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Abstract. We study the integrability of Banach space valued strongly measurable func-
tions defined on [0, 1]. In the case of functions f given by > - ; TnX g, , where z,, are points
of a Banach space and the sets Iy, are Lebesgue measurable and pairwise disjoint subsets
of [0,1], there are well known characterizations for Bochner and Pettis integrability of f.
The function f is Bochner integrable if and only if the series > 77 | xn|En| is absolutely
convergent. Unconditional convergence of the series is equivalent to Pettis integrability of f.
In this paper we give some conditions for variational Henstock integrability of a certain class
of such functions.
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1. INTRODUCTION

In this paper we study the variational Henstock integrability of strongly mea-
surable functions. It is well known (cf. [5], Lemma 5.1) that each strongly mea-
surable Banach valued function, defined on a measurable space, can be written as

[e.e]
f=9+>_ xnxE,, where g is a bounded strongly measurable function, x,, are vectors
n=1
of the given Banach space and FE,, are measurable and pairwise disjoint sets. As each

bounded strongly measurable function is Bochner integrable, it is enough to study

The research has been supported by the grant GNAMPA 2016-Di Piazza.

DOI: 10.21136/MB.2016.19 287


http://dx.doi.org/10.21136/MB.2016.19

oo
integrability only for functions of the form > x,xg,. In the case of Bochner and
n=1
Pettis integrals, a necessary and sufficient condition for integrability of a function
o0

given by > z,xg, is, respectively, the absolute and the unconditional convergence
n=1

o0
of the series Y z,|E,| (see Theorem A). In the case of Kurzweil-Henstock or varia-
n=1

[ee]
tional Henstock integrals, in general the series > z,|Fy,| is only conditionally con-

n=1
vergent. So the conditions for integrability depend on the order of the terms z,|E,|.
In [1], [3] and [4] conditions for the Kurzweil-Henstock integrability of functions of
(o]

the form > x,xg, are given. Here we go a bit further in this investigation. We give
n=1
another characterization of the Kurzweil-Henstock integrability (see Theorem 3.1).

The main results are Proposition 4.1 and Theorem 4.1. In the latter, a necessary
and sufficient condition for the variational Henstock integrability of a special type of
such functions is given. It needs a particular order of the sets F,.

2. BASIC FACTS

Let [0, 1] be the unit interval of the real line equipped with the usual topology and
Lebesgue measure. If a set E C [0,1] is Lebesgue measurable, then |E| denotes its
Lebesgue measure. Z denotes the family of all closed subintervals of [0, 1].

A partition in [0, 1] is a finite collection of pairs P = {(I1,t1), ..., (Ip, tp)}, where
I,...,I, are nonoverlapping subintervals of [0,1] and ¢; € I, i = 1,...,p. If
ij I; = [0, 1], we say that P is a partition of [0,1]. A gauge on E C [0, 1] is a positive

=1
function on E. For a given gauge ¢, we say that a partition {(I1,%1),..., (I, tp)} is

o-fine if I; C (ti - 5(757;)71‘,1' + 5(!‘,1')), i1=1,...,p.
Throughout this paper, X is a Banach space with dual X*. We recall the following
definitions:

Definition 2.1. A function f: [0,1] — X is said to be Kurzweil-Henstock in-
tegrable (or simply KH-integrable) on [0, 1] if there exists w € X with the following
property:

For every € > 0 there exists a gauge 0 on [0, 1] such that

P

> F)In| —wH <e,

i=1

for each d-fine partition {(I1,t1),..., (Ip,tp)} of [0,1]. We set (KH) fol f=w.

288



Definition 2.2. A function f: [0,1] — X is said to be variationally Henstock
integrable (briefly vH-integrable) on [0, 1], if there exists an additive function F':
7 — X, satisfying the following condition:

Given € > 0 there exists a gauge ¢ such that if P = {(I;,¢;): ¢ = 1,...,p} is
a d-fine partition in [0, 1], then

Zl\f Wil = F(L)]| <e.

It is obvious that each vH-integrable function is KH-integrable. It is also well
known that in the case of real-valued functions the variational Henstock and the
Kurzweil-Henstock integrals are equivalent.

We recall the following classical result for the Bochner and Pettis integrals:

Theorem A ([2], page 55). Let f = Z TnXE,, where x, € X and the sets E,

are Lebesgue measurable and pairwise d1SJ01nt subsets of [0, 1]. Then

(1) f is Pettis integrable if and only if the series E xn|Ey| is unconditionally
=1
convergent; "
&)
(2) f is Bochner integrable if and only if the series Y, x,|FE,| is absolutely conver-

n=1

gent.
o0
In both cases [, [ = Y. an|E, N E|, for every measurable set E.

n=1

3. KURZWEIL-HENSTOCK INTEGRABILITY

In [1], Theorem 1, a necessary condition for the Kurzweil-Henstock integrability
(oo}
of the function f = Y x,xg, is given. Here we prove that the condition is also

n=1
sufficient.

Theorem 3.1. Let f: [0,1] — X be defined by f = > znXxE,, where x, € X
n=1
and the sets E,, are Lebesgue measurable and pairwise disjoint. Then the following

conditions are equivalent:

(A) f is Kurzweil-Henstock integrable with

(KH)/If(t)dt=an|EnﬂI|,

for every interval I € Z;
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(B) forevery e > 0 there exist a gauge § and ko € N such that given a §-fine partition
{(I1,t1),- .., (Ip,tp)} of [0,1] and given s > r > ko we have

S

>

k=r

Uz

t;EEy

<E.

Proof. (B) = (A) was proved in [1].
(A) = (B) We assume that f is Kurzweil-Henstock integrable with

(KH)/O Oy dt ="z, |E,l.

According to [3], Theorem 2, for every ¢ > 0 there exists a gauge J on [0, 1] such that
if P = {(i1,t1),...,(Ip,tp)} is a o-fine partition of [0, 1], then there exists np € N

such that
n
S| U n

n=1 ti€FEg

- |Ek|) H < % for all n > np.

oo
Since the series = Y x,|E,| is convergent, there is ny > np such that if s > r > nq,
n=1

then

< £
3

S
>_wilEil
i=r

Hence, if s > r > nq, then

S S S
Zxk U Ij < Zxk U Ij _Zxk|Ek|
k=r t;€B k=1 lt;eB k=1
r—1 r—1 s
+ Z:L‘k U I; —Z(EHEH + Z$i|Ei| < E.
k=1 t;em, k=1 i—r

4. VARIATIONAL HENSTOCK INTEGRABILITY

The aim of this section is to formulate conditions for the variational Henstock
integrability of a certain class of strongly measurable functions.
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Proposition 4.1. Let {a,} be a decreasing sequence converging to zero such that

ap = 1. Let {x,} C X be arbitrary and define f: [0,1] = X by f = > xnXE,,
n=1
where each E,, C [an+y1,ay) is Lebesgue measurable. Then the following conditions

are equivalent:
o0
(i) the series Y xp|FEy| is convergent;

n=1

(if) f is vH-integrable;
(iii) f is KH-integrable.

In each case

(4.1) (VH)/f: an|EnﬁI| for every I € T
I

n=1

o0
and the series Y x,|Ey, N I| is uniformly convergent on 7.
n=1

o0
Proof. (i) = (ii) Assume that the series ) z,|E,| is convergent. Notice then
o] n=1 )
that the series Y z,|E,NI| is convergent for every I € Z. Let F'(I) = > x,|E,NI|.

n=1

n=1
Now we show that f is vH-integrable. Without loss of generality we may assume
that f(0) =0.
o0
Let € > 0. Since the series Y zy|FE,| is convergent, there is K € N such that for
n=1

s>2n> K,

s
> @l Bl
k=n

Moreover, for each n € N, let §,,: [an+1,an] — (0,00) be a gauge such that if

<&
4
P ={(I;,t;), i=1,...,p} is a d,-fine partition of [an41,ay], then

9

DI = F(L)] < T
i=1

We may assume that §,41(an41) = On(ant1).
Define §(t) on [0, 1] as follows:

On () if t € (ant1,an),
0(t) = ¢ min{d,(an),0n-1(an)} ift=an,
aK if ¢t =0.
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Let us consider now a d-fine partition P = {(I;,t;), i = 1,...,p} of [0,1] and the
corresponding sum

Zl\f )il = F(L)]-

If ¢ > K is the largest integer such that I; C [0,aq4), then

(4.2)  [lf)I0] -

(o]
Zxk|Ekﬁll| = |[zg|Bg NI+ > wil Byl
k=q k=q+1
> S
<lagllEgn i+ | 3 wlmd| <5
k=q+1

Hence

ZHf )il = F(L)]|
= [[f(t)| ] = F(L)l
+ Z Z [f &)L N [an+1, anll — F (L O [ant1, an))|]

n=1t;€(ant1,an]
5 Z on+1 =5

which proves the vH-integrability of f and equality (4.1) for I = [0, 1].
(i) = (i) If f is KH-integrable, its primitive F(t) = (vH) f(ff is continuous
on [0,1]. Let F(I) be the additive interval function associated to F'(t). We have

m

n

F([0,1]) = Y F(laks1,ax)) + F(0,ans1]) = Y 2l Bl + F([0, an1]).
k=1 k=1

Letting n — oo, the convergence of the series Z Zn|Ey| follows.

In the same way, setting Fi(t) := (vH) f f 1ft € I = |a, (], we obtain (4.1).
Now we are going to prove that the series E xp|Ey N I| is uniformly convergent

n=1
onZ.

Since F' is uniformly continuous, there is ng € N such that if I C [0, ay,], then

(4.3) =[F(Dl <e

292



Now, if I € Z and m > ng, then applying (4.1) and (4.3), we have the following
inequalities:

m
HF(I) =Y znlEnn I|H
n=1

m
< HF(m[o,am = @ E,NIN0,an |H

n=1

+ HF(Iﬂ [am, 1] Zmn|E NINJ[am,1 |H

n=1

< HF(m[o,am anw NIN10,an] |H

n=1
[ee]
+ Z mn|EnﬂIﬂ[O,am]|H
n=m-+1
+ ||F(IN[am,1] Zmn|E NINJ[am,l |H
n=1
[ee]
+ > xn|EnﬂIﬂ[am,1]|H
n=m-+1
(41 Z z,|E, 01N [O,am]|H + > @alE.nIn [am,1]|H
n=m+1 n=m-+1
< 6 for every I € T.
n=1
The last equality follows from the fact that F,, N [am,, 1] =0 if n > m. O

Reordering the sets E, in a suitable way, we obtain the following more general
result:

Theorem 4.1. Let {a,} and {b,} be decreasing sequences converging to zero
such that a; = 1 and ap41 < by, < ay, for every n € N. Let {z,,} C X be arbitrary
[e.e]
and define f: [0,1] = X by f = > xpxg,, where {E: k € N} is a sequence of
k=1
pairwise disjoint Lebesgue measurable sets of positive measure with the following
properties:
(§) limg diam(Ey) = 0;
(jj) foreachm € N, theset {Ey: Ej C [an+1,ays]} is split into two disjoint collections
(one of them may be empty):

{EQ’ﬂflypi: VieN sup Eanl,le < infEanl,pi} c [a"ﬂJrla bn]
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and
{Eon,q,: YieN inf Eyy, g, 2> supEay, g, } C [bn, anl;
(jij) for each n € N, lim; dg({an+1}, Eon—1,p;) = 0 = lim; dg({an}, Eon,q ), where
dp(-,-) is the Hausdorff distance between two sets.
Let can—1,i(I) := xp|E2n—1,p, V1| and copn (1) := x| Eon g, NI|, n € N. We order
the series Y xy|Ex N 1| in the following way:
k=1

n

(4-4) ZZ Cin4+1— ’L

Then, the following conditions are equivalent:

(a) the series (4.4) is uniformly convergent on the family Z;
(b) f is vH-integrable;
(¢) f is KH-integrable.

In each case

(4.5) (vH) /f ZZC”’“ (I) foreveryIeZ.

n=1 i=1

Proof. Without loss of generality, we may assume that if for some n € N one
has {E,, : i €N, for alli € N} = (), then a,41 = by, and if {E,,, : i € N, for all
i € N} =0, then a,, = b,. We may assume also that each interval [a, 1, a,] contains
infinitely many sets Ej, and f(0) =0

(a) = (b) It follows from Proposition 4.1 that if for every I € Z the series

Z Z Cin+1—i(I) is convergent, then f is vH-integrable on every interval [an11, by]
n=11i=
and [bn, an]. Counsequently, f is vH-integrable on [a,+1,a,] and

(vH) / =Y e illner an).

n=1 i=1

Now let F'(I) = Z Z Cin+1—i(I) for every I € 7 and let ¢ > 0. For each n € N there
n=11i=1

exists a gauge 0,: [ant1,a,] — (0,00) with the property that for each §,-partition

{(J1,51),---,Jp,8p)} of [@n+1, an] one has
P
b3 [OTEGE / fH <o

Taking min{d,+1(an+t1),0n(ans+1)}, one may assume that d,41(ant1) = 0n(@ny1).
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Let ko € N be such that k > kg yields

[o ] n €
Z Zci,nﬂi(I)H < 1 for every I € Z.

n=k i=1

Then, let ny € N be such that all sets E; built into some ¢; n+1—i(I) with n < kg are
contained in (an,,1].
Define §(t) on [0, 1] as follows:

O0n(t) ift € lanyr,an], n €N,
D CACRE 30 G
an, ift=0.

Let P = {(I;,t;), i = 1,...,p} be a d-fine partition of [0,1] and let us consider the

ZHf )| = F(L)]-

Without loss of generality, one may assume that the right end point of I; is equal to
a point a,, with m > ng.
It follows that

x|

(spll = o) [ fH

SN cimar—il)

n=1i=1

wlm

Then,

Hf(o)|«71| - i zn:Ci,nJrl—i(Jl)

n=1 i=1

£

4

S cimer-i(h)

k=ko i=1

and so f is vH-integrable.
(¢) = (a) Assume the KH-integrability of f and let ¢ > 0 and ng € N be
such that I C [0,ap,] yields ||F'(I)|| < €/2. In virtue of Proposition 4.1, the se-

ries E E Cint+1—i(J) is uniformly convergent to F(J) on the family Z N [ay,,, 1].
n=11i=

Let ko > no be such that if m > ko, then E,, N (ayn,,1] = 0 and

for every J € T.

HF(J A [ang, 1) — Em: i:cmﬂ,i(J 0 [ane, 1])H <

n=1i=1

If I € 7 is fixed and m > ko, then

DN | ™

> YT 0.en))| = P00 <

n=m-+1 i=1

N ™
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and so, taking into account (4.5), we have

m n
HF(Im 0 an)) = 3 omir (I 00, an, H

n=1 i=1

HF(m [0, an,]) ii Cint1-i(1 N[0, ano])H

Z Zci,n+17i(-{m [070%0])

n=m+1 i=1

| ™

<
As a result, if m > ko, then

m n
HF(I)—ZZ Cint1—i HSE for every I € Z,

which proves the uniform convergence of the series (4.5) on 7. g

Remark 4.1. In the same way as Theorem 4.1 was deduced from Proposi-
tion 4.1, one can obtain subsequent generalizations of Theorem 4.1.

References

[1] B. Bongiorno, L.DiPiazza, K. Musiat: Kurzweil-Henstock and Kurzweil-Henstock-

Pettis integrability of strongly measurable functions. Math. Bohem. 1581 (2006), 211-223. MR
[2] J. Diestel, J.J. Uhl, Jr.: Vector Measures. Mathematical Surveys 15, American Mathe-

matical Society 13, Providence, 1977. MR
[3] V. Marraffa: A characterization of strongly measurable Kurzweil-Henstock integrable

functions and weakly continuous operators. J. Math. Anal. Appl. 340 (2008), 1171-1179. IMR]
[4] V. Marraffa: Strongly measurable Kurzweil-Henstock type integrable functions and se-

ries. Quaest. Math. 31 (2008), 379-386. | zblJMR] doi
[6] K. Musiat: Topics in the theory of Pettis integration. School on Measure Theory and
Real Analysis, Grado, 1991. Rend. Ist. Mat. Univ. Trieste 23, 1993, pp. 177-262. MR

Authors’ addresses: Luisa Di Piazza, Valeria Marraffa, Department of Mathematics,
University of Palermo, via Archirafi 34, 90123 Palermo, Italy, e-mail: luisa.dipiazza
Qunipa.it, valeria.marraffa@unipa.it; Kazimierz Musial, Institute of Mathematics,
Wroctaw University, Plac Grunwaldzki 2/4, 50-384 Wroctaw, Poland, e-mail: kazimierz.
musial@math.uni.wroc.pl.

296


https://zbmath.org/?q=an:1112.26015
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2242846
https://zbmath.org/?q=an:0369.46039
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0453964
http://dx.doi.org/10.1090/surv/015
https://zbmath.org/?q=an:1141.46021
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2390920
http://dx.doi.org/10.1016/j.jmaa.2007.09.033
https://zbmath.org/?q=an:1177.28030
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2527448
http://dx.doi.org/10.2989/QM.2008.31.4.6.610
https://zbmath.org/?q=an:0798.46042
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1248654

