ @ T with E = G ae.(u®v), we may restrict ourselves to work
with (v © 7)(E) for E € ¥ @ T only, what we will do below without any further
comments. Note that for E € ¥ ® T we have E,, € T for all w € §2 and this simplifies
the definition of (v ® 7)(FE).

Lemma 4.2 [f v satisfies condition (O) and t € O (v) generates p-measurable sec-
tions then it follows that v O t satisfies condition (O).

Proof H E,Fe X ®T and E C F,we get E,, C F,, for all w € £2, hence 7(E,) C
T(F,) for all w € £2. The latter implies [, (E)1? C [14(F)]? for all & € ©. Since by
assumption [7,(E)]?, [1o(F)]? € ¥ forall 0 € @, we get v([to(E)]?) € v([te(F)1?)
for all & € ®, hence v O t satisfies condition (O). ]

Remark 4.2 There is now an obvious question, whether for given v € P(u) and t €
P (v), the set function v ® 7 is in P(1 ® v). As it will be shown in Remark 5.1, even
if v e ¥ () and T € ¥ (v), then it may happen that v © t does not satisfy (L1).

Definition 4.2 The pair (v, 7) € P(u) X P(v) preserves measurability if it satisfies
the condition
WOTNE)eXQT foralEecXR®T.
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Proposition 4.1 If v € P(u) is an §2-marginal and © € P(v) is a ®-marginal, then
(v, T) preserves measurability.

Proof Let E € £ ® T be arbitrary. Then 7,(E) € ¥ ® T by the marginality assump-
tion applied for T and E. Then, v*(t,(E)) € Z® T again by the marginality assump-
tion applied for v and the set 7,(E). But v*(7e(E)) = {(0,0) : [te(E)]’ € Z & w €
v([(E)]))} = (v O T)(E). O

Proposition 4.2 Assume that v € P () is arbitrary, T € F(v) is a weak @ -marginal
and (v, T) preserves measurability. Let U € 9 () and T € F(v) dominate v and t,
respectively. Then, (U, T ) preserves measurability.

Proof Since T is also a weak @-marginal, forevery E € X ® T thereis Mg € Tj such
that [7,(E)]? € ¥ and [7,(E)]? € ¥, for every 0 ¢ Mg. Consequently, if 6 ¢ Mg,
then

v([te(E)I?) C BT (E)Y),
what yields

(WO NE) CTOTNE)’ foreveryb ¢ M.
This proves that (U, T) preserves measurability. O

Proposition 4.3 For v € P(u) and © € P(v) the product v O T satisfies condition
(L1) if and only if the pair (v, t) € P(u) x P(v) preserves measurability and T is
a weak ©-marginal.

Proof Let the pair (v,7) € P(u) X P(v) preserve measurability and write ¢ :=
v O 1. Then p(E) € ¥ ®T for E € X ®T and it follows from Cavalieri’s princi-
ple that (L ®v)(@(E)AE) = [ u(lp(E)I° AE?) dv(6) = 0, since for v-almost all &
we have [(p(E)]e =v([t.(E)]?") = v(E?) =4 E?, where we use the assumption that
T is a weak @-marginal. Thus, ¢ (E) = E a.e.(n ® V).

Conversely it follows from (L1) for ¢ = v © 7 that the pair (v, T) preserves mea-
surability by the completeness of the space (2 x @, X ® T, 4 ® v). From Fubini’s
theorem we infer from (L1) that for all E € ¥ @ T there exists a set Mg € Ty, such
that [te(E)]? =, v([te(E))’ = [¢(E))® =, EY forall 6 ¢ M. O

Proposition 4.4 Assume that the pair (v, T) € P(u) x P(v) preserves measurability.
If T € P(v) is a weak ©-marginal, then v O T € P(u@ v). If in addition v € ¥ (u)
andt € ¥(v) thenv Ot € F(uQ®v).

Proof The product v O t satisfies condition (L2) and (N) by Lemma 4.1(iii), so we
need only to show condition (L1). But (L1) follows from Proposition 4.3.
Lemma 4.1(v) yields v® t € F(u®v) for v € () and 7 € 9 (v). O

Corollary 4.1 If v € V() is an §2-marginal and t € ¥ (v) is a ©-marginal, then
vOTeF(u ) V).
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Proof By Proposition 4.1 the pair (v, ) preserves measurability. Since T € ¥ (v) is
a weak ©-marginal, we have v © T € F (14 ® v) by Proposition 4.4. O

Theorem 4.1 If the pair (v, t) € ¥ (u) x ¥(v) preserves measurability and T is
a weak ©-marginal and generates j-measurable sections, then v O T € ¥ (LR V).

The same is true if we replace v (), 9 (v), and z?(,u@ v) by O(u), O(v), and
O (1L ® V), respectively.

Proof Since 7 is a weak ®@-marginal we obtain v ® 7 € F(u ® v) by Proposition 4.4.
Then Lemma 4.2 implies v © T € 0(;L(§> v). Hencev®r € F(,u@ v)N O(,u@ V) =
P ().

The proof for monotone liftings is contained in the above. O

Corollary 4.2 [fv € ¥ () is an $2-marginal and t € ¥ (v) is u-smooth (in particular
ifte AV(W)), thenv O T € ¥ (LR V).

Proof By Proposition 4.1 the pair (v, T) preserves measurability. Now apply Theo-
rem 4.1.

Corollary 4.3 If 1 € AD(v) and v € AV () then v O T € F (L@ v).

Proof 1t follows from [10, Corollary 2.7], that v is v-smooth and t is w-smooth,
hence according to Corollary 4.2 v © T € ¥ (i ). O

Before the next theorem we need an additional step. The notion of the upper hull
appears in a paper of J. Gapaillard [2]. For a map @ : ¥ — P(£2) we define the
upper hull of @ by means of

@A) = | =®B).

ADBeX

For given & € F(u) we denote by Ag(u) :={p € A(u) : § < p} the set of all
liftings dominating &.

Proposition 4.5 For given map w : ¥ —> P(§2) the map w™ : ¥ —> P(82) has
the following properties.

(1) @™ satisfies condition (O), w < w™, and for any map & : ¥ —> P(82) satis-
fying condition (O) and such that w < &, the relation w™ < & holds true.
(i) If o € F(u), then @™ € 9 ().
(iii) If @ € F(w) satisfies condition (U) in addition, then @™ € A(u).
(iv) If o € F(w), then Ag (1) = Agym ().

Proof (i) is obvious and ad (ii) note that ™ is a monotone lifting by [2], hence
o™"(ANB) Cao™(A) Nw™(B) for all A, B € X, and it is sufficient to show that
@™ € F(u). Indeed let A, B,C, D € ¥ with A D C and B 2 D be given. It follows
ANB2OCND,hencew(ANB) D w (CND) D w(C)New (D) and for fixed D we
have @™ (ANB) 2 (Uysces @ (C))Nw (D) hence o™ (ANB) D w™ (A)Nw (D)
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for all D with B2 D € X, consequently @™ (AN B) 2 @™ (A) NUpspes @ (D),
ie.w™(ANB) Dw™(A)Naw™(B). B

Ad (iii). By (ii) we have only to show that @™ satisfies condition (U) too.
But forall Ae ¥ we get 2 =w(A) U [w(A)]° = (A) U (A°) Cao™(A) U
@ (AC) C 2, hence @™ (A) U™ (A°) = £2.

If ANB = for some A, Be X andif C C A, D C B for other C, D € X we
get w(C) Nw (D) C w(C N D)=y, and this implies @w™(A) N @™ (B) = @, in
particular w™ (A) N @™ (A¢) = (. Together with @™ (A) U @™ (A°) = £2 we infer
o (A) = [ (A)]¢ forall A € X.

Item (iv) follows from the minimality condition satisfied by @™ according
to (i). O

Definition 4.3 For v € P(£2)¥ and t € P(®)T we define the [I-product
VET: ZRT — P(R2xO)byvHt=(w0OT)".

Lemma 4.3 Assume that v € ¥ () and Tt € ¥ (v) are arbitrary. Then, vt > v 0O,
and (W t)(AXx B)=v(A) xt(B) forall Ac ¥ andall BeT.

Proof The first inequality is a consequence of the construction of the [-J-product.

To prove the product property, let us fix an arbitrary A € ¥ and B € T. If
FeX®Tand F C A x B, then t(F,) C 7[(A x B),] for every w € §2 and, con-
sequently 7,(F) € A x t(B) by Remark 3.1. It follows that if 6 € 7(B) is arbitrary
and [z, (E)]? € %, then [(v © D)(F)I’ = v([r(F)1”) S v([A x T(B)]?) C v(A).
Otherwise [(v © 7)(F)]? = @. Hence, v © 7(F) C v(A) x 1(B) = v O 7(A X B).
And so (Wl t)(A X B) € (v O 1)(A x B). Conversely, by Lemma 4.1 we get
V(A) xT(B)=(WwOT1)(AXx B)C (v1)(A X B).

Hence v L1 7(A x B) =v(A) x T(B). U

Lemma 4.4 For ¢ € F(u®v) and v € O(u) the following holds true.

(1) From v([¢(E)]®) 2 [@(E))® for all E € 2®T and all 6 € @ follows
V([ (E)1?) 2 [¢"™(E) forall E€ X QT and all 6 € 6.

(ii) Iffor each E € ¥ QT exists a set Mg € Ty such that v([¢(E)1?) C [¢(E)1? for
every 0 ¢ Mg then v([¢™(E)1?) C [¢"(E)]° for every 6 ¢ N, where N € Ty
and Ng 2 Mg.

(iii) Ifforeach E € X ® T exists a set Mg, € Ty such that v([¢(E)?) = [@(E)1? for
every 0 ¢ Mg then v([¢"™(E)1?) = [¢"(E)]° for every 6 ¢ N, where N € Ty
and Ng 2 Mg.

Proof Ad (i). Forall E, F € ¥ ® T with F C E we get [¢"(E)]? 2 [¢(F)]?, hence
v(le™(E)1?) 2 v(lp(F)1’) 2 [9(F)]° forevery 6 € ©. This implies v([¢™ (E)]?) 2
[p"(E)]? forall 6 € ©.

Ad (ii). For E € ¥ ® T we have ¢"(E)=¢(E)ae.(u ® v). By Fubini’s theorem
there exists a M € Ty with [¢" (E)]? = [¢(E)]’ a.e.() for every 6 ¢ Mg. This im-
plies the existence of Ng € T such that Ng © Mg and v([¢™ (BN =v(p(E)P) C
[p(E)]? € [¢™(E)]? for every 6 ¢ NE.

Ad (iii). Forall E, F € ¥ ® T with F C E andall @ ¢ Mg we have v([¢"(F)]?) 2
v([@(F)1?) = [¢(F)]? and this implies the existence of N € Ty such that Np O Mg
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and v([¢"(E)]?) 2 [¢"(E)]? for every 6 ¢ Ng. The inverse equation holds true
by (i). 0

Theorem 4.2 Let the pair (v, T) € ¥ () x ¥ (v) preserve measurability and let T be
a weak ©-marginal, Then

() vET e (uv),and > vt forallp € 9 (W) withg > v O T.
() [(wET)E)? Cu(((vE)E)) forall E € QT and all b € O.
(iii) For every E € X Q®T there exists a set Mg € Ty such that [(v & t)(E)]’ =
v([(vE)(E)’) forall 0 ¢ M.
@iv) If in addition v € A(n) and T € A(v), then for every E € Y QT there exists
a set Kg € Ty such that [(vE )(E9)? = (v E ) (E)9)?) forall 6 ¢ K.

Proof (i) follows from Proposition 4.4 and Proposition 4.5. (ii) follows from
Lemma 4.4(i), and (iii) from Lemma 4.4(iii).

To prove (iv), notice first that 7,(E€) = [to(E)]¢ for all E € ¥ ® T, accord-
ing to Remark 3.1(v). Then, let Kg := {0 : [t.(E)]? ¢ X'}. Then (w,0) € (v O
T(E) <= 0 € v[([1e(E)]")] <= 0 ¢ v([1a(E)]?) <> (@,0) € [(v O T)(E)]
for all (w,0) € 2 x Kj,. O

The assumptions of the last theorem are in particular satisfied if v is a £2-marginal
and t is a ®-marginal (apply Proposition 4.1 and the comments following Defini-
tion 3.2).

Theorem 4.3 For each p € A(u) and each weak ©-marginal t € ¥ (v) such that
(p, T) preserves measurability, there exist 0 € A(v) dominating T and mp € A(i V)
dominating p [ o such that

(i) mep®o
(i) [m(E)) = p([ma(E)1Y) foralld e @ and E€c X &T.
Proof Let

D:={ped(u®v):V0 € OVE € TR T[p(E))’ S p(lp(E)]")
&VEcX®TvH1(E)C@(E) & VB eTV0 c Olp(2 x B’ € {£2,0}}.
Notice first that p [ 7 € &, since according to Theorem 4.2 and Lemma 4.3 we have
pET e (), [pBOT(E) CplpE(E))’)and pEH (2 x B) =2 x 1(B).
We consider ® with inclusion as the partial order: ¢ < ¢ if ¢(E) C ¢(E) for
each E € ¥ ® T. Following arguments analogous to those in the proof of Lemma 2.8

from [10] we can find a maximal element in ®, which we denote by m, satisfying the
following properties:

w(m ()P Ulm(ES)?)=1 foralld e@ and E€ XQT

and

[m2(E)1? = p([m2(E))?) forall@ e @ and E € T RT.
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Setting o (B) : = {6 : [m2(£2 % B)]0 = 2} foreach B € T, we get 0 € A(v) satisfying
condition (i). [l

The next result is complementary to Theorem 2.13 of [10].

Corollary 4.4 Let p € A(u) be arbitrary and let 0 € AG A(v) be generated by an
admissible density T € AV (v). If (p, T) preserves measurability, then there exists
72 € A(n ®v) dominating p O o and such that

(i) mep®o
(i) [m2(E)1Y = p([m2(E)1?) foralld e ® and E€ X QT.

Proof By assumption, o dominates t, that is 7(B) C o (B) for every B € T. Since
T € AP (v), it is pu-smooth, and so it follows from Proposition 4.2 that (p, o) pre-
serves measurability. The rest follows from Theorem 4.3, since lifting can be domi-
nated only by itself. (|

5 Non-Existence Results

In case (£2, X, n) = (O, T,v) we consider the measurable, self-inverse bijection
s (w,0)eN x 2 — (0,w) €N XK.

Forg e P(u® ) put 9*(E) :=[@(E*)]* forall E € ¥®X.

In order to distinguish §2-marginals from @-marginals despite of 2 = @, we
write 1-marginal instead of £2-marginal and 2-marginal instead of ®-marginal.

Lemma 5.1 The map ¢ € P(u® i) —> ¢° € P(u® ) is a self-inverse bijection
with [¢°]° = ¢.

(i) g € 9(u@ ) ifand only if * € (LB ).
(i) [¢*(E)lo = [9(E*)]” and [¢*(E)]* = [p(E®)]), for all E € 2®X and all
we 2.
(i) o € P(w) is a 1-marginal if and only if it is a 2-marginal, and the same for
u-smooth and weak i-marginal, i = 1, 2. For this reason we speak of (ju-smooth
and weak) marginal, respectively, in this situation.

Proof (i) and (ii) are obvious.
Ad (iii). For a 1-marginal o € P(u) choose ¢ € P(u @u) such that for all £ €
¥ ® X exists Ng € Yo with o ([¢(E)]w) = [@(E)]w for all w ¢ Ng. This implies

o([¢*(E)]”) = o ([9(E*)]w) = [9(E*)]w = [¢* (E)]” forallw ¢ NE.

In case of u-smooth o note that [p(E)]* € X implies [¢*(E)], = [@(E*)]® € X for
allw e £2.
For weak i-marginals apply (ii). O

Theorem 5.1 Denote by (£2,S, X, 1) the hyperstonian space of the Lebesgue prob-
ability space on [0, 1] and consider the product (£2 x 2, S®S, ,u@,u). Let o be
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the canonical strong lifting on (£2,S, X, ). Then o is neither 1- nor 2-marginal
and the condition (1) fails for o4 and o®. Moreover, neither o4(E) € ¥ X for all
EcX®Xnoroc*(E)e X@X foral E€c X QX.

Proof Suppose if possible that o is a 1-marginal. Then, by Lemma 5.1, it is also
a 2-marginal and so, according to Proposition 4.1 the pair (o, o) preserves measur-
ability. So applying Theorem 4.3 one can find 7 € A(u® 1) N (o ® o). The latter
implies for the lifting topologies 7, :=={A € Y :ACo(A)}and 1, :={E€ 2 ® X :
E C w(E)} of o and m, respectively, that 7, D 1, X 7, since for A, B € 1, follows
A X BCo(A) xo(B)=n(A X B) (compare [9]), hence S x S C 1, X 7o S 7 C
Y®RY,50SxSC XY®X,acontradiction according to Fremlin [1]. The remaining
facts follow from Proposition 3.1. (|

Remark 5.1 (a) If we assume that the pair (o, T) preserves measurability where o is
the canonical strong lifting on the hyperstonian space (£2, S, X, i) of the Lebesgue
measure space over [0, 1] and 7 € P(u) is a weak marginal, then by Proposition 4.4
wegetg =0 Q1€ P(u®nu) and o is a marginal of ¢ by Lemma 4.1, (ii), contra-
dicting Theorem 5.1.

This means that the pair (o, ) does not preserves measurability. By Lemma 4.3
the latter implies that v © t does not satisfy condition (L1).

(b) In [10, Question 4.7], we ask if for given complete probability spaces
(82, X, 1) and (O, T,v) there exist p € A(n), 0 € A(v) and 7 € A(x®v) such
that (m € p ® o and) foreach £ € ¥ ® T there exist sets Ng € Xy and Mg € Ty with
the property that whenever w ¢ N and 0 ¢ Mg then

p(m(E)’) =[n(E)l’ and o(n(E)l,) = [7(E)lw.

It follows from Theorem 5.1 and Proposition 3.1 that if we consider strong liftings
on hyperstonian spaces, then the answer to above question is to the negative.

Question 5.1 What is the situation in case of the Radon product of hyperstonian
spaces?

The following theorem improves Theorem 4.3+ from [10] and has a similar proof,
which we enclose for completeness.

Theorem 5.2 Let (2, X, ;1) be non-atomic and let (®, T, v) be non-atomic and
perfect. There exists no lifting p € A(j) andno ¢ € P(u® v) satisfying the following
two conditions:

() There exists @ € 2 such that for each E € 2@ T
le(E)lzeT;
(i) Foreach E € ¥ QT there exists a set Mg € Ty such that

[0(E) = p([9(E)1®) foreach 6 ¢ Mp.
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Proof Suppose that a lifting p and a ¢ € P(u ® v) satisfying all the above assump-
tions exist. If E € ¥ ® T, then by the Fubini Theorem there exists a set K € T such
that

lw(E)? =E? ae.(u), foreachd ¢ Kg.
Set Ly = Kg U Mg. Then for each w € 2

0e®:EcU(@)}N(@\Lg)=[¢(E)],N LS.
Since (®, T, v) is complete and [¢p(E)]g € T, we have
0O E cU@)eT

for every £ € ¥ RT,if U(®):={A e X :@e p(A)} for all @ € £2. This however
contradicts Theorem 4.2 from [10], since each U (w) is a measure stable ultrafilter. (]

The last theorem remains true if we replace the o-algebra ¥ ® T by a o -algebra
E D XY ®T and the measure u ® v by a probability measure & on E such that
&YX @ T = 1 @ v, and such that the Fubini Theorem is satisfied for (2 x ®, E, £).
Note that following the same arguments as in the proof of Theorem 5.2 we can

prove the following:

Theorem 5.3 Denote by (£2,S, X, 1) the hyperstonian space of the Lebesgue prob-
ability space on [0, 1] and by o its canonical strong lifting. Then there exists no
¢ € P(WQ rit), where u® gt denotes the completed Radon product of v, satisfy-
ing the following two conditions

(j) There exists 0 € §2 such that for each E € X Q g X
[p(E)’ € X
(jj) Foreach E € ¥ ® r X there exists a set Ni € X such that
[p(E)]w =0 (l¢(E)]w) foreach w ¢ Ng.

Corollary 5.1 Let (2, X, u) and (©,T,v) be as in Theorem 5.2 and let p €
A(p),0 € AGA®W), and 2 € A(W®v) and liftings satisfying the conclusion of
Theorem 4.3, then for each w € §2 there exists E € X ®T such that [m2(E)]w is
non-measurable.

It follows from the above corollary, that Theorem 4.3 is the best possible result, at
least when v is perfect.

Corollary 5.2 Let (2, X, ) be non-atomic and perfect, and (©,T,v) be non-
atomic, and let p € A(n),0 € AGA(v) and my € A(u ® v) be liftings satisfying the
conclusion of Theorem 4.3. Then there exists E € ¥ ® T such that

wHow € 2 [m2(E)lw # o ([m2(E)]w)} > 0.
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The following question remains open:

Question 5.2 Let v € ¥ () \ A(n), T € A9 (v) and ¢ € ¥ (L ®v) be as in Theo-
rem 4.2. Is the set [¢(E)], measurable for each w € £2?

Proposition 5.1 Let the pair (v, t) € A(u) X A(v) preserve measurability and let
T € A(v) be a @-marginal. Then the following conditions are equivalent.

(1) T is u-smooth;
() vOTEAURDY).

Proof If t is u-smooth then for all E € ¥ ®T and all § € © we have [Te(E)l? € X.
It follows from Proposition 4.4 that v © 7t € F (uw®v). It will suffice to show
WO TNE)=[(vOT)E)] for all E € ¥ ® T. Then Proposition 4.5(iii) shows
VO TE AU V). We have

(@,0) € (WO T)E) <= w e v([te(E)N?) = v([[te(E)]") = v([[7e (E)I’]*
= 0 ¢ v([t(E)’) &= (0,0) € [(vO T)(E)
for all (w,0) € £2 x ©.

Hence (i) implies (ii).

For the converse implication note that (v © 7)(E) = [(v © T)(E)]¢ for all
E € ¥ ® T yields for each 6 either [(v® 7)(E)]’ # @ or [(v O T)(ES))’ #0
and so [t (E)]? € X for every 6, i.e. T generates p-measurable sections. Being
a ®-marginal, t is u-smooth. O

The next result says that in practically all situations where the application of lift-
ings makes sense, the Fubini type product as well as the box product of liftings is
never a lifting.

Theorem 5.4 Let (2, X, ;1) be non-atomic and let (®, T, v) be non-atomic and
perfect. If the pair (v, t) € A() x A(v) preserves measurability and T € A(v) is
a @-marginal then v @1 € F(u®v) but vO T ¢ A(L®v).

Proof The existence of v ® T € F(u® v) follows from Proposition 4.4 and the rest
from Theorem 5.2 in connection with Proposition 5.1. U

Contrary to the last theorem it was already remarked in [10] that under the as-
sumption of real-valued measurable cardinals and taking u to be a universal measure
on £2 of measurable cardinality, we get an example of a lifting with all sections mea-
surable. Applying Theorem 4.3, Proposition 4.2 and Proposition 5.1 we obtain the
following result:

Theorem 5.5 Let §2 be an uncountable set of measurable cardinality and let
be a universal non-atomic probability on S2. Let (®, T, v) be arbitrary nonatomic
and complete and, let p € AGA(u) and o € AGA(v) be arbitrary. Then p o €
Ap®v).
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