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AN ALTERNATE APPROACH TO THE
McSHANE INTEGRAL

Abstract

The classical McShane integral has been generalized by D.H. Fremlin
[2] to the case of an arbitrary o-finite outer regular quasi-Radon measure
space. We present an alternate approach to the Fremlin integral for a
non-atomic, finite quasi-Radon space.

1 Introduction

In [2] D.H. Fremlin studies, in a o-finite outer regular quasi-Radon space, a
method of integration for vector-valued functions which is a generalization
of that from the McShane process of integration [5]. This method involves
infinite McShane partitions by disjoint families of measurable sets of finite
measure. However, in the compact case, the method may use finite McShane
partitions with disjoint measurable sets. In the case of a compact space and
a Radon measure, the use of suitable ‘intervals’, instead of measurable sets,
is also possible: let A be an algebra of measurable sets such that whenever
F C G, F is closed and G is open there is an A € A such that FF C A C G}
the ‘intervals’ considered by Fremlin are the elements of a family C C A such
that every member of A4 is a finite disjoint union of members of C.

In this paper, the context is a non-atomic, probability, and quasi-Radon
space, (Q2,7,%, 1). We consider a method of integration which involves finite
Henstock partitions by disjoint families of measurable sets that cover the whole
domain up to a set of arbitrarily small measure (we call the partitions n-tight).
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We prove that it is equivalent to Fremlin’s method. We may also consider n-
tight partitions by disjoint families of ‘intervals’. We have a larger choice
in the definition of the ‘intervals’, indeed we may use semirings S satisfying
the following weaker condition: given € > 0, w € {2 and an open set G of
positive measure and containing w, there exists A € S satisfying the condition:
we€ACGand p(G\ A) < e. In case the family C of ‘intervals’ is properly
enclosed in S it may happen that no A-fine Henstock 7-tight partition exists,
for some gauge A and sufficiently small . In this case our method involves
finite McShane n-tight partitions.

The use of finite McShane n-tight partitions may be applied to quite general
families of sets 5. We do not know whether the B-integral is always equivalent
to the McShane integral considered by Fremlin. However, in Theorem 7 we
prove this equivalence for real valued functions and in Theorem 9 for strongly
measurable functions.

2 Preliminaries

Throughout (2,7,%, ) will be a non-atomic, probability and quasi-Radon
space (see [1]) i.e.:

(i) (92,%, ) is complete;
(i

) 7 is a Ty-topology such that 7 C ¥;
(iii) u(E) =sup{u(F): F C E,F is closed} for every E € ¥;
)

(iv) p is T-additive, i.e. if G C T is non—empty and upwards directed by
inclusion, then

n(J @) =suw{u(G): G e gl

Geg

The outer measure induced by p is denoted by u*. For E C Q, E, E¢ and OFE
are respectively the closure, the complement and the boundary of E.

Each function A : Q@ — 7 satisfying for each w € § the property w € A(w)
will be called a gauge.

Let A be a gauge and let E C Q. Given a non-empty family B C 3, a
collection P = {(An,wn) : n =1,...,p} of pairwise disjoint sets A, € B and
points w, € A, is said to be a Henstock B-partition. If we assume only that
wp € 2,1 < n < p, then we say this is a McShane B-partition. If there is no
necessity to distinguish between them we will say simply about B-partition.
If all elements of the partition are subsets of F, then it is a B-partition in E.
A B-partition is said to be:
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(a) tagged in E if w, € E for each n < p;
(b) A-fine, if A,, C A(wy,) for each n <p ;
(¢) n-tight, if p(Q\ U _, A,) < n, where 7 is a positive number.

Given a partition P = {(A,,wy,) : n =1,...,p}, we set co(P) = U, A,. For
simplicity, a B-partition that is A-fine and 7n-tight will be called a (A, 7, B)-
partition. If P is a A-fine B-partition in F, and u[E \ co(P)] < 7, then it
is called a (A, n, B)-partition of E. Whenever the set where the partition is
tagged is not specified, then it means that the partition is tagged in . If
B C %, we denote by BY the family of all finite unions of members of B. We
say that 7 is inner regular with respect to B whenever p(G) = sup{u(B) : B >
B C G}, for each G € T.

The following result may be considered as a partial justification of our further
assumptions concerning B:

Proposition 1. Let B C X be a collection of sets and let C C B be such that
each member of B is a finite union of pairwise disjoint elements of C. If T is
inner reqular with respect to B, then for each G € T the set of all w € G such
that for each € > 0 there exists G 2 C € C of positive measure less than € and
containing the point w is of full measure in G.

PROOF. Since p is nonatomic, for each n € N there exists a decomposition
G = U {H! into pairwise disjoint sets of measure u(G)/n. Because of the
outer regularity of u for each ¢ < n there is an open set G} D H}*, such that
G? C G and p(G? \ HY) < u(G)/n2™. Tt follows from the inner regularity of
T, that for each i < n one can find B € B with pu(G? \ Bl') < u(G)/n2™.
Consequently,

ple\UBr) <u(Uar\Bn) < 3w\ B < p(G)/2",
i=1 i=1 i=1
If B = U;?(:Zi")CJ’?’Z with C7"* € C, then some of the sets C'Jm may be of
measure zero; denote their union by N .
For each n put H,, =: J_, B \U;—, N*. Then u(HS) < u(G)/2™. Consider
now the set limsup,, H,. If w € limsup,, H,, then for each ¢ > 0 there exists
an element of C containing w and of measure less than €. Now we have :

u(G\limTLsupHn)—;L([j ﬁHﬁ):liﬁnu(ﬁ H,‘é):(). (1)
k=n

n=1k=n

This completes the proof. O
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Following the above lemma, we say that a family B is fine on Q if for all w € 0
the following is satisfied: for each G € 7 with w € G and u(G) > 0, there
exists B € B such that w € B C G and u(B) > 0. It is clear that together
with outer regularity of p this means that each point w € 2 can be embedded
into a member of B of arbitrary small measure. We say that B C X separates
points off closed sets if given € > 0, w € ) and an open G of positive measure
and containing w, there exists B € B satisfying the condition w € B C G and
uw(G\ B) <e.

From now on we assume that S C ¥ is a semiring of sets , i.e.

if A, BeS then ANBeS and A\BE€S.

Throughout C C S is a fine collection of sets, such that each R € S is a finite
union of pairwise disjoint members of C. We assume also that S separates
points off closed sets.

It follows that 7 is inner regular with respect to S (or equivalently: S-regular).

Remark 1. In [2] Proposition 1F, Fremlin considers an algebra A satisfying
the following stronger condition:
given a closed set F' and an open G such that F' C G, there exists A € A with

FCACG.

Notice that an algebra separating points off closed sets not necessarily satisfies
the above condition. Indeed let us consider the following two examples:

Example 1. Let A be the algebra generated by intervals of R and let u be
a Gaussian measure on R. Then A separates points off closed sets, but does
not satisfy Fremlin’s condition.

In fact let F = N and let G = |J,cn(n — 3,n + 3). It is impossible to find
such A since it should be a union of finitely many intervals only.

Example 2. Let B be the family of first category subsets of [0, 1] and let p be
the Lebesgue measure. According to a theorem of Marczewski and Sikorski [4]
if G is an open subset of [0, 1], then G can be decomposed into disjoint sets K
and M such that K € B and (M) = 0. It follows that the ring B separates
points off closed sets. Indeed, if w € G then we simply set B = K U{w}. On
the other hand, since the algebra A generated by B consists of sets which are
of the first category or their complements are such, it cannot satisfy Fremlin’s
property. Indeed, if we take F' = [1/3,1/2] and G = (1/4,3/4), then each
A € A such that F* C A C G is of the second category and its complement A€
either. Thus, A cannot be a member of the algebra generated by B.
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3 B-Integrals Generated by Semirings and Intervals.

One of the most essential problems in the theory of gauge integrals is the
existence of A-fine partitions. In the case of partitions generated by a semiring
or by a family C of intervals the following result holds:

Lemma 1. If W C Q is such that p*(W) = 1, then for each n > 0 and
each gauge A there exists a (A,n,C)-McShane partition tagged in W and a
(A, n,S)-Henstock partition tagged in W.

PROOF. Let 7 > 0 and a gauge A : Q — 7 be given. Then Q C |J, o A(w).
Let us fix an arbitrary wy € W such that p(A(wp)) > 0 (such a point exists
because p is T-additive). Assume now that x is the first ordinal of the cardi-
nality equal to the cardinality of the set €2 and that for some 1 < v < k we
already have a collection {w, € W : a < v} such that :

(1) w(A(wq)) > 0 for each a < 7;
(il) wg ¢ A(w,) for each a < 8 < 7.

If p[Uy <, A(wa)] = 1, then we finish the construction. But if u[lJ
1, then we have the inclusion

Awa)] <

a<ly

U Aw)

WEN,

where,for simplicity we put 2, = Q\U, .., A(wa), and the set €2, is of positive
measure. Since the measure p restricted to ), is also 7-additive, there exists
a point w, € 0, N W such that p[A(wy) NQ,] > 0.

Since p is finite, it satisfies the CCC condition (i.e. each pairwise disjoint
family of sets of positive measure is at most countable) and so there is a
countable ordinal v < k such that p(2,) = 0. Applying once again the 7-
additivity of p, we find a finite collection @y, ...,w, € {ws : @ < 7} such
that

a:zu(Q\ OA(@)) <n.
i=1

Now by the properties of the family S, we can find for each i € {1,...,n} a
set B; € S such that w; € B; C A(w;) and p[A@;) \ Bi] < (n —a)/n. It
follows that

u(LnJA@)\fJBi)gu(U A@i)\ B]) < Zu @)\ Bl <1 —a.
i=1 i=1

i=1
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Thus,

e\ B) < p(2\Ja@)) +u(Ja@)\ U B) <n.
i=1 i=1 i=1 i=1

Setting Ry = By,...,R, = B, \Ul-' Bi = (---(Bo \ B1) \ -\ Bn_1), we
get a (A,n,S)-Henstock partition {(R;,w;) : @ < p}, that is tagged in W.
By ‘Fhe assumption however each R; is of the form R; = Ule Cli < n.
{(C},w;) : j < k;,i < n} is the required McShane (A,n,C)-partition tagged
in W. O
Let X be a Banach space and let f : Q@ — X. For each partition P =
{(Ap,wn) :n=1,...,p}, weset o(f,P) =20 _| flwn)p(Ay).

Definition 1. Let B C X be an arbitrary collection of sets such that for every
17 > 0 and every gauge A there exists a (A, n, B)-McShane (resp. Henstock)
partition. We say that f is Bys (resp. Bp) -integrable on € if there exists
w € X satisfying the following property:
for each € > 0 there exists a gauge A : Q@ — 7 and a positive constant n such
that

lo(f,P) —wl <e, (2)

for every (A,n, B)-McShane (resp. Henstock) partition P.

We set w = (Burs) [, fdp and w = (Bg) [, f dp respectively.

Given a measurable set E C Q it is said that f is Basg (resp. By) -integrable
on F if the function fxg is Bys (resp. By ) -integrable on 2. We set w(E) =
(Bus) Jo fxedp and w(E) = (By) [, fxe dp respectively.

It is clear that without the assumption concerning the existence of (A, n, B)-
partitions the above integrals may not exist. In case of B =C or B = S the
B-integrals are well defined, that is each function has at most one value of
the integral. Indeed, suppose there exist w; € X, a gauge A; : Q@ — 7 and
n; > 0 such that ||o(f,P;) — ws|| < e for each (A;,n;, B)-McShane partition
Pi, i =1,2. Then define A(w) = Aj(w) N Az(w),w € Q and n = min{n, n2}.
Let P be a (A, n, B)-McShane partition (existing in virtue of Lemma 1). We
have
lwy —wa|| < [o(f, P) = wall + lo(f, P) — wal < 2¢.

Thus w; = ws. In the same way, one proves the uniqueness of the By-integral.
Remark 2. If f is 3-McShane B-integrable, then it is Bjsg-integrable for
quite arbitrary B C ¥ (such that the definition makes sense). It is clear that

the opposite implication is in general false, since B can be very poor. A similar
fact holds true also for the Henstock version.
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Lemma 2. Let f: Q — X be a function almost everywhere equal to zero on
Q. Then f is Sps (resp. Su) -integrable with Syrs (resp. Sy ) -integral equal
to zero. The same result holds true for Casg-integral.

PROOF. Foreachn =1,2..,let N, ={w e Q :n—-1<|f(w)] <n}. It
follows that p(U,N,) = 0. Fix € > 0, take 0 < < ¢ and for each n € N,
choose an open set G,, such that G,, D N,, and p(G,) < n/n2™.

Then define A : Q — T so that A(w) = Gy, if w € N,,. If P = {(An,wy) :
n=1,...,p}is a (A,n, A)-McShane partition, then

Z Z fwi)p(As) SZTL Z u(Ai)<7)ZQ*”<5.

n w;ENp n w; €Ny,

lo(f, Pl =

O

Definition 2. It is said that f is Fremlin-integrable on § (see Fremlin [2]) if
there exists w € X satisfying the following property:
for each € > 0 there exists a gauge A such that

k

Z f(xn)l"(An) —w

n=1

lim sup
k—oo

<, (3)

for every A-fine infinite McShane X-partition {(A,,z,) : n € N} such that
p(Q\ U, Ay) = 0. We set w = (F) [, fdp.

Theorem 3. A function f:Q — X is Xprg-integrable on Q if and only if it
is XL -integrable on ), and if and only if it is Fremlin-integrable on 2.

ProoOF. The first equivalence is obvious. Let now f be ¥j;g-integrable on ).
Fix € > 0 and let A, n and w be such that

HCT(f,’P) —’U}H <e,

for each (A, n,¥)-McShane partition P.

Now let Q = {(A;,w;) : i € N} be an infinite A-fine McShane partition such
that 3572, pu(A;) = p(). Let ig be such that Y7, pu(A;) < 7. Note that
{((AN U2 {wi}) U{wit, wi) = i < g} is a (A, n, X)-partition for every j > ig.
Then we have for every j > ig

> Flw)p(As) —w

i<j

<eg.

Hence f is Fremlin-integrable.
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If f is Fremlin-integrable on 2, then it is Pettis integrable and the integrals
coincide (see [2], Theorem 1Q). Since the indefinite Pettis integral is absolutely
continuous with respect u, for each € > 0 we can find a positive constant 7
such that

’(F)/ fduH < g, whenever u(E) <.
E

Moreover, by [2] (Lemma 2B) we can find a gauge A such that

o(f.P) — (F) / fdu

co(P)

3
<§,

whenever P is a McShane A-fine Y-partition.
Thus, if P is a (A, n, X)-McShane partition, we have:

o(P) = (F) [ fdﬂH

+

o(f.P) — (F) / fdu

(F) /Q . fdu

O

Theorem 4. Assume that C C S is fine and S separates points off closed sets.
For an arbitrary function f : Q — X the following are equivalent:

(i) f is Xprg-integrable on Q;
(i1) [ is Cars-integrable on );
(iti) f is Sg-integrable on Q.

ProOOF. It follows directly by definitions that if f is ¥j;g-integrable on (2
then it is Sy-integrable on 2 and - in the same way - it is Cj;g-integrable.
Moreover the integrals coincide.

We will prove now, that Cj;s-integrability yields Sy-integrability. To see
it assume that f is Cjsg-integrable. Then fix € > 0 and take nn > 0 and a gauge
A such that

o(£,Q) = Curs) | fdMH <e (1)

for each (A, n,C)-McShane partition @ = {(C;,w;) : i = 1,...,s}. Let P =
{(A;,w;) :i=1,...,p} be a (A,n,S)-Henstock partition. It follows from the
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assumed properties of C, that for each i < p we have A; = Ule Cij , where
ch ..., Cfi are pairwise disjoint members of C. If we set V : = {(C’ij,wi) i<
ki,i < p}, then it follows from the inequality (4) that

o(f,V) - (SH>/QfduH <e

what proves the Sy-integrability of f.
Now suppose f is Sy-integrable on 2. We are going to show that f is
Y y-integrable. Fix € > 0 and take 0 < 7 < £/8 and a gauge A such that

o(7.0) - (u) [ fan < )

for each (A,n,S)-Henstock partition @ = {(A;,w;) : i = 1,...,s}. Let
P = {(Eiw;) :i=1,...,p} be a (A,n,X)-Henstock partition. Put m :=
max; || f(w;)||. The proof will be inductive. Assume that for some 1 < g < p
we have already sets A;,..., A, € S, such that w; € A; for j < ¢, closed sets
Fi,...,F; and open sets G1,...,G, satisfying for each j < ¢ the following
properties:

F; CA; CGj and E; CG; CAw;); (6)

Gin({wi,...,wpt \{wi}) =0  and GinF;=0 ifj<i<gqg; (7)

2n 21
wGj\ Fy) < Pm 1 1) and  p(E;A45) < Pt (8)

Having these sets, we take an open set G;41 such that

Eqr1 € Gaq1 € A(wgt1) Gar1 N ({wi, . wg} \{wgs1}) =0

and
n

1(Gar1\ Egy1) < 2m+1)

(besides the outer regularity of p we apply here the T7-property of 7 and the
non-atomicity of p). Since Eqy1 N (U, <, Ej) = 0, we may take G441 in such
a way that

Ji<q

Gq+1ij:® if qu
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By the properties of S, there exists A, € S, such that

"
Wer1 € Agr1 € Ggr1 and  pu(Ggpr \ Age1) < Pmtl)

Then, by the inner regularity of 1, we take a closed set F11 € A4 such that

U
A F, —_—
/J’( q+1 \ (1+1) < pg(m+ 1)
Then we have
2n 2n
G F, —_— d E, 1ANA —_—
M(Gar1 \ Fyp) < P2m+ 1) and  p(Eqq1 g+1) < P2m+ 1)

Since the first step is similar to the inductive one (we set Fy = @) in (6)), the
construction is over.

By (6) and (7) we deduce that, for each 4,5 < p, w; € A; and w; &€ A;
lfj 7é i. Now put Bl = A1 ,BQ = AQ\Al 7...,Bp = Ap\(Ug;llA]) =
(- (Ap\ A1)\ ---\ Ap_1). By the construction {(B;,w;) : 4 =1,...,p} is a
(A,n,S)-Henstock partition. Then notice that, from the relations A; C G,
and G; N F; =0 for j <1, it follows

EiﬁAngiﬂngGiﬂngGj\Fj if j<i§p.

Hence, we have

C Uj<i(G5 \ Fj) U (Ais E;)
So by (8) it results

4n

WBil Ey) < p(Ah B) + Y w(Gy\ Fy) < D)

j<i

9)

Thus by (5) and by (9) we obtain

> Fnn(ED) ~ () /Q fdu

< Zf(wi)M(Bi) — (Su) /Q fdp| + Z £ (w) || (B;AE;)
<eg/2+4n<e.

In virtue of Theorem 3 f is ¥ jsg-integrable. O
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4 B-Integrals Generated by Arbitrary Families of Sets.

We noticed earlier that we need to add some hypotheses either on the family
B C ¥ or on §) to guarantee the existence of a A-fine n-tight partition. We
are now going to present a proper example.

Example 3. Let 0 < n < 1 and let us consider Q = [0, 1] endowed with the
usual topology and the Lebesgue measure p. Fix two decreasing sequences of
positive numbers (r,), (R,) such that 0 < r,, < R,, < r,—1 < 1/4 and such
that

> r
n
<1l-—
Zrn+Rn n
n=1

Define a sequence (Q,,) of finite disjoint sets such that @Q,, C [0,1] and every
interval of length R, meets @,. Then define By as the family of all finite
subsets of [0,1] and by B,, n > 1, the family of all sets B such that there is
an interval I C [0,1] and a set F' € B with the following property:
Tne1 < p(l) <1y
and
B=(I\F)U{z €@, :dist(z,I) <4R,}.

Set B=U,—,Bn.
Then, if {By,k=1,2,---} is a family of disjoint B-sets, we have:

S uB) =3 3 wB.
k=1 n BrpeB,

Now, for each n > 1 we can have at most (r,41 + 3R,) ! elements of { By}
belonging to the family B,,. Moreover

Tn — Tnal <Rn_rn+1 < R, <2R,,

and
Tp+ Ry < Tpy1 + 3R,
Then - -
Tn
B) < —_— < 1.
;u( k)_;TnJar 7

Thus, for any gauge A no (A,n, B)-partition exists (neither Henstock nor
McShane). Notice however that, since (R,,) is decreasing to zero, the family B
is fine. Moreover, it follows from the compactness of [0, 1], that BY separates
points off closed sets. It is a consequence of Proposition 3, that for each n > 0
and for each gauge A there exists a (A, 5, BY)-Henstock partition.
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In order to exclude such pathologies we will assume — from now till the end
of this section — that for each gauge A and each positive 1 there exists a
(A,n, B)-Henstock (resp. McShane) partition of 2. Sometimes we will assume
even more, that B is well founded for Henstock (resp. McShane) partitions,
ie.

If W C Q is such that p*(W) = 1, then for each n > 0 and each gauge A
there exists a (A,n, B)-Henstock (resp. McShane) partition tagged in W.
At the end of the paper we give two sufficient conditions on B such that the
previous assumption is satisfied.
Now we can prove the following Cauchy condition for B-integrals:

Proposition 2. f is By (resp. Busg) -integrable on Q if and only if the
following Cauchy condition holds:
for each € > 0 there exist a gauge A and a positive constant n such that

lo(f,P)—o(f, Q) <e, (10)
for each couple P, Q of (A,n,B)-Henstock (resp. McShane) partitions.

PROOF. Let f be By-integrable on 2 and let w = (BH)fQ fdu. Then, for
each € > 0, there exists a gauge A and a positive constant 7 such that

lo(£.P) —wl < 3,

for any (A, n, B)-Henstock partition P. Thus, if P and Q are two (A, n, B)-
Henstock partitions, we have

lo(f;P) —o(f, QI < llo(f,P) —wll +[lo(f, Q) —wl| <e.

Now assume that the above Cauchy condition holds true and take e = 1/n,
forn =1,2,.... There exists a gauge A,, and a positive constant 7,, such that

1
lo(f.P) = o(£. Q) < 1.

for any couple P, Q of (A, n,,, B)-Henstock partitions. We can assume A, (w) C
A, _1(w), for each w € Q and 0, < 7,—1. Let P, be a (A, n,, B)-Henstock
partition. Note that P,, is also a (A,,n,, B)-Henstock partition, if m > n.
Then

lo(f.Pn) —a(f. Pm)| < %, if m > n.

Hence {o(f, Pn)} is a Cauchy sequence in X. Let w = lim,, o(f, P,,). We claim
that w is the Bgy-integral of f on . Indeed, for each £ > 0 there exists n
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such that 1/n < e. Define A = A, and n = n,. Let P be a (A, n, B)-Henstock
partition. Since, for each m > n, P, is also a (A, n, B)-Henstock partition,
we have

lo(f,P) = o (£, Pw)] < % .

Thus .
o/, P) = wll = limllo(f. P) = o(f, Pu)]| < - <=

This completes the proof. O
In our further investigations we will need one more definition:

Definition 3. Given a gauge A, we say that Q is Ag-saturated by B if for
each finite A-fine family {(By,w1), ..., (Bn,wn)} with all w; € B; € B and for
each 1 > 0 there exists a (A,n,B)-Henstock partition of (J;—, Bi)°. In case
Q is Ag-saturated by B for each gauge A, then we say that B saturates 2 for
Henstock partitions. In a similar way we define A prg-saturation.

At the end of the paper we give two sufficient conditions on B such that B
saturates 2.

Theorem 5. Assume that B saturates 2 for Henstock partitions. If f is By-
integrable on ), then it is By -integrable on E, for each measurable set E C €.
A similar result holds true for Bysg-integral.

ProOF. By Proposition 2, it is enough to prove that for each ¢ > 0 there
exists a gauge A and a positive constant 77 such that

lo(fxe,P)—o(fxe, Q) <e, (11)

for any couple P, Q of (Z, 7, B)-Henstock partitions.

We fix ¢ > 0,A and 7 such that condition (10) holds for any couple P, Q
of (A, n, B)-Henstock partitions. Let F' be a closed set and G be an open set
such that

FCECG and w(G\F) <n/4.
Define the gauge A by setting
Aw)NG if wekF
Alw)=] AW)N(G\F) if weG\F

A(w)N Fe if weG.
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Given two (A, /8, B)-Henstock partitions P and Q, we denote by Py and Qp
the subpartitions tagged in F. N
It follows directly from the definition of A that

co(Pg)NF =co(P)NF

and
co(Qp)NF =co(Q)NF.
Thus
[co(Pr)A co(Qr)]|NEF = [co(P)A co(Q)]NF
and

co(Pe)A co(Qr) = [co(Pr)A co(Qr)| N F U[co(Pr)A co(Qr)|N(G\ F) .

Consequently
pleo(Pe)A co(Qp)] <n/d+n/4=n/2.

Since B is A g-saturated, there exists a A-fine B-Henstock partition O in
O\ [co(Pg) U co(Qg)] such that u(Q\ [co(Pg) U co(QE) U co(O)]) < /2.
Then

OUPE and OU Qg

are two (A, n, B)-Henstock partitions. Thus, by (10), we get (11) with 7 =
n/8. O

Theorem 6. Assume that B is well founded and saturates € for Henstock
partitions. If f : Q — R is By-integrable, then it is u-measurable. A similar
result holds true for Bp;g-integral.

PROOF. Suppose that f is not y-measurable. Then there are reals @ <  and
V € ¥ of positive measure, such that

where
A={weV: f(w) <a} and B={weV: f(w)>g}.

According to Theorem 5, the function fyxy is By-integrable. Now put

e=1u(V)(B—a)andlet A: Q — T and 0 < < %M(V)Iffﬁ be such
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that (2) is satisfied by fxv. Let F; CV and Fy C V¢ be closed sets such that
w[(F1 U F3)¢] < n/2. Then define a new gauge by setting

A(w) N FS it wely
Aw)={ AW N(FLUFR) if wug FLUF,
A(W)ﬂFf if WEFQ.

The condition (2) is clearly satisfied also for A and 1.

By the assumption B is well founded for Henstock partitions and so there
exists a (A,n, B)-Henstock partition P = {(P;,p;) : i < p} of Q tagged in
AUV and a (A, n, B)-Henstock partition @ = {(Q;,¢;) : j < ¢} of Q tagged
in BU V¢, Suppose, that

Pa={(Pi,pi) i <po <p} ={(Ps,ps) : s € A}

and
28 ={(Qj,9):7 <0 <q¢} ={(Qr.q¢) : ¢» € B}.
It follows, that

(Bxr) /V Fdi= Y Fpon(P)| < e
and .

Bn) [ fdu=" Flau@)| <e.
Hence

Ba) [ fdn<ouPa)+e  and (B | Fdi> 5u(Qp) ¢

and so
Bu(Qp) — & < ap(Pa) +<.
Let
a=pV)=mPs) and  b=puV)—-u(Ls).

It follows from the properties of the sets I, and F5, that

(V) = w(Pa) = uw(V \ F1) + p(F1) — p(Pa N Fy) — p[Pan (FL U F2)] < o1

N w

because (V' \ F1)UP4 N (Fy U F)¢ C (FLUFy)° and P is a (A, n, B)-Henstock
partition.
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In a similar way, we get the inequality

p(Pa) = (V) = [(Pa\ Fy) — iV \ FL)] 4 [0(Pa 0 FY) = p(F1)] < o

By analogy
3
(V) = n(@a)l < 5

Then we have

Su(V)(B ~ a) =22 > G(Qp) — ap(Pa)
= (5~ a)p(V) ~ b3 + aa
> (5 a)p(V) ~ [bl18] ~ lalll
> (5= a)u(V) — Su(lal + 14)
> 23— (V).
which is impossible. O

Remark 3. In the case of an arbitrary Banach space valued function f: Q —
X the B-integrability of f may be insufficient for measurability of || f||. To see
it consider a function f : [0,1] — I3[0, 1] defined by

e; if teV

ft) =
0 if t¢V,

where V' is the Vitali set and {e; : ¢ € [0,1]} is the ordinary orthonormal basis
of I3[0,1]. f is McShane integrable, but || f(¢)|| = xv(t) is non-measurable.

Corollary 1. Assume that B is well founded and saturates Q) for Henstock
partitions. If f :[0,1] — R is By (resp. Bus) -integrable, then |f| is By
(resp. Bus) -integrable.

PRrROOF. By Theorem 6 the set £ = {x : f(x) > 0} is measurable. Then
the functions fxg and fxpe are B-integrable, by Theorem 5. Hence |f| is
B-integrable, since |f| = fxg — fXxge- O

Theorem 7. Assume that B is well founded and saturates Q for Henstock
partitions. Then f: Q — R is By (resp. Bys) -integrable on Q if and only
if it is Lebesgue integrable. Moreover, the integrals coincide.
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PROOF. Suppose f is Lebesgue integrable. Then it is Fremlin integrable [2]
and so it is also B-integrable and the integrals coincide.

Now suppose that f is B-integrable. Let £ = {w : f(w) > 0}. According
to Theorem 6, E is measurable. Then by Theorem 5, fxpg is B-integrable.
Now, if g : E — [0,00) is a Lebesgue integrable function, such that ¢ < fxg,
then

@ [ gdu=8) [ gdu<®) [ fan <soc.

It follows, that (L) [ g [ du exists. In a similar way we get the existence of
(L) fQ\Efdu. Consequently, f is Lebesgue integrable, and so, (L) [ fdu =

(B) | f dp. O

Theorem 8. Assume that B is well founded and saturates Q for Henstock
partitions. If f : Q — X is By (resp. Bus) -integrable, then it is Pettis
integrable.

PRrROOF. Given a measurable set E C €2, f is B-integrable on E, by Theorem
5. Let wg = (B) [, fdp and let 2* € X*.
By the B-integrability of f on E, for each € > 0 there exist A and 7 such that

||U(fXE7P) - wEH <g,

for any (A,n, B)-partition P. Then

lo(z*(fxE), P) — 2" (wg)|
< lz*ll lo(fxe, P) —well < e llz”||.

This implies that x* f is B-integrable on E and (B) [, «*fdp = x*(wg). By
Theorem 7, it is Lebesgue integrable on E with (L) [, «*fdp = z*(wg).
Therefore f is Pettis integrable. O

In fact the following more general result holds true: If f : Q — X is By
(resp. Barg)-integrable, Y is a Banach space and T : X — Y is a bounded
linear operator, then Tf : Q — Y is By(Bumg)-integrable T[(Bu) [ f] =
(Bu) [Tf  (resp. T[(Bus) [ f1= (Bus) [Tf).

Since each strongly measurable and Pettis integrable function is Fremlin
integrable [2] we get the following:

Theorem 9. Assume that B is well founded and saturates Q for Henstock
partitions. Let f : Q — X be a strongly measurable function. Then f is By
(resp. Bars) -integrable iff f is Pettis integrable.
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5. Existence of (A,n, B)-Partitions.
Let us denote by 75 the family of all open sets G such that u(0G) = 0. Then
we have the following

Proposition 3. Let B C X be a fine family such that T is BY-inner reqular
and T is such that given U € T and w € U, there exists V € Ty such that
w €V CU. Then BY is well founded for Henstock partitions. Moreover, for
each gauge A : Q — Ty the family BY saturates Q for Henstock partitions.

PROOF. Let 7 > 0 and a gauge A : Q — 7 be given. Then Q C |J, o A(w).
By the hypothesis, we may assume p(9A(w)) = 0, for each w € Q.
Proceeding as in the proof of Lemma 1 we find a finite collection w1, ...,w, €

W such that

(i) @i ¢ Aw;), for j <i;

(i) n(2\UL, A@)) <n/2.
Since B“ separates points off closed sets, there exists By € BY such that
@1 € By C A@@y) and N(A(@) \ Bl)) <n/2n.
Similarly there exists By € BY such that wy € By C (A(w1))°A(ws)
and u([(A(@ﬂ) ﬁA(Eg)] \Bz)> < n/2n. At the step j, 1 < j < n
there exists B; € B such that W; € B; C (U A(ws))cﬂA(wj) and

w([(Uas A(ws)>c NAG)|\ By)) < n/2n. Then

H(Q \j@l Bj)

s<j

n

@) +u(U A(w»\CJBj)

1 j=1

Q

( J
(

—
>

IN
=

n

A@)) + Y r([(UsE)) na@)]\By)

j=1 j=1 s<j

Q

C s

IN
=

<y Ty =

N3
N3

and {(Bj,w;) : j <n} is a (A,n, B”)-Henstock partition tagged in W.
To see whether BY saturates Q0 for each gauge A : Q — 75 notice that if
{(B1,w1), - -, (Bpn,wn)} is a A-fine family with A: Q — Ty and all w; € B; €
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BY, then (Ui, B:)¢ 2 @\ U\, A(w;) and the last set is open. Hence we can

apply the first part of the proof to the set Q\ |, A(@;). O
We also have:

Proposition 4. Let B C ¥ be a family such that B separates points off closed
sets. We assume moreover that u(B\ B) = 0 for each B € B. Then B is
well founded for Henstock partitions. Moreover, B saturates Q for Henstock
partitions.

PROOF. Let n > 0 and a gauge A :  — 7T be given. Proceeding as in the
proof of Lemma 1 we find a finite collection {wy,...,@,} C W such that

(i) p(A(@;)) >0 foreach i<m;

(i) w; ¢ A(w;) for all j <i<mn;

(i) @ = p(Q\ UL A@)) <.

By the outer regularity of p and because 7 is Hausdorff, there exist pairwise
disjoint open sets V;,¢ < n, such that

—a
P

wieViCA@i) and (Vi) < —-

foreach i<mn.

Then, by the inner regularity of u and because 7 is Hausdorff, we can find for
each i < n a closed set F; C V; with @w; € F;. Now, since B separates points
off closed sets, there exists By € B such that

w1 € B CA®@)\ U F;
i#1

and

B n—a
u[A(wl) \Bi\ Fj} <=
J#1
Notice that
Bin | J{F} =0.
i#1
Assume now that we have already chosen pairwise disjoint sets By,...,B; € B
such that for each j <14

@ eB; CA@)\|JB\UR

I<j I#j
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and

ula@)\UBNUA] <2
1<) I#j

Then, since B separates points off closed sets, there exists B; 11 € B such that

Wit1 € B CA@)\ |J B\ U B
I<i4l  lEitL

—a
2n

and

pla@s\ U B\ U Al <0

1<it+1 I#£i+1 n
It follows that

i=1 i=1 i=1 i=1 i=1 i=1
<ZH{A(51')\ PJ\UFJ}+7<7I_G'
i=1 j<i i

Thus,

The family {(B;,w;) : i <n} is the required (A, n, B)-Henstock partition. O
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