
l

y

04

istence

g)

ological
s

s
easure
t of the

ugh the
Topology and its Applications 153 (2006) 1164–1191

www.elsevier.com/locate/topo

Category product densities and liftings

M.R. Burkea,1, N.D. Macherasb,2, K. Musiała,2,∗, W. Straussa,2

a Department of Mathematics and Statistics, University of Prince Edward Island,
Charlottetown PE, C1A 4P3 Canada

b Department of Statistics and Insurance Science, University of Piraeus, 185 34 Piraeus, Greece
c Institute of Mathematics, University of Wrocław, Pl. Grunwaldzki 2/4, 50-384 Wrocław, Poland

d Department of Mathematics, University of Stuttgart, Postfach 80 11 40, D-70511 Stuttgart, German

Received 29 September 2004; received in revised form 29 October 2004; accepted 4 December 20

Abstract

In this paper we investigate two main problems. One of them is the question on the ex
of category liftings in the product of two topological spaces. We prove, that ifX × Y is a Baire
space, then, given (strong) category liftingsρ andσ onX andY , respectively, there exists a (stron
category liftingπ on the product space such thatπ is a product ofρ andσ and satisfies the following
section property:[

π(E)
]
x

= σ
([

π(E)
]
x

)
for all E ⊆ X × Y

with Baire property and allx ∈ X. We give also an example, where some of the sections[π(E)]y
must be without Baire property.

Then, we investigate the existence of densities respecting coordinates on products of top
spaces, provided these products are Baire spaces. The densities are defined onσ -algebras of set
with Baire property and select elements modulo theσ -ideal of all meager sets. In all the problem
the situation in the “category case” turns out to be much better, than in case of products of m
spaces. In particular, in every product there exists a canonical strong density being a produc
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Introduction

In [20] the last three authors considered densities and liftings in products of two
ability spaces with good section properties analogous to that for measures and mea
sets in the Fubini theorem. These properties have been then applied to prove the
nence of the measurability of stochastic processes under the modification by lifting
In this paper we study the product situation for theσ -algebraBc(X) of all sets having the
Baire property, selecting a representative element from each equivalence class ofBc(X)

modulo sets of the first category (see Graf [11], Maharam [18] and Oxtoby [22]). Follo
Oxtoby’s [22], p. 74 remark that “the suggestion to look for a category analogue ha
often proved to be a useful guide”, we have attempted to check if this can be interes
case of our investigations.

It has been already mentioned by Graf [11], Maharam [18], and Oxtoby [22] tha
canonical density which selects from each equivalence its regular open represent
a category strong density, while even for a compact Radon measure space a m
theoretic strong density may not exist (cf. Fremlin [9]). A different approach to cate
density in case of the real line was presented by Wilczyński [31], who defined it via densit
points. As the first result for categories we show that the canonical strong density
product that is a Baire space is a product density of the canonical densities on the
(see Proposition 3.1). It has been proven in [17] that for measure spaces such a res
not be true in general (see also Remark 4.7). The formula defining the product-densit
its marginals (see Proposition 3.1 and Proposition 4.1) makes clear the crucial poin
difference between the measure and the category case. A non-meager set with th
property in the product contains up to a meager set a rectangle with non-meager sid
the Baire property, while a famous result of Erdős and Oxtoby [5] exhibits an example
a measurable set in the productσ -algebra of quite arbitrary non-atomicpositivemeasure
spaces, containing up to a set of measure zero no rectangle of positive measure (c
also Remark 4.7). That fact makes it clear that in the category case we probably
apply completely different methods than in the case of measure product liftings. The
is done, as a rule, by transfinite induction, relying crucially on the martingale theorem
available in the category case.

There is now a question what is precisely the situation in case of category (s
liftings. We prove that given arbitrary topological spacesX and Y such that the prod
uct spaceX × Y is Baire and given (strong) liftingsρ on (X,Bc(X),M(X)) andσ on
(Y,Bc(Y ),M(Y )) there always exists a (strong) liftingπ1 on(X×Y,Bc(X×Y),M(X×
Y)) satisfying the product conditionπ1(A × B) = ρ(A) × σ(B) for all A ∈ Bc(X),
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-empty.
B ∈ Bc(Y ) and such that for eachE ∈ Bc(X × Y) and eachx ∈ X the section propert
[π1(E)]x = σ([π1(E)]x) holds true (see Theorem 5.1). The above assumptions are i
diately satisfied by Polish spacesX andY . The latter answers affirmatively Question
from [26] in case of Polish spaces and shows that at least in case of products of
spaces the category (strong) liftings behaves better than the measure-theoretic on
should notice also that it is impossible (besides some trivial cases) to have also the r
[π1(E)]y = ρ([π1(E)]y) for eachE ∈ Bc(X × Y) and eachy ∈ Y , even ifX = Y . See
[26].

As a negative result we provide an example of Polish spaces for which do no
liftings σ ∈ Λ(M(Y )) andπ ∈ Λ(M(X ×Y)) with the properties such that for eachπ(E)

all sections[π(E)]y have the Baire property inX and all sections[π(E)]x are invariant
with respect toσ (Theorem 6.8).

The second problem considered in this paper concerns the existence of a dens
a lifting θI on a Baire product

∏
i∈I Xi of topological spaces such that if∅ �= J ⊆ I and

A ∈ Bc(XJ ), then there is aB ∈ Bc(XJ ) such thatθI (A × XJc) = B × XJc . This is an
obvious generalization of the two factor case. We say that such a density respects
nates. The terminology is taken from measure products case, where it has been p
by Fremlin [8]. There is a weaker version of respecting coordinates in which the seB is
not required to have the property of Baire. In the last section of the paper we give
ample of a lifting respecting coordinates in this weaker sense. This pathology canno
if each pair of subproducts(

∏
i∈J Xi,

∏
i /∈J Xi) satisfies the Kuratowski–Ulam proper

It also cannot occur if all factors are weaklyα-favorable (see Section 8 for more detail
In Theorem 7.2 (this is the basic result in case of arbitrary products) we prove that
arbitrary non-empty collection{Xi : i ∈ I } of topological spaces such that their prod
XI is a Baire space, for any given a priori collection of (strong) densitiesδi for i ∈ I ,
on (Xi,Bc(Xi),M(Xi)) there exists a (strong) densityξI on (XI ,Bc(XI ),M(XI )) re-
specting coordinates, being separately Baire additive and having the densitiesδi (i ∈ I ) as
its marginals. A corresponding result for measure theoretic densities can be found
346B] or [15, Theorem 2.5].

The best known result in case of liftings on finite measure products is from [3], w
it is shown that liftings respecting coordinates exist (no coordinate liftings are fix
advance). In case of infinite product, Fremlin [8] proved the existence of liftings respe
coordinates if all the coordinate measure spaces are Maharam homogeneous. The
problem remains open. Also in the category products of more than two factors the ex
of liftings respecting coordinates remains open.

1. Preliminaries

Throughout we assume that all topological spaces under consideration are non
Let X be a topological space. The weight ofX is denoted byw(X). A family UX of non-
empty open sets in a topological spaceX will be called apseudo-basis(π -basis for short)
if every non-empty open set inX contains an elementU ∈ UX . The minimal cardinality of
aπ -basis will be denoted byπ(X). For each subsetA of X we denote by clA (or byA) and
by int(A) the topological closure and interior ofA, respectively. A setA ⊆ X is nowhere
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as a union of a sequence of nowhere dense sets. A setA ⊆ X is of thesecond categoryif
it is not meager. We recall the standard observation (see, e.g., [21]) that whenY is a dense
subspace ofX, for subsetsA of Y we have thatA is nowhere dense inY if and only if A

is nowhere dense inX, andA is meager inY if and only if A is meager inX.
An open setA ⊆ X is said to beregular openin X if it coincides with the interior

of its closure. A setA ⊆ X has theBaire propertyif it can be represented in the for
A = G�N , whereG is open andN is meager. A topological spaceX is called aBaire
spaceif every non-empty open set inX is non-meager.M(X) denotes the collection o
all meager subsets of the topological spaceX andBc(X) denotes theσ -algebra of sets
possessing the Baire property. add(M(X)) := min{cardJ: J ⊂ M(X)&

⋃
J /∈ M(X)}.

We writeA ⊆ B a.e.(M(X)) or A ⊆M B if A \ B ∈ M(X) and similarly for equality in
place of the inclusion.

For eachE ∈ Bc(X) we denote byϕX(E) the regular open set equivalent toE.
ϕX :Bc(X) → Bc(X) defined in that way is a strong density (see [11, Section 9],
Section 4], or [22, p. 88]).ϕX will be called thecanonical densityon (X,Bc(X),M(X)).

A setA ∈ Bc(X) \M(X) is anM(X)-atomof Bc(X) if A cannot be decomposed in
two disjoint elements ofBc(X) \M(X). Notice thatϕX is a lifting precisely when ever
regular open set inX is clopen, i.e., precisely whenX is extremally disconnected.

Lower densities and liftings on(X,Bc(X),M(X)) are defined exactly in the sam
way as densities and liftings for measure spaces (cf. [12], [25, Chapter 28]). We cal
category lower densitiesandcategory liftings, while we call the densities and liftings fo
measure spacesmeasure-theoretic densitiesandmeasure-theoretic liftings. If no confusion
arises we say “density” instead of “category lower density” and “measure-theoretic
density” and “lifting” instead of “category lifting” and “measure-theoretic lifting”. T
family of all (lower) densities on(X,Bc(X),M(X)) is denoted byϑ(M(X)), and the
family of lifting, by Λ(M(X)). Each densityδ ∈ ϑ(M(X)) generates a collection of filter
{F(x): x ∈ X} containing no elements ofM(X): F(x) = {A ∈ Bc(X): x ∈ δ(A)}.

For the densitiesδ ∈ ϑ(M(X)), υ ∈ ϑ(M(Y )) andξ ∈ ϑ(M(X × Y)) we say thatξ is
a product ofδ andυ, and we write it asξ ∈ δ ⊗ υ if

ξ(A × B) = δ(A) × υ(B) for all A ∈ Bc(X) andB ∈ Bc(Y ).

We use similar notation for a densityξ for the category algebra of an infinite produ∏
i∈I Xi with densitiesδi in Xi , writing ξ ∈ ⊗

i∈I δi if ξ(
∏

i∈I Ai) = ∏
i∈I δi(Ai) for

each product set
∏

i∈I Ai whereAi ∈ Bc(Xi) andAi = Xi for all but finite collection of
i ∈ I .

The collection of all strong densities and of all strong liftings on(X,Bc(X),M(X))

will be denoted byϑs(M(X)) and byΛs(M(X)), respectively.
Each time we consider strong densities on a topological spaceX, we assume thatX

is a Baire space. The assumption is necessary for the existence of a strong de
ϑs(M(X)). In fact, assume thatX is a topological space admitting a strong densityϕ. Then
for each non-empty open setG we haveG ⊆ ϕ(G), from which it follows thatϕ(G) �= ∅
and henceG is not meager.
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Given a probability space(Ω,Σ,µ) the family of allµ-null sets is denoted byΣ0. The
family of all elements ofΣ of positiveµ-measure is denoted byΣ+. The (Carathéodory
completion of(Ω,Σ,µ) will be denoted by(Ω, Σ̂, µ̂).

Given probability spaces(Ω,Σ,µ) and (Θ,T , ν), we denote byΣ ⊗ T the product
σ -algebra generated byΣ andT . (Ω × Θ,Σ ⊗ T ,µ ⊗ ν) is the corresponding produ
probability space and(Ω × Θ,Σ ⊗̂T ,µ ⊗̂ν) denotes its (Carathéodory) completion.

If I is a non-empty set and〈Xi〉i∈I is a family of arbitrary topological spaces then,
each∅ �= J ⊆ I we denote byXJ the product topological space

∏
i∈J Xi . If J = ∅, then

for simplicity of notation we identifyXJ × Y with Y .
We say that aϕ ∈ ϑ(M(XI )) is separately Baire additiveif for any non-empty set

J,K ⊆ I with J ∩ K = ∅ we have

ϕ(E ∪ F) = ϕ(E) ∪ ϕ(F ) for all E ∈ Bc(XJ ) × XJc andF ∈ Bc(XK) × XKc.

For measure theoretic densities this notion is due to Fremlin [8], where it is called th(∗)

property.
We call a liftingπ ∈ Λ(M(XI )) a product-lifting if there are liftingsρi ∈ Λ(M(Xi)),

for i ∈ I , such that the equation

π
([Ai1, . . . ,Ain]

) = [
ρi1(Ai1), . . . , ρin(Ain)

]
, (P )

holds true for alln ∈ N, i1, . . . , in ∈ I and all Aik ∈ Bc(Xik ) (k = 1, . . . , n) where
[Ai1, . . . ,Ain] denotes the cylinder set

∏
i∈I Bi for Bik = Aik (k = 1, . . . , n) andBi = Xi ,

i ∈ I \ {i1, . . . , in}. We write thenπ ∈ ⊗
i∈I ρi . If I := [n] := {1, . . . , n} then we write

π ∈ ρ1 ⊗ · · · ⊗ ρn .
We say thatϕI ∈ ϑ(M(XI )) (or ϕI ∈ Λ(M(XI ))) respects coordinatesif for each

proper∅ �= J ⊆ I the inclusionϕI (Bc(XJ ) × XJc) ⊆ Bc(XJ ) × XJc holds true.
It can be easily seen that ifϕI respects coordinates then, for each∅ �= J ⊆ I there is a

uniquely determined densityϕJ ∈ ϑ(M(XJ )) given byϕJ (A) × XJc = ϕI (A × XJc), for
all A ∈ Bc(XJ ). And conversely, if for each∅ �= J ⊆ I there is a densityϕJ on Bc(XJ )

such thatϕI (A × XJc) = ϕJ (A) × XJc , wheneverA ∈ Bc(XJ ), thenϕI respects coordi
nates. From this point of view one could speak about completely product density in
of density respecting coordinates.

Let X be a topological space. A densityδ ∈ ϑ(M(X)) is consistentif for every n ∈ N

there exists a densityδn ∈ ϑ(M(Xn)), such that

δn(A1 × · · · × An) = δ(A1) × · · · × δ(An)

for all A1, . . . ,An ∈ Bc(X) (see Talagrand [28], for the corresponding definition
measure-theoretic densities). We use a similar definition for liftings.

If X is a topological space with a complete finite measureµ on Σ then, (X,Σ,µ)

is called acategory measure spaceif and only if Σ = Bc(X) and Σ0 = M(X). µ is
called then acategory measure. For an arbitrary probability space(Ω,Σ,µ) we define
its associatedhyperstonian space(X,T ,Bc(X), ν) by means of:X = Stone(Σ/µ), the
Stone space of the measure algebra of(Ω,Σ,µ). T denotes the topology generated
{s(a): a ∈ Σ/µ}, wheres(a) ⊆ X is the open-and-closed set corresponding toa according
to the Stone duality.ν = µ̃ ◦ π :Bc(X) → R, whereπ :Bc(X) → Σ/µ is the canoni-
cal epimorphism and̃µ :Σ/µ → R is defined byµ̃(a) := µ(A) if a = A• for A ∈ Σ
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(whereA• denotes the class of all sets inΣ that are equivalent withA). We may say
that “(X,T ,Bc(X), ν) is a hyperstonian space” instead of(X,T ,Bc(X), ν) is the hyper-
stonian space associated with the complete probability space(Ω,Σ,µ), if confusion is
unlikely.

It is well known that if (X,T ,Bc(X),µ) is a hyperstonian space, then the eleme
of Bc(X) are precisely those expressible in the formE = s(a)�N wherea ∈ Σ/µ, s(a)

is the corresponding open-and-closed subset ofX, andN is meager. The system of th
meager sets coincides with that of nowhere dense sets inX, and the system of the regul
open sets coincides with that of the open-and-closed sets inX (see, e.g. [8, 321K]).

Each hyperstonian space is a category measure space, but there are category
spaces which are not hyperstonian (see, e.g. [22, Section 22]).

Other unexplained notations and terminology come from [25].

2. Basic facts concerning Baire property

To begin a deeper investigation of densities on product spaces we need to pr
recall a few particular properties of regular open sets in product spaces and of sets
the property of Baire in Baire product spaces.

We recall that a topological spaceX is Baire if and only if player I does not have
winning strategy in the Banach–Mazur game for two players, I and II, in which, sta
with player I, the players alternately play the terms of a decreasing sequenceU1 ⊇ U2 ⊇ · · ·
of nonempty open sets and player I wins if the intersection of the sequence is empty.
the stronger condition that player II has a winning strategy holds,X is calledweaklyα-
favorable. The standard proofs of the Baire category theorem for locally compact an
completely metrizable spaces show that these spaces are weaklyα-favorable. (See [24
for more details. The characterization of Baire spaces is Theorem 2.1 of that paperX

andY are Baire spaces and(X,Y ) is a Kuratowski–Ulam pair, thenX × Y is Baire. It
is not hard to see (and well-known), using the game-theoretic characterizations, thX

is Baire andY is weaklyα-favorable, thenX × Y is Baire. Also, it is easily seen that a
arbitrary product

∏
i∈I Xi of weaklyα-favorable spaces is weaklyα-favorable (see [30])

For examples of Baire spaces whose product is not Baire, see [21,6,19].
The following fact has been communicated to us by J. Pawlikowski.

Lemma 2.1. Let X and Y be topological spaces such thatw(Y) < add(M(X)). If U ⊆
X × Y is regular open, then there is a setR ∈ M(X) such thatUx is regular open for
everyx /∈ R.

Proof. We are going to prove that ifF ⊆ X × Y is closed, then the set{x: (intF)x =
int(Fx)} is comeager. To do it let us fix a base{Vα: α < w(Y )} of the topology inY . Note
that Wα := {x: Vα ⊆ Fx} is closed. Now, ifH = ⋃

α(int(Wα) × Vα), then int(F ) = H .
Moreover, int(Fx) = ⋃

α{Vα: x ∈ Wα} andHx = ⋃
α{Vα: x ∈ int(Wα)}. So, forx outside

the meager set
⋃

α(Wα \ int(Wα)) we have int(Fx) = Hx . SettingF = clU for a regular
open setU ⊂ X × Y andR = ⋃

α(Wα \ int(Wα)), we obtain the required result.�
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Lemma 2.2. If X andY are non-empty topological spaces, then the following facts
true:

(a) If U is a regular open subset ofX andV is a regular open subset ofY , thenU × V

and(U × Y) ∪ (X × V ) are regular open subsets ofX × Y .
(b) If B ∈M(Y ), thenX ×B ∈ M(X ×Y). B is nowhere dense inY if and only ifX ×B

is nowhere dense inX × Y .
(c) If X × Y is a Baire space, then alsoX andY are Baire spaces.
(d) If X is Baire, then for any regular open setsU,V ⊆ X, we haveU ⊆ V if and only if

U ⊆ V a.e.(M(X)).
(e) If A1 ⊆ A2 a.e. (M(X)) and B1 ⊆ B2 a.e. (M(Y )), thenA1 × A2 ⊆ B1 × B2 a.e.

(M(X × Y)). Similarly for equalities.
(f) If X×Y is a Baire space,C ∈ Bc(X)\M(X) andD ∈ Bc(Y )\M(Y ), thenC ×D /∈

M(X × Y).
(g) If X × Y is a Baire space,C × D ⊆ A × B a.e.(M(X × Y)), whereA,B,C,D have

the Baire property in their respective spaces andC andD are non-meager, thenC ⊆ A

a.e.(M(X)) andD ⊆ B a.e.(M(Y )).
(h) If E is a regular open subset ofX × Y , then

E =
⋃

{A × B: A is regular open inX, B is regular open

in Y andA × B ⊆ E}.

Proof. This is routine, so we omit most of the proofs. For parts (a) and (h), it is u
to note that because the closure operation satisfies the identities cl(A × B) = clA × clB
and cl((A × Y) ∪ (X × B)) = (clA × Y) ∪ (X × clB) and the same identities hold wi
closure replaced by interior, these identities also hold for the composition int(cl(·)). The
other properties are easily established in the given order.�

Given arbitrary topological spacesX andY , denote by(Bc(X)⊗Bc(Y ))⊕M(X ×Y)

the system of all subsetsH of X × Y such that there exist setsP ∈ Bc(X) ⊗ Bc(Y ) with
H �P ∈ M(X × Y). The following result explains partially the relation between prod
sets with the property of Baire and the coordinate sets with the Baire property.

Proposition 2.3. LetX andY be topological spaces. Then we have(
Bc(X) ⊗ Bc(Y )

) ⊕M(X × Y) ⊆ Bc(X × Y).

Moreover, ifX or Y has a countable basis, then(
Bc(X) ⊗ Bc(Y )

) ⊕M(X × Y) = Bc(X × Y).

Proof. SinceBc(X × Y) is aσ -algebra, the inclusion follows immediately from the de
nition of the Baire property.

Assume now thatY has a countable basis〈En〉n∈N of open sets. To check th
Bc(X × Y) ⊆ (Bc(X) ⊗ Bc(Y )) ⊕M(X × Y), it is enough to observe that ifU ⊆ X × Y

is open thenU = ⋃
n∈N

(Vn × En) whereVn = ⋃{V : V is open inX andV × En ⊆ U}
for n ∈ N. �
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We recall yet a definition introduced by Fremlin, Natkaniec and Recław in [10]. A
(X,Y ) of topological spaces is aKuratowski–Ulam pair(briefly K–U pair) or it has the
Kuratowski–Ulam property, if the Kuratowski–Ulam Theorem holds inX × Y :

∀E ⊆ X × Y
[
E ∈M(X × Y) �⇒ {

x ∈ X: Ex /∈M(Y )
} ∈ M(X)

]
.

Kuratowski and Ulam proved that ifπ(Y ) < add(M(X)), then the pair(X,Y ) is aK–U

pair (see [22, Theorem 15.1]). In particular, ifY has a countableπ -basis, then for eac
topological spaceX the pair(X,Y ) is aK–U pair.

Recall the Banach Category Theorem (cf. [13, Theorem I.10.III.1]): in any topolo
spaceX, if A is a set which is covered by open setsU such that everyU ∩ A is meager,
thenA is meager.

The properties of the density topology associated with a density for(X,Σ,N ) when
N ⊂ Σ is aσ -ideal and every subset ofX has a minimalΣ -cover moduloN are studied
in some detail in [14]. The minimal cover property whenΣ = Bc(X) andN = M(X)

is a classical result of Szpilrajn-Marczewski (see Szpilrajn-Marczewski [27], Kurato
[13, Corollary I.11.IV] or [14, Exercise 6.E.30, p. 221]). It is shown in [14, Proposi
6.37] (see also the Remark on p. 213) that the strong density topology (see Definitio
is indeed a topology. For the convenience of the reader, we give the proof of this fa
is used repeatedly in this paper.

Proposition 2.4. LetX be a Baire space and letδ ∈ ϑ(M(X)) be arbitrary. Then for each
collectionC ⊆ Bc(X) such thatC ⊆ δ(C) for eachC ∈ C, we have⋃

C ∈ Bc(X) and
⋃

C ⊆ δ
(⋃

C
)
.

Proof. Let U be the regular open set in
∨{C•: C ∈ C}, whereC• denotes the equivalenc

class ofC in Bc(X) and
∨

is the sup operation in the algebraBc(X)/M(X). For any
C ∈ C, we haveC• � U• and henceC ⊆ U a.e.(M(X). This givesC ⊆ δ(C) ⊆ δ(U) and
hence⋃

C ⊆ δ(U).

There remains to check thatδ(U) \⋃
C is meager, or equivalently, thatU \⋃

C is meager.
Note that ifUC denotes the regular open set equivalent toC, then

⋃{UC : C ∈ C} is a dense
open subset ofU . Also,UC ∩ (U \ ⋃

C) ⊆ UC ∩ (U \ C) =M UC ∩ (U \ UC) = ∅. Hence
U \ ⋃

C has a meager trace on eachUC and thus, by the Banach Category Theorem, it
a meager trace on

⋃{UC : C ∈ C} and hence is meager.�
Next we define the density and lifting topologies associated with a density and a l

respectively.

Definition 2.5. Let X be a Baire space, and letδ ∈ ϑ(M(X)) be arbitrary. If

τδ := {
A ∈ Bc(X): A ⊆ δ(A)

}
,

then, due to Proposition 2.4,τδ is a topology onX, called thestrong (category) density
topologyassociated withδ. The family{δ(A): A ∈ Bc(X)} itself forms a topological ba
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(vi)
sis of another topology, called theweak(category) density topologytδ associated withδ.
Clearly, we havetδ ⊆ τδ ⊆ Bc(X).

If δ is a lifting in Λ(M(X)) then we calltδ theweak lifting topologyandτδ thestrong
lifting topology.

3. Products of canonical densities

We are going to present some basic properties of the product of the canonical de

Proposition 3.1. If X × Y is a Baire space, then the following conditions hold true:

(i) ϕX×Y ∈ ϕX ⊗ ϕY andϕX×Y is separately Baire additive;
(ii) for everyE ∈ Bc(X × Y)

ϕX×Y (E) =
⋃{

ϕX(A) × ϕY (B): A × B ⊆M E & A ∈ Bc(X), B ∈ Bc(Y )
};

(iii) tϕX
× tϕY

= tϕX×Y
;

(iv) τϕX
× τϕY

⊆ τϕX×Y
;

(v) [ϕX×Y (E)]x ⊆ ϕY ([ϕX×Y (E)]x) for everyE ∈ Bc(X × Y) andx ∈ X;
(vi) [ϕX×Y (E)]y ⊆ ϕX([ϕX×Y (E)]y) for everyE ∈ Bc(X × Y) andy ∈ Y .

If moreoverw(Y) < add(M(X)), then

(a) for eachE ∈ Bc(X × Y) there existsME ∈M(X) such that[
ϕX×Y (E)

]
x

= ϕY

([ϕX×Y (E)]x
)

for everyx /∈ ME.

If alsow(X) < add(M(Y )), then we obtain moreover

(b) for eachE ∈ Bc(X × Y) there existsNE ∈M(Y ) such that[
ϕX×Y (E)

]y = ϕX

([
ϕX×Y (E)

]y)
for everyy /∈ NE.

Proof. To prove (i) we have to notice only that the product of two regular open se
regular open and, thatϕX(A)×ϕY (B) = A×B a.e.(M(X ×Y)). These properties follow
from Lemma 2.2(a,e) for equalities. The separate additivity ofϕX×Y follows from the
second part of Lemma 2.2(a).

(ii) follows from (i) and from Lemma 2.2(h). Indeed, both sides of the formula in
depend only on the class ofE in the category algebra, so we may assume thatE is a
regular open set. Similarly, we may restrictA and B to vary over regular open sets
their respective spaces. But then by Lemma 2.2(a,d), we may writeA × B ⊆ E instead of
A × B ⊆M E. The formula now reduces to Lemma 2.2(h).

To prove (iii) let us notice that the inclusiontϕX
× tϕY

⊆ tϕX×Y
follows immediately

from (i). The converse inclusion is a consequence of (ii). (iv) follows from (i). (v) and
follow from the fact that the canonical densities are strong.
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Moreover, ifw(Y) < add(M(X)) (in this case, instead of assumingX × Y is Baire, we
can make a simpler assumption thatX andY are Baire, since the fact thatX × Y is Baire
then follows from [21, Theorem 2]), then (a) follows from Lemma 2.1. One obtains (
a similar way. This completes the proof of the whole proposition.�
Corollary 3.2. If X×Y is a Baire space, then there exists a densityϕ̄X×Y ∈ ϑs(M(X×Y))

with the following properties:

(i) ϕ̄X×Y ∈ ϕX ⊗ ϕY andϕX×Y (E) ⊆ ϕ̄X×Y (E) for all E ∈ Bc(X × Y);
(ii) [ϕ̄X×Y (E)]x = ϕY ([ϕ̄X×Y (E)]x) for everyx ∈ X andE ∈ Bc(X × Y);

If moreoverw(Y) < add(M(X)), then

(iii) [ϕ̄X×Y (E)]y ∈ Bc(X) for everyy ∈ Y andE ∈ Bc(X × Y).

Proof. The canonical densitiesϕY andϕX×Y satisfy the condition (v) of Proposition 3.
Let E ∈ Bc(X × Y) be an arbitrary set. We definēϕX×Y (E) by setting for eachx ∈ X[

ϕ̄X×Y (E)
]
x

= ϕY

([
ϕX×Y (E)

]
x

)
for all x ∈ X.

It can be easily seen, thatϕ̄X×Y satisfies the condition (i) and (ii). It is also obvious th
ϕ̄X×Y is strong.

To prove (iii), let us fix a setE ∈ Bc(X × Y) and ay ∈ Y . If w(Y) < add(M(X)), then
according to Lemma 2.1 there exists a setME ∈M(X) such that[

ϕX×Y (E)
]
x

= ϕY

([
ϕX×Y (E)

]
x

)
for eachx /∈ ME.

Consequently, we get for everyy ∈ Y[
ϕ̄X×Y (E)

]y ∩ Mc
E = {

x ∈ X: (x, y) ∈ ϕ̄X×Y (E)
} ∩ Mc

E

= {
x ∈ X: y ∈ [

ϕ̄X×Y (E)
]
x

} ∩ Mc
E

= {
x ∈ X: y ∈ ϕY

([
ϕX×Y (E)

]
x

)} ∩ Mc
E

= {
x ∈ X: y ∈ [

ϕX×Y (E)
]
x

} ∩ Mc
E

= [
ϕX×Y (E)

]y ∩ Mc
E.

Since [ϕX×Y (E)]y ∩ Mc
E ∈ Bc(X), we get [ϕ̄X×Y (E)]y ∩ Mc

E ∈ Bc(X), hence
[ϕ̄X×Y (E)]y ∈ Bc(X). �

The following result follows immediately from Proposition 3.1 by induction.

Corollary 3.3. Let X be a topological space such that for eachn ∈ N the product space
Xn is Baire. Then the canonical densityϕX ∈ ϑs(M(X)) is consistent.

Corollary 3.4. Let (X,Bc(X),µ) be a hyperstonian space. Then the canonical den
ϕX ∈ ϑs(M(X)) is a consistent(strong) lifting.
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Proof. SinceX is extremally disconnected,ϕX is a lifting. It follows from Corollary 3.3
that for eachn ∈ N there exists a densityϕn ∈ ϑs(M(Xn)) such that

ϕn(A1 × · · · × An) = ϕX(A1) × · · · × ϕX(An) (1)

for all A1, . . . ,An ∈ Bc(X). It follows from [11, Corollary 9.4] (see also [23]) that the
exists a liftingρn ∈ Λ(M(Xn)) such thatϕn(E) ⊆ ρn(E) for eachE ∈ Bc(X

n), hence
ρn is strong. It follows from (1) and from the lifting properties ofϕX andρn that ϕX is
consistent. �
Corollary 3.5. Let {Xi : i ∈ I } be non-empty collection of non-empty topological spa
such thatXI is a Baire space. Then, the canonical density onXI respects coordinates an
is separately Baire additive.

If w(XI ) < add(M(XI )), then for each proper non-emptyJ ⊂ I and eachE ∈ Bc(XI )

there isME,J c ∈ M(XJc) such that[
ϕXI

(E)
]
xJc

= ϕXJc

([
ϕXI

(E)
]
xJc

)
for everyxJc /∈ ME,J c .

Proof. If I = K ∪ L is a proper partition ofI , the according to Proposition 3.1 we ha
ϕXI

∈ ϕXK
⊗ ϕXL

what means exactly thatϕXI
respects coordinates. Separate additi

of ϕXI
is a consequence of Lemma 2.2(a). The section property comes from Pr

tion 3.1. �
Remark 3.6. (a) It should be noted here that in general theτ -additive product(see e.g. [9]
for the definition) of two category probability spaces is not a category probability s
In fact, let be given two category probability spaces(X,Bc(X),µ) and (Y,Bc(Y ), ν).
Assume if possible that theirτ -additive product is a category probability space. Then
get

M(X × Y) = (
B̂τ (X × Y)

)
0, (2)

whereB̂τ (X × Y) is the completion theσ -algebraB(X × Y) of Borel subsets ofX × Y

with respect to theτ -additive productµ ⊗τ ν of µ andν. But since the Fubini Theorem
holds true forτ -additive products of probability measures (see Ressel [23]), it follows
(2) that(X,Y ) is aK–U pair, what is not in general true according to [10, Example 2]

(b) The Radon product of two non-atomic hyperstonian spaces is not a category
bility space. In fact, assume if possible that for given hyperstonian spaces(X,Bc(X),µ)

and(Y,Bc(Y ), ν) their Radon product is a category probability space. It then follows

M(X × Y) = (
B̂R(X × Y)

)
0, (3)

where byB̂R(X × Y) is denoted the completion theσ -algebraB(X × Y) with respect to
the Radon productµ ⊗R ν of µ andν.

A well-known result of Erd̋os and Oxtoby [5] says that there existsE ∈ B(X) ⊗̂B(Y )

of positive measure such that for noA ∈ B̂(X) \ (B̂(X))0 and noB ∈ B̂(Y ) \ (B̂(Y ))0
the inclusionA × B ⊆ E a.e.(µ ⊗̂ν) holds true. But sinceE ∈ B(X) ⊗̂B(Y ), we get
E ∈ Bc(X × Y) \ M(X × Y). Hence there exist a non-empty setG ∈ T × S such that
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G�E ∈ M(X × Y). Consequently, there exist non-empty setsV ∈ T andW ∈ S such
thatV ×W ⊆ G, henceV ×W ⊆ E—a.e.(M(X ×Y)). So applying condition (3) we ge

V × W ⊆ E a.e.(µ⊗̂Rν).

But sinceE ∈ B(X) ⊗̂B(Y ) this is the same as

V × W ⊆ E a.e.(µ ⊗̂ν),

what is impossible.
Notice that the above proof shows that evenM(X × Y) ⊆ (B̂R(X × Y))0 is false.
One can in fact see that the validity of the above inclusion yields theK–U property of

(X,Y ) and(Y,X). Indeed, ifE ∈ M(X×Y), then the Fubini theorem yields{x ∈ X: Ex /∈
M(Y )} = {x ∈ X: Ex /∈ Bc(Y )0} ∈ Bc(X)0 = M(X). Similarly for (Y,X).

(c) Assume that(X,Bc(X),µ) and(Y,Bc(Y ), ν) are hyperstonian. If(X,Y ) is aK–U

pair, then(
B̂R(X × Y)

)
0 ⊆ M(X × Y). (4)

In fact, let us fix a setE ∈ (B̂R(X × Y))0. Then there exists a setF ∈ (B(X × Y))0

such thatE ⊆ F , henceF ∈ Bc(X × Y). SinceX × Y is a K–U pair there exists a se
NF ∈ M(X) such thatFx ∈ M(Y ) = Bc(Y )0 for eachx /∈ NF , henceF ∈ M(X × Y)

and soE ∈ M(X × Y).
(d) Corollary 3.4 shows that in case of hyperstonian probability spaces the ca

strong liftings have a better behavior than the measure theoretic ones under the p
formation, since a category strong product lifting always exists and has nice prop
while the existence of a measure theoretic strong product lifting remains an open pr
(see [9, 453Z, Problem (a)]).

4. Products of two arbitrary densities

Proposition 4.1. Assume thatX × Y is a Baire space. Given densitiesδ ∈ ϑ(M(X)) and
υ ∈ ϑ(M(Y )), we set

ξ(E) :=
⋃{

δ(A) × υ(B): A × B ⊆ E a.e.
(
M(X × Y)

)}
for everyE ∈ Bc(X × Y). Thenξ ∈ ϑ(M(X × Y)) and satisfies the following condition:

(i) ξ ∈ δ ⊗ υ;
(ii) tξ = tδ × tυ ;

(iii) τξ ⊇ τδ × τυ ;
(iv) [ξ(E)]x ∈ Bc(Y ) and[ξ(E)]x ⊆ υ([ξ(E)]x) for everyE ∈ Bc(X × Y) andx ∈ X;
(v) [ξ(E)]y ∈ Bc(X) and[ξ(E)]y ⊆ δ([ξ(E)]y) for everyE ∈ Bc(X × Y) andy ∈ Y ;

(vi) if δ andυ are strong, thenξ is also strong;
(vii) ξ is separately Baire additive.
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Proof. ξ(∅) = ∅ by Lemma 2.2(f),ξ(X × Y) = X × Y and,E = F a.e.(M(X × Y))

implies ξ(E) = ξ(F ). It is also easy to check thatξ preserves intersections. We have
check yet ifξ(E) ∈ Bc(X × Y) for all E ∈ Bc(X × Y) and

ξ(E) =M E for all E ∈ Bc(X × Y). (5)

Clearly it suffices to prove (5). To check if property (5) holds true, we need first to p
thatξ satisfies condition (i). To this aim, notice first that ifE = A × B a.e.(M(X × Y)),
then directly from the definition ofξ follows the inclusionδ(A) × υ(B) ⊆ ξ(A × B). The
converse inclusion follows from Lemma 2.2(g). Indeed, ifC × D ⊆ A × B a.e.(M(X ×
Y)) and all the sets have the Baire property, then it follows from Lemma 2.2(g) thatδ(C)×
υ(D) ⊆ δ(A) × υ(B), what immediately yieldsξ(A × B) ⊆ δ(A) × υ(B). This proves (i).

To check if property (5) always holds true, letE be a regular open subset ofX×Y . That
ξ(E) = E a.e.(M(X × Y)) can be seen as follows. IfU × V is a basic open set disjoin
from E, then, using condition (i) and the fact thatξ preserves intersections, we get

ξ(E) ∩ (U × V ) = Mξ(E) ∩ (
δ(U) × υ(V )

)
= ξ(E) ∩ ξ(U × V ) = ξ

(
E ∩ (U × V )

) = ∅.

By the Banach Category Theorem, we getξ(E) ⊆ clE a.e.(M(X×Y)) and henceξ(E) ⊆
E a.e.(M(X × Y)).

Similarly, for each basic open setU × V ⊆ E, applying condition (i), we see that

(U × V ) ∩ (
E \ ξ(E)

) ⊆ (U × V ) \ (
δ(U) × υ(V )

)
is meager by Lemma 2.2(e) and hence, by the Banach Category Theorem,E \ ξ(E) is
meager. Consequently,ξ(E) = E a.e.(M(X × Y)) andE ∈ Bc(X × Y).

Inclusion tδ × tυ ⊆ tξ follows from condition (i), while the inverse inclusion follow
from the definition ofξ , hence condition (ii) holds true. Condition (iii) follows from (i).

To prove condition (iv), let us fix a setE ∈ Bc(X × Y) andx ∈ X. Then, let

Bx := {
B ∈ Bc(Y ): ∃A ∈ Bc(X) A × B ⊆ E a.e.

(
M(X × Y)

)
& x ∈ δ(A)

}
.

Now we have[
ξ(E)

]
x

=
⋃{[

δ(A) × υ(B)
]
x
: A × B ⊆ E a.e.

(
M(X × Y)

)}
=

⋃
B∈Bx

υ(B) ⊆ υ

( ⋃
B∈Bx

υ(B)

)
= υ

([
ξ(E)

]
x

)
,

where the relation
⋃

B∈Bx
υ(B) ∈ Bc(Y ) and the inclusion follow from Proposition 2.4

If Bx = ∅, then[ξ(E)]x = ∅. In both cases condition (iv) holds true. Consequently,
eachE ∈ Bc(X × Y) all sections[ξ(E)]x of the setξ(E) are inBc(Y ).

To prove condition (vi), fix an open subsetG of X × Y . There exists a family〈Gi ×
Ui〉i∈I of open rectangles inBc(X × Y) such thatG = ⋃

i∈I Gi × Ui . Sinceδ andυ are
strong densities, we get

G ⊆
⋃
i∈I

δ(Gi) × υ(Ui) ⊆ ξ(G),

henceξ is strong.
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To show (vii), letE ∈ Bc(X) and F ∈ Bc(Y ). Notice then that ifA ∈ Bc(X) and
B ∈ Bc(Y ) satisfyA×B ⊆ (E×Y)∪(X×F) a.e.(M(X×Y)), then(A\E)×(B \F) ⊆
(A × B) \ ((E × Y) ∪ (X × F)) ∈ M(X × Y). Thus, because the setsA \ E andB \ F

have the property of Baire, we get eitherA ⊆ E a.e.(M(X)) or B ⊆ F a.e.(M(Y )), by
Lemma 2.2(f). Hence,

ξ
(
(E × Y) ∪ (X × F)

)
=

⋃{
δ(A) × υ(B): A × B ⊆M (E × Y) ∪ (X × F)

}
⊆ (

δ(E) × Y
) ∪ (

X × υ(F )
) ⊆ ξ(E × Y) ∪ ξ(X × F),

and so condition (vii) holds true.�
Proposition 4.2. Assume thatX × Y is a Baire space and that we are given densit
δ ∈ ϑ(M(X)), υ ∈ ϑ(M(Y )) andζ ∈ ϑ(M(X × Y)) such that for eachE ∈ Bc(X × Y)

and eachx ∈ X[
ζ(E)

]
x

∈ Bc(Y ) and
[
ζ(E)

]
x

⊆ υ
([

ζ(E)
]
x

)
. (6)

If ζ1 :Bc(X × Y) →P(X × Y) is defined by[ζ1(E)]x = υ([ζ(E)]x), then

(a) ζ1 ∈ ϑ(M(X × Y)) andζ(E) ⊆ ζ1(E) for everyE ∈ Bc(X × Y);
(b) If ζ ∈ δ ⊗ υ, thenζ1 ∈ δ ⊗ υ;
(c) If ζ ∈ δ⊗υ andζ is separately Baire additive, then alsoζ1 is separately Baire additive;
(d) If ζ is strong, then alsoζ1 is strong.

Proof. Due to (6), we haveζ(E) ⊆ ζ1(E) and consequentlyζ1(E) ∈ Bc(X × Y) and
ζ1(E)�E ∈ M(X × Y). Other density properties are immediate. To show condition
let A ∈ Bc(X), B ∈ Bc(Y ) andx ∈ X be arbitrary. Then,[

ζ1(A × B)
]
x

= υ
([

ζ(A × B)
]
x

) = υ
([

δ(A) × υ(B)
]
x

)
=

{
υ(B) if x ∈ δ(A),

∅ if x /∈ δ(A).

To show (c) take setsA × Y ∈ Bc(X) × Y andX × B ∈ X × Bc(Y ).
We have thenζ(A × Y ∪ X × B) = ζ(A × Y) ∪ ζ(X × B). Sinceζ ∈ δ ⊗ υ, we have

ζ(A × Y) = δ(A) × Y what yields[ζ(A × Y)]x equals∅ or Y . Hence[
ζ1(A × Y ∪ X × B)

]
x

= υ
([

ζ(A × Y ∪ X × B)
]
x

) = υ
([

ζ(A × Y) ∪ ζ(X × B)
]
x

)
= υ

([ζ(A × Y)]x ∪ [
ζ(X × B)

]
x

)
= υ

([
ζ(A × Y)

]
x

) ∪ υ
([

ζ(X × B)
]
x

)
= [

ζ1(A × Y)
]
x

∪ [
ζ1(X × B)

]
x

and soζ1 is separately Baire additive. (d) follows from (a). This completes the w
proof. �
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Remark 4.3. If υ is a Borel density, i.e.υ(B) is Borel if B ∈ Bc(Y ), then allX-sections
of ξ1 are Borel sets (ξ is defined as in Proposition 4.1). In spite of thisξ may be not Borel
at least when CH is assumed (see Example 1.7 of [2] withN = the ideal of meager sets)

Lemma 4.4. Assume thatX × Y is a Baire space. Then, given arbitrary densitiesδ ∈
ϑ(M(X)) andυ ∈ ϑ(M(Y )) there existsψ1 ∈ ϑ(M(X × Y)) satisfying for eachx ∈ X

andE ∈ Bc(X × Y) the following conditions:

(j) ξ1(E) ⊆ ψ1(E);
(jj) [ψ1(E)]x ∪ [ψ1(E

c)]x = Y a.e.(M(Y ));
(jjj) [ψ1(E)]x = υ([ψ1(E)]x);
(jv) ∀ C ∈ Bc(X) [ψ1(C × Y)]x ∈ {∅, Y } & [ψ1(C × Y)]x ∪ [ψ1(C

c × Y)]x = Y ;
(v) if δ andυ are strong, thenψ1 is also strong.

If moreoverw(Y) < add(M(X)), δ = ϕX and υ = ϕY , then there exists a densitȳψ1 ∈
ϑs(M(X × Y)) satisfying the properties(j)–(v) with ψ̄1 and ϕ̄X×Y instead ofψ1 andξ1,
respectively, and the additional property

(vj) [ψ̄1(E)]y ∈ Bc(X) for all E ∈ Bc(X × Y) andy ∈ Y .

Proof. Let

Φ := {
ϕ ∈ ϑ

(
M(X × Y)

)
: ∀E ∈ Bc(X × Y) ξ1(E) ⊆ ϕ(E)

& ∀x ∈ X ∀E ∈ Bc(X × Y) [ϕ(E)]x ⊆ υ
([

ϕ(E)
]
x

)
& ∀C ∈ Bc(X) ∀x ∈ X

[
ϕ(C × Y)

]
x

∈ {∅, Y }}.
Notice first that Proposition 4.1 yieldsξ1 ∈ Φ and soΦ �= ∅. We considerΦ with inclusion
as the partial order:ϕ � ϕ̃ if ϕ(E) ⊆ ϕ̃(E) for eachE ∈ Bc(X × Y).

Claim 1. There exists a maximal element inΦ.

Proof. The only fact we have to prove is showing that each chain{ϕα}α∈A ⊆ Φ has a
dominating element inΦ. The obvious candidate isϕ given for eachE ∈ Bc(X × Y) by

ϕ(E) =
⋃
α∈A

ϕα(E) .

Let us prove first the Baire property ofϕ(E). To do it notice first that

ϕ
(
Ec

) =
⋃
α∈A

ϕα

(
Ec

)
.

and suppose, there exists(x, y) ∈ ϕ(E) ∩ ϕ(Ec). In such a case there existα ∈ A and
ᾱ ∈ A such that(x, y) ∈ ϕα(E) and(x, y) ∈ ϕᾱ(Ec). SinceA is linearly ordered, we hav
α � ᾱ or conversely. Assume thatα � ᾱ, then(x, y) ∈ ϕᾱ(E) ∩ ϕᾱ(Ec) , contradicting the
disjointness of these two sets. Thus,

ϕ(E) ∩ ϕ
(
Ec

) = ∅.
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Hence,ϕ(E) ⊆ [ϕ(Ec)]c and so if anα ∈ A is fixed, then

ϕα(E) ⊆ ϕ(E) ⊆ [
ϕ
(
Ec

)]c ⊆ [
ϕα

(
Ec

)]c
for eachE ∈ Bc(X × Y). SinceM(X × Y) is complete andϕα ∈ ϑ(M(X × Y)), this
proves the Baire property ofϕ(E) . Consider now the section properties ofϕ(E). For fixed
x ∈ X[

ϕ(E)
]
x

=
⋃
α∈A

[
ϕα(E)

]
x

⊆
⋃
α∈A

υ
([

ϕα(E)
]
x

)
and so—in virtue of Proposition 2.4—the set[ϕ(E)]x is in Bc(Y ). It is clear that the
inclusion[ϕ(E)]x ⊆ υ([ϕ(E)]x) is satisfied also. �

Now, we take asψ1 an arbitrary maximal element ofΦ. To prove all its properties w
can follow the proof of Lemma 2.8 from [20]. But for the sake of completeness we pr
here the important steps.

Claim 2. For everyE ∈ Bc(X × Y) and everyx ∈ X[
ψ1(E)

]
x

= υ
([

ψ1(E)
]
x

)
.

Proof. Set for eachx ∈ X andE ∈ Bc(X × Y)[
ψ̃(E)

]
x

= υ
([

ψ1(E)
]
x

)
.

Clearlyψ1(F ) ⊆ ψ̃(F ) for eachF . Moreover the equalityψ1(E) ∩ ψ1(E
c) = ∅ yields for

eachx the relationυ([ψ1(E)]x) ∩ υ([ψ1(E
c)]x) = ∅. As a consequence, we getψ̃(Ec) ⊆

(ψ̃(E))c. Hence

ψ1
(
Ec

) ⊆ ψ̃
(
Ec

) ⊆ [
ψ̃(E)

]c ⊆ [
ψ1(E)

]c
and soψ̃(E) ∈ Bc(X × Y). It follows thatψ̃ ∈ Φ and consequentlyψ1 = ψ̃ andψ1 satis-
fies (iii). �
Claim 3. For eachx ∈ X andC ∈ Bc(X)[

ψ1(C × Y)
]
x

∪ [
ψ1(C

c × Y)
]
x

= Y.

Proof. According to the definition ofΦ we have the relation[ψ1(C × Y)]x ∈ {∅, Y } for
eachx andC ∈ Bc(X). Suppose that for somex0 andC0 ∈ Bc(X) the equality[ψ1(C0 ×
Y)]x0 ∪ [ψ1(C

c
0 × Y)]x0 = ∅ holds true. Then definêψ ∈ ϑ(M(X × Y)) by the equality

[
ψ̂(E)

]
x

=
{ [ψ1(E)]x if x �= x0,

[ψ1(E ∪ (C0 × Y))]x0 if x = x0.

It is clear thatψ1(E) ⊆ ψ̂(E) for eachE ∈ Bc(X × Y) and [ψ̂(C × Y)]x ∈ {∅, Y } for
eachx ∈ X andC ∈ Bc(X). Consequentlŷψ ∈ Φ. Since[ψ̂(Cc

0 × Y)]x0 = Y �= [ψ1(C
c
0 ×

Y)]x0 = ∅, it follows thatψ̂ �= ψ1 what contradicts the maximality ofψ1. This completes
the proof of the claim and shows thatψ1 satisfies (jv). �
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Claim 4. For eachx ∈ X andE ∈ Bc(X × Y)[
ψ1(E)

]
x

∪ [
ψ1

(
Ec

)]
x

= Y a.e.
(
M(Y )

)
.

Proof. If not, then there existH ∈ Bc(X × Y) and x0 ∈ X such that([ψ1(H)]x0 ∪
[ψ1(H

c)]x0)
c /∈M(Y ). Let

W := υ
[([

ψ1(H)
]
x0

∪ [
ψ1

(
Hc

)]
x0

)c]
and let[

ψ̂(E)
]
x

=
{ [ψ1(E)]x if x �= x0,

[ψ1(E)]x0 ∪ (W ∩ [ψ1(H ∪ E)]x0) if x = x0.

It is clear, thatψ1(E) ⊆ ψ̂(E) for eachE ∈ Bc(X ×Y). In particularψ̂(X ×Y) = X ×Y .
It can be easily proved that̂ψ ∈ ϑ(M(X × Y)).

Since[ψ̂(Hc)]x0 = [ψ1(H
c)]x0 ∪ W �= [ψ1(H

c)]x0, we see that̂ψ andψ1 are different
densities.

In order to get a contradiction with our hypothesis it is enough to show that[ψ̂(E)]x0 ⊆
υ([ψ̂(E)]x0) and[ψ̂(C × Y)]x0 ∈ {∅, Y } for everyE ∈ Bc(X × Y) and everyC ∈ Bc(X),
but this is immediate. IfE ∈ Bc(X × Y), then

υ
([

ψ̂(E)
]
x0

) ⊇ υ
([

ψ1(E)
]
x0

) ∪ υ
(
W ∩ [

ψ1(H ∪ E)
]
x0

)
= [

ψ1(E)
]
x0

∪ [
υ(W) ∩ υ

([
ψ1(H ∪ E)

]
x0

)]
= [

ψ1(E)
]
x0

∪ (
W ∩ [

ψ1(H ∪ E)
]
x0

) = [
ψ̂(E)

]
x0

.

If C ∈ Bc(X), then[
ψ̂(C × Y)

]
x0

= [
ψ1(C × Y)

]
x0

∪ (
W ∩ [

ψ1
(
H ∪ (C × Y)

)]
x0

)
and [

ψ̂
(
Cc × Y

)]
x0

= [
ψ1

(
Cc × Y

)]
x0

∪ (
W ∩ [

ψ1
(
H ∪ (

Cc × Y
))]

x0

)
.

If [ψ1(C×Y)]x0 = Y , then[ψ̂(C×Y)]x0 = Y either. If[ψ1(C×Y)]x0 = ∅, then, according
to Claim 3,[ψ1(C

c ×Y)]x0 = Y and so[ψ̂(Cc ×Y)]x0 = Y . Consequently,[ψ̂(C×Y)]x0 =
∅. This completes the proof of the claim and shows thatψ1 satisfies (ii). �

Since for eachE ∈ Bc(X×Y) we haveξ1(E) ⊆ ψ1(E) and since according to Propos
tion 4.1 the densityξ1 is strong, providedδ andυ are strong, it follows thatψ1 satisfies (v).

If w(Y) < add(M(X)) andυ = ϕY , then we can consider the setΦ to be the same
with Φ but with ϕ̄X×Y instead ofξ1. Notice thatΦ �= ∅, since according to Corollary 3.
we haveϕ̄X×Y ∈ Φ. It follows in the same way as above that there exists a densityψ̄1 ∈
ϑs((M(X × Y)) satisfying conditions (j)–(v) withψ̄1 and ϕ̄X×Y instead ofψ1 and ξ1,
respectively.

In order to prove the Baire property of theY -sections ofψ̄1 notice, that sincēϕX×Y and
ψ̄1 are densities in the same space, the equalityϕ̄X×Y (E) = ψ̄1(E) a.e.(M(X ×Y)) holds
true. It follows then from the Kuratowski–Ulam Theorem that there isME ∈ M(X) such
that for allx /∈ ME
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[
ϕ̄X×Y (E)

]
x
� [

ψ̄1(E)
]
x

∈ M(Y ) and[
ϕ̄X×Y (E)

]
x

∪ [
ϕ̄X×Y

(
Ec

)]
x

= Y a.e.(M(Y )).

If x /∈ ME , then[
ψ̄1(E)

]
x

= ϕY

([
ψ̄1(E)

]
x

) = ϕY

([
ϕ̄X×Y (E)

]
x

) = [
ϕ̄X×Y (E)

]
x
.

Hence,

ϕ̄X×Y (E) \ (ME × Y) = ψ̄1(E) \ (ME × Y) .

Since all sections[ϕ̄X×Y (E)]y have the Baire property, the same holds true for the sec
[ψ̄1(E)]y . This completes the proof of the whole lemma.�

We are going to formulate now two suggesting themselves questions.

Question 4.5. Let X × Y be a Baire space. Given densitiesδ ∈ ϑ(M(X)) and υ ∈
ϑ(M(Y )), does there exist a densityζ ∈ ϑ(M(X × Y)) ∩ (δ ⊗ υ) satisfying the prop-
erties

(i) [ζ(E)]x ∈ Bc(Y ) and[ζ(E)]y ∈ Bc(Y ) for all E ∈ Bc(X × Y), (x, y) ∈ X × Y ;
(ii) ∀E ∈ Bc(X × Y) ∃NE ∈ M(X) [ζ(E)]x = υ([ζ(E)]x) ∀x /∈ NE?

Proposition 3.1 proves that ifY has a countable basis for its topology and ifδ andυ are the
canonical densities, then the answer is affirmative. It will follow from Theorem 6.8 th
ζ andυ are liftings, then in general the answer is negative.

It follows from [26], Corollary 6, that in case of Polish spacesX andY such that both
Boolean algebrasBc(X) andBc(Y ) are non-atomic there are no densitiesδ ∈ ϑ(M(X)),
υ ∈ ϑ(M(Y )) andξ ∈ ϑ(M(X × Y)) satisfying the following conditions:

(i) [ξ(E)]x = υ([ξ(E)]x) for eachE ∈ Bc(X × Y) andx ∈ X;
(ii) [ξ(E)]y = δ([ξ(E)]y) for eachE ∈ Bc(X × Y) andy ∈ Y .

But the following question remains open.

Question 4.6. Let X × Y be a Baire space and letδ ∈ ϑ(M(X)) andυ ∈ ϑ(M(Y )) be
arbitrary. Does there existξ ∈ ϑ(M(X ×Y))∩ (δ ⊗ υ) such that for eachE ∈ Bc(X ×Y)

there existNE ∈ M(X) andME ∈ M(Y ) with [ξ(E)]x = υ([ξ(E)]x) for eachx /∈ NE

and[ξ(E)]y = δ([ξ(E)]y) for eachy /∈ ME?
Proposition 3.1 proves that ifX andY have countable bases for their topologies an

δ andυ are the canonical densities, then the answer is affirmative.

The following remarks show that the category densities behave better than the me
theoretic ones under formation of products.

Remark 4.7. (a) In general a result analogous to Proposition 4.1 is false for mea
theoretic densities. More precisely, given non-atomic complete probability spaces(X,Σ,µ)
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and(Θ,T , ν), and densitiesδ ∈ ϑ(µ) andυ ∈ ϑ(ν), the mapξ :Σ ⊗̂T → P(X × Θ) de-
fined by

ξ(E) :=
⋃{

δ(A) × υ(B): A × B ⊆ E a.e.(µ ⊗̂ν)
}

cannot be a density forµ ⊗̂ν.
In fact, suppose thatξ ∈ ϑ(µ ⊗̂ν). If E ∈ Σ ⊗̂T thenE = ξ(E) a.e.(µ ⊗̂ν), hence for

eachE ∈ (Σ ⊗̂T )+ there existA ∈ Σ+ andB ∈ T+ such thatA × B ⊆ E a.e.(µ ⊗̂ν),
a contradiction to a well-known result of Erdős and Oxtoby [5] saying that there exis
E ∈ (Σ ⊗̂T )+ such that there are noA ∈ Σ+ andB ∈ T+ satisfying conditionA × B ⊆ E

a.e.(µ ⊗̂ν).
(b) Given non-atomic complete probability spaces(X,Σ,µ) and(Θ,T , ν), and arbi-

trary densitiesδ ∈ ϑ(µ), υ ∈ ϑ(ν) andξ ∈ ϑ(µ ⊗̂ν), condition (ii) from Proposition 4.1
cannot be true.

In fact, assume if possible that condition (ii) holds true. It then follows that for e
E ∈ (Σ ⊗̂T )+ there exists a family〈Ai × Bi〉i∈I of measurable rectangles of positi
measure such thatξ(E) = ⋃

i∈I [δ(Ai) × υ(Bi)], hence there existAi0 ∈ Σ+ andBi0 ∈ T+
such thatAi0 × Bi0 ⊆ E a.e.(µ ⊗̂ν), which again contradicts [5].

5. Existence of liftings in products of two spaces, with sections possessing the Baire
property

As we have proven in previous sections when densities are under consideratio
there exist always product densities with nice measurability properties. In Propositi
and in Proposition 4.1 the existence of a product density with measurable sections s
ing an inclusion has been proven. There is now a question whether similar results
of liftings can be achieved. We solve this problem in the next theorem.

Theorem 5.1. Assume thatX × Y is a Baire space. Then given arbitrary liftingsρ ∈
Λ(M(X)) andσ ∈ Λ(M(Y )), there exists a liftingπ1 ∈ Λ(M(X × Y)) such that

(i) π1 ∈ ρ ⊗ σ ;
(ii) [π1(E)]x = σ([π1(E)]x) for all E ∈ Bc(X × Y) and allx ∈ X;
(iii) if ρ andσ are strong, thenπ1 is strong.

Proof. Applying Lemma 4.4 withδ = ρ andυ = σ , we obtain a densityπ1 ∈ ϑ(M(X ×
Y)) such that

ρ(A) × σ(B) ⊆ π1(A × B) for all A ∈ Bc(X) andB ∈ Bc(Y ), (7)[
π1(E)

]
x

∪ [
π1

(
Ec

)]
x

= Y a.e.(M(Y )) for all x ∈ X andE ∈ Bc(X × Y), (8)

and [
π1(E)

]
x

= σ
([

π1(E)
]
x

)
for all x ∈ X andE ∈ Bc(X × Y). (9)

Standard calculation proves thatπ1(A × B) = ρ(A) × σ(B), wheneverA ∈ Bc(X) and
B ∈ Bc(Y ). Consequently, we get condition (i) of the theorem.
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We are going to prove now thatπ1 is a lifting. To do it notice that as a consequence
(8) we get for eachx the equality[π1(E

c)]x = ([π1(E)]x)c a.e.(M(Y )). Hence

σ
([

π1
(
Ec

)]
x

) = σ
[([

π1(E)
]
x

)c]
. (10)

Taking into account (9), (10) and the lifting properties ofσ we see that[
π1

(
Ec

)]
x

= ([
π1(E)

]c)
x
.

This impliesπ1(E
c) = [π1(E)]c and soπ1 ∈ Λ(M(X × Y)).

Condition (iii) follows from (i) in the same way as in the proof of condition (vi)
Proposition 4.1. �
Remark 5.2. A result analogous to that from Theorem 5.1 fails for measure-theo
strong liftings (see [17, Section 3, Remark 5]). The best possible result for mea
theoretic strong liftings is the following theorem from [16]:

Given complete topological probability spaces(X,T ,Σ,µ) and(Θ,S, T , ν), such that
the first one admits a strong liftingρ for µ and the second one admits a strong admiss
generated liftingσ for ν (see [16] or [20] or [25] for the definition), there exists a stro
lifting π for µ ⊗̂ν satisfying the conclusions of Theorem 5.1. The corresponding
possible result for measure-theoretic liftings can be found in [20, Theorem 2.13].

This shows again the better behavior of the category strong liftings than the me
theoretic ones under formation of products.

6. Countably additive liftings

It is a consequence of [26] that the liftingπ1 in Theorem 5.1 cannot have, in gener
all Y -sectionsρ-invariant. We are going to settle in this section whether it can hav
Y -sections with the property of Baire. This is related to the following question which
deal with first.

Question 6.1. Let Y be a non-empty Baire Tychonoff space without isolated points.
possible that there is a lifting for(Y,Bc(Y ),M(Y )) which is aσ -homomorphism?

It follows from the results below that a counterexample would have to have the pro
that every meager set is nowhere dense. Moreover, the cellularity of every open set
have to be at least equal to the first measurable cardinal. (Recall that a cardinalκ is mea-
surable ifP(κ) carries a diffuseκ-additive probability measure, or equivalently, there i
κ-additive free ultrafilter onκ .) From the latter property it follows that the negative answ
to the question for all spaces is consistent relative to ZFC.

Let us say thatθ :Bc(Y ) → Bc(Y ) is aselectorif it chooses a representative from ea
class moduloM, i.e.,θ(E) =M E andθ(E) = θ(F ) wheneverE =M F .

Proposition 6.2. SupposeY is a regular Baire space in which some non-empty open se
a dense meager subset. Then for any selectorθ :Bc(Y ) → Bc(Y ), there is a decreasing
sequence{An} in Bc(Y ) such thatθ(

⋂
An) �= ⋂

θ(An).
n n



1184 M.R. Burke et al. / Topology and its Applications 153 (2006) 1164–1191

ets
n set
where

h–
s
e
the

it.

Fix
.

t

pace
ts
lated

s

ee

o

Proof. (Cf. the proof of [7, Lemma 20].) LetFn, n ∈ N, be closed nowhere dense subs
of Y such that

⋃
n Fn coversθ(∅) and covers a dense subset of some non-empty ope

U ⊆ Y . Assume we have fixed for each first category set a sequence of closed no
dense sets covering it and we have also fixed, for each non-empty open setV , a non-empty
open setW such thatW ⊆ V . Consider the following strategy for player I in the Banac
Mazur game described in Section 2. Player I’s first move isU1 = U . Suppose both player
have maden movesU1 ⊇ V1 ⊇ · · · ⊇ Un ⊇ Vn. Write Fmk , k ∈ N, for the closed nowher
dense sets coveringVm � θ(Vm), m � n, which were fixed above. Corresponding to
non-empty open set

Vn \
( ⋃

m�n

Fm ∪
⋃

m�n, k�n

Fmk

)
,

there was fixed above a non-empty open subsetUn+1 whose closure is contained inside
This is player I’s next move.

BecauseY is Baire, there is a play of the game which is not winning for player I.
such a play of the game and consider the setK = ⋂

n Vn. We haveK �= ∅ by assumption
SinceK = ⋂

n Un, K is closed. SinceK ⊆ U andK is disjoint from
⋃

n Fn, K is nowhere
dense. For eachn ∈ N, sinceK is disjoint from

⋃
k Fnk , we haveK ∩ (Vn � θ(Vn)) =

∅ and henceK ⊆ ⋂
n θ(Vn). Together withK ∩ θ(∅) = ∅, the last inclusion shows tha⋂

n θ(Vn) \ θ(∅) is not empty and henceθ(
⋂

n Vn) = θ(K) = θ(∅) �= ⋂
n θ(Vn). �

Remark 6.3. In anyT1 space without isolated points, a set which is discrete in the subs
topology is nowhere dense. Hence Proposition 6.2 covers allT1 spaces without isolated se
which have aσ -discrete dense set. In particular it covers metric spaces without iso
points. (Each metric space has a dense set

⋃
n Dn, whereDn is a maximal set of point

whose pairwise distances are at least 1/n.)

If B is a Boolean algebra, then a setS ⊆ B \ {0} is acellular family if x ∧ y = 0 for all
distinctx, y ∈ S. We define thecellularity of B to be sup{cardS: S is a cellular family}.
B�a denotes the induced Boolean algebra on{x ∈ B: x � a}.

In the proposition below(Y,Σ,N ) is a measurable space with aσ -idealN of subsets
of Y that is generated byN ∩ Σ . To avoid trivialities we also assumeY /∈ N . Notice that
then the quotient algebraΣ/N satisfies 0�= 1.

Proposition 6.4. Let A = Σ/N . If some non-zeroa ∈ A satisfies thatA�a is complete
and non-atomic, and the cellularity ofA�a does not carry any countably complete fr
ultrafilter, then no lifting for(Y,Σ,N ) is aσ -homomorphism.

Proof. Let a ∈ A be as in the hypothesis. Letθ : A → Σ be a lifting. Fix any pointp ∈
θ(a). SinceA�a is non-atomic, for any non-zerob � a, there are two disjoint non-zer
members ofA which are� b. Hence, there is a non-zerob′ � b such thatp /∈ θ(b′). Thus,
there is a cellular familyS in A�a such thatp /∈ θ(b) for eachb ∈ S and

∨
S = a. Let

F =
{
S′ ⊆ S: p ∈ θ

(∨
S′)}

.



M.R. Burke et al. / Topology and its Applications 153 (2006) 1164–1191 1185

ay

The

y

r

and

-

e
f. [1,
F is a free ultrafilter onS. By assumption,F is not countably complete. Hence, we m
write S = ⋃

n S′
n so thatp /∈ θ(

∨
S′

n) for eachn ∈ N. Let an = ∨
S′

n. Thenp ∈ θ(a) =
θ(

∨
n an) whereasp /∈ ⋃

n θ(an). �
Remark 6.5. Let Y be a non-void Baire Hausdorff space without isolated points.
structure(Y,Bc(Y ),M(Y )) satisfies the assumption if some non-empty open setU ⊆ Y

has cellularity below the first measurable cardinal.

In the sequel we denote byP(N) the space of all subsets ofN endowed with the ordinar
product metric topology.

Proposition 6.6. LetY be a Baire space and letU be a non-countably-complete ultrafilte
onBc(Y ) extending the filter of dense open sets. There is then a setE ⊆ P(N) × Y which
is a union of countably many open rectangles such that{x ∈ P(N): Ex ∈ U} is a free
ultrafilter.

Proof. Fix a pairwise disjoint family{An: n ∈ N} of open sets inY such thatAn /∈ U for
eachn ∈ N and

⋃
n An is dense inY .

E =
⋃
n∈N

{x ⊆ N: n ∈ x} × An

is as desired. �
Proposition 6.7. Let Y be a Baire space such that(P (N), Y ) is a Kuratowski–Ulam pair.
For any lifting θ ∈ Λ(M(Y )) which is not aσ -homomorphism, there is a pointy ∈ Y and
there is a setE ⊆ P(N) × Y which is the union of countably many open rectangles
is such that for no representativeS of the category class ofE do we have thatSy has the
property of Baire andθ(Sx) = Sx for a residual set ofx ∈ P(N).

Proof. Note that ifθ(
⋃

n An) �= ⋃
n θ(An) for some setsAn ∈ Bc(Y ), then for anyp ∈

θ(
⋃

n An) \ ⋃
n θ(An), the collectionU := {A ∈ Bc(Y ): p ∈ θ(A)} is a non-countably

complete ultrafilter onBc(Y ). If E andAn’s are taken from Proposition 6.6, then

{
x ∈ P(N): Ex ∈ U

} =
{
x ∈ P(N):

⋃
n∈x

An ∈ U
}

is a free ultrafilter. SupposeS is in the category class ofE andθ(Sx) = Sx for a residual
set ofx ∈ P(N). The Kuratowski–Ulam Theorem ensures thatEx = Sx a.e.(M(Y )), for
a residual set ofx ∈ P(N). Hence,W := {x ∈ P(N): θ(Ex) = θ(Sx) = Sx} is residual.
If x ∈ W , thenx ∈ Sy means thaty ∈ Sx = θ(Ex), i.e.,Ex ∈ U . By Proposition 6.6{x ∈
P(N): Ex ∈ U} is a free ultrafilter. Since{x ∈ P(N): Ex ∈ U} ⊇ W , it possesses also th
property of Baire. On the other hand according to a well-known result of Sierpinski (c
Theorem 4.1.1]), the set{x ∈ P(N): Ex ∈ U} does not have the property of Baire.�

Applying Proposition 6.7 we obtain the main non-existence result of this paper.
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Theorem 6.8. Let Y be a separable metric space without isolated points. Then there
no lifting σ ∈ Λ(M(Y )) and densityϕ ∈ ϑ(M(P (N) × Y)) satisfying the following two
conditions:

(j) there exists̄y ∈ Y such that for eachE ∈ Bc(P (N) × Y)[
ϕ(E)

]ȳ ∈ Bc

(
P(N)

)
.

(jj) for eachE ∈ Bc(P (N) × Y)) there exists a setNE ∈ M(P (N)) such that[
ϕ(E)

]
x

= σ
([

ϕ(E)
]
x

)
for eachx /∈ NE.

Corollary 6.9. Let Y be a separable metric space without isolated points. Ifρ,σ and
π1 are liftings satisfying Theorem5.1 (with X = P(N)), then for eachy ∈ Y there exists
E ∈ Bc(P (N) × Y) such that[π1(E)]y /∈ Bc(P (N)).

It follows from the above corollary, that Theorem 5.1 cannot be in general improv

Corollary 6.10. Let Y be a separable metric space without isolated points and letρ ∈
Λ(M(P (N))), σ ∈ Λ(M(Y )) andπ2 ∈ Λ(M(P (N) × Y)) be such that

(k) π2 ∈ ρ ⊗ σ ;
(kk) [π2(E)]y = ρ([π2(E)]y) for all E ∈ Bc(P (N) × Y) and ally ∈ Y .

Then, there existsE ∈ Bc(P (N) × Y) such that{
x ∈ P(N):

[
π2(E)

]
x

�= ρ
([

π2(E)
]
x

)}
/∈M

(
P(N)

)
.

Proof. According to Theorem 5.1 liftingsρ,σ andπ2 satisfying(k) and(kk) exist. If we
assume that for eachE ∈ Bc(P (N) × Y) we have[π2(E)]x = ρ([π2(E)]x) for almost all
x ∈ P(N), then we get a contradiction with Theorem 6.8.�

In the context of the preceding results it is natural to ask the following two questio

Question 6.11. Let X × Y be a Baire space. Assume also, if necessary, that(X,Y ) and
(Y,X) areK–U pairs. Do there exist (strong) liftingsρ ∈ Λ(M(X)), σ ∈ Λ(M(Y )) and
π ∈ Λ(M(X × Y)) ∩ (ρ ⊗ σ) such that for eachE ∈ Bc(X × Y) there exist setsNE ∈
M(X) andME ∈ M(Y ) with the property that wheneverx /∈ NE andy /∈ ME then[

π(E)
]
x

= σ
([

π(E)
]
x

)
and

[
π(E)

]y = ρ
([

π(E)
]y)?

Question 6.12. Let X × Y be a Baire space. Assume also, if necessary, that(X,Y ) and
(Y,X) areK–U pairs. Do there exist (strong) liftingsρ ∈ Λ(M(X)), σ ∈ Λ(M(Y )) and
π ∈ Λ(M(X × Y)) ∩ (ρ ⊗ σ) such that for eachE ∈ Bc(X × Y) and for each(x, y) ∈
X × Y we have[π(E)]x ∈ Bc(Y ) and[π(E)]y ∈ Bc(X)?
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7. Densities in arbitrary products

In this section we are going to present a generalization of Proposition 4.1 to the
of arbitrary Baire products of topological spaces. We start with an easy generalizat
Lemma 2.2 to the case of arbitrary products.

Lemma 7.1. Let {Xi : i ∈ I } be a non-empty collection of topological spaces.

(e) If Ci ⊆M Ai in Xi , i ∈ I , andCi = Ai = Xi for all i ∈ I \ F whereF ⊆ I is at most
countable, then

∏
i∈I Ci ⊆M

∏
i∈I Ai .

(f) If XI = ∏
i∈I Xi is Baire, then the product

∏
i∈I Ci of non-meager setsCi ⊆ Xi having

the Baire property and satisfyingCi = Xi for all i ∈ I \ F for some finiteF ⊆ I , is
non-meager.

(g) If XI is Baire, and
∏

i∈I Ci ⊆M
∏

i∈I Ai, whereCi,Ai ⊆ Xi are sets having the
property of Baire,Ci = Ai = Xi for all i ∈ I \ F for some finiteF and the setsCi are
not meager, then for eachi ∈ I we haveCi ⊆M Ai .

Proof. (e)
∏

i∈I Ci \ ∏
i∈I Ai ⊆ ⋃

i∈F (Ci \ Ai) × ∏
j∈I\{i} Xj is meager.

(f) For i ∈ F , let Ui ⊆ Xi be an open set such thatCi �Ui is meager. SetUi = Xi for
i ∈ I \ F and define the basic open setU = ∏

i∈I Ui . By (f ), the set

M =
⋃
i∈F

(Ui \ Ci) ×
∏

j∈I\{i}
Xj

is meager. Then, because the setsCi are non-meager, the setsUi are not empty. SinceXI

is a Baire space,U is non-meager. Thus,U \ M is non-meager and the conclusion follow
from

U \ M ⊆
∏
i∈I

Ci.

(g) If Ci \ Ai /∈ M, then, by (f),(Ci \ Ai) × ∏
j∈I\{i} Cj /∈ M, contradicting the inclu-

sion
∏

i∈I Ci ⊆M
∏

i∈I Ai . �
Theorem 7.2. Let {Xi : i ∈ I } be a non-empty collection of topological spaces such
XI is a Baire space. Moreover, let{δi ∈ ϑ(M(Xi)): i ∈ I } be a collection of densities. Fo
each∅ �= J ⊆ I andE ∈ Bc(XJ ) put

ξJ (E) =
⋃ { ∏

i∈K

δi(Ai) × XJ\K :
∏
i∈K

Ai × XJ\K ⊆ E

a.e.
(
M(XJ )

)
,K ∈ Fin(J )

}
,

whereFin(J ) denotes the collection of all non-empty finite subsets ofJ ⊆ I . Then for each
non-empty subsetJ of I ξJ is a density inϑ(M(XJ )) satisfying the following conditions:

(i) ξJ respects coordinates;
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(ii) ξJ ∈ ξK ⊗ ξJ\K if K is a non-empty proper subset ofJ ;
(iii) ξJ ∈ ⊗

i∈J δi ;
(iv) ξJ is separately Baire additive;
(v) [ξJ (E)]xK

⊆ ξJ\K([ξJ (E)]xK
) for eachE ∈ Bc(XJ ), if K is a non-empty prope

subset ofJ ;
(vi) if for eachi ∈ I the densityδi is strong, thenξJ is also strong.

Proof. Let us fix a non-empty subsetJ of I . Exactly as in Proposition 4.1 one can pro
thatξJ ∈ ϑ(M(XJ )). To show condition (ii), we are going to prove first the following fa

Claim. Let J = K ∪ L be a proper decomposition ofJ and letφ(ξK, ξL) be the density
from Proposition4.1, whenδ andυ are replaced byξK and ξL, respectively. ThenξJ =
φ(ξK, ξL).

Proof. Without any comments we are going to apply below Lemma 7.1(e), (g). We as
also, where necessary, that sets have the Baire property in the corresponding space

ξJ (E) =
⋃{ ∏

i∈M

δi(Ai) × XJ\M :
∏
i∈M

Ai × XJ\M ⊆M E, M ∈ FinJ

}

=
⋃{ ∏

i∈M∩K

δi(Ai) × XK\M ×
∏

i∈M∩L

δi(Ai) × XL\M :

∏
i∈M

Ai × XJ\M ⊆M E, M ∈ FinJ

}

⊆
⋃{

ξK(A) × ξL(B): A × B ⊆M E
} = φ(ξK, ξL)(E)

=
⋃{(⋃ ∏

i∈P

δ(Ai) × XK\P
)

×
(⋃ ∏

j∈Q

δ(Bj ) × XL\Q
)

: A × B ⊆M E,

∏
i∈P

δ(Ai) × XK\P ⊆M A &
∏
j∈Q

δ(Bj ) × XL\Q ⊆M B,

P ∈ FinK, Q ∈ FinL

}

⊆
⋃{⋃ ∏

i∈P

δ(Ai) ×
∏
j∈Q

δ(Bj ) × XJ\P∪Q:

∏
i∈P

δ(Ai) ×
∏
j∈Q

δ(Bj ) × XJ\P∪Q ⊆M E,P ∈ FinK, Q ∈ FinL

}

= ξJ (E). �
Condition (ii) follows now from Proposition 4.1(i). Condition (i) is equivalent to (

Conditions (iv), (v) and (vi) follow exactly in the same way as in Proposition 4.1.
Condition (iii) follows directly from (ii).
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This completes the proof of the theorem.�
Notice that in general the densityξJ above is not a lifting, even if allδi ’s are liftings.

For example, ifX andY are infinite extremally disconnected compact spaces, then
canonical densitiesϕX andϕY are liftings. However the formula forξJ in this case pro-
duces the canonical densityϕX×Y (see Proposition 3.1) which is not a lifting sinceX × Y

is not extremally disconnected [4, Exercise 6.3.21].
We finish with the following open problem:

Question 7.3. Let {Xi : i ∈ I } be an infinite collection of topological spaces such thatXI

is Baire. Does there exist a liftingπ ∈ Λs(M(XI )) respecting coordinates?

8. A lifting respecting coordinates in a weak sense

Besides liftings respecting coordinates one can consider also the following two
similar properties of a liftingθ ∈ Λ(M(X × Y)):

(WRC1) For everyA ∈ Bc(X) andB ∈ Bc(Y ), there are setsC ⊆ X andD ⊆ Y such that
θ(A × B) = C × D ∈ Bc(X × Y).

(WRC2) For everyA×B ∈ Bc(X ×Y), there are setsC ⊆ X andD ⊆ Y such thatθ(A×
B) = C × D ∈ Bc(X × Y).

If we write (RC) for the property of respecting coordinates, then clearly (WRC1) is a
consequence of either (RC) or (WRC2).

We give an example to show that a lifting for the category algebra of a Baire pro
X × Y can satisfy (WRC1) without respecting coordinates. Other than the obvious im
cation mentioned above, the relationship of (WRC2) to the other two properties is not cle
to us. However, as we have already mentioned in the introduction, under some assum
concerning coordinate spaces, the situation is simpler.

Proposition 8.1. Let X and Y be arbitrary Baire spaces. If(X,Y ) or (Y,X) satisfy the
Kuratowski–Ulam property or ifX andY are weaklyα-favorable, then all three propertie
coincide.

Proof. In case ofK–U the conclusion is easily seen, so we will present only the proo
case of weaklyα-favorable spaces. It is enough to show that ifA /∈ Bc(X), thenA × Y /∈
Bc(X × Y). To do it notice first thatA ⊂ X is without the property of Baire if and only
there is a non-empty open set U such that bothA ∩ U andU \ A are everywhere secon
category inU (i.e. have second category intersection with every non-void open sub
U ). Let us fixA /∈ Bc(X) and the correspondingU . In particular,A ∩ U andU \ A are
both dense inU .

We need in what follows the Oxtoby observation that whenZ is a dense subspace ofX

andC ⊂ Z, thenC is meager inZ if and only if C is meager inX. TakingC = V ∩ Z for
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non-empty open setsV ⊂ X gives in particular thatZ is a Baire space if and only ifZ is
everywhere second category inX.

We have thatA∩U andU \A are thus Baire spaces. Because Y is weakly-α-favorable,
(A ∩ U) × Y and(U \ A) × Y are both Baire spaces. But these are dense inU × Y , so
they are everywhere second category inU × Y . Thus,A × Y does not have the property
Baire because both it and its complement are everywhere second category inU × Y . �
Example 8.2. Let X andY be Baire normed spaces such thatX×Y is not Baire (and henc
is meager). (See [29] or [19].) Let̃X be the completion ofX, so thatX̃ is a Banach space
SinceX̃ is weaklyα-favorable,X̃ × Y is Baire (see [30]). Notice thatX × Y is meager
also as a subset of̃X × Y .

The spaceX is everywhere second category in itself and hence also inX̃ in which it is
dense. It does not have the property of Baire in any open setU of X̃ because otherwise
would follow from Lemma 2.2(f) that(U ∩ X) × Y is second category iñX × Y .

Let θ be a translation invariant lifting for the category algebra ofX̃ × Y . For example
start with the canonical densityϕX̃×Y , which is translation-invariant since translations
homeomorphisms. IfU is any ultrafilter onBc(X̃ × Y) containing all neighborhoods of
and all residual sets, then settingθ(E) = {u ∈ X̃ × Y : E − u ∈ U} works. We have tha
θ is a strong lifting and respects coordinates. (Respecting coordinates follows easil
the fact thatθ dominates the separately additiveϕX̃×Y and is translation-invariant, sinc
the former is the same as being invariant under translations of the formu �→ u+ (x,0) and
u �→ u+ (0, y)). Let θX̃ andθY be the marginal liftings induced byθ . We define a Boolea
homomorphismτ on the category algebra of̃X into P(X̃) as follows.

τ(A) =
{

θX̃(A) \ X if 0 /∈ θX̃(A),

θX̃(A) ∪ X if 0 ∈ θX̃(A).

Thenτ(A) fails to have the property of Baire wheneverA is not meager or residual. I
particularτ /∈ ϑ(M(X̃)).

Letting A denoteBc(X̃ × Y), write A = ⋃
ξ<κ Aξ , whereA0 is the algebra gene

ated by the rectanglesA × B (A ∈ Bc(X̃), B ∈ Bc(Y )), for each ordinalξ < κ , Aξ+1 is
generated overAξ by adding a single elementAξ , andAξ = ⋃

η<ξ Aη whenξ is a limit
ordinal. Inductively define a liftingσ for A by taking σ �A0 to be the unique Boolea
homomorphism of the product algebraA0 into Bc(X̃ × Y) satisfying

σ(A × B) = τ(A) × θY (B).

Then at a successor stage, letσ �Aξ+1 be the unique extension ofσ �Aξ satisfying

σ(Aξ ) = θ(Aξ ) ∪
⋃{

σ(A): A ∈ Aξ , A ⊆M Aξ

}
\

⋃{
σ(A): A ∈Aξ , A ∩ Aξ ∈ M(X̃ × Y)

}
.

Thatσ is a lifting follows by checking by induction onξ that for eachA ∈ Aξ , we have
σ(A)� θ(A) ⊆ X × Y and henceσ(A) =M θ(A). Thenσ is as desired since it respec
coordinates in the weaker sense.θY is a marginal lifting ofσ . The second marginal lifting
does not exist.
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