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e Thereis a path fromx toy in
G \ M which misses F.
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then both G | M and G \ M are NW.

G = (w1, E) is NW
G € H(0h).

e Let (M, :1 <« < wq) be a continuous sequence of countable
elementary submodels of #(¢) such that G € My, a C M,, and
(M¢ i ¢ < a) € Mgya. Let Mg = 0.

o LetG, = (G \ Ma) [ Ma+l: <0J1 n Ma+1, EnN (Ma+l \ Ma)>.
e G, is NW.

e G, is decomposable into circles.

e E(G) =U*{E(G,) : @ < w1} => G is decomposable into circles
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Covering of the plain

Theorem (Davies, 1963)
R? is the union of countably many rotations of functions.

If ag, g, ... are pairwise different angles between 0 and «, then there
are function fg,f; ... such that

RZ fry U R(Oq,])[fn]7

new

where R, : R? — R? is the rotation by « degree around the origin.
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Davies Trees

Definition

Let x be an uncountable cardinal, and « < 8 = cf(#). A Davies
sequence for x over x is a sequence (M,, : « < k) of countable
elementary submodels of H(6) such that

e xClJ M., and x € M,, for all o < &.

a<k

e Forall « < & there is a natural number n(«) s.t.

Meo = (J Ni, for some N < H(6),
i<n(a)

where Mco = U, Mc.
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Davies Theorem

Definition

A Davies sequence for x over x is a sequence (M, : a < k) of
countable elementary submodels of #(#) such that x C |, Ma,
x € M, forall o < &, and

* Vo <k 3Nn(a) € ws.t. Mca = Uicn(q) Nis for some Ni < #(0).

Theorem (Davies)
Vk > w VX there is a Davies sequence for x over Xx.

If kK = wn, then we can assume that n(a) = n for all & < wp, i.e.
Mco = Uicn Ni, for some N; < #(6).
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Davies trees
e K CMy=< H(0), IMg| = k. DeT
e My = J,..M., continuous increasing, |[M,| < & for a < k.

e If [My| > wthen M, = J Ma,ys [Ma 4| < K fOry < Kq.

Y<Ka
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If [Ms| = w, then Mg is a leaf in T. Otherwise we continue the
construction: Mg = Ug<nsMs,< ands—(eT.

S <ro Moy Moy | < K fory < kq.



Davies trees
Kk CMg=< H(0), IMg| = &. DeT
e My = J,..M., continuous increasing, |[M,| < & for a < k.
If Ma| > wthen M, = U, .
o If [Ms| = w, then Mg is a leaf in T. Otherwise we continue the
construction: Mg = UC<)~£SM57C ands—(eT.
e xC U M.

tis a leaf

Ma,'ya |Ma,'y| <K for'}/ < Ka-



Davies trees
Kk CMy=< H(0), [Mg| = k. DeT
My = U, .M., continuous increasing, M, | < & for a < k.
If Ma| > wthen M, = U, .

If [Ms| = w, then Mg is a leaf in T. Otherwise we continue the
construction: Mg = UC<)~£SM57C ands—(eT.

Kk C U M.

tis a leaf

Ma,'ya |Ma,'y| <K for'}/ < Ka-

Let (t, : @ < k) be the lexicographically increasing enumeration
of the leaves of T.



Davies trees
Kk CMy=< H(0), [Mg| = k. DeT
My = U, .M., continuous increasing, M, | < & for a < k.
If Ma| > wthen M, = U, .

If [Ms| = w, then Mg is a leaf in T. Otherwise we continue the
construction: Mg = UC“SMS,C ands—(eT.

Kk C U M.

tis a leaf

Ma,'ya |Ma,'y| < Kfor'}/ < Ka-

Let (t, : @ < k) be the lexicographically increasing enumeration
of the leaves of T.

Claim: (M, : a < k) is a Davies sequence for .

Ma,O Ma,l T Ma,fy
M
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Davies trees

We defined atree T and forallt € T we defined M; < ()
If s C t then |Ms| > |My]. o Mt = Ui, Mt
M, = Utgt’eleaf(T) Mt/
Write s < t iff s is lexicographically smaller than s.
Moo U{Ms : s € leaf(T),s <jex ta} =
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Davies trees

We defined atree T and forallt € T we defined M; < ()
If s C t then |Ms| > |My]. .Mt:Ui<m Mt
M, = Utg’eleaf(T) Mt/
Write s < t iff s is lexicographically smaller than s.
Moo U{Ms : s € leaf(T),s <jex ta} =
Ui UIMs st 11 C s € leaf (T) As(i) < t(i))
U{Ms -t i gseleaf( YAs(i) <t(i)}=
Ugary (UM 0117 () C s € leaf (T)}) =
Uc<ti) ('V'mﬂm) =Mtji~(supt(i))
M<t, is the union of |t,|-many elementary submodels.

if Kk =wn, then |t,| <n
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n-almost disjoint families: sharper theorems

If A C [K] ““ is n-a.d, then ycr(A) < w.

e Do we really need w colors?

e Special case: Let & be the
family of lines of the plane
R2. &, is 2-almost disjoint.

Xcr(&2) Sw —
e Every line contains exactly /
one blue point or exactly one

y
red point /

® xcr(&2) <3 xcr(&2) =3

Let & be the family of lines in R2.

xcr(&3) = 3, but no constructive solution is known
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d-almost disjoint families: sharper theorems

Definition
ver([A]", d-a.d.)= sup{xcr(A) : A C [\]" is d-almost disjoin}.

Theorem (Hajnal, Juhasz,S, Szentmiklossy, 2010)
If m,d are natural numbers, then

xor([wm] ', d-a.d.) < {(m + 1)(2— 1)+ 1J 2

If GCH holds, and if d = 2 or d is odd then

D] g <y p([uwm], d-a.d.)

e Do we really need w colors?

Theorem (Hajnal, Juhasz,S, Szentmiklossy, 2010)
Yes, we need: ycr([3.]”,2-a.0.) = w.
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Applications of Davies Theorem
Conflict free coloring

Theorem
If m,d are natural numbers,
then

xcr([wm]®, d-a.d.) < {(m +1)d-1)+ 1J 2

2

Let A C [wm]”, d-ad.
Let (M, : @ < wm) be a Davies tree for wy over A.
Mca = Ui<m Ni.

d—
K:{MJ+2. K=(K-1)U{K -1}

Define e, : wmN(My \M.,) = Kst.e=J e, works for A.

a<<wm



Let A C [wm]”, d-ad.

Let (M, : a < wm) be a Davies tree for wm, Mco = U Ni-

K= MG o K=(K-1)U{K -1}

Define e, : wmN(My \M.,) = Kst.e=J

a<wm

e, works for A.
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Let A C [wm]”, d-ad.
Let (M, : a < wm) be a Davies tree for wm, Mco = U Ni-

K= MG o K=(K-1)U{K -1}

Define e, : wmN(My \M.,) = Kst.e=J e, works for A.

a<wm

Claim: IfAe AN (M, \ M.,), then ANM_.,| <m(d — 1).

Moo = Ui<m Ni
Since A € N; < H(6), and A is d-almost disjoint, so |ANN;| > d
would imply A € N;.

So[ANN;|<d-—1foralli <m.



oK:LWJ-FZ. K=(K-1)U{K -1}
e Definee, : wmN(My\Mcy) > Ksit. e= Ua<Wm e, works for A.
e Claim: If Ae AN (Mg \ Mcy), then ANM.,| <m(d —1).



K:{WJ-FZ. K=(K-1)U{K -1}
Define e, : wmN(My \M<,) > K s.it. e = Ua<Wm e, works for A.

Claim: If A e AN (My \ M<y), then JANMcq| <m(d —1).
{An:new}=AN My \Mcy)
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Define e, : wmN(My \M<,) > K s.it. e = Ua<Wm e, works for A.
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If Good,, = 0, let

Bad,={i <K —1:|e"Hi} n(An N (Mcy UXcp)| > 2}
IBady|< {m(d—21)+dJ :{(m+1)(g_1)+1J K _2

Lete,(xn)€ (K — 1)\ Bad, # 0.
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Definition

Let x be an uncountable cardinal. A o-Davies tree for x over x is a
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Theorem (S, 2014)

If GCH holds and ;" is true for all z > cf(x) = w, then for all cardinal
x and set x there is a o-Davies tree for « over Xx.
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Definition (Foreman and Magidor, 1997)

For a cardinal p, the very weak square principle for x4 holds if there is
a sequence (C,)a<,+ and a club D C p* such that for every o € D

(vl) C, C a, C, is unbounded in ¢;
(v2) for all bounded x € [C,]“, there is 8 < a such that x = Cg.
Write [ iff the very weak square principle for ;. holds.

O, = 05 = O3
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Dominating matrices

Oy there is sequence (Cy)a<,+ andaclub D €yt s. t. Va € D
(v1) C, C a, C, is unbounded in «;

(v2) for all bounded x € [C,]¥, there is 5 < a such that x = Cg.

Definition

Let 4o > cf(pu) = w. Let 6 = cf(6) > u, x € H(F). A matrix

(Man : o < ™, n < w) of elementary submodels of 7(6) is a strong
p-dominating matrix over x iff

(j1) x € Mg, and My | < pforall o < p* and n < w;
(12) (Mg :n <w)is anincreasing for each o < pt;
(3) Ya <put V°n  [Mqn]? C Mg,

Fora < pt, let My = Uyo,, Man < H(6).

(14) (Mq @« < pT)is continuously increasing and it C J,,_ .+ Ma.

a<y



Very weak squares and dominating matrices

Oy there is sequence (Cy)a<,+ andaclub D €yt s. t. Va € D
(v1) C, C a, C, is unbounded in «;

(v2) for all bounded x € [C,]¥, there is 5 < a such that x = Cg.

(Ma,n: @ < pt,n < w) is a strong p-dominating matrix over x iff
(1) x € Mg n, and Mg n| < pforall o < p* and n < w;

(12) (Myn:n <w)is anincreasing for each o < pt;

(i3) Va < pt v°n [Mon]® C Mo n

(i4) <Ma E UncwMan s a < N+> is cont. incr. and covers pt.

Theorem (Fuchino, S, 1997)

If GCH + and (07" holds, then for any ¢ > 1 and x € H(0), there is a
strong p-dominating matrix over Xx.



o-Davies Trees

A o-Davies tree for x over x is a sequence (M,, : a < k) of elementary
submodels of #(#) for some large enough regular 6 such that

e [Ma]® €My |My| =wy and x € M, forall a < &,
® £ CUper Ma
e Forall « < x we have
Mco = Ui, Ni,
for some N; < #H(6), with [Ni]” C Ni,, where Mo, = U, M¢.

Theorem (S, 2014)

If GCH holds and ;" is true for all z > cf(1) = w, then for all cardinal
x and set x there is a o-Davies tree for « over Xx.
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Application of o-Davies Trees

Definition (Freese and Nation; Heindorf, Shapiro)

A poset (P, <) has the weak Freese-Nation property
iff there is f : P — [P]” such that for any p, g € P
if p<qthenthereisr ef(p)Nnf(g)st. p<r<q.

e |P| = w; = P has the wFN property:
write P = {p : ¢ < wi} and letf(pc) = {p, : 1 < }.

Theorem (Fuchino, S)
If V = L, then the poset ([x]“, C) has the wFN-property.

Theorem (S, 2014)
If x = k and there is a o-Davies tree for x over [k]”, then the poset
([x]”, C) has the wFN-property.
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Assume that Aﬁ C AZ.

Since [Ag]” C M,, 50 8 < 0.
If 3 =a, then A ) € (A7) NT(AZ).

min(n,¢
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then there is function f : [k]” — {[ls}wr s.t.
if X CY € [k]” thenthereis Z € f(X)Nf(Y)withX CZ C Y.
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o Let {A? : { <wy} be an enumeration of (M, \ M) N [k]%.
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* Assume that AJ C A?.
e Since [A?]” C My, 50 3 < 0.
o If 8 =a, then AT, . € f(AT) NF(AZ).
e If 8 < a, then A € N for some i < w.
o A CNPNAZ € [NA]Y C NP C My
e Sothereis Z c f(AJ) Nf(AZ NNP) with A7 € Z C AZ NN/,
e Then Z € f(A?).



To be continued ...



