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Abstract. We prove that if X is a separable Banach space, then a measurable multifunction
� : ½0; 1� ! ckðXÞ is Henstock integrable if and only if � can be represented as � ¼ Gþ f , where
G : ½0; 1� ! ckðXÞ is McShane integrable and f is a Henstock integrable selection of �.
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1. Introduction

There is a great deal of literature on Bochner and Pettis integration of Banach
space valued multifunctions (see El Amri and Hess [4] or Hess and Ziat [8] for
further references) of several types that have shown to be a useful tool in
many branches of mathematics such as mathematical economy, control theory
and optimization.

Quite recently Ziat [13, 14] and El Amri and Hess [4] presented several criteria
for a multifunction having as its values convex weakly compact subsets of a
Banach space, to be Pettis integrable. In [3] we studied the obvious generalization
of the Pettis integral of a multifunction obtained by replacing the Lebesgue inte-
grability of the support functions by the Kurzweil–Henstock integrability (we call
such an integral Kurzweil–Henstock–Pettis). We proved there a surprising and un-
expected characterization of the new integral in terms of the Pettis integral: the
Kurzweil–Henstock–Pettis integral is in some way a translation of the Pettis one.

In this paper we deal with the Henstock and McShane integrals for multifunc-
tions. Such integrals are generalizations, by means the notion of Hausdorff dis-
tance, of the definitions of Henstock and McShane integrals for vector valued
functions. We present (see Theorem 2) a characterization of Henstock integrable
multifunctions with convex compact values, similar to that in [3]: each Henstock
integrable multifunction is the sum of one of its Henstock integrable selection and



of a McShane integrable multifunction. The proof is based on the Rådstr€oom em-
bedding of the space of all compact convex subsets of the target separable Banach
space into a suitable separable Banach space.

We show also (see Theorem 2) a criterion of Henstock integrability similar to
that given in case of Pettis integrability (see [4]): a multifunction is Henstock
integrable if and only if all its selections are Henstock integrable.

We prove also that if the multifunctions are compact convex valued and the
target Banach space is separable, then the Pettis and the McShane integrals coin-
cide (see Proposition 2), as in case of functions taking their values in a separable
Banach space (cf [6]).

2. Basic Facts

Let [0, 1] be the unit interval of the real line equipped with the usual topology
and the Lebesgue measure. L denotes the family of all Lebesgue measurable
subsets of [0, 1] and if E2L, then jEj denotes its Lebesgue measure. A partition
P of [0, 1] is a collection fðI1; t1Þ; . . . ; ðIp; tpÞg, where I1; . . . ; Ip are nonoverlap-
ping subintervals of [0, 1], ti is a point of [0, 1], i ¼ 1; . . . ; p and

Sp
i¼1 Ii ¼ ½0; 1�.

If ti is a point of Ii, i ¼ 1; . . . ; p, we say that P is a Perron partition of [0, 1]. A
gauge on [0, 1] is a positive function on [0, 1]. For a given gauge � on [0, 1], we
say that a partition fðI1; t1Þ; . . . ; ðIp; tpÞg is �-fine if Ii � ðti � �ðxiÞ; ti þ �ðxiÞÞ,
i ¼ 1; . . . ; p.

Definition 1 (see [1], [5] and [6]). Let Y be a Banach space. A function
g : ½0; 1� ! Y is said to be Henstock (resp. McShane) integrable on [0, 1] if there
exists w2Y with the following property: for every �> 0 there exists a gauge � on
[0, 1] such that ����Xp

i¼1

gðtiÞjIij � w

����<";

for each �-fine Perron partition (resp. partition) fðI1; t1Þ; . . . ; ðIp; tpÞg of [0, 1].
We set w ¼: ðHÞ

Ð 1

0
gdt (resp. w ¼: ðMcÞ

Ð 1

0
gdt).

We denote the set of all Henstock (resp. McShane) integrable functions on
[0, 1], taking their values in Y , by Hð½0; 1�; YÞ (resp. Mcð½0; 1�; YÞ). In case
when Y is the real line, g is called Kurzweil–Henstock integrable, or simply
KH-integrable, (resp. integrable). Moreover the space of all KH-integrable func-
tions (resp. integrable functions) is denoted by KH½0; 1� (resp. Mc½0; 1�).

Definition 2. Let fg�g be a family of real valued functions in KH½0; 1�
(resp. Mc½0; 1�). We say that fg�g is Henstock (resp. McShane) equiintegrable
on [0, 1] whenever for every "> 0 there is a gauge � such that

sup
�

�����Xp
i¼1

g�ðtiÞjIij � ðHKÞ
ð1

0

g�dt

�����<";

for each �-fine Perron partition (resp. partition) fðI1; t1Þ; . . . ; ðIp; tpÞg of [0, 1].
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Throughout this paper X is a separable Banach space with its dual X�.
The closed unit ball of X� is denoted by BðX�Þ. ckðXÞ denotes the family of
all nonempty convex compact subsets of X. For every C2 ckðXÞ the support
function of C is denoted by sð�;CÞ and defined on X� by sðx�;CÞ ¼
supfhx�; xi : x2Cg, for each x�2X�. A map � : ½0; 1� ! 2Xnf;g (¼ closed
non-empty subsets of X) is called a multifunction. A multifunction � is said to
be measurable if for each open subset O of X, the set ft2 ½0; 1� : �ðtÞ \ O 6¼ ;g is
a measurable set. � is said to be scalarly measurable if for every x� 2X�, the
map sðx�;�ð�ÞÞ is measurable. It is however well known that in case of
ckðXÞ-valued multifunctions the scalar measurability yields the measurability.
� is said to be scalarly Kurzweil–Henstock (resp. scalarly) integrable if, for
every x� 2X�, the function sðx�;�ð�ÞÞ is Kurzweil–Henstock integrable (resp.
integrable). A function f : ½0; 1� ! X is called a selection of � if, for every
t2 ½0; 1�, one has f ðtÞ2�ðtÞ. A selection f is said to be measurable if the function
f is strongly measurable. Notice that due to the separability of X, Borel measur-
ability, weak measurability and strong measurability of X-valued functions
are equivalent. It is a consequence of [10] that each measurable multifunction
� : ½0; 1� ! ckðXÞ has a measurable selection. By SHð�Þ (resp. SMcð�Þ) we
denote the family of all measurable selections of � that are Henstock (resp.
McShane) integrable.

Let A and B be nonempty subsets of X. The excess of A over B is defined
as eðA;BÞ ¼ supfdðx;BÞ : x2Ag. The Hausdorff distance of A and B is de-
fined by dHðA;BÞ :¼ maxfeðA;BÞ; eðB;AÞg. ckðXÞ with the Hausdorff dis-
tance is a complete metric space. We consider on ckðXÞ the Minkowski
addition (Aþ B :¼ faþ b : a2A; b2Bg) and the standard multiplication by
scalars.

Definition 3. A multifunction � : ½0; 1� ! ckðXÞ is Henstock (resp. McShane)
integrable in ckðXÞ, if there exists a nonempty set W 2 ckðXÞ with the follow-
ing property: for every "> 0 there exists a gauge � on [0, 1] such that for
each �-fine Perron partition (resp. partition) fðI1; t1Þ; . . . ; ðIp; tpÞg of [0, 1], we
have

dH W ;
X
i

�ðtiÞjIij
 !

<":

We note that when a multifunction is a function f : ½0; 1� ! X, then the set W is
reduced to a vector of X and the above definitions coincide with those of Henstock
and McShane integrability for vector valued functions.

It can be easily seen that if Y is a Banach space and i : ðckðXÞ; dHÞ ! Y is
a linear isometry embedding the space ðckðXÞ; dHÞ into Y , then the multifunction
� : ½0; 1� ! ckðXÞ is Henstock (resp. McShane) integrable if and only if ið�Þ is
Henstock (resp. McShane) integrable as an Y-valued function.

Definition 4. A multifunction � : ½0; 1� ! ckðXÞ is Kurzweil–Henstock–Pettis
integrable (see [3]) in ckðXÞ (resp. Pettis integrable (see [4]) in ckðXÞ) if � is
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scalarly Kurzweil–Henstock (resp. scalarly) integrable on [0, 1] and for each
subinterval ½a; b� � ½0; 1� (resp. ; 6¼A2L), there exists a set W½a;b� 2 ckðXÞ (resp.
WA2 ckðXÞ) such that for each x� 2X�, we have

sðx�;W½a;b�Þ ¼ ðHKÞ
ðb
a

sðx�;�ðtÞÞ dt

ðresp: sðx�;WAÞ ¼
ð
A

sðx�;�ðtÞÞ dt Þ;
ð1Þ

where
Ð
A

stands for the Lebesgue integral. SKHPð�Þ denotes the family of all
measurable selections of � that are Kurzweil–Henstock–Pettis integrable.

According to H€oormander’s equality (cf [9], p. 9) we have the equality

dH

�
K;
Xp
i¼1

�ðtiÞjIij
�

¼ sup
kx�k4 1

����sðx�;KÞ �Xp
i¼1

sðx�;�ðtiÞÞjIij
����; ð2Þ

for each �-fine Perron partition (resp. partition) fðI1; t1Þ; . . . ; ðIp; tpÞg of [0, 1] and
set K 2 ckðXÞ. It follows that if � is Henstock (resp. McShane) integrable, then it
is also Kurzweil–Henstock–Pettis (resp. Pettis) integrable. We note that in case the
multifunction is a function f : ½0; 1� ! X the sets W½a;b� (resp. WA) are reduced to
vectors in X.

Proposition 1. If � : ½0; 1� ! ckðXÞ is a scalarly KH-integrable (resp. scalarly
integrable) multifunction, then the following conditions are equivalent:

(i) � is Henstock (resp. McShane) integrable in ckðXÞ;
(ii) the collection fsðx�;�ð�ÞÞ : kx�k4 1g is Henstock (resp. McShane) equi-

integrable;
(iii) each countable subset of the collection fsðx�;�ð�ÞÞ : kx�k4 1g is

Henstock (resp. McShane) equiintegrable.

Proof. (i)) (ii) It is enough to use H€oormander’s equality (2).
(ii)) (iii) is obvious.

(iii)) (i) We are going to show first that there exists K 2 ckðXÞ such that
ðHÞ

Ð 1

0
sðx�;�Þ ¼ sðx�;KÞ (resp.

Ð 1

0
sðx�;�Þ ¼ sðx�;KÞ) for all functionals x�.

We shall prove first that the sublinear function a : X� ! ð�1;þ1Þ given by
aðx�Þ :¼ ðKHÞ

Ð 1

0
sðx�;�ðtÞÞ dt (resp. aðx�Þ :¼

Ð 1

0
sðx�;�ðtÞÞ dt) is w�-lower

semi-continuous, i.e. that for each real � the set Qð�Þ :¼ fx� 2X� :
aðx�Þ4�g is w�-closed. According to the Banach-Dieudonn�ee theorem it
suffices to show that Qð�Þ \ BðX�Þ is w�-closed. So consider a sequence of
functionals x�n 2Qð�Þ \ BðX�Þ. Assuming that x�n ! x�0 in �ðX�;XÞ and apply-
ing the w�-continuity of all sð�;�ðtÞÞ, we get the pointwise convergence of
sðx�n ;�ðtÞÞ to sðx�0 ;�ðtÞÞ. Since the sequence is Henstock (resp. McShane) equiin-
tegrable, we have

aðx�0 Þ ¼ ðKHÞ
ð1

0

sðx�0 ;�Þ dt ¼ lim
n

ðKHÞ
ð1

0

sðx�n ;�Þ dt ¼ lim
n

aðx�n Þ4�;
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(resp.

aðx�0 Þ ¼
ð1

0

sðx�0 ;�Þ dt ¼ lim
n

ð1

0

sðx�n ;�Þ dt ¼ lim
n

aðx�n Þ4�Þ:

Consequently, the function a is w�-continuous (hence it is also w�-lower semi-
continuous) and so, according to a result of H€oormander, there exists a closed
convex set K � X such that aðx�Þ ¼ sðx�;KÞ. The weak�-continuity of a yields
the norm compactness of K. Moreover, if fx�n : n2Ng is a w�-dense subset of
BðX�Þ, then according to the assumption, the family fsðx�n ;�ð�Þg is Henstock
(resp. McShane) equiintegrable and

sup
kx�k4 1

����sðx�;KÞ �X
i4 p

sðx�;�ðtiÞÞjIij
���� ¼ sup

n

����sðx�n ;KÞ �X
i4 p

sðx�n ;�ðtiÞÞjIij
����:

Indeed, if x� 2BðX�Þ is arbitrary, then there is x�nk ! x� in the w�-topology.
If fðI1; t1Þ; . . . ; ðIp; tpÞg is a Perron partition (resp. partition) of [0, 1], then
limk sðx�nk ;KÞ ¼ sðx�;KÞ and limk sðx�nk ;�ðtiÞÞ ¼ sðx�;�ðtiÞÞ for all i4 p. It fol-
lows that

lim
k

����sðx�nk ;KÞ �Xp
i¼1

sðx�nk ;�ðtiÞÞjIij
���� ¼ ����sðx�;KÞ �Xp

i¼1

sðx�;�ðtiÞÞjIij
����

and so the required equality holds. Applying once again (2), we get the Henstock
(resp. McShane) integrability of � in ckðXÞ. &

3. A Decomposition Theorem

Let bXX be the closed subspace of CðBðX�Þ; �ðX�;XÞÞ generated by

fsð�;CÞ : C2 ckðXÞg. Then bXX is a separable Banach space. Let R : ckðXÞ ! bXX
be the Rådstr€oom embedding (see [12]), defined by RðCÞ ¼ sð�;CÞ, for any
C2 ckðXÞ.

Lemma 1. If � : ½0; 1� ! ckðXÞ is a Pettis integrable multifunction in ckðXÞ,
then Rð�Þ is Pettis integrable in bXX and

Ð
A
RðGðtÞÞ dt ¼ Rð

Ð
A
GðtÞ dtÞ, for every

A2L.

Proof. As � is Pettis integrable, for each A2L there exists a nonempty set
WA2 ckðXÞ such that for each x� 2X�, we have

sðx�;WAÞ ¼
ð
A

sðx�;�ðtÞÞ dt:

Let now y�2 bXX�. Then its extension to CðBðX�ÞÞ (denote it also by y�) is a Radon
measure on ðBðX�Þ; �ðX�;XÞÞ. If s is considered only for x� 2BðX�Þ, then s is a
Caratheodory function i.e. sðx�; �Þ is Lebesgue measurable and sð�;�ðtÞÞ is weak�-
continuous. Consequently s is measurable with respect to the product �-algebra
BðBðX�Þ; �ðX�;XÞÞ �L, where BðBðX�Þ; �ðX�;XÞÞ is the �-algebra of Borel
subsets of BðX�Þ in the weak�-topology (cf [9], Prop. 2.1.6). From the Riesz
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representation theorem y� is a bounded measure on BðBðX�Þ; �ðX�;XÞÞ. As
WA2 ckðXÞ, we have

sup
x� 2 BðX�Þ

jsðx�;WAÞj ¼ sup
x� 2 BðX�Þ

sup
x 2WA

jx�ðxÞj<1:

Then, due to the Nikodym boundedness theoremð1

0

jsðx�;�ðtÞÞj dt4 sup
E 2L

���� ð
E

sðx�;�ðtÞ dt
����þ sup

E 2L

���� ð
E

sð�x�;�ðtÞ dt
����

¼ sup
E 2L

jsðx�;WEÞj þ sup
E 2L

jsð�x�;WEÞj<M;

for a suitable constant M.
Consequently,

Ð
BðX�Þ

Ð 1

0
jsðx�;�ðtÞÞj dt dy�<1 and we may apply the Fubini-

Tonelli theorem. If A2L, thenð
A

y�ðRð�ðtÞÞdt ¼
ð
A

�ð
BðX�Þ

ðRð�ðtÞÞdy�
�
dt

¼
ð
A

�ð
BðX�Þ

sðx�;�ðtÞÞdy�
�
dt

¼
ð
BðX�Þ

�ð
A

sðx�;�ðtÞÞdt
�
dy�

¼
ð
BðX�Þ

sðx�;WAÞdy� ¼ y�ðRðWAÞÞ:

Thus, RðGÞ is Pettis integrable, and
Ð
A
RðGðtÞÞ dtÞ ¼ Rð

Ð
A
GðtÞ dtÞ. &

Proposition 2. A multifunction � : ½0; 1� ! ckðXÞ is Pettis integrable in ckðXÞ
if and only if it is McShane-integrable in ckðXÞ.

Proof. If � is Pettis integrable, then, according to Lemma 1 the function Rð�Þ
is Pettis integrable in bXX. As bXX is separable, it follows from [6] or [7] that Rð�Þ is
McShane integrable in bXX. Consequently, � is McShane integrable in ckðXÞ. The
reverse implication follows exactly in the same way, as in separable Banach spaces
Pettis and McShane integrability are equivalent (see [6, 7]). &

Theorem 2. Let � : ½0; 1� ! ckðXÞ be a scalarly Kurzweil–Henstock integra-
ble multifunction. Then the following conditions are equivalent:

(i) � is Henstock integrable in ckðXÞ;
(ii) SHð�Þ 6¼ ; and for every f 2SHð�Þ the multifunction G : ½0; 1� ! ckðXÞ

defined by �ðtÞ ¼ GðtÞ þ f ðtÞ is McShane integrable in ckðXÞ;
(iii) there exists f 2SHð�Þ such that the multifunction G : ½0; 1� ! ckðXÞ

defined by �ðtÞ ¼ GðtÞ þ f ðtÞ is McShane integrable in ckðXÞ;
(iv) every measurable selection of � is Henstock integrable.

If c0 " X, then the above conditions are equivalent also to:

(v) SHð�Þ 6¼ ;:
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Proof. ðiÞ ) fðiiÞ; ðiiiÞ; ðivÞg Each Henstock integrable multifunction is
also Kurzweil–Henstock–Pettis integrable and so according to Theorem 1 from
[3], each measurable selection f of � is a KHP-integrable function. So let
f 2SKHPð�Þ be arbitrary and the multifunction G : ½0; 1� ! ckðXÞ be defined
by �ðtÞ ¼ GðtÞ þ f ðtÞ. According to [3] Theorem 1, G is Pettis integrable in
ckðXÞ and so it is a consequence of Proposition 2 that G itself is McShane
integrable in ckðXÞ. Then G is also Henstock integrable ckðXÞ. Therefore,
by Proposition 1, both families of functions fsðx�;�ð�ÞÞ : kx�k4 1g and
fsðx�;Gð�ÞÞ : kx�k4 1g are Henstock equiintegrable. Since for each x� 2X�
we have

sðx�;�ð�ÞÞ ¼ sðx�;Gð�ÞÞ þ hx�; f ð�Þi; ð3Þ
also the family fhx�; f ð�Þi : kx�k4 1g is Henstock equiintegrable. Applying once
again Proposition 1 we obtain the Henstock integrability of f . Thus, (ii) and (iv)
are satisfied. The implication ðiiÞ ) ðiiiÞ is obvious.

ðivÞ ) ðiÞ Let f be a Henstock integrable selection of �. So f 2SKHPð�Þ and,
according to Theorem 1 from [3], � is Kurzweil–Henstock–Pettis integrable in
ckðXÞ and the multifunction G defined by GðtÞ ¼ �ðtÞ � f ðtÞ is Pettis integrable in
ckðXÞ. As in the first part of the proof we get the McShane integrability of G
in ckðXÞ and consequently, the Henstock integrability of G in ckðXÞ. Therefore,
by Proposition 1, the family fsðx�;Gð�ÞÞ : kx�k4 1g is Henstock equiinte-
grable. The same proposition yields the Henstock equiintegrability of the col-
lection fhx�; f ð�Þi : kx�k4 1g. Then, the equality (3) yields the Henstock
equiintegrability of fsðx�;�ð�ÞÞ : kx�k4 1g. Applying once again Proposition 1
one obtains the Henstock integrability of �.

In a similar way ðiiiÞ ) ðiÞ can be proved.
Assume now that c0 " X and ðvÞ is satisfied. Let f 2SHð�Þ and let G be

defined as before. Then, by (3), taking into account non-negativity of
sðx�;Gð�ÞÞ, we obtain the integrability of sðx�;Gð�ÞÞ, for each x� 2X�. Since
for each measurable selection g of G, jhx�; gð�Þij4 sðx�;Gð�ÞÞ þ sð�x�;Gð�ÞÞ,
each measurable selection of G is scalarly integrable, hence Pettis integrable
(because c0 " X). Applying Theorem 4.4 of [14] we obtain the Pettis, and then
(see Proposition 2) the McShane integrability of G. This yields the Henstock
integrability of � in ckðXÞ. &

If c0 can be isomorphically embedded into X, then the condition ðvÞ of The-
orem 2 is not sufficient for the Henstock integrability of �.

Example 1. Let f : ½0; 1� ! c0 be defined by

f ðtÞ ¼
�
�ð0;1�ðtÞ; 2�ð0;1

2
�ðtÞ; . . . ; n�ð0;1

n
�ðtÞ; . . .

�
(cf [2], p. 53). Then f is scalarly integrable but not Pettis integrable because
Dunford –

Ð 1

0
f ðtÞ dt2 l1nc0. The last relation shows also that f is neither KHP-

integrable nor Henstock integrable. If �ðtÞ :¼ convf0; f ðtÞg, then � is scalarly
integrable (hence also scalarly KH-integrable) and SHð�Þ 6¼ ;. f is a measurable
selection of � that is not Henstock integrable and so � is not Henstock integrable
in ckðXÞ (according to Theorem 2).
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