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Lifting and some of its Applications
to the Theory of Pettis Integral

KAZIMIERZ MUSIAL *)

SUMMARY. - Basic facts concerning general liftings and liftings in
products of finite measure spaces are presented. Then a few re-
sults on the Pettis integrability of Banach space valued functions
and their liftings are proved.

Introduction

During these few lectures I am going to present some of the basic
properties of lifting and some of its applications to the theory of
Pettis integration. Most of the lifting theory holds true for a large
family of unbounded measures, but I will consider only finite mea-
sures, since in the theory of Pettis integral I assume the finitness of
the measure spaces. Most of basic theory of lifting is standard and
taken from [4], [3] and [11]. The notion of an admissible density, ad-
missibly generated lifting as well as the results of section 4 are new.
More general results will be published in [5]. The theory of stable
sets is based on [8]. The completeness considerations in sections 7
are new.

1. Preliminaries

Throughout all considered measure spaces are assumed to be prob-
ability spaces. Given measure space (2,3, ) a set N € ¥ with
u(N) = 0 is called a p-null set and for A, B € 3 we write A = B
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ifft AAB, the symmetric difference of A and B, is a py-null set. The
family of all p-null sets is denoted by ¥y and the family of all sets
of positive y—measure is denoted by ij. w* is the outer measure
generated by p. The Carathéodory completion of (€2, X, u) will be
denoted by (9, 3,/i). M(u) denotes the family of all real-valued
p-measurable functions on (2, X, ). The space of all bounded func-
tions from M(u) is denoted by Loo(p). It is endowed with the sup
norm. Neither in M (1) nor in Lo (1) equivalent functions are identi-
fied. The space of equivalence classes in Lo () is denoted by Lo (1)
and the space of equivalence classes of u-integrable functions is de-
noted by Li(p). The o-algebra generated by a family £ of sets is
denoted by o(£). N and R stand for the natural numbers and the
real numbers respectively. If M C Q, then M€ := Q\ M. If I is
a nonempty set and (€;, 3, 4;)icr is a family of probability spaces
then, for each ) # J C I we denote by (7,37, ) the product
measure space ®;ecs(;, X, 1;) and by (Q, iJ, Jiy) its measure com-
pletion. If (€2, X, i) is a probability space and I is a non-empty set,
we write s/ for the product measure on Q' and %/ for its domain.

If (1,21, 041), -+ (R, Xy i) s a collection of measure spaces,
then ®7 (€, %;, u;) is the direct product of the measure spaces
and ®7 (4,3, pi) is the completion of that product space. In the
case of idendical measure spaces we will be using also the notations
®™(, %, u) and ®(Q, 3, 1) or py, and fi, . For any () # J C I the
canonical projection of {27 onto €2 ; is denoted by p; and the o-algebra
p}l(EEJ) C ¥y is denoted by ¥%. X is an arbitrary Banach space
and B is the set of all z** € X** which are weak*-cluster points of
countable subsets of By, the closed unit ball of X.

2. Densities

DEFINITION 2.1. A mapping T : ¥ — X is called a lower density or
density on X if the following properties hold true for all A, B € 3.:

(Da) T(A) = A;
(Db) A=B = 1(A) =71(B);

(Dc) T(ANB) =1(A)NT7(B);
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(Dd) 7(0) =0 and 7(Q)=Q.

ExAMPLE 2.2. Let u be Lebesgue measure on R", where n > 1. If
3} is the family of Lebesgue measurable sets we put for any F € 3

_ n o WMENB(,6)
T(E).—{LEER '&%W_l}’

where B(z, d) is the closed ball with radius ¢ and centre x .

LEMMA 2.3. (see [3]) Let E D Xy be a sub—o—algebra of ¥ and let
70 be a lower density on E. If V € ¥\ E, then there exists a lower
density T on o(EU{V'}) such that 7|2 = 19 .

Proof. Let

M, = essinf{Fe=Z:V CF} and
M; = essinf{Fe=:V°CF}.

If Q € o(EU{V}), then there exist A, B € Z such that Q@ = (AN
V)u(BnNVe). We set

F(ANVIUBAVY)]: =
[V N 7o(AN M) U (BN M) UVEN 1[(BN M) U (AN M.

A direct calculation proves, that 7 satisfies the required condi-
tions. We shall verify only the uniqueness. So assume that

AANVUBINVE=A4NVUB NV,
with Ay, Ag, By, By € 2. Obviously, we have
ANV =4,NV and BNV =B,NV®

and so
AiNAy CcVE and B{AB; CV.

It follows that

(A1AA2) N M, C M, \ V  and (BlABQ) N Mlc = (.
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Since (u \ E)« (M1 \ V) = 0 we have
pl(Ay N M) A(As N M) =0 and By N M{ = ByN M.

By simmetry, applying the equality (u\Z).(Ms2\V¢) = 0 we get also
p[(Br N Mo)A(Ba N My)] =0 and Ay NM§ = Ay N Ms.

Since 7y is a density we get for the both representations the same
value of 7. O

LEMMA 2.4. Let (2,)5%, be an increasing sequence of sub—o—alge-
bras of £ and let (1,)°2, be a sequence of densities (i.e. T, is a lower
density on Ey,). If Tn41|2, = T, for every n € N, then there exists a
lower density 7 on 2 := o (U2, En) such that T|E, = 1, for every
n €N.

Proof. For each E € = we set

T(E):= ﬂ U
k=1n=1

We shall verify whether the conditions (Da), (Db), (Dc) and (Dd)
are fullfilled.

(Db) and (Dd) follow directly from the definition of 7.

(Dc) Notice first that if A C B, then 7(A) C 7(B) . Indeed, we
have then F=z, (xa) < E=,, (xB) |Em —a.e., what yields the required
result. Consequently, if A, B € Z are arbitrary, then 7(A N B) C
7(A) N 7(B). To prove the reverse inclusion, notice that

DL

m({w €Q: Bz, (xp)(w) 21— ng}) '

m

n

XANB = XA+ XB — XAuB 2 XA+ xB — 1
and so
E=, (xanB) > E=,,(xa) + E=,,(xB) — 1 p|Em — a.e.
Consequently, for u|=,,—almost all w € Q the inequalities

Bz (xa)w>1-1/2""1 and Ez, (xp)w>1-—1/2F1



LIFTING AND SOME OF ITS APPLICATIONS etc. 111

yield
E=, (xanB)w >1—1/2F,
Thus,
{Ez,, (xa) 21 -1/2""} N {B=, (xp) > 1 - 1/2"}
C plz{ Bz, (xanB) > 1—-1/2%}
and so

Tm{EEm(XA) > 1/2k+1} me{EEm(XB) >1- 1/2k+1}

C 7 { Bz, (xanp) > 1-1/2¢ .
Now, if w € 7(A)N7(B), then for each k € N there exist nq,ng9 such

that
W € M=, Tm<{EEm (xa) >1— 1/2k+1})and
we N, Tm<{EEm (xp)>1- 1/2’f+1}) ,

what means that
oo
we (N mm({E=Gann) > 1-1/2}).
m>max(ni,n2)
As k € N was arbitrary, we get the required inclusion.

(Da) If E € = is arbitrary, then

E=, (xg) = XE W2 -— ae.,

so if we set
o0 o0 o0

vie = (VU N {F=nxm) 2 1-1/2"}

k=1n=1m=n

= Aw:liminf Bz, (xg)(w) > 1}

then EAVE € Zj. Since
T(E)AVE C
1 -
—} € =0

we get FF = 7(E). The last assertion of the Lemma is clear. O
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THEOREM 2.5. For an arbitrary (2,3, i) there exists a lower density
T on 2.

Proof. Let D be the smallest cardinal with the property that there
exists a collection M C ¥ such that o(M) is dense in ¥ in the
pseudometric generated by p. Let M = (My)a<x be numbered by
ordinals less than x, where « is the first ordinal of the cardinality D.
Denote by 79 the o - algebra o(3g) and for each 1 < o < k denote
by 7, the o - algebra generated by the family {M, : v < a} U nq.
We assume that M, ¢ n, for each a. It is clear that without loss of
generality, we may do so.

We shall be constructing the final density inductively. 79 will be
the only existing density on (€2, g, |n0), i.e.

_ @, if Be X;
70(B) = {Q if B¢ Y.

Assume that for each @ < v < k a density 7, on 7, is already
constructed. We assume, that o < < 7 yields 75|nq = 7. We
have to separate three cases.

A) v < k is a limit ordinal of uncountable cofinality. Then
My = Ua<r N and we define 7, € 9(u|n,) by setting

Ty(B) :=14(B) if Be€n, and a<ry.

B) There exists an increasing sequence (7, ) of ordinals that is cofinal
to v < k.

For simplicity put 7, : = 7,7 and 7, :=1n,; for all n € N. Then
Ny = 0(UneNmy) and we can define 7, by setting

»B) = U ) m{EBy.(xs) >1-1/2"}) for Ben,.

keNneNm>n

It follows from Lemma 2.4 that 7, is a density on 7, and 7|9, = 7,
for each n € N .

C) If y = f + 1 then, 7, is constructed with the help of Lemma
2.3.

Finally, we define 7 just by setting 7 = 7 . O
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DEFINITION 2.6. Fach density constructed in the way described in
the proof of Theorem 2.5 will be called an admissible density. The

family of all admissible densities on (2,2, 1) will be denoted by
Ad(p) -

3. Liftings of functions and sets

DEFINITION 3.1. A mapping p : Loo(pt) = Loo(t) is called a lifting
on Loo(p) if it possessess the following properties:

(L1) p(f) = f for every f € Loo(p) ;

(L2) p is linear and multiplicative;

(13) p(1) =1;

(L4) if | =g, then p(f) = p(g)-

PROPOSITION 3.2. If p: Loo(pt) = Loo(p) is a lifting, then

L5) If f > 0 p—a.e., then p(f) > 0 everywhere.

If f < gp—a.e., then p(f) < p(g) everywhere.
lp(H)] = p(If]) -

L8) sup(p(f),p(g)) = p(sup(f,g)) and
inf(p(f), p(9)) = p(inf(f,g)).

Proof.

(L5) If f >0 p—ae., then f = (v/F)* and so p(f) = [p(v/])]* > 0.
(L6) Follows directly from (L5) and the linearity of p.

(L7) We have [o(|f)]* = p(|f?) = p(f?) = [p(f)]* = |p(f)[? . Since
p(lf]) > 0 everywhere, we get the required equality |p(f)| =

(I f1)-

(L8) We use the equalities

L6

(L5)
(L6)
(L7)
(L8)
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p can be aso considered as a mapping from Lo (p) into Lo (p).
With this terminology we get

PROPOSITION 3.3. p is an isometry from Lo (p) into Loo(i).

Proof. Since +f < |[f|lc n—a.e., we have by (L6),(L3) and the
linearity of p

£o(f) = p(£f) < p(l[fllcc) = [Iflocp(1) = [ fllcc everywhere.

Hence [|p(f)llzec < 11floc -
To prove the reverse inequality notice, that since p(f) = f we

have || flloc = [[o(f)lloc < ll0(f) | £oc- =

DEFINITION 3.4. A mapping p' : ¥ — X is called a lifting on X (or
— more precisely — on (Q, X, u)) if besides the properties (Da), (Db),
(Dc) and (Dd) the following property holds true for all A,B € X :

(De) p'(A€) = [p'(A)]".
The collection of all liftings on (2, %, i) is denoted by A(p) .

PROPOSITION 3.5. If p' : ¥ — X is a lifting on ¥ then for every
A, B € 3 the following property holds true:

(Df) J(AUB) = p(4)Up(B).
Proof.
p(AUB) = p'[(A°N B%)] = [p'(A° N BY)]*
= [0/(49) N (B = [ (A) N (BYT = 9 (4) U g/ (B).

O

PROPOSITION 3.6. Fach lifting p : Loo(t) = Loo(pt) uniquely deter-
mines a lifting p' : ¥ — X satisfying for each A € X the equality
p(xa) = Xp(a)- And conversely, if p' : ¥ — X is a lifting on
Y, then there is a unique lifting p : Loo(pt) = Loo(p) such that
p(XA) = X (a), for every A€ X.
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Proof. Let p be a lifting on Loo(p). If A € 3, then p(xa) =
pl(x4)?] = [p(xa)]? is a {0,1}—valued measurable function. Conse-
quently, there exists a unique set p’'(A) € ¥ such that p(xa) = Xy () -

Let p' be a lifting on X. If f = Zle aixa; € Loo(p), then we
set p(f) := Zle @iXy(4;)- One can easily check that the defini-
tion of p(f) does not depend on the representation of f. One can
easily see, that on the space of simple functions p satisfies the con-
ditions (L1) — (L4) Moreover, p is on the space of simple functions
uniquely determined. Now, if lim,,_, || f — fn|lsup = 0 and all f, are

simple, then we set p(f) := lim, o p(fn), where the convergence
is pointwise. It is quite clear that the conditions (L1) — (L4) are
fulfilled. O

Starting from this place we will use the same letters for both
kinds of liftings and, we will assume that they are connected in the
way described by Proposition 3.6.

The utility of liftings lies in excelent measurability properties of lifted
sets and functions. When one considers an uncountable collection of
measurable sets F; € X, then often the set J, E; is non-measurable.
It cannot happen so in the case of lifted sets. More precisely, the
following result holds true:

THEOREM 3.7. If {E; : t € T} is an arbitrary family of sets such
that Ey C p(Ey) for each t € T, then U,er By € X and U,eqr By C
p(UteT Et> . More generally, if {f; :t € T} C Loo(p) is a uniformly

bounded family of functions, such that f; < p(f) for every t € T |
then sup,cr fi is a measurable function and sup,;cr fr < p(supser fi) -

Proof. Let {E; : t € T} be a family of sets satisfying for each ¢ €
T the inclusion E; C p(E;). Moreover let = be the collection of
all at most countable subsets of T. Since u is bounded there is a
real number a such that a = sup,ez p(U;eq Bi) - Let By, ,n € N
be such that a = ,u(Un Etn> . Put E :=J,, Et, . Notice now that
for arbitrary ¢ € T the inclusions E; C p(E;) C p(F) hold true.
Consequently,
EC|JE CoB).
teT
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This proves the measurability of the set |J,.; F; and the required
inclusion.

The proof of the function part of the theorem is based on a similar
idea. O
In the sequel we will need yet the following simple fact:

LEMMA 3.8. Let p be a lifting and let f = p(f) be a function. Then,
for each real o the inclusions

{f <o} Cp({f <a}) Cp({f <a}) C{f <a}
hold true. In particular, {f < a} =0 or {f <a} € X}

Proof. Assume first that f = p(f) > 0 and take an arbitrary number
a>0.If A={w: f(w) > a}, then we have also for each w € Q

f(w) = axa(w).
Lifting of this inequality gives us for each omega
fw) > axya)(w) -

This means that p(A4) C A.
If f is arbitrary, then take m such that f > m everywhere. Applying
the first part of the proof, we get for « > m

plf >a}=p{f—m>a-m}C{f—m>a—m}={f>a}.
Now we can prove the first inclusion of the lemma.

{f <a}={f > a}* C[p{f > a}f = p{f < a}.
This completes the proof. ]

We shall present now a method of constructing a lifting on a complete
measure space if a density is given.

THEOREM 3.9. Let (2,3, 1) be a complete measure space and let
T : 2 — X% be a lower density on X. Then there exists a lifting p on
>, such that

T(E) C p(E) C [7(E°)] (1)
for all E € 3. Each such p will be said to be generated by T.



LIFTING AND SOME OF ITS APPLICATIONS etc. 117

Proof. For each w € 2 let
Flw):={EeX:weT(k)}.

An easy calculation shows that F(w) is a filter base. Let U (w) be an
arbitrary ultrafilter in Q containing F(w) and let

p(F):={w: FelU(w)}

for each F' € X.
We are going to prove that p is a lifting on . To do it, notice first,
that

w€eT(E)<= E € F(w) & weEpE)<—= EcU(w). (2)
Now, if F' € ¥ then since U(w) is an ultrafilter, we have
wep(F)e Fellw) e E°¢UW) © wé p(F).

It follows that p(F'*¢) = [p(F)]°.

Since F(w) C U(w) the relations (2) immediately proves that 7(£) C
p(E) for every E € 3. The second inclusion of (1) follows from the
first one and the condition (De).

Since 7 is a lower density on X we have for each F' € ¥ 7(F) = F and
[T(F°)]¢ = (F°)° = F. Together with (1), this proves the condition
(Da) : p(F)=F.

Consider now sets A, B € X such that A = B and let w € Q be an
arbitrary point. Assume that w € p(A). This means that A € U(w).
Hence either ANB € U(w) or A\ B € U(w). But A\ B € £ and so
7(A\ B) = (. Then (1) yields p(A\ B) = 0 and so A\ B ¢ U(w).
Consequently, AN B € U(w) and so B € U(w). Tt follows, that
w € p(B), what proves (Db).

The multiplicativity of p follows directly from the multiplicativity of
ultrafilters:

wep(ANB) < ANB e U(w)
& Acel(w) & BelU(w)
& wep(d) & wep(B)
& wep(A)np(B).
Consequently, p(AN B) = p(A) N p(B). O

A
A
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DEFINITION 3.10. Each lifting constructed on a complete measure
space (Q, X, 1) in the manner described by Theorem 3.9 from an ad-
missible density will be called an admissibly generated lifting. The
collection of all admissibly generated liftings on (Q, %, u) will be de-
noted by AGA(u) .

As a direct consequence of Theorems 2.5 and 3.9 we get the existence
of a lifting on an arbitrary complete measure space.

THEOREM 3.11. On an arbitrary complete (2, %, u) there exists an
admissibly generated lifting.

4. Product densities and liftings

DEFINITION 4.1. For a family ((;, %, p3))ic1 of probability spaces
and a probability space (2,2, 1) such that Q= Qp, XD Xy, p| X7 =
pr we call a lifting © for pu a product-lifting of the liftings p; for
wi (1 € I) and we write ™ € ®;crp; if the equation

(P) T([Aiyy s Ay ]) = [0y (Aiy)s ooy i (Aiy)]-

holds true for all n € N, i1,...,i, € I and all A;, € 3;, (K =
1,...,n) where [A;, ..., A;, | denotes the cylinder set [[;c; B; for By, =
A, (k=1,..,n) and B; = Q;, i € I\ {i1,....i,}. We use a similar
definition for densities instead of liftings.

If (Q,%, n) is complete and p is a lifting on X then, following Ta-
lagrand [10], we say that p is a consistent lifting if for every finite
product & (Q, 2, ) there exists a lifting p, on ®F(Q, X, 1), such that

pr(AL X -+ X Ag) = p(A1) x -+ X p(Ag),

for arbitrary Ay, ..., A € 3. If (Q, X, u) is quite arbitrary probability
space, p is a density and py is a density on ®@*(Q, %, ), then p is
called a consistent density.

The original Talagrand’s proof of the existence of a consistent lifting
on an arbitrary complete probability space goes through linear lift-
ings. T will prove first the existence of a consistent density, and then
— using Theorem 3.9 — the existence of a consistent lifting.
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Following Fremlin [2] we say that ¢ € J(ur) satisfies the condition
(%), if for arbitrary disjoint J, K C I

(*) ¢(EUF) =¢(E)Ug@(F) foreach E€¥j and F € Xj.

THEOREM 4.2. Let (0,T,v) be an arbitrary probability space. If v €
AY(v) then for each (Q,%,u) and each T € 9(u) there exists ¢ €
d(p @ v) such that

w(A x B) =71(A) x v(B) forall Ac X and BeT

and ¢ satisfies (). If (L%, p) = ®ier(, Bi i) and 7 € Qiermi
satisfies the condition (%), then ¢ € T ® v can be chosen to satisfy
(*) in the product ®;er (i, X, i) ® (0, T, v).

Proof. Let there be given a 7 € ¥(u) and v € Ad(v) altogether
with other elements involved into the construction of v € Ad(v).
In particular the family M = (M, )a<x, the c—subalgebras (14 )a<x
and the sequences (y,) cofinal with limit ordinals are fixed.

Using the transfinite induction, we shall be constructing now a trans-
finite sequence (Pq)a<ks With ¢o € H(u @ v | ¥ ® 14) such that:

Ga(A X B)=71(A) X vo(B) forall A€, Ben, (3)

and

Pp | V@ Nq =@ for a<p<k. (4)
Moreover, we assume that if (2,3, u) = ®icr(24, 2, ;) and 7 €
®ic17; satisfies (*), then each ¢, satisfies the condition (x).
For E € ¥ @1 we have (u ® v)(E) = [v(E,)dp(w). Then E :=
{weQ:v(E,)=11ecSand E=Ex 0 (u®v)—ae.. Hence if
we define

¢o(E)=7(E)x© forall E=ExO (u®v)— ae.

we have ¢g € I(u @ v) | X ®ng) and @o(A x B) = 7(A) x vo(B) for
A€ and B € .

Assume now that given v < k, a system (@) satisfying the required
conditions (3) and (4) has been constructed for all a < .



120 K. MUSIAL

We have to distinguish three cases.
A) « is a limit ordinal of uncountable cofinality.
Then

Lo =JEomm) (5)
a<y

Setting
Oy(E) = ¢o(E) if E€X®mna,

we get unambiguously defined densities ¢, € J(u @ v | ¥ ® 1) such
that @y | X ®@ 1o = @q for all @ < 7.

It is a direct consequence of the relation (5) that the condition (3)
is satisfied.

Clearly, ¢, is a product density on the space ®;cr(2,%;, i) ®
(©,1y,v | ny) and satisfies condition ().

B) v is of countable coﬁnality

For simplicity put v, : = v,7, @n 1= @,y and n, : =1,y foralln € N.
Then

Le® Ny = U(UnGNE ® nn)'
Hence, we can define

~

7 (P) 1= Ngen Unen ﬂmzn Sm({Esenn. (xp) > 1 —1/k})
for PeX®n,.

It follows by Lemma 2.4 that ¢, € d(p@v | X ®1n,), and ¢, | Z®
Nn = ¢p for each n € N. Now for A € ¥ and B € 7, we have

(A x B) ﬂ U ﬂ Om({ Esonm (xaxB) > 1 —1/k}).

kENneEN m>n

But for each m,k € N

{E2®nm(XA><B) >1—-1/k} = {E2®nm(XA ®xp) >1—1/k}
= {(Es(xa) ® By, (xB)) >1—1/k}
= {(xa®E,, (xp)) >1—1/k}
= Ax{E,,(xp) >1-1/k},
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where the equalities hold true (u®v|X ®n,)—a.e.. This implies that

p(AxB) = () U ) ¢mlAx (B, (xp) >1—1/k})

keNneNm>n

= N U N @A) xonlEy, (xp) > 1 - 1/k})

keENneNm>n

= W x (U ) omlB (x5) > 1— 1/k})

keENneNm>n
= T(A) X U’Y(B)a

ie. 9y(Ax B)=71(A) xv,(B) for all A € X, B € n,,. Clearly ¢, is
a product density.
To show that ¢, satisfies condition (*), we need the following

Claim 1. For arbitrary J, K C I with JNK =0,A € ¥ ®n,,B €
Y5 x © and m,k € N we have (u®v | ¥ @) —a.e. the condition

{Essn, (xau) > 1 —1/k}
= {E2®nm(XA) >1— l/k} U {E2®nm(XB) >1— l/k}

Proof. Let J,K, A, B,m,k be as in the claim. For A =0 or B = )
the claim is obvious. Suppose that A # () and B # (). Tt is clear that
(p®v|X®mn,)—a.e. we have

{Esgnn, (xau) >1—1/k}
D) {E2®nm(XA) >1— l/k} U {E2®nm(XB) >1— l/k}

To prove the converse relation notice that if B = Bx X Qp g X 0,
then

Essn,, (xB)=xB (pWov|XZ®nm,)— ae..
Consequently, we get (¢ ®@ v | ¥ @ n,)—a.e. that

{Es@nm, (xaup) >1—1/k}
= {Esey, (x4) + xB — Esen, (xa)xs >1—1/k}.  (6)

If (w,0) € B, then

E2®nm (XA)((")’ 0) +XB (wa 0) - E2®nm (XA) (wa H)XB (UJ, 0) = XB (wa 0)7
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hence we get (u @ v | £ ® ) —a.e. that

{Esen, (xa) + xB — Exan,, (xa)xp >1—-1/k} N B =
={xp>1-1/k}NB

C ({Bxen, (xa) > 1-1/k} N B)
U({Bsen, (xs) > 1= 1/k} 0 B). (7)
If (w,0) ¢ B, then

BEson, (xa)(w,0) + xB(w, 0) — Exgy,, (xa)(w, 0)xB(w)
= EE@nm (XA)(CU, 9)7

hence we have (1 ®@ v | ¥ ® n,,)—a.e. that

{Eson,. (xa) + xB — Esen,, (xa)xp >1—-1/k} N B =
= {xp>1-1/k} N B°

C ({E2®nm (xa) >1-1/k} N BC)
U({Bssn, (xs) > 1 - 1/k} 0 B°). (8)
(L®v|XQmny,)—a.e. we have

{Essn, (xau) > 1—1/k}
- {E2®nm(XA) >1— l/k} U {E2®nm(XB) >1— l/k}

This completes the proof of the claim 1. O

To finish the proof of (x) for @, observe that if D = D x Qe with
D; € Xy ®n,y, then

E2®77m (XDJXQJc) = E(EJ@)’I]m)XQJC (XDJ ® XQJC)
= Ex,en,(XD,) ® X0 - (9)

Now let J, K, A, B be as in Claim 1. Assume that

A:AJXQ[\J and B:BKXQ]\KXG),
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where A; € ¥;®1n, and Br € Xk .
Applying the inductive assumption, Claim 1 and (9) we get

Sm({Even, (xaup) > 1 —1/k})

= fu({Bsen, (xa) > 1= 1/k} U {Bsay, (xs) > 1 - 1/k})

= sﬁm({EzJ@nm (xa,) ® xap, > 1—1/k}
U{Bsc (XB1c) ® X © Xo > 1—1/k})

= sﬁm({EzJ@nm (xa,) ® xap, >1-1 /k})
Um ({EEK (XBx) ® Xanx @ Xxo > 1— 1//<7})

= Gm({Bsen, (xa) > 1= 1/k}) Ugm(B).

Then,
¢,(AU B)
= N U N endEsen, (xavs) >1—1/k})

keENneNm>n

- ﬂ U ﬂ [Qm <{E2®nm (xa) >1— 1/k}) U @m(B)}

k€ENneN m>n

= N U N [en({Bsen. (xa) > 1-1/k}) U, (B)]

keNneNm>n
= $y(A) Uy (B),

i.e. ¢, satisfies (x).
C)y=p8+1
To simplify the notations let M := Mpg. It is well known that

S@n, = {(KNQxM)U(LNQxM)):K,LeS®ns}.

Let My O M and My O M¢ be ng—envelopes of M and M* respec-
tively, used in the process of describing of v., € A¥(v|n,) (see Lemma
2.3). An easy calculation shows that

E1:Q><M1 and EQZQXMQ (10)
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are X ® ng—envelopes of 2 x M and €2 x M* respectively.
Define

@WKKH(Q X M)) U (Lm(Q X MC))] -
((QxM)ﬂ@ﬁ((KﬁEl LﬂE1)>
u((Q x M) N ¢ ((LﬂEg) (KmE2)))

for K, L € ¥ ® ng.

By Lemma 2.3 it follows that ¢, € J(p®@v | X ®17,) and ¢, | ¥ ®
s = Pp-

For A € ¥ and B € 0, write B = (GNM)U(HNM?*)) for G, H € npg.
Then we have

AxB = Ax[(GNM)U(HNM)]
= [(AxG)N(QxM)]UAxH)N(Q x M)

together with K := A X G, L := A x H € ¥ ®ng. For simplicity
put Ey : = x M. By definition we have

Py(Ax B) = (EoN@p[(KNE)U(LNET)])
U(EG N @pl(L N Ey) U (K N EY))).

By an application of (10) this can be rewritten as
@y(A x B) = [By N ¢5(A x R)]UES N ¢5((A x 9)]
if
R:=(GNM;)U(HnN M) and S:=(HnNMsy)U(GnN MS).
Since R, S € ng this implies
@y (A x B) = (Bo N [r(A) x vs(R))) U (E§ N [r(4) x v3(S))-
By means of Ey = Q x M the latter formula can be transformed into
Py(AxB)=7(A) xv,(B) forall Ae¥ and Ben,.

Therefore ¢, satisfies the condition (3).
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To show that ¢, satisfies (x), consider J, H C I with JNH = (). For
each

A:(KQEO)U(LHES) EZJ@”’YXQI\J

and
BGZHXG‘)XQ]\H,

where K, L € X; ® ng. Applying the inductive assumption and the
equality B = (B N E0)> U (BN ES) we get
¢y(AUB)
- @7((K0E0) U(LNES)U(BNEy) U (B nEg))
= ¢ [l(KUB) N EJUILUB) N ]
= [Bones(iK uB) N EUI(LUB)NE)]
U EO N @s ([(L UB)N Es] U[(KUB)N EQ])}
= [Bo 0 (@sl(K 0 By U (LN B UGB N E) U (BN ES)] )]

OB 0 (@511 0 ) U (K N ES)] U gsl(B N Ey) U (B ES)]|

)
m@;((KnEl (LN EY) )]

I

U :Eg N s (L N Ey) U (KN EQ))]
OB 9s(B)| U [E 1 95(B)]

= &, (KN Bo) U (LN E)) Us(B)
= $,(4) Up,(B),

i.e. ¢, satisfies (x).

We can define now ¢ € 9(u ® v) possessing the required properties
just by setting ¢ = @,. The densities are properly defined, since
each element of ¥ ® T' is measurable with respect to some ¥ ® 7,
with aa < k. O
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COROLLARY 4.3. Let (2,3, 1) be a probability space. If p € AY(u),
then for each n € N there exists p, € 9(u") such that

pn(AL X -+ x Ay) = p(A1) x -+ X p(4p)

for arbitrary Aq,...,Ap € X and pp1(A X Q) = pp(A) X Q for each
A € ®"%. In particular each admissible density is consistent.

THEOREM 4.4. Let (Q,%,u) and (©,T,v) be complete probability
spaces and let T € 9(u),v € I(v) and ¢ € I(p®v), be densities such
that the condition ¢ € T @ v holds true and ¢ satisfies condition (x).
Then, for each p € A(u) and each o € A(v) generated by T and v
respectively, there exists m € A(u®v) such that

(P) (A X B)=p(A) x o(B) forallA€X and BeT;

o(E) C n(E) C [p(E)° forall EEL®T.

Proof. For each w € ) and each 6 € © let
Flw):={AeX:weT(A)} and F):={BeT:0cv(B)}

be the filterbases generated by 7 and v respectively.
Then let

Uw):={AeX:wep(Ad)} and UB):={BeT:0co(B)}.
be the ultrafilters generated by p and o, respectively so that
Flw) CUwW)CE and F(O) CUB) CT.
For each (w,0) € Q x O define the filterbasis by
Fw,0):={Le€X®T: (w,0) € pE)}

Claim 1.  For each (w,0) € A x0©, A € U(w), B € U(P), and
E € F(w,0), we have

EN(Ax B)#10.
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Proof. Let (w,0), E and A, B be as in Claim 1. Assume that
EN(Ax B)=0.
Then we get by using ()

Y(E) C ¢(A°xOUQx B

= p(A°x O)Up(Q2 x BY)
(v(A%) x ©) U (2 x 7(B°))
(p(A%) x ©) U (2 x (B))

= [p(4) x a(B)],

(
(

X ©
X ©

ie. o(E)N[p(A) x o(B)] = 0, which contradicts to the assumption
(w,0) € p(E)N[p(A) x o(B)] of claim 1. O
By the above claim there exists an ultrafilter U (w,6) C QT finer
than F(w,6) such that

Ax BeUU(w,0) forall AclU(w) and B eU(h). (11)
For each E € ¥®T put
m(E):={(w,0) €A xO0: Ecl(w,b)}.

By Theorem 3.9 7 € A(u®v).
Claim 2. For each A € X and B € T, we have

p(A) x o(B) = 7(A x B).

Proof. For A € ¥ and B € T we get from (11) that

(w,0) € p(A) x o(B) w € p(A)&b € o(B)
A€ UwW)&B € U(0)
AxBel(w,b)

(w,8) € 7(A x B),

[

1.e.

p(A) x o(B) C w(A x B).
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It remains to show that
(A x B) C p(A) x o(B).

Applying the first part of the proof we get for each A € Y and Be€ T
that

(p(4) x a(B))*

[p(AC) x @} U [Q x U(BC)]

C (A x ©) Un(Q x BY)

— [r(A x B).

O

This completes the proof of the claim and hence of the whole theo-
rem. U
As a consequence of the Theoreme 4.2 and 4.4 we get Talagrand’s
result on the existence of consistent liftings:

THEOREM 4.5. Let (2,%, u) be complete. If p € AGA(u), then for
each n € N there exists p, € A(ii"), such that

pn(Ar X - x Ap) = p(A1) X -+ x p(Ap)

for all Ay,..., Ay € 3 and ppi1(A X Q) = pp(A) x Q for each A €
®"Q. In particular each admissibly generated lifting is consistent.

5. Stable sets

Throughout this section (2,3, ) is a complete probability space,
7, is the topology of pointwise convergence in M(u) and 7, is the
topology of convergence si measure.

LEMMA 5.1. If f : Q — R s non-measurable, then there exist num-
bers a < 8 and a set A € Z;’; such that

WANLS <a}) = u"(AN{f > BY) = u(4).
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DEFINITION 5.2. Let Z C M(u) be 7p—bounded. A set A € B} for
which there exist numbers a < B such that

vh,Le N[ U (7 < o} x {f > 1) 0 a41)] = p(a)+!

fez

1s called a critical set for Z. Z is said to be y — stable if there is no
critical set for Z, i.e. if for all A € Z;‘ and all o < B there exist
k,l € N such that

pit| U ((F < o}t x {f > g1 n a1 | < p(ayt!

fez

The existence of a non-measurable 7,—cluster point of Z yields the
existence of a critical set (see [8] or [7]). It follows that stable sets
Z C M(p) are pointwise relatively compact in M(p). It is an easy
— but important — consequence of the definition that 7,—closure of a
stable set Z C M(p) is again stable.

Another important property is presented by the following

LEMMA 5.3. Let p be a consistent lifting and let Z C Loo(p) be a
family of p—invariant functions. If each countable subset of Z is
stable, then Z itself is also stable.

Proof. Assume that Z is non-stable. Then there exist @ < § and a
critical set A € ZZ . Without loss of generality, we may assume that
p(A) = A. Thus, we have for each k,l € N

pia(UAF <ol x{F > B0 a0 = . (12)

fez

According to Lemma 3.8 we have

{f <aj Sp({f <a}) and {f>p}Cp{f>P})

for each f € Z. Moreover, the consistency of p implies the relation

prai(1f < o}t x {f > gy n k) =

({F < aD)lF x [p({f > BYI N [p(A)]+
2{f<oz}k x{f>5}lmAk+z‘
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Consequently, it follows from Theorem 3.7 that the set |J fe Af <
atf x {f > B} is measurable and (12) may be replaced by

e (UAS < ol {7 > By 0 aR) = (. (1)

fez

Exactly as in the proof of Theorem 3.7 one can find such countable
set Z' C Z that

pit( U 4 <ol x {f > B) 0 aF1) = [u(a)te!

fez’

This proves the non-stability of Z’ and completes the proof. ]

The next result follows directly from Lemma 5.3.

PROPOSITION 5.4. If Z C Loo(u) is stable and p € A(p) is consis-
tent, then p(Z2) is also stable.

LEMMA 5.5. Let A be a subset of 2. If [ is a weak cluster point in
Lo(p) of a family {xa: A€ A} and if B :={f > 0}, then

VieN M;‘( L 4'n Bl) = [u(B)]'.
AceA

Proof. Assume first that [ = 1 and take an arbitrary C' C B of
positive measure. Since [, fdu > 0 and [ fdp belongs to the
closure of { [5x4 - xcdp : A € A}, we have u(ANC) > 0 for some
A. In particular, the set |, 4(A N B) intersects every C' C B of
positive measure.

In the case of an arbitrary [ € N notice, that the collection of all
functions of the form H§:1 hi(wi) ,wiy...,w € Q, with g1,...,9; €
Ly(p) is total in Lo(yy) . Hence the function hy : Q' — R defined by

l

flwrs o w) o= f(wi)

i=1

is a weak cluster point in Lo(u) of the set {x : A € A}. Since
{fi > 0} = B!, the result follows from the first part of the proof. [
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THEOREM 5.6. [8] If Z C M(u) is p—stable, then the identity map
(Z,1) = (Z,7m) is continuous. In particular Z is relatively com-
pact in the topology of convergence in measure.

Proof. Suppose that there exists a net (fs)scs C Z converging point-
wise to some g € M(u) but not convergent in measure to g. Without
loss of generality, we may assume that for some ¢ > 0

/|fs—g|/\1dp25 forallse S.
Q

Passing to a subnet, we may assume that either

/(fs—g)+A1dM2(5/2 or /(fs—g)_/\ld,u25/2
Q Q

for all s € S. We assume that the first inequality takes place. With-
out loss of generality, we may now assume that the net [(fs —g)T A
1]ses converges weakly in Lo(p) to a function h € Lo(p). Then
clearly

/hdu25/2>0.
Q

Let us fix now a > 0 so that u{h > 3a} > 0 and the choose A € X}
and ¢ € R such that

AC{h>3a} and AC{c—a<g<c}. (14)

We are going to prove now that A is a critical set for Z. To do it ,
notice first that if B C A of positive measure is arbitrary, then since
[ hdp > 3ap(B), there exists so € S such that

/ (fs—g)t Aldu > 3au(B) for all s > sq.
B
Then we have

sau(B) < [ (fo=)" A Ldu

(fs—9)+/\1dﬂ+/ (fs —9)" Aldp

/{fs>g+2a}ﬂB {fs<g+2a}nB

pl{fs > g +2a} N Bl + 2au(B).

IN
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Consequently,

pl{fs >g+2a} NB]>au(B) foralls>sg. (15)

Since ¢ — a < g on B, we have for all s > s

/B X{fs>c+a} A = p[{fs > ct+a}nB] > p[{fs > g+2a}NB] > ap(B).

Since B was an arbitrary subset of A it follows from the above in-
equality that every weak cluster point of (X{ fschra}) in Lo(p) is

o SES
a.e. positive on A.

We are ready to prove that A is a critical set for Z. Fix t1,...,t; €
Ak and set

Z:={feZ:f(t)<cfori=1,...,k}.
Since by (14) we have g(t;) < ¢ for i = 1,...,k, the set Z is a
neighbourhood of g in the topology of pointwise convergence. Con-

sequently, fs € Z for sufficiently large s € S. It follows now from
Lemma 5.5 and from (15) that

pi (U th 2 et a) nA') = [ua))”. (16)

fez

Hence,

pia(JHS el < {f 2 e+ al)n ab*) = [u(a+. - an)
fez

Indeed, if @ := Uz [{f < e} x{f > c+a}]nA** | then for each
ti,...,t; € AF we have puj(Qy,,.1,) = [1(A4)]', where

Qtla---:tk— = {(81,... ,Sl) € Al : (tl,... s thy STy .- - ,Sl) S Q}

This proves (17) and the whole theorem. O
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6. Integration of lifted functions

A function f : Q — X is Pettis integrable with respect to p if it is
weakly measurable and for each E € X there exists vf(E) € X such
that for each functional z* € X* we have 2*vy(E) = [ z*fdu .
Identifying weakly equivalent Pettis integrable functions we get a
linear space which we denote by P(u, X). It is well known that the
space can be normalized by setting

Whether function f : 2 — X is Pettis integrable or not depends on
the behaviour of the set

Zp:=A{z"f: [l27] <1}

It is well known (cf [6]) that if f € P(u,X), then Z; is weakly
compact in Li(p) and 7p—compact. These two conditions however
do not guarantee the integrability of f. It turns out that the stability
of Z; is sufficient.

DEFINITION 6.1. [8] A function f : Q — X is said to be properly
measurable if the set Z; is stable.

THEOREM 6.2. [8] Let f : Q — X be a scalarly bounded function. If
f 1is properly measurable, then f is Pettis integrable and the range of
its integral is a norm relatively compact subset of X.

Proof. We have to prove only that the map z* — z* f from the unit
ball of X* into Ly (u) is weak*—norm continuous. Let (z%f)scs be a
net that is pointwise convergent to zf and ||z|| < 1forall s € S.
According to Theorem 5.6 the net (2} f)scg is convergent to z§f in
p—measure. Because of the boundedness of the net in Lo (i) the
Lebesque dominated convergence theorem may be applied, yielding
the convergence in the norm of Lj(u). O

If f:Q — X*is a weak*-measurable and weak*-bounded function,
and p 1 Loo(p) = Loo(p) is a lifting, then po(f) : @ — X* is the
unique function satisfying for each z € X the equality

(z,p0(f)) = p((z, )
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(see [4]). Similarly, if f : Q@ — X** is a weak*-measurable and
weak*-bounded function (or f : Q@ — X* is a weakly-measurable
and weakly-bounded) then po(f) : © — X*** is the unique function
satisfying for each z** € X** the equality

(@™, p2(f)) = p({z™, f)) - (18)

If f: Q@ — X is weakly measurable and weakly bounded, then p;(f) :
Q — X™** is uniquely determined by

(=%, p1(f)) = p((=", £)) - (19)

It is a consequence of Theorem 3.7 that

o (NI : = sup{lp((z, )] = [l=] <13,
o1 (N == sup{|p((=*, F))] + l=7]| < 1}

and
lo2(F) = = sup{|p((z™, f)| : [[=™] < 1}

are measurable functions.

It is known (cf [8]) that p1(f) : @ — X and po(f) : @ — X* are
weak*-Borel measurable and the measures &y : = ppo(f) ™" and & : =
pp1(f) ' are Radon measures on the completions E?c and E} of the
o-algebras of weak*-Borel subsets of X* and X** respectively. We
denote by K? and K}c the weak*- closures of po(f)(Q) and p1(f)(£2)
respectively.

There are known examples of scalarly bounded and weakly measur-
able functions, that are not Pettis integrable (cf [8]). It is however
expected that liftings of such functions should be often Pettis inte-
grable. It turns out that in general this is true. The result we are
presenting here refers to Theorem 7-3-7 of Talagrand [8], where the
Pettis integrability of each po(f) taking its values in a convex Pettis
set (see [8] for the definition) was proved and, to Theorem 6-2-1 of
[8], where the Pettis integrability of po(f) was proved under the as-
sumption of the validity of Axiom L and the perfectness of u. The
following theorem is a generalization of Talagrand’s theorem 6-2-1
from [8].

THEOREM 6.3. Let p: Loo(pt) = Loo(pt) be a consistent lifting. Then
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(i) If f: Q — X is weakly measurable, weakly bounded and each
countable subset of Z; is stable, then p1(f) € P(pu, X™™) and is
properly measurable;

(ii) If f : Q — X* is weak*-measurable, weak*-bounded and each
countable subset of the set {(x, f) : ||z| < 1} is stable, then
po(f) € P(u, X*) and is properly measurable;

(iii) If f : Q — X* is weakly measurable, weakly bounded and each
countable subset of the set Zy is stable, then pa(f) € P(p, X ™)
and is properly measurable.

In all the above cases the Pettis integrals have norm relatively com-
pact ranges.

Proof. Since all proofs are based on the same idea, we shall prove
(77). According to Lemma 5.3 the set {(z, po(f)) : ||z|| < 1} is stable
and hence also its pointwise closure, which coincides with Z, ), is
stable. Now the assertion follows from Theorem 6.2. ]

LEMMA 6.4. If f : Q — X* is a scalarly bounded Pettis integrable
function, then

for each ** € B and each E € X.

Proof. Let (z,) be a countable net o(X**, X*) - convergent to a
functional z** € B. We have for each w € Q)

lim(zo, f(w)) = (**, f()) and

lim(za, po(f)(w)) = (2™, po(f)(w)) -

Since (zq, f) = (za,po(f)) p — a.e. and there are only countably
many different functionals z,, we have (z**, f) = (x**, po(f)) p-a.e.
The required equality of the integrals is now a direct consequence of
the Pettis integrability of f. O

THEOREM 6.5. Let f : Q@ — X* be a scalarly bounded Pettis inte-
grable function. If each z** € X** is &y-measurable (in particular
not containing ly by X is sufficient), then po(f) € P(u, X*).
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Proof. In order to prove the Pettis integrability of po(f), we have to
show only — according to Theorem 6.2 from [6] — that for an arbitrary
z € Vf(E)L (=the anihilator of v¢(X)) the equality (z,po(f)) =0
holds true p-a.e.. Suppose that there exists z € Vf(E])L such that
plw € Q: (z,p0(f)(w)) > 0} > 0 and ||z|| < 1. Then, since &
is a Radon measure and §0(qu) = 1, there exist a weak*-compact
set L C {z* € K? : {(z,2*) > 0} and a positive real number a
such that &y(L) > 0, z is continuous on L and (z,z*) > a for
each x* € L. Take now an arbitrary net (z,)aca in Bx that
is o(X™*, X*)-convergent to z. It is known, that there exists a net of
convex combinations of the elements of (z4)aca that is convergent to
z in the Mackey topology 7(X**, X*). In particular the convergence
to z is uniform on v(X). To avoid unnecessary complications, we
assume at once that the initial net (z4)ac is Mackey convergent to
z. Then, for each n € N there exists a;, € A such that

(Za,vp(E)) <1/n forall E€¥X andall o> a,.

Let A, :={a € A:a>a,}. Since for each n € N and each z* € L
the net ((xq,z*))aca, is convergent to (z,z*), we can find for each
collection of points z7,...,z;, € L an index agr .+ € A,, such that

(z,2]) = (Ta,. _.,z;)]<1/n foreach i<mn.
Equivalently,
L" C U {2 : (z,2") — (zq,2")| < 1/n}".
aEA,

Now, as a consequence of the compactness of I and the continuity
of z|L, there exists a finite set B,, C A,, such that the inclusion

" C | {=": [{z.2") = (a,z™)| < 1/n}"
a€EBp

holds true.

It follows that z|L is a pointwise cluster point of the countable set
{@a|L : zo € Uy Bn}. Consequently, there exists zj* € X** that
is a weak*—cluster point of the set {z,: @ € ;2| Bn} and z}*|L =
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z|L. Tt follows from the construction of zj* that z§* € v¢(X)* and
SO

/ (5, po( ) dp >
po(f)~H(L)
> ap(po(f)"HEL)) > 0 = (x5, v (po (/)" H(D))) -

Since, 5" € B and f is Pettis integrable, we get a contradiction with
Lemma 6.4. ]
The next result is a direct consequence of the above theorem.

THEOREM 6.6. Let f :  — X be a scalarly bounded Pettis integrable
function. If each z*** € X*** is & -measurable (in particular not
containing 1y by X* is sufficient), then p1(f) € P(u, X**).

COROLLARY 6.7. If f € P(u, X™) is scalarly bounded, K C X* is
a convex Pettis set and po(f) : Q@ — K, then po(f) € P(u, X*). If
f € P(u, X) is scalarly bounded, K C X** is a convex Pettis set and
p1(f) 29— K, then pi(f) € Plu, X**).

7. Completeness of LLN (1, X)

We shall denote by LLN (i, X) the space of all properly measurable
functions f : €@ — X with the property that the set Z; is order
bounded in Lq () . The space LLN (i, X) will be considered with the
Glivenko-Cantelli seminorm, defined in [9] for an arbitrary function
f:Q — X by setting

*
I fllae = limSUP/ Gn dp™
n

where

@) = sup ~ 3 | (Fwi)) |-

lexll<1 ™ iy
Moreover, let

11 = / 151 de

One can easily see that
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Ifllce < I£IT - (20)

One should recall at this moment that according to [9], the GC-
seminorm and the Pettis seminorm on LLN(u, X) are equivalent.
In particular functions from LLN (u, X) that are weakly equivalent
are not distinguishable by the GC-norm. This permits us to iden-
tify weakly equivalent elements of LLN (u, X) and investigate the
quotient space.

If 1 < r < oo then - identifying weakly equivalent functions - we
denote by LLN,(u, X) the linear space

{f € LLN(, X) = [ fllp, : = S " fllr < o0},
|| <

where ||z* f||, is the L,(px)-norm of z*f. One can easily check that
|| - ||, is a norm for each r € [1, o0].

Dobric in [1] posed a question about completeness of LLNy(u, X).
We are going to prove that it is almost never complete.

THEOREM 7.1. If X is infinite dimensional and p is not purely ato-
mic, then LLNy(u, X) is non-complete.

Proof. If Pe(p,X) :={f € P(p, X) : vf(X) is norm relatively com-
pact } then P.(u, X) endowed with the Pettis norm is non-complete.
Let (fn) be a Cauchy sequence in P.(u, X) that is not convergent in
P.(p, X). Since each set vy, (¥) is norm relatively compact, it follows
from [6](Theorem 9.1) that there exist simple functions hy : @ — X
with || fn, — hn|l1 < 1/n. It is easily seen that the sequence (h,) is
Cauchy in P.(u, X). Since simple functions are properly measur-
able and LLNy(u, X) C P.(u, X) the sequence (hy,) is also Cauchy
in LLNy(u, X). It follows that the sequence (h,) is divergent in
LLN;(p, X). This completes the proof. O

Question. Does there exist 1 < r < co and an infinite dimensional
X such that LLN,(u, X*) is complete 7

THEOREM 7.2. The space LLNyo(pu, X*) is complete.
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o

Proof. Let p be a consistent lifting on Lo (u) and let (f,)02; be a

Cauchy sequence in LLNy(pu, X*). We have then

”fn - mePOo = ! Sll|]|3 ||$**f’n - m**fm”oo
I** Sl
= SulF<1 [z p2(fn) — 2™ p2(fim)lloo
m** <

= sup sup|z™pa(fn)(w) — " pa(fm)(w)]
[lz**[|<1 w

= sgp llp2(frn)(w) — p2(fm) (W) -

o

It follows that the sequence (pg( fn)> ) is uniformly Cauchy in the
n=
norm topology of X***. Let h : @ — X™* be the pointwise limit

of the sequence ( pof fn)>OO v The uniform convergence yields the
equality h = py(h). Moreg;er, since each f,, € LLNy(u, X*) and p
is consistent, the function po(f,) is properly measurable. Clearly it
is also pointwise bounded by the function |[p2(fn)|| € Loo(p). Con-
sequently, po(fn) € LLNso(p, X***). Moreover, the uniform conver-
gence of the sequence (p2(fy)) yields h € LLNy(p, X***).

Since the norm of LLN (p, X*) is stronger than the norm generated
by the variation of integrals, the convergence of (p2(fn)) to h yields
the norm convergence lim,, |[vf, (E) — v (E)|| = 0 for each E € X. It
follows that v}, takes its values in X*.

Let @ be the canonical injection of X into X** and let h = Q*h+h',
where At : Q@ — X' and X is the annihilator of X in X***. Notice
that

{{z,Q"h) « |lz]| < 1} € {{&™, h) : [=™*| < 1}

and the set on the right is stable in virtue of the proper measurability
of h. It follows that the set on the left is also stable, and so Q*h is
properly measurable. Since ||Q*h| < ||h|| € Loo(i) everywhere on
Q, we get Q*h € LLNy (1, X*).

Then h = pa(Q*h) + p2(h*) and all three functions are Pettis in-
tegrable. Moreover, the integrals of h and po(Q*h) are X*-valued
whereas the integral of py(ht) takes its values in X . Since X* N
X+ =0, we have for each E € & [, po(h™") = 0. This yields for each
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¥ € X** the equality (z**,pa(ht)) =0 p—a.e. But we have for
each z** € X**

p{z™*, ) = p((z™. Q")) + p((z**, h))
= p((a**, Q"h) + (&, pa(h))

and so
(2™, p2(h)) = p({z™*, h)) = p({z™*, Q" h)) = (2™, p2(Q" D)) .

Consequently, pa(h) = p2(Q*h).
Thus, we get the following equalities:

0= li%nst:)p [p2(fn)(w) — p2(Q7h) (W)l

= lim sup supla™pa(fa) @) — 2" p2(Q*H) ()

"ole]<1 @

= lim sup [[z*pa(fn) — 2™ p2(Q" D)/
" flar|<1

= lim sup |z%fn — 2" Q"h|x
" fler|<1

= lim ||/ — Qhlp.

This proves the completeness of LLNoo (1, X*). O
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