Yet another cardinal coefficients of analytic P-ideals
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Abstract

This is a working note. The note may (and, probably, does) contain mistakes
and errors. Any comments, new ideas, old ideas and beer proposals warmly invited.

1 Introduction

This note contains mostly problems, of which the main one is Problem 2.1 which most
of you already know. I tried to formulate it in a general form, for analytic P-ideals.
Perhaps for some of them the presented problems are very easy. I am interested mostly
in the ideal of asymptotic density sets (or, generally, in density ideals) and, I believe, for
this one not every problem contained here is easy.

The last sections are about MAD families. Problems (Problem 2.2 and Problem 5.3)
presented there seems to be easier than the above. I show that under MA (and CH)
there are MAD’s without Z—intersections. I guess, one does not need additional axioms
for that, but I don’t know how to show it.

2 Preliminaries

Recall that a set P C w is a pseudo-intersection of a family A C P(w) if P C* A (which
means that P\ A is finite) for every A € A.

The pseudo—intersection number p is the minimal size of a family A with strong finite
intersection property (i.e. such that AN B is infinite for every A, B € A) without a
pseudo—intersection.

One can consider other ideals than Fin in the above definitions. It was done in various
ways in many papers. For an ideal Z on w one can define the analog of the pseudo-
intersection number for 7 as e.g.

e the minimal cardinality of the family from the dual filter Z* which does not have
a pseudo—intersection in Z* (p(Z*), see [4]; add™(Z), see [8]);

e the minimal cardinality of the family from the dual filter Z* which does not have
a pseudo-intersection (xp(Z*), see [4]; cov*(Z), see [8]) ;

e the minimal cardinality of a family A with the Z-strong finite intersection property
(every finite subfamily has an intersection outside Z) without a set outside Z which
is almost included (in the sense of Z) in every member of A (see [6]).



The aim of this note is to present an another way of generalizing the pseudo—intersection
number, as well as other classical cardinal coefficients.

Let Z be an ideal on w. For an infinite set N = {n; <ny <ng < ...} Cw a copy of T
on N is the ideal consisting of subsets of N of the form {n;: i € Z}.

Denote by Zy the ideal of subsets of w A for which AN N belongs to the copy of Z on
N. So,

In={ACw: {i:ne ANN} eI}

For a family F of subsets of w say that P C w is an Z—intersection of F if F¢ € Ip for
every ' € F. Notice that for Z being a trivial ideal, an Z-intersection is just a subset
of the intersection, and for Z being the ideal of finite subsets of w an Z—intersection of
F is a pseudo—intersection of F.

In this setting a natural way to define an Z—intersection number is of course the following:

pr = min{|F|: F has sfip and F does not have an Z — intersection}.

We can consider analogs of other cardinal coefficients obtained in this way (for the
definitions of the classical coefficients, confront e.g. [2]).

A family 7 C P(w) is a tower if for every A, B € T either A C* B or B C* A and
T possess no pseudo—intersection. The Z—-tower number t7 is the smallest cardinality of
any tower without an Z—intersection, provided such a tower exists.

It would be convenient to say that an ideal J does not have an Z—intersection if the
filter dual to J does not have an Z—intersection. For an almost disjoint family A of
subset of w we will say that it is Z-maximal if the ideal generated by A does not have an
Z—intersection. Alternatively, we can say that an AD family is Z-maximal if it cannot
be extended (to an AD family) by a set X such that A € Zx for every A € A. The
T -almost disjointness number az is the smallest cardinality of an almost disjoint family
which is Z-maximal, provided such a family exists.

A family S is splitting if it splits every infinite A C w, i.e. there is a set .S € § such that
SN Aand A\ S are infinite. The Z-splitting number sz is the smallest cardinality of
any splitting family such that for every A C P(w) there is S € S such that S ¢ Z4 and
S¢ ¢ T, provided such a family exists.

The schema of the above definitions is the following: consider subfamilies of P(w) satis-
fying certain condition expressed modulo the ideal Fin and ask about the cardinality of
the minimal among them with certain property expressed modulo the fized ideal T.

One can consider in the same manner the analog of the reaping number ¢, the distribu-
tivity number § or the independent number i.

Clearly, if 7 contains every finite set and £ is one of the above cardinal coefficients, then
¢ < €7, provided £7 is well defined.

Problem 2.1 Let 7 be a tall analytic P-ideal and let € be one of the above cardinal
coefficients. Is it consistent to assume € < €7¢ In particular, is it consistent that p < pr,
t<tzrora<az?



To get a filter without an Z—intersection we can take any ultrafilter, so it is obvious that
p7 is well-defined. However, it is not so obvious that any of the remaining coefficients
presented above is well-defined in ZFC (and for every (reasonable) ideal).

Problem 2.2 Let T be a tall analytic P-ideal. Which of the above defined coefficients
are well-defined?

3 Analytic background of the problem

The idea of p7 came from certain analytic considerations.

Recall that the definition of the pseudo-intersection number can be reformulated in
topological terms. Namely, one can see the pseudo—intersection number as the smallest
weight of a countable space which is not Frechet-Urysohn (i.e. there is a set A and a
point z € A such that no sequence from A converges to x).

A compact space K can be seen as a closed subspace of the space of probability measures
P(K) on K with the weak* topology (the embedding is given by x — d,). Recall that in
this topology p, converges to p if and only if u,,(A) — p(A) for every clopen A. Notice
that (x,) converges to z if and only if (d,,) converges to J,.

Of course P(K) is usually much more complicated than K. One can distinguish differ-
ent levels of complexity in P(K). The simplest measures are the Dirac measures (and
{d,: x € K} is homeomorphic to K'). Then we can consider space of all convex combina-
tions of Dirac measures (which we will call Sy(K) after [3]). Next, all limits of sequences
from Sp(K') (called S;(K)), and so on. In this manner we obtain a sequence ((S¢)e<w,)
(on limit stages setting union of all previously defined spaces).

Here, we list several known facts about S,, spaces.

Fact 3.1 The following facts hold for a space K :

o So(K) is the space of finitely supported measures and Sy(K) contains the space of
purely atomic measures;

e So(K) is dense in P(K);
e S1(K) = P(K) if and only if every u € P(K) has a uniformly distributed sequence
(zx), i.e. pp=1im X760, (see [3]);
e for many spaces S1(K) = P(K), e.g. for all scattered spaces, but surprisingly also
for 2¢ (see 491Q in [7])
e in [3] it is proved that S,,(K) = P(K) if K is Koppelberg compact.
Z—intersection numbers allows us to look one step deeper in the structure of P(K).

Recall that a set A C w has asymptotic density zero if lim(]ANn|/n) = 0 and denote by
Z the ideal of density zero sets. If N = {ny,no,...} is a Z-intersection of F, then

{nl,...,nk}ﬁA_>
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if and only if A € F. But this means that

5n1+"'+6nk
2 .

5_7: = lim

We will say that a topological space K with a structure of linear space satisfies the
convex Frechet—Urysohn condition if for every convex set A C K and = € A, there is a
sequence in A convergent to x

Fact 3.2 The number pz is the smallest weight of a countable space K such that So(K)
does not satisfy the convex Frechet—Urysohn condition.

Proof. Let A be a Boolean algebra generated by a filter F witnessing pz and let K
be its Stone space. Let L = w U {F} C K. Then oz € {§,: n € w} C Sy(w) (since
w = K), but there is no sequence from Sp(w) converging to 0z and (by Fact 3.1(a)) L is
a countable space with weight pz, which is not Frechet—Urysohn.

If weight(K) < pz, K is countable and = € K is in the closure of Sy(A), then {A N
U: U is a neighbourhood of z} forms a filter with a Z—intersection {z,zs,...} C K.
Then

5y _ i 2 +',;+6“k.

In a sense we can call pz a convex pseudo—intersection number.
In [3] the following question loosely connected to the above considerations was raised.

Problem 3.3 Is there a Boolean algebra A C P(w) such that no ultrafilter on A has a
pseudo—intersection but every ultrafilter has a Z—intersection?

In [3] it was showed that if there is such a Boolean algebra and this Boolean algebra is
dense in P(w), then there is a Gelfand—Philips space without Mazur property. It was
proved that in the models of set theory, where p; > b, there is a Boolean algebra as
described above.

4 T—-intersection of filters

One can think about the following ordering on ideals on w: Z < 7 if there is a bijection
f:w — wsuch that f[I] € J for every I € Z. So, Z < J if 7 is included in J modulo
a permutation.

An inequality Z < J implies e.g. inequality between these ideals in the sense of Katetov.

Fact 4.1 If a filter F has an Z—-intersection, then F* < T.

Proof. Fix aset N = {n; <ng < ...} € Z* and define f in such a way that f(z;) = n;,
where {71 < xy < ...} is an Z—intersection of F.
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(BTW: can we reverse the above implication? Is it true that if Z < 7, then Z* has a
J—intersection?)

From Fact 4.1 and the theorem that every analytic ideal is feeble it follows that every
filter with an Z—intersection is feeble. This fact together with Petr Simon’s result that
(in ZFC) there is a non—feeble filter generated by b many sets, give us the following upper
bound for pz.

Fact 4.2 If 7 is an analytic P-ideal, then
pr < b.

Recall that for a tall ideal Z the coefficient add*(Z) denotes the minimal cardinality of a
family in Z* without a pseudo-intersection from Z*. If p < add*(Z) (t < add*(Z)), then
the filter (tower) witnessing p (t) cannot have an Z—intersection. Therefore

Fact 4.3 If p < add*(Z), then pr = p. Also if t < add™(Z), then tyr = t.

It follows that under p < add*(Z) and p < b there is a filter which is feeble but does not
have an Z—intersection. In the next section we will come back to this subject.

If we start to believe that consistently p < p7 or t < {7, we can think about an iteration
of forcing which adds Z—intersections without adding pseudo-intersections. Or, we can
try to start with a model in which there is only one (modulo permutation) tower 7" of
height wy (if there is such a model) and try to supply 7 with an Z—intersection without
diagonalizing it and without adding other towers, too (if it is possible).

We finish this section by an easy observation: if we change a little the notion of Z—
intersection demanding it to be a member of our ideal, then the analogously defined
Z—intersection number equals p.

Fact 4.4 If T is an analytic P-ideal, then

p > min{|F|: F does not have an Z-intersection in F}.

Proof. Consider a filter F generated by x smaller than the cardinal on the right side of
the above inequality. We show that it has an Z—intersection.

Let ¢ be a submeasure associated to Z. Let (k,) be a sequence as above, i.e. such that
©([kn, kny1)) > € for some € and every n.

Assume that G be a filter generated by the family

{U (kn, kni1): F € F}.

The filter G is therefore generated by x many sets so there is an Z—intersection I € G of
G. But then the set {n € w: [k, k,11) C I} is a pseudo—intersection of F.



5 Towers and MAD’s without 7Z7—intersection

As we have already mentioned it is not clear if the cardinal coefficients presented in
Section 2 were defined properly. In particular, it is not clear if in ZFC we have towers
and MADs without an Z—intersection.

If t = ¢, then we can construct such a tower easily. Just enumerate [w]* = {X,: a <
¢} and define the tower inductively ensuring at the a—th step, that X, is not an Z—
intersection. Recently, Barnabas Farkas and Joerg Brendle (private communication)
showed that for every P—analytic ideal Z on w there is a model of set theory in which
the dual filter does not contain a tower. It means that in such a model there is even no
tower with an Z—intersection (and t7 = t). On the other hand e.g. in the standard Cohen
model there are no towers of height ¢ (so, the above argument cannot be repeated).

In case of MAD families, it is even more difficult. The reason for that is the feebleness
of AD’s.

Fact 5.1 FEvery ideal generated by an almost disjoint family is feeble.

Proof. Let A be the almost disjoint family and let Z be generated by A. Let (A,)
be a partition of w into elements of Z. Let A, = {a}: k € w}. Define f: w — w by

f(a}) =i+j. Such f is finite-to-one and we have f~'[X] ¢ Z for every infinite X C w.
=

So, every example of MAD without an Z—intersection, will be an example of a feeble
ideal without an Z—intersection. This is not the case of towers. The example mentioned
above is not feeble.

It will be convenient to make the following simple fact available.

Fact 5.2 If J is tall then there is a MAD family included in T .

Proof. Consider an almost disjoint family consisting only of members of 7, which
cannot be extended by any member of J. It is MAD. Indeed, if it can be extended by
B C w, then it can be extended by any infinite subset of B, in particular by its infinite

subset from J (whose existence is guaranteed by the tallness).
]

We can translate the notion of tallness into Z-tallness in the following way: an ideal
J is Z—tall if in every infinite X there is J € J such that J ¢ Zx. As in the case of
tallness, J is Z—tall if and only if J* does not have an Z—intersecton.

Problem 5.3 Is it true that for every Z-tall ideal J there is an T-MAD family included
m J?

Using Fact 5.2 we can see that if Z is tall, then there are MAD’s which are not Z—maximal.



6 Z-maximal MAD under CH and MA

Now, we will show an example of a MAD family which is Z—maximal. First, let us prove
the following.

Fact 6.1 Assume Z is a tall analytic P-ideal. If (A,), is a countable almost disjoint
family of sets from I, then it can be extended by a set B C w such that B € I+.

Proof. Let ¢ be a submeasure associated to Z. Assume without loss of generality that
the family (A,,) is pairwise disjoint. Since Z is a proper P—ideal, there is € > 0 such that
for every natural numbers n and k if F' = ({J,_,, Ai) then o(F'\ k) > €.

Consider sequences (B,,), (L) of finite subsets of w and a strictly increasing sequence
(ky) of natural numbers such that

1. By= Lo =0 and kg = 0;

2. B, intersects A, only if m € L,;
3. L,N L, =0if n# m;

4. B, C [kn, kni1);

5. ©(B,) > ¢ (so, p(Bp \ kn) > €).

It is clear that such families can be constructed inductively. For &, take max(B,,) + 1.
The set B = |J B,, intersects each A, on a set included in L,, (so, on a finite set). The

sequence (k,) witnesses that ¢(B \ n) does not converge to 0 as n — oo, so B € I+,
|

Under CH we can use the above result to construct an almost disjoint family without an
Z—intersection.

Fact 6.2 (CH) If T is a tall analytic P-ideal, then there is a MAD family without an
T —intersection.

Proof. Let (X¢)e<o, be an enumeration of infinite co-infinite subsets of w. We will
construct the desired MAD family inductively. Start with a disjoint partition (A,,) of w
into infinite sets and assume we have constructed all A,’s for { < a < wy.

If for some £ < a A ¢ Ix,, then take for A, any infinite set almost disjoint with all
Ag’s for £ < a.

If not, reenumerate (A¢)e<, in the following way:

{Chin < B} ={XoNA € [X,]": &< al.

Use Fact 6.1 to show that we can then extend (C),),ecn by a set B C X, such that
B¢ ZIx.. Put A, = B.

Let A= {A¢: £ <wi}. If X Cw, then X = X, for some a < w;. Either there is £ < «
such that As ¢ Tx or A, ¢ Zx, so X is not an Z-intersection of A.



Notice that in fact we have something more here.

Remark 6.3 Under CH every mazimal ideal J contains an Z-maximal MAD (where T
is as above).

Indeed, we can divide B in the above proof into By U B; = B both with the property
B; ¢ Ix, for i € 2. One on these (say, By) is in J and we can extend our AD by B,
instead of B.

If 7 have additionally the following property:

o if A¢ T and B ¢ Z¢, then A ¢ 7o

then the above remark would work for every Z—tall ideal 7, not only for the maximal
ones. I don’t know if there are some interesting ideals with the above property. Z does
not possess it.

One can ask how to get rid of CH in the last fact. We would have to make Fact 6.1
working not only for countable families. We have to be careful. It is easy to construct
an almost disjoint family, which can be extended only by a set from Z (we can divide
w = AU B, where A is from Z, define a MAD family B = {B,: a < ¢} on B and a AD
but not MAD family A = {A,: a < ¢} on A and consider the AD family defined by
{ALUB,: a<c}).

Here, we present how to repeat the above construction under a version of MA. Probably
it is not the easiest way to prove it. Moreover, it is proved here only for Z = Z. I believe
that it can be easily rewritten in a general form but, as it can turn out to be obsolete
(because of the existence of a better and simpler argument), I haven’t done it.

An almost disjoint family A is tree—like if there is a countable tree T' C w* and a bijection
p: T — w such that for every A € A there is s € [T] such that A =* {p(0): ¢ C s}.
Loosely speaking, an AD family is tree-like if it can be constructed similarly to one of
the standard construction of uncountable almost disjoint family. It is worth mentioning
here that every countable AD is tree-like.

For o € T and s € [T] denote

W= > Ny = {p(1): 7 E 0},
W= > Ny = {p(7): 7 E s},
W] > M, ={p(1): c E 7}

Fact 6.4 If an almost disjoint family A C Z is tree—like, then there is a family (D),
of subsets of natural numbers such that

o d"(U,cn Dn) <1/2 for every N € w;

e the set {n: D, N A} is finite for every A € A.



Proof. Notice that the set D, = {o € T": d*(M,) < €} is dense open for every ¢ > 0.
Therefore, there is a maximal antichain (o), in T such that d*(M,, ) < 1/(2"*1).

Consider the purely atomic tree Ty C T' defined by
To = {7: there is n such that 7 C o, }.

Let {7,: n € w} be an enumeration of Ty. Put C,, = {p(7,): n € w} for every n € w.

We will define the sequence (D,,), on even and odd numbers separately. Let Ds, = C),
and Doy, 11 = Ny, .

Since all Cy,’s are singletons, we have d*(|J,,. y Dn) < 1/2. Every A € A is of the form
A = N for some s € 2. There is n € w such that s € [0,]. Thus, almost all elements

of A are included in M, = Dy, 1 and we are done.
[

Fact 6.5 If A C Z is a tree-like almost disjoint family, then it can extended by a set
B, such that d*(B) > 0.

Proof. Let (D,,) be the family which existence is proved by Fact 6.4. Consider sequences
(Bn), (Ly) of finite subsets of w and a be a strictly increasing sequence (k,) of natural
numbers such that:

1. By=Ly=0 and ky = 0;

2. B, intersects D,, only if m € L,;
3. Ly,N L, =0if n # m;

4. By, C [k, kni1);

5. |Bn Nkyl/ky, > 1/2;

Construction is the same as in Fact 6.1 The set B = |J,, B,, intersects only finitely many
D,,’s. A set A € A intersects every D,, only on a finite set, so A intersects B only on a

finite set. Additionally, (k,) witnesses that d*(B) > 1/2,s0 B ¢ Z.
]

We will strengthen a result due to Roitman & Soukup [9].

Theorem 6.6 Assume MAp,ccativerw, - 1Lhen every almost disjoint family A C Z of size
< 2¥ onw has a subset T ¢ Z such that {T N A: A € A} is tree-like.

Proof. We will follow the proof of Theorem 4.4 from [9]. The authors showed that
every almost disjoint family A of size < 2 on w has an infinite subset T" C w such that
{I'nA: A € A} is tree-like. We will show that it is easy to force this 7" to be outside
Z.

Define an order P in the following way. A condition p € P is of the form (7}, <,, A,, h,),
where



T, € [w]<¥, (T, <p) is a finite tree,

A, C A is finite,

hy: A, — w is a function,

each (A \ h,(A)) NT, is linearly ordered by <,,

o for every A€ A, Vne€ AN (T, \ hy(A))Vk € T, \ hy(A) if k <, n, then k € A.
We define p < ¢ iff

o (T},,<,) is a initial subtree of (T, <,),

o A, C A,

o h,Ch,

Roitman & Soukup proved that such P has a precaliber w; and for each n € w and
A € A the set

Dpn={peP:AcA,and AN (T,\n) #0}

is dense in P.

Notice that for every m € w the set

T,Nk
Dm:{pEP:3k>m%>1/2}

is dense. Indeed, consider ¢ € P and m € w. It is clear that we can harmlessly extend
T, by natural numbers not belonging to | J.A,. But, since A, is finite and consists of
density 0 sets, the set (|J.A,)¢ is of density 1 and we can find k > m and a set 7, C T,
such that (7, \ T,) NU A, = 0 and

1,0k

1/2.
’ /

Extending <, to <, in such a way that (7}, <,) is an initial subtree of (7, <,), and

taking A, = A, and h, = hy we obtain a condition p < ¢ with the desired property.
Therefore we can assume that d*(7") > 0.

Now we are ready to reprove Fact 6.2.
Theorem 6.7 Assume MAy ecaliverw,- There is a MAD family without a condenser.

Proof. Recall that MA,, ccqtiberw, implies that a = c.
Let (X¢)e<c be an enumeration of infinite co-infinite subsets of w. We will construct the
desired MAD inductively. Start with a disjoint partition (A,,) of w into infinite sets and
assume we have constructed all A¢’s for £ < a <.
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If for some § < a we have d%_(A¢) > 0, then take for A, any infinite set almost disjoint
with all A¢’s for £ < a.
If not, consider AD family

B={A:NX, € [X,]": { < al.
Use Theorem 6.6 and then Fact 6.5 to extend B by a set B C X, such that d%_(B) > 0.

Put A, = B. Conclusion is as in 6.2.
|

In fact, as before, we have something more.

Remark 6.8 Under MAy ecaliver, €very mazimal ideal contains a Z-mazimal MAD.

7 Another question
Problem 7.1 Is there a nice ideal Z for which consistently pr < t77

It may sound funny but nobody said that the ideal of finite subsets of w is always the
easiest one.
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