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Abstract

We present several naturally defined ideals which have a Borel base but, unlike
the classical examples of such ideals, not of bounded Borel complexity. We inves-
tigate its basic properties. We show that they have property (M) and we compute
some of their cardinal coefficients.

1 Introduction

The famous Fubini theorem says that a subset of plane is of measure 0 if and only if
the set of its non—negligible sections is negligible. It is natural to ask about an ideal,
consisting of subsets of plane of whose every section is negligible. It was done by Gabriel
Mokobodzki (see [10]). He investigated ideal of sets which can be contained in an open
set, whose sections are of measure less then ¢ for every € > 0.

In [10] David Fremlin formulated a conjecture that under Martin’s Axiom the additivity
of this ideal equals continuum. It was verified negatively by Cichon and Pawlikowski
in [7]. Surprisingly, the additivity of Mokobodzki’s ideal turned out to be equal wy,
regardless of additional set theoretic axioms.

In the paper we will focus on ideals of subsets of [0,1]* which can be contained in a
Borel sets whose every section is small (eg. of measure 0, meager). These ideals also
have additivity w;. Cichon and Pawlikowski proved that they have one more interesting
property: their bases cannot be of bounded Borel complexity. In other words, M, C M,
where M is such an ideal and M, is the ideal generated by M N XY,

In this paper we prove that in fact, using the above terminology, we have M, C M1
for every 1 < a < w;. We consider several similarly defined ideals and prove that their
behavior is similar.

This phenomenon occurs when we set a topological condition globally and a smallness
condition locally everywhere (e.g. on every section, in every direction) or almost every-
where (i.e. with respect to an ideal with property (M)).

The following fact due to Fremlin (for the proof see [4]) shows that this phenomenon
vanishes when we set the topological condition on every section.

Theorem 1.1 For every Borel set A C [0,1]* and every e > 0 we will find a Borel cover
B of A such that B, is open for every x and A\((B\ A),) < e. Moreover if A, is meager
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for all x then there is a sequence of Borel sets B, such that all sections of its elements
are closed nowhere dense and A C | B,,.

2 Preliminaries

All terminology which is not explained here can be found e.g. in [12] (concerning de-
scriptive set theory) and [6] (concerning cardinal coefficients).

By X% (X), 19 (X) and Borel(X) we mean the families of, respectively, 3%, 112 and Borel
subsets of X. Usually, X is clear from the context and we omit it.

Let Z be an ideal on X and J - an ideal on Y. By Fubini product Z ® J we understand
the ideal on X x Y generated by the family {B € Borel(X xY): {z: B, ¢ I} € J}.
We say that an ideal Z is Borel on Borel (II2 on 12, 39 on 39) if for every Borel (112,
¥0) set B

{x: B, € T} € Borel (II2, X).

For an ordinal number o < w; and a o—ideal J with a Borel base by J, we denote the
o—ideal generated by J N 0.

Let Z be an ideal of subsets of the unit interval. We say that A C [0,1]? is in the ideal
M(Z) if there is a Borel set B D A such that B, € Z for every « € [0,1]. We write
M, (Z) instead of (M(Z))a.

We can generalize the ideal M(Z) in two ways.

We can consider ideals of subsets of [0, 1]?, which are small not only on vertical but also
on horizontal sections or which are small in every direction.

On the other hand, we can think about ideals which are small not on every section but
on almost every section.

Seeking natural generalizations covering all the above cases we were led to the following
considerations.

Mokobodzki sub—ideals of M.

For z, y € [0,1] let x @y = x + y — | + y], where |x] stands for the greatest integer
smaller than z. For functions f, g: [0,1] — [0,1] define f & g(x) = f(z) ® g(x) and let
© denote the operation inverse to &.

A family of functions F C [0,1]% is wubiquitous with respect to an ideal T (or IT—
ubiquitous) if for every Borel function g : [0, 1] — [0, 1] and every Borel A ¢ Z there is a
Borel set A O B ¢ 7T and a function f € F such that f|B = g|B. The natural example
of Null- and Meager—ubiquitous family is the family of continuous functions.

There are many families of Borel functions which are closed under @& but which are not
ubiquitous neither with respect to Null nor to Meager ideals: constant functions, linear
functions, Lipschitz functions.

For an ideal Z and a family of functions F define M(F,Z) in the following way. A set
Y C[0,1*isin M(F,Z) if Y € M(Z) and it can be covered by a Borel set B C [0, 1]
such that {z: f(z) € B,} € T for every f € F. As before, M,(F,Z) = (M(F,T))a.

In Section 3 we discuss the properties of ideals of this form.



Mokobodzki ideals including M.

We can see M(Z) as a Fubini product of Z and the ideal containing only the empty
set. So, we can ask if {(}} can replaced here by some other ideals without destroying the
property of having only unbounded bases.

In Section 4 we prove that if J resembles in a way the trivial ideal, then 7 ® J has
properties similar to M(Z). More precisely, we show that if an ideal J has property
(M), then (Z ® J), forms a strictly increasing sequence.

We will call all of the ideals presented above Mokobodzki ideals (for the precise definition
and a discussion confront Section 4).

We will show that all Mokobodzki ideals do not have base of a bounded Borel hierarchy.
In fact, we will show that if M is any of the above ideals, then (M,) forms a strictly
increasing (at least, from some « on) sequence of ideals.

The proof is based on the following theorems of Pawlikowski & Cichon (see [7]) and
Holicky (see [11]).

One of the well-known uniformization theorems states that if every nonempty section of
a Borel set A C [0, 1]? is not in Z (where Z is a Borel on Borel ideal), then A has a Borel
uniformization. Recently Petr Holicky proved a theorem which gives an information
about the Borel class of this uniformization.

Theorem 2.1 (Holicky) Let Z be a 112 on 11° o—ideal containing all singletons for
a <w;. Let A C0,1)% be such that A, ¢ T for every x € m,[A]. If A is of the class 112,
then there is a function F:{0,1}* x [0,1] — [0, 1] such that:

Vo € {0,1} (y+— F(x,y) is a ¥° uniformization of A),
Yy € [0,1] (z — F(x,y) is continuous and 1-1).

The following theorem was proved in [7]. Since we will use a similar argument in the
next sections we repeat the short proof of this theorem.

Theorem 2.2 (Cichon, Pawlikowski) Assume Z is a o-ideal of subsets of [0, 1] such
that [0,1] ¢ Z. For every a < wy there is a I set A C [0,1]? such that for every
M € M, (Z) there is x € [0,1] such that ) # A, C ME.

Proof. Let a < w;. Let U C [0,1] x [0,1]? be an universal set for ¥2([0,1]?), i.e. for
every E C [0,1] such that F € X0 there is z € [0,1] with E = U,. Put A = {(x,y) €
[0,1]: (z,2,y) ¢ U}.

Clearly, A is a T2 subset of [0,1]%. For each F € XY there exists x € [0, 1] such that

E = U,. If all sections of E are in Z, then E, = (Uy); = Uz = [0,1] \ A
|

3 Sub-ideals of M(Z)

In this section Z is either the ideal of null sets or the ideal of meager sets. We assume
it because we need Z to have the following properties (although some lemmas can be
stated in a more general form):



e 7 is I12 on I for a < wy,

e 7 has Fubini property, i.e.

{re[0,1]: B, ¢TI} eTiff {yc|0,1]: BY ¢TI} e,

e 7 is ¢-invariant,
e T is ccc, i.e. the quotient Boolean algebra Borel /7 is ccc.

By the result of Farah & Zapletal (see [9]) these properties implies that Z is isomorphic
either to the ideal of null sets or to the ideal of meager sets on [0, 1].

We will show that if a family F of Borel functions is closed under & and is not Z—

ubiquitous, then II9 sets has II2 ,; uniformizations which are not in F on any Borel set
from Z.

Lemma 3.1 Assume that A is a Borel subset of [0,1)* such that A, ¢ I for every
x € w[A] ¢ Z. For each Borel h: [0,1] — [0,1] we can find a Borel set m[A] O B ¢ T
and y € [0,1] such that h(z) ®y € A, for every x € B.

Proof. Define ¢: [0,1]? — [0,1]* by
p(z,y) = (2,9 © h(z)).

Then ¢[A] = {(z,y © h(z)): (x,y) € A} and for every x
(lA])s ={y S h(z): y € Az} = Az © h(x).

Since 7 is @-invariant
(plA]). €T iff A, € T.

and thus (p[A]), ¢ T for every z € n[A] ¢ Z. The set ¢[A] is Borel because ¢ is a Borel
injection. By the Fubini property of Z there is y € [0, 1] such that

B = (¢[A])Y € Borel \ T.
For z € B define
f@) = hiz) @y,
If x € B, then (z,y) € p[A]. Therefore (z,y ® h(z) © h(x)) € ¢[A], but this means that

(x,y ® h(x)) € A. So, h(z)®y e A, for every x € B.
|

Lemma 3.2 Assume A C [0,1)? is a 11 set such that A, ¢ T for every z € [0,1].

Then, for a Borel function h: [0,1] — [0,1] there is a countable collection of pairwise
disjoint IS sets B and a uniformization f: [0,1] — [0,1] of A such that

(1) [0,1]\UB €7,



(ii) for every B € B there is yg € [0, 1] such that f|B = h ® yp;
(ii1) graph(f) is $o,4;

Proof. Fix A C [0,1]* and h: [0,1] — [0,1] as above. Use Theorem 2.1 to set a IT9
uniformization g: [0,1] — [0,1] of A. Use Lemma 3.1 to find B, f and y for the set A
and a function h. Since I1° functions are Z—ubiquitous, we can assume that f|B is 19,
shrinking B if needed.

Assume now that we have constructed the demanded B, fe, ye for every £ < a.

If X =1[0,1]\ Uy Be ¢ Z, then use Lemma 3.1 for AN (X x [0,1]) and & to find B,
fo and y, in the same way as above. Since Z is ccc, there is a countable o such that
0,1\ Ueco Be € Z. Let B={B¢: £ < a}. Define f: [0,1] — [0,1] in the following way.
Let f(z) = fe(z) if o € Be and f(x) = g(x) for these x which are not contained in (J B.
The graph of such defined f is X9, since it is a countable union of graphs of IIY and

«

30 functions and since we can shrink (JB to a I13 set if needed.
m

Notice that Z is X2 on X0 so we can assume that all sections of A are not in Z, taking
for the set U in the proof a set universal for X2 \ Z. This set was used in [7] to prove
that M is of additivity wy. In [7] it was mentioned that this set can be used to prove
that the hierarchy of M, is non—trivial. Holicky’s result (Theorem 2.1) allows us to be
more precise.

Theorem 3.3 Let F C [0,1]0U be a family of functions which is not T-ubiquitous.
Assume that F is closed under adding constant functions, i.e. for any f € F and
y € [0,1] a function x — f(x) @y belongs to F. Then Mai1(F,Z)\ Mu(Z) # 0 for

every o < wq.

Proof. Let a < w;. Let A be IIY set whose existence is guaranteed by Theorem 2.2.
Let h be a Borel function witnessing that F is not Z-ubiquitous, i.e. there are no Borel
set B ¢ 7 and g € F with g|B = h|B.

Use Lemma 3.2 for A and h to find a 1Y uniformization f: [0,1] — [0,1] of A and
countable collection B of pairwise disjoint Borel sets satisfying conditions (i)—(iii) of
Lemma 3.2.

Suppose that graph(f) ¢ My11(F,Z). Then, by the definition of M, 1(F,Z), for every
C € X9, with C D graph(f) there is g € F such that {z : g(z) € C,} ¢ Z. Since
graph(f) € X2, there is g € F with {z : g(z) € graph(f),} = {z: g(z) = f(z)} ¢ T.
Let B' ={z : g(z) = f(z)}. Thereis B € B with B'N B ¢ Z. Since f|B = (h® yg)|B,
we have g|(B'NB) = (h®yp)|(B'NB). As F is closed under adding constant functions,
h & yp € F, but this contradicts our assumption on h. Hence graph(f) € My 1(F,Z).
By Theorem 2.2 for every M € M, (Z) there is « € [0, 1] such that f(x) ¢ M,. So, the

graph of f is in M1 (F,T) \ Mo ().
n

Since M (F,Z) C M, (Z) for every a < wy, the following theorem holds.

Conclusion 3.4 Consider Z and F as in the above theorem. Then for every 1 < a < wy
we have My (F,T) C My1(F,Z). In particular, My(Z) C Mai1(Z).



In fact, one can prove that for every oo < wy we have M, (Z) € M,11(Z) assuming only
that 7 is a o-ideal with a Borel base, which is II{ on IT{ for every £ < w;.

Conclusion 3.5 The following families of ideals form a strictly increasing hierarchy
(with respect to a) for a > 1:

e ideals of sets which can be covered by 3° subsets whose all vertical sections are null
(meager);

e ideals of sets which can be covered by 3° sets whose all vertical and horizontal
sections are null (meager);

e ideals of sets which can be covered by X0 sets which are null (meager) in every
direction;

e ideals of sets which can be covered by X° sets which are null (meager) on vertical
sections and on graphs of Lipschitz functions.

4 Fubini products

In the previous section we were looking for nice sub—ideals of M(Z), with the property
of generating strictly increasing sequence of ideals. Now, we will try to find this property
among ideals containing M(Z).

Of course M(Z) can be viewed as Z ® {(}. Usually Fubini products of null or meager
ideals have base of bounded Borel hierarchy (e.g. Null @ Meager, Null @ Null), so
we cannot replace {@} by Null or Meager if we want obtain an ideal with a base of
unbounded Borel hierarchy. However, we will show that the ideal of the form Null ® J
(Meager ® J) does not have a base of bounded Borel hierarchy if 7 in a way resembles
the trivial ideal. Namely, if it has the following property.

We will say that an ideal J of subsets of X has property (M) if there is a Borel function
f: X —[0,1] such that f~'(x) ¢ J for every z € [0, 1].

Theorem 4.1 Assume that T is IS on 112 for a < wy. If J has property (M) then
there is B < wy such that the sequence (Z ® J ) is strictly increasing for o > 3.

Proof. Let f: [0,1] — [0, 1] be a Borel function witnessing (M) for 7, i.e. such that
f'{x}] ¢ J for every x € [0,1].

Let 3 be such that f € ¥}. Fix § < a <w; and let U C [0,1] x [0,1]* be universal for
¥0([0,1]?). Define H: [0,1]* — [0, 1]® by

H(m,y, Z) = (f(:v),y,z),

let V.= HY(U) and consider A = {(z,y) € [0,1]*: (z,z,y) & V}.
Notice that H is E% and thus, since a > 3, A is 1. By Theorem 2.1 the set A has a
uniformization C' of class X9 ;. We proceed as in Theorem 3.3. Of course C' € Mo11(Z).



We will show that C' ¢ (Z x J)s. Indeed, if E € ¥2([0,1]?), then £ = U, for some
x €[0,1] and E =V for each t € f~'(x). Thus,

Ey = (Vi)e = View = [0, 1]\ Ay

and C; N E; = 0. Since My11(Z) C (Z ® J)a, the set C witnesses that (Z @ J)as1 \
Z®T)a#0.

There are many ideals with property (M), e.g. the ideal of countable sets, ideals generated
by an analytic equivalence relation with uncountable many equivalence classes (i.e. ideals
of sets which can be covered by countably many equivalence classes), the ideal of subsets
of the plane which can be covered by countably many lines (see [8]), ideals on Polish
spaces with a 39 base which are not ccc (see [13]), some ideals defined by translations
(see [3] and [14]). For the further discussion on property (M) see [1], [3] and [5]. The
following proposition give a next sort of examples of ideals with property (M):

Proposition 4.2 The Mokobodzki ideals have property (M).

Proof. For the ideals of the form M(F,T) consider the function f(z,y) = z. Then
'({z}) = {z} x [0,1] ¢ M(F,I). Moreover, if a oc—ideal J has property (M), then
Z ® J has (M). To see this consider g = f o m,, where f is a witness that J has (M).

Hence, every Mokobodzki ideal has property (M).
|

Notice, that this means that Mokobodzki ideals are very far from being ccc.

Conclusion 4.3 The Fubini product of Mokobodzki ideals is isomorphic to a Mokobodzki
ideal. The Fubini product of Null (Meager) with a Mokobodzki ideal is isomorphic
to a Mokobodzki ideal. For any o—ideal K and a o—ideal with property (M) the ideal
Null @ (K ® J) is isomorphic to a Mokobodzki ideal.

We finish this section with the following observation. We defined Mokobodzki ideal as
an ideal of the one of the two forms: either M(F,Z) (as in Section 3) or Z ® J (as in
this Section), for appropriate Z, F and J. This may seem quite artificial. In fact, it is
possible to combine these two definitions.

For an ideal Z of null or meager sets, a family F C [0, 1] which is not Z-ubiquitous
and a o-ideal J with property (M) say that Y € M(F,Z,J) if Y € T ® J and for
every f € F the set

{y:{z: flx) oy} ¢TI} JT.

Loosely speaking, this generalized Mokobodzki ideal is a o—ideal with a Borel base which
is null (meager) locally (e.g. on sections, along linear functions, along Lipschitz functions)
everywhere, or everywhere modulo a very small (e.g. countable) set.

By combining proofs of Theorem 3.3 and Theorem 4.1 it is possible to show that gener-
alized Mokobodzki ideals also forms an eventually strictly increasing sequence of ideals.
We decided to prove it in the two cases separately for the sake of clarity.



5 Set-theoretic properties

In [7] it was proved that M(Z) has additivity wy. The proof uses Theorem 2.2, Kondo—
Adisson and Sierpinski theorems.

In fact, it seems that Theorem 2.2 is the only tool we need here and that the essential
reason for the equality add(M(Z)) = wy lies in the fact that M(Z) is a union of sequence
of wy strictly increasing ideals. More generally, the following fact holds.

Proposition 5.1 Suppose that I has a Borel base and there are ideals I, with T =
UscrZa and Zo, C oy for every o < k. Then add(Z) < k. In particular, if T has a
Borel base which is unbounded, i.e. for any a < wy there is A € T which is not contained
in any set B€ INXY. Then add(Z) = w.

Proof. For every a < k take A, € Z,y1 \ Zo and consider a set A = J,_, Aa. If A
is in Z, then we could find Borel B € 7 with B O A, but there would be a < k with
B € Z,. Then B € Z, which contradicts the fact that A, C B and A, ¢ Z,.

The second part of the statement follows easily.

Conclusion 5.2 If M is a Mokobodzki ideal, then add(M) = w;.
Some cardinal coefficients of M(Z) are inherited from the ideal Z.

Proposition 5.3 If T is an ideal and F C [0,1)%U. Then
cov(M(F,T)) = cov(Z) and
non(M(F,Z)) = non(Z).

Proof. If the family {A¢: £ < k} C T covers [0,1] then {A¢ x A,: &,n < Kk} C M(F,T)
and it covers [0,1]%. On the other hand if {Z¢: £ < k} € M(F,I) covers [0,1]?, then
{(Z¢)o: € <k} C T and it covers [0, 1].

If X ¢ Z, then {0} x X ¢ M(F,Z) and [{0} x X| = |X|. On the other hand, if
Z ¢ M(F,I), then there is f € F such that {z: f(x) € Z,} ¢ Z, so |Z] > non(Z). .

In the case of Mokobodzki ideals defined in Section 4 we have the following fact.

Proposition 5.4 (folklore) IfZ and J are ideals on [0,1], then
non(Z ® J) = max{non(Z),non(J)} and
cov(Z ® J) = min{cov(Z),cov(T)}.

Proof. Let X, Y witness respectively non(Z) and non(J). Then X xY ¢ 7 ® J and
|X X Y] = max{non(Z),non(J)}. If Z witnesses non(Z ® J), then |r,(Z)| > non(J)
and |7¥(Z)| > non(Z). Therefore, non(Z ® J) = max{non(Z),non(J)}.

Assume that {A¢: & < k} C 7 covers [0,1]. Then, {A: x [0,1]: { <k} CZT ® J and it
covers [0,1]%. Similar argument for 7 shows that cov(Z ® J) < min{cov(Z),cov(J)}.
On the other hand, if cov(Z) < cov(J) and {Z¢: € < cov(Z)} covers [0,1]%, then there
is x € [0,1] such that (Z¢), € T for every £ < k. As (Z¢), covers [0, 1], we have
cov(Z ® J) > min{cov(Z),cov(J)}



Pawlikowski proved that cof(M(Z)) = ¢. We do not know if this equality holds also for
other Mokobodzki ideals.

To show that add(M) = w; we used the fact that M can be seen as a union of strictly
increasing sequence of w; many ideals. In fact, every o-ideal is a union of strictly
increasing xk—sequence of o—ideals, where k is a regular cardinal. Indeed, consider a base
{Bs: a < Kk} of an ideal Z. Define Z,, as a smallest o-ideal containing {B¢: { < a}. Of
course Z, = Z. We can assume without loss of generality that there is 8 < k such that
the sequence (Z,)q<p is strictly increasing (considering a subsequence if necessary) and
that § is a limit ordinal (re-enumerating the base if necessary). Then 3 has to be of
uncountable cofinality, as 7 is a o—ideal.

We can define a coefficient indicating what is the minimal size of such a sequence:

cofin(Z) = min{rx > w: 7 = U 7., where (Z,) is a strictly increasing}

a<nr
The above remark and Proposition 5.1 imply that
add(Z) < cofin(Z) < cof(Z).
In fact,
cofin(Z) < min{|A|: A generates Z}.
Under the negation of CH we have
wy = add(M) = cofin(M) < cof (M) =c.
Problem 5.5 Is it provable in ZFC that for every o—ideal T we have add(Z) = cofin(Z) ¢

Recall that an ideal has a hull property if there is X C [0, 1] such that there is no Borel
set B O X such that X = B modulo M(Z). Classical examples of ideals with hull
property have the hulls of bounded Borel complexity. It would be interesting to find
a natural example of an ideal without the above property. Unfortunately, Mokobodzki
ideals do not have the hull property at all.

Proposition 5.6 IfZ is Borel on Borel, then M(Z) does not possess the hull property.

Proof. Consider X =V x [0, 1], where V' C [0,1] is a Bernstein set. Assume B D X is
a Borel set and consider L = {z € [0,1]: B, ¢ Z}. Notice that L is Borel. Since V' C L,

it has to be co—countable. So, there is no M € M(Z) such that X = B\ M.
]



6 Property (M) and thin ideals

It is well-known that every Borel function on [0, 1]? is nice on a big domain (39 on a set
of measure 1, continuous on a co-meager set). However, in [2] it is proved that this is
not the case if instead of Null or Meager ideals we would consider Mokobodzki ideals.
Precisely, for every a > 2 there is a Borel function g: [0, 1]> — [0, 1] such that for every
Borel set G € M(Nwull) (or M(Meager)) we can find = € [0, 1] such that the function
92|G5 is not X, (here g, (y) = g(0.9))-

On the other hand (see [2]) these pathological points can be covered by null (or meager)
sets, i.e. for every GG as above the set

{z: g,|GS is not X0} € Null N Meager

The following notion is connected to the above considerations.

Let J be a o-ideal of subsets of [0, 1]. We say that J is thin if for any 2 < a < wy there
is a Borel function g: [0, 1] — [0, 1] such that for each G € M, (Null) U M,(Meager)
and each C' € J there is zy € [0,1] \ C' with g,,|([0,1] \ G4,) is not of the class %2.

So, the above theorems can be stated in this form: {@} is thin, whereas Null and Meager
are not. We show that all (M) ideals are thin.

Proposition 6.1 Every o—ideal with property (M) is thin.

Proof. Let A C [0,1]% be a set defined in the proof of Theorem 4.1. Let F : {0,1} x
[0,1] — [0,1] be a function from Theorem 2.1 for the set A. Let D be a Borel subset
of {0,1}* with D ¢ %°({0,1}*) and let D = F(D x [0,1]). Since F is one-to-one and
Borel, the set D is Borel. Clearly D € A. Let g : [0,1]> — [0,1] be a characteristic
function of D.

Let G € M, and let f: [0,1] — [0, 1] be a Borel function witnessing (M) for 7. There
is z € [0,1] such that for any t € f~![{x}]

At N Gt — @
Hence for such ¢ we have
(9:1([0. 1]\ G2) ™" ({1}) = F[D x {t}].
Since x — F'(z,t) is continuous and 1-1, the set F[D x {t}] is homeomorphic to D.

Finally, we obtain that g|([0,1] \ G¢) is not of the class 0.
]
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