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Abstract. We study the integrability of Banach valued strongly measurable functions
defined on [0, 1]. In case of functions f given by Z TnXE, , Where x belong to a Banach
space and the sets E;, are Lebesgue measurable and pairwise disjoint subsets of [0, 1], there
are well known characterizations for the Bochner and for the Pettis integrability of f (cf

Musial (1991)). In this paper we give some conditions for the Kurzweil-Henstock and the
Kurzweil-Henstock-Pettis integrability of such functions.
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1. INTRODUCTION

In this paper we study the Kurzweil-Henstock and the Kurzweil-Henstock-Pettis
integrability of strongly measurable functions. It is well known (cf [7, Lemma 5.1])
that each strongly measurable Banach valued function, defined on a measurable

oo

space, can be written as f = g+ > x,Xx g, , where g is a bounded strongly measurable
n=1

function, x, are vectors of the given Banach space and FE, are measurable and

pairwise disjoint sets. As each bounded strongly measurable function is Bochner
integrable, it is enough to study the integrability only for functions of the form
o0

> xpXE,- In the case of the Bochner and Pettis integrals, a necessary and sufficient
n=1
o0

condition for the integrability of a function given by > x,xg, is, respectively, the
n=1
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absolute and the unconditional convergence of the series f x| En| (see Theorem A).
In the case of the Kurzweil-Henstock or of the Kurzweil—ﬁe:nstock—Pettis integrability,
in general the series ioj % |Ey| is only conditionally convergent. So the conditions for
the integrability depnejlld on the order of the terms x,|E,|. We present one sufficient

condition for the Kurzweil-Henstock and the Kurzweil-Henstock-Pettis integrability
of such functions.

2. BASIC FACTS

Let [0,1] be the unit interval of the real line equipped with the usual topology
and the Lebesgue measure. If a set E C [0,1] is Lebesgue measurable, then |E|
denotes its Lebesgue measure. 7 denotes the family of all closed subintervals of
[0,1]. A partition in [0,1] is a finite collection of pairs P = {(I1,1),...,(Ip,tp)},
where I,..., I, are nonoverlapping subintervals of [0,1] and ¢; € [;, i = 1,...,p. If

U I; = [0, 1] we say that P is a partition of [0,1]. Given a subset E of [0, 1], we say

that the partition P is anchored on E if t; € E for each i = 1,...,p. A gauge on
E C [0,1] is a positive function on E. For a given gauge 4, we say that a partition
{(In, t1), ..., (Ip, tp)} is O-fine if I; C (t; — 6(x;),t; +0(xs)), i=1,...,p.

Throughout this paper X is a Banach space with the dual X*. The closed unit
ball of X* is denoted by B(X™*).

Definition 1. A function f: [0,1] — X is said to be Kurzweil-Henstock in-
tegrable, or simply KH-integrable, on [0, 1] if there exists w € X with the following
property: for every € > 0 there exists a gauge 0 on [0, 1] such that

P

> 1l - uf <e

=1

for each d-fine partition {(I1,t1),...,(Ip,tp)} of [0,1]. We set w =: (KH) fol f

We denote the set of all KH-integrable functions f: [0,1] — X by KH([0, 1], X).
The space KH([0, 1], X) is endowed with the Alexiewicz norm (cf. [1])

[ [ rrad]

A family A C KH([0,1],X) is said to be Kurzweil-Henstock equiintegrable, or
simply KH-equiintegrable, on [0, 1] if in Definition 1, for every ¢ > 0 there exists a

1flla= ,Sup

gauge ¢ on [0, 1] which works for all the functions in A.
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A function f: [0,1] — X is said to be scalarly Kurzweil-Henstock integrable, or
simply scalarly KH-integrable, if for each z* € X*, the function z* f is Kurzweil-
Henstock integrable on [0, 1].

Definition 2. A scalarly KH-integrable function f: [0,1] — X is said to be
Kurzweil-Henstock-Dunford integrable or simply KHD-integrable, if, for each non-
empty interval [a,b] C [0, 1], there exists a vector wg, € X** such that for every
¥ e X*

b

) (@ ) = (KH) [ o (0.

It follows from [5, Theorem 3] that a function f: [0,1] — X is KHD-integrable if
and only if f is scalarly KH-integrable.

The generalization of the Pettis integral obtained by replacing the Lebesgue in-
tegrability of the functions by the Kurzweil-Henstock integrability produces the
Kurzweil-Henstock-Pettis integral (for the definition of the Pettis integral see [3]).

Definition 3. If a function f: [0,1] — X is scalarly KH-integrable and for
each subinterval [a,b] of [0, 1] and for each z* € X there exists a vector wy, ;) € X
such that z*wp, = (KH) flf(m*, f), then f is said to be Kurzweil-Henstock-Pettis
integrable, or simply KHP-integrable, on [0, 1] and we set wiq ) =: (KHP) f; f-

We recall that a function f: [0,1] — X is said to be strongly measurable if there is
a sequence of simple functions f,, with li}ln | fn(t) = f(®)|| =0 for almost all ¢ € [0, 1].

3. INTEGRATION OF STRONGLY MEASURABLE FUNCTION

The aim of this section is to give conditions for the Kurzweil-Henstock or the
Kurzweil-Henstock-Pettis integrability of strongly measurable functions.
We start by recalling the following simple lemma (cf. Lemma 5.1 of [7]).

Lemma 1. If f: [0,1] — X is strongly measurable, then there exists a bounded
strongly measurable function g: [0,1] — X such that f = g + ioj TnXE, Where
r, € X and the sets F,, are Lebesgue measurable and pairwise dis}l;i;t.

Since each bounded strongly measurable function is Bochner integrable, and
then Kurzweil-Henstock (and Kurzweil-Henstock-Pettis) integrable (see e.g. [4]), it
is enough to give criteria of integrability only for functions of the form io: TnXE,

n=1
where z,, € X and the sets F,, are measurable and pairwise disjoint.

For the Bochner and Pettis integrals we have the following classical result:
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Theorem A (cf [7]). Let f = Y. x,Xg,, where x,, € X and the sets F,, are

n=1
Lebesgue measurable and pairwise disjoint subsets of [0,1]. Then

o0
(i) f is Pettis integrable if and only if the series > x,|E,| is unconditionally
n=1
convergent;

o0
(ii) f is Bochner integrable if and only if the series > x,|E,| is absolutely conver-
n=1

gent.
o0
In both cases [, f = Y xn|En N E| for every measurable set E.
n=1

Here we would like to give similar conditions for the Kurzweil-Henstock and
Kurzweil-Henstock-Pettis integrals.

Theorem 1. Let f: [0,1] — X be defined by f = > z,xg,, where z,, € X
n=1
and the sets E,, are Lebesgue measurable and pairwise disjoint. Assume that the

following condition is satisfied:
(A) for everye > 0 there exist a gauge § and ko € N such that given a §-fine partition
{(I1,t1), ..., (Ip,tp)} of [0,1] and given s > r > ko we have

S

Zxk‘ U I;

k=r t;eby

(2)

’<5.

Then f is Kurzweil-Henstock integrable with
(3) (KH) / F&)dt = wn|E, N 1|
I n=1

for every interval I € T.

Proof. Let e > 0 be arbitrary and let § and kg be respectively a gauge and
a natural number such that inequality (2) is satisfied. We are going to prove first

o0
that the series Y x,|F, N I| is convergent for every I € Z. To this purpose we set

n=1

m
fm = > zpxE, for every m € N, and observe that each function f,, is Bochner,
n=1

m

and hence also Kurzweil-Henstock integrable, with its integral equal to > xi|Ekl|.
k=1

Now let s > r > ko and, according to Definition 1, let d,_1 and ds be two gauges

related to f._1 and fs respectively, such that

r—1 P
Z$k|Ek| - Z fr—1(ti)| i
k=1 i=1

<eé
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and

<e€

s p
S anlBrl = 3 £t
k=1 i=1

for each partition {(I1,t1),...,(Ip,tp)} of [0,1] which is both §,_i-fine and J,-
fine. Now define 6*(t) = min{d(¢),d,-1(¢t),s(t)} and take any 6*-fine partition
{(I1,t1), ..., (Ip,tp)} of [0,1].

Then

(4)

s
D> il Erl
k=r

s r—1
> wklBrl =) aul Bl
k=1 k=1

S p
<D wlBel = ()|l
k=1 =1
r—1 P S
|| el Bl = frma @I + | Y| U L <3e.
k=1 i=1 k=r  t;€B

o0
This proves that the series >  z,|FE,| is norm convergent.
n=1

Now for each i € N let K; be a closed set and U; an open set such that:
sl) K; C E; CU;;

(
(s2) Ui\ Ki <27% /(||| + 1);
(s3) if j < i, then U; N K; = 0;
(s4) if i < ko, then
vin |J K;=0
ko>j#i

It follows from (s3)—(s4) that if {(I1,%1),...,(Ip,tp)} is a d-fine partition of [0, 1],

then K, C |J I; for every n < ko.
t; ek,

The functions f1, fa,.. ., fr, are Bochner, and hence also Kurzweil-Henstock inte-
grable on [0,1]. Let v(¢) be a gauge on [0, 1] such that

<e

m p
Sl Bl = > ()|
k=1 i=1

for each 7-fine partition {(I1,%1),...,(Ip,tp)} of [0,1] and for m =1,2,..., k.
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Define do(t) = min{dist(¢,U;), d(¢),v(¢)} if t € E; and let {(I1,t1),..., (Ip,tp)} be
a 0p-fine partition of [0, 1]. For each m > ko, by (2)—(4) we get

m ko
S | - me <[ Sz~ T m
k=1 k=1

ti€Ey
m m
+ E Z'k‘ U Li||| + E T | Bl
k=ko+1 ti€FEy k=ko+1

Z el Uk \ Ki| + 4e

<Z|\xk|\]|Ek|—]

t;€Ey

[E23
<2 4 6e.
522k ||ka+1 + 4de < be

Thus, the sequence (f,,) is Kurzweil-Henstock equiintegrable. Moreover, since

lim fn,(t) = f(t) in [0,1], by [8, Theorem 1] f is Kurzweil-Henstock integrable and

(fm) converges to f in the Alexiewicz topology. So, in particular, for each I € 7 we
have

(KH) / f(t)dt = lim(KH) / fa(t)dt
I n I
and the assertion follows. O

Remark 1. Within the proof of the previous theorem it is also showed that
condition (A) implies the Kurzweil-Henstock equiintegrability of the sequence (f).
It is easy to check that the same proof can be used to prove the reverse implication.
So we have also:

m
If the sequence (fm = Y. zxXxE,) is Kurzweil-Henstock equiintegrable, then the
k=1

o0
function f = Y z,xg, is Kurzweil-Henstock integrable and
n=1

(KH)/If(t)dtzzxn|Enm|

for every interval I € 7.

Remark 2. There exist points z,, € X and pairwise disjoint Lebesgue measur-

o0
able sets E,,, n = 1,2,..., such that the series > z,|E, NI| is convergent for every

n=1

[e ]
I € 7, the function f = > z,xg, is Kurzweil-Henstock integrable and

n=1

(KH) / 1) dt £ S walEal.

216



Proof. Let m be a permutation of N such that the series

S - 71'(71)7_r n Li 1 — S iﬂ-(n)
M (o~ 705 1) = =
is convergent but
o0 1)7(n) = (=)™
Zl(ﬂfm #Zl( y
Let
(5) F=> (=0 [ (n) + X0 fr(n)11,1/7n)) -

n=1

Remark that the function f can be written also in the form

F=> =D+ DXt /m)-
n=1

Since the function f is Riemann improper integrable on [0, 1], then it is Kurzweil-
Henstock integrable, with

(KH)/O f(t)dt:i (="

n=1 n
Note that the series
> 1 1
S (-1 [ )|
n:l( ) [ﬂ.(n) + ] |:7T(n) =+ 1, ﬂ-(n))

is convergent, but
KH 1 d o~ )™
t)dt —_—
o [ rwaz Y 5
n=1
O
Remark 3. It follows from Remark 2 that condition (A) of Theorem 1 is not
necessary for the KH-integrability of a function f given by > x,xg,, with 2, € X
n=1

and FE,, pairwise disjoint Lebesgue measurable sets.

(oo}
However, there are cases in which the convergence of the series Y x,|E, | implies
n=1

the Kurzweil-Henstock integrability of the function f = Y z,xg, and the equality
n=1
(3) holds.
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Proposition 1. Let (a,,) be a decreasing sequence converging to zero such that
o0

a1 =1, andlet f: [0,1] — X be defined by f = Y x,Xxg,, where x,, € X and E,, =

n=1

[@n+t1,an). If the series > x,|E,| is convergent, then condition (A) of Theorem 1
n=1

is satisfied.

Proof. Let e >0 be given, and let ky be a natural number such that

(6)

o0
D anlEnl
n=r

<< and e |IB| <z,

for every r > ko. Now we define a gauge ¢ on [0, 1] in the following way:

(5(0) = Ak,

§(x) = dist(z, ES) if x € EY (the interior of E,),

6(an) = + min{27"¢/(||xn_1| + |lzn|| + 1), dist(an,0)} for n =1,2,...

Now let {(I1,%1),...,(Ip,tp)} be any é-fine partition of [0, 1]. By the definition of
d, the point 0 has to be the tag of one of the pairs of the partition; we may assume
that t;1 = 0. Let 7 be the first natural number such that a1 € I;. By the definition

of 6(0) it follows that az41 < ak,, hence 7t > ko. Then

(7) U I;| < | Ex
t;ebs

and

(8) U Ij|=0 forn>n.

t;eb,

Hence

=0

Z:cn U Ij’

n>r t]'EEn

for each r > n.

Besides, for 1 < n < n we have

U

t;eb,

9) = |En| + Egé(an-kl) - Egé(an)

for suitable e/, e € [0, 1].

n)-n
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So, for i > 1 > ko, by (6), (7), (8) and (9) we obtain

> o U fj‘

n>r t;€b,

T

U nl+ X zn<|En|+s;6(an+1>eﬁééwn))H
Ex

t; € n>n>r

<llaallBal+ || D2 @alBall[+ > lzalld(an-)+ Y llzald(an)
n>n>r n>n>r n>n>r
€ e 1 € 1 €
<= +4+2-+ = — 4+ = — .
sttt <e
n>r n>r
This completes the proof. (|

Theorem 1 and Proposition 1 yield

Theorem 2. Let f: [0,1] — X be defined by f = > xnxp,, where z, € X,

n=1

E, = [ant1,a,) and (a,) is a decreasing sequence converging to zero such that

o0

ay = 1. If the series Y x,|E,| is convergent, then f is Kurzweil-Henstock integrable
n=1

and

(KH)/If(t) dt =Y x| E, 01|

for every interval I € T.

Open Problem. Suppose that f is defined like in Theorem 1 and it is KH-
integrable. Does there exist a permutation 7 of N such that

n=1

for each I € 7

By applying Theorem 1 the following two results follow:

Theorem 3. Let f: [0,1] — X be defined by f = > x,Xxg,, where z,, € X and
n=1
the sets E,, are Lebesgue measurable and pairwise disjoint. We assume also that the

following conditions are satisfied:
&)
(a) > xzn|Ey| is weakly convergent;

n=1

(b) for every e > 0 and every z* € X* there exist a gauge 6 and ko € N such that
for each o0-fine partition {(I1,%1), ..., (Ip,tp)} of [0,1] and each n > m > ko we

have
n

> ot U 1)

k=m ty cEy

<E.
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Then f is Kurzweil-Henstock-Pettis integrable and for every I € 7 and x* € X*

we have

(10) (KH)/I<x*,f(t)>dt = Zz*(znﬂEn NnI.

n=1

Theorem 4. Let f: [0,1] — X be defined by f = > x,XE,, where z,, € X and
n=1

the sets E,, are Lebesgue measurable and pairwise disjo;nt. We assume also that the
following conditions are satisfied:

o0
(a) Y. xy|Ey,| is weakly Cauchy;
n=1
(b) for every e > 0 and every z* € X* there exist a gauge ¢ and a natural number

ko such that

<e

for each d-fine partition {(I1,%1),...,(Ip,tp)} of [0,1] and each n > m > k.
Then f is Kurzweil-Henstock-Dunford integrable and for every I € 7 and z* € X*
we have

(11) (KH) /Iw, F@)dt =S o (@) B 0 1]

o0
Theorem 5. Let f: [0,1] — X be defined by f = > xnxg,, where z, € X,
n=1
E, = [ant1,ay) and (a,) is a decreasing sequence converging to zero such that
o0
ay = 1. If the series Y x,|E,| is weakly convergent, then f is Kurzweil-Henstock-

n=1

Pettis integrable and

(KH) /Ix*f(t) dt =S o (@) Ea (11

for every interval I € T and every x* € X*.
o0
If the series Y x,|Fy,| is weak*-convergent, then f is Kurzweil-Henstock-Dunford
=1

integrable and -
(KH) /z*f(t) dt =Y " (wn)|En N 1|
1 n=1
for every interval I € 7 and every z* € X*.
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We recall that a function G: [0,1] — R is a KH-primitive if and only if for each
N C [0,1] with |[N| =0 and for each € > 0 there exists a gauge ¢ in N such that

P

MG <«

=1

for each 0-fine partition {(I1,¢1), ..., (Ip,tp)} anchored on N. Here G([a,b]) = G(b)—
G(a). In this case the derivative of G exists almost everywhere in [0, 1] and G is the
KH-primitive of G’ (see e.g. [2] and the bibliography there).

Theorem 6. Let f: [0,1] — X be defined by f = > xnXxE,, where z, € X

n=1
and the sets E,, are pairwise disjoint intervals. Then f is Kurzweil-Henstock-Pettis
integrable and

(12) (KHP) / f&)dt => an|E, 01| forevery I€Z
I n=1
if and only if the following conditions are satisfied:
(a) Y xp|En NI| is weakly convergent for each I € T;
n=1
(b) for every € > 0, every x* € X* and every N C [0,1] with |[N| = 0, there exists
a gauge § in N such that

(13) <e

o) p
Z x(xn) | En N U I;
n=1 i=1

for each d-fine partition {(I1,%1),...,(Ip,tp)} anchored on N.

Proof. If f is KH-integrable and condition (12) is satisfied, then condition (a)
follows directly from (12). Now we prove condition (b). By hypothesis, for every
x* € X* the scalar function z* f is KH-integrable. Set

at) = (KH)/O (x*, f(s))ds = Zz*(xn)|En N[0, ¢].

Since a(t) is the KH-primitive of z* f, hence for each N C [0,1] with |[N| = 0 and
for each € > 0 there exists a gauge 0 on N such that

P

Z|a([i)| <e

for each 0-fine partition {(I1,t1),..., (Ip,t,)} anchored on N.
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Therefore

> e (@)

p

53

i=1

p
E, N U I;
=1

Assume now that conditions (a) and (b) are satisfied, and fix 2* € X*. By
condition (b), for every ¢ > 0 and every N C [0, 1] with |N| = 0, there exists a gauge
d on N such that inequality (13) holds for each d-fine partition {(I1,¢1),...,(Ip,tp)}

anchored on N. Set once again a(t) = > a*(x,)|E, N[0,t]|. Then, by (a) and (13),

[e'e] p
> a(@n)|En N L] = Ja(f)| <e.
n=1 =1

n=1
we infer
P
Do lall) =Y all)| +] D all)
i=1 It I
= Zx*(xn) E,N UIi + ’ Zx*(mn) E,N Uli < 2¢,
n=1 It n=1 I—
where I and I~ denote the set of all indices ¢ = 1,...,p such that a(I;) is positive
or negative, respectively. Therefore a(t) is a KH-primitive. As the sets E,, are
intervals, it follows easily that o/(t) = > 2*(z,)xg, almost everywhere in [0,1].
n=1
Then «(t) is the KH-primitive of the function z*f = > «*(z,)xEe,. Consequently
n=1
1 00 0
0t [ f0) at = 3 o Bl = (57,3 anl Bl ).
n=1 n=1
Hence the function f is KHP-integrable and (12) holds. O

Open problem. Is Theorem 6 still true if the sets F,, are arbitrary pairwise
disjoint Lebesgue measurable sets?
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