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Definition
Let µ be a (κ, κ+)-cardinal, then the following function
mµ = m : [κ+]2 → κ is called a µ-coloring:

m(α, β) = m({α, β}) = min{rank(X ) : α, β ∈ X ∈ µ}

Theorem
Let α < β < γ < κ+, ν < κ, 0 < δ =

⋃
δ < ε < κ+, then the following

conditions are satisfied:
(a) |{ξ < α : m(ξ, α) ≤ ν}| < κ

(b) m(α, γ) ≤ max{m(α, β),m(β, γ)}
(c) m(α, β) ≤ max{m(α, γ),m(β, γ)}
(d) There is ζ < δ such that m(ξ, ε) ≥ m(ξ, δ) for all ζ ≤ ξ < δ.
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Definition
f : [ω2]2 → ω1 is called unbounded if and only if for every family
{aξ : ξ < ω1} of pairwise disjoint finite subsets of ω2,

for every δ < ω1
there are ξ < ξ′ < ω1 such that

f (α, β) > δ

for all α ∈ aξ and all β ∈ aξ′ .

Theorem
Let m : [ω2]2 → ω1 be the µ-coloring. m is an unbounded function.
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Definition
A function f : [ω2]2 → [ω2]≤ω has the property ∆

if and only if for every
uncountable ∆-system A of finite subsets of ω2 there are two elements
a,b ∈ A such that for each τ ∈ a ∩ b and α ∈ a− b and β ∈ b − a we
have

1 τ < α, β ⇒ τ ∈ f (α, β),
2 τ < α ⇒ f (τ, β) ⊆ f (α, β),
3 τ < β ⇒ f (τ, α) ⊆ f (α, β).

Theorem
Let µ be (ω1, ω2)-cardinal, then f : [ω2]2 → [ω2]≤ω defined by

f (α, β) = X ∩min(α, β),

where X is of minimal rank in µ which contains α, β has ∆-property.
Alternatively f (α, β) = {ξ < min(α, β) : m(ξ, α) ≤ m(α, β)} for α < β.
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Definition
(Mα,β)α,β∈ω1 is called a universal matrix iff Mα,β ∈ ω1 for each α, β ∈ ω2
and

1 given any k ∈ N
2 given any k × k matrix (ai,j)i,j≤k with values in ω1

3 given any collection {{αξ(1), ..., αξ(k)} : ξ < ω1} of pairwise
disjoint k -tuples of elements of ω2

There are ξ < ξ′ such that Mαξ(i),αξ′ (j) = ai,j for all i , j ≤ k .
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Definition
(Mα,β)α,β∈ω1 is called a universal matrix iff Mα,β ∈ ω1 for each α, β ∈ ω2
and

1 given any k ∈ N
2 given any k × k matrix (ai,j)i,j≤k with values in ω1

3 given any collection {{αξ(1), ..., αξ(k)} : ξ < ω1} of pairwise
disjoint k -tuples of elements of ω2

There are ξ < ξ′ such that Mαξ(i),αξ′ (j) = ai,j for all i , j ≤ k .

Piotr Koszmider (IM PAN, Warsaw) 2-cardinals YST, Bȩdlewo, 15-05-2014 5 / 21
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Definition
(Mα,β)α,β∈ω1 is called a universal matrix iff Mα,β ∈ ω1 for each α, β ∈ ω2
and

1 given any k ∈ N
2 given any k × k matrix (ai,j)i,j≤k with values in ω1

3 given any collection {{αξ(1), ..., αξ(k)} : ξ < ω1} of pairwise
disjoint k -tuples of elements of ω2

There are ξ < ξ′ such that Mαξ(i),αξ′ (j) = ai,j for all i , j ≤ k .

Piotr Koszmider (IM PAN, Warsaw) 2-cardinals YST, Bȩdlewo, 15-05-2014 5 / 21
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Definition
Fix an unbounded function m : [ω2]2 → ω1. Let P 3 p = (ap,Mp)

1 ap ∈ [ω2]<ω,
2 Mp : [ap]2 → ω1

3 Mp
α,β < m(α, β) for all {α, β} ∈ [ap]2

p ≤ q iff ap ⊇ aq and Mp ⊇ Mq

Theorem
P is c.c.c. and forces that

⋃
{Mp : p ∈ G} is universal.
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1 ap ∈ [ω2]<ω,
2 Mp : [ap]2 → ω1

3 Mp
α,β < m(α, β) for all
{α, β} ∈ [ap]2

Find q ∈ P deciding k ∈ N
and k × k matrix (ai,j)i,j≤k
with values in ω1.

For every ξ < ω1 find pξ ≤ q
which decides k -tuple
{αξ(1), ..., αξ(k)}
May assume that apξs form
an isomorphic ∆-system with
root ∆ and
{αξ(1), ..., αξ(k)} ⊆ apξ

Find ξ < η < ω1 such that
m(α, β) > δ = max(ai,j≤k ) for
all α ∈ apξ \ apη and
α ∈ apη \ apξ
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General idea:

Fix F : [ω2]2 →Countable sets (e.g., ω1, [ω2]≤ω) like an unbounded
function or a function with ∆-property.
Consider forcing P 3 p = (ap,Sp) such that:

1 ap ∈ [ω2]<ω,
2 Sp is a structure with support ap,
3 F restricts the structure Sp.
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General idea:
Fix F : [ω2]2 →Countable sets (e.g., ω1, [ω2]≤ω) like an unbounded
function or a function with ∆-property.
Consider forcing P 3 p = (ap,Sp) such that:

1 ap ∈ [ω2]<ω,
2 Sp is a structure with support ap,
3 F restricts the structure Sp.

Piotr Koszmider (IM PAN, Warsaw) 2-cardinals YST, Bȩdlewo, 15-05-2014 8 / 21



1 K compact, Hausdorff topological space.

2 K ′ = K \ {isolated points of K} (Cantor-Bendixson derivative),
3 K (α+1) = (K (α))′, K (λ) =

⋂
α<λ K (α), K ⊇ K ′ ⊇ ... K (ω) ⊇ ....

4 K is called scattered iff K (α) = ∅ for some ordinal α = ht(K )
5 wd(K ) = sup{|K (α) \ K (α+1)| : α < ht(K )} ,
6 iff every nonempty subset of K has an isolated point
7 iff the Boolean algebra of clopen subsets of K is superatomic

(every subalgebra has an atom)
8 iff every Radon measure on K (signed, Borel, ctbly additive,

regular) is atomic i.e., of the form Σn∈Nanδxn for xn ∈ K and
Σn∈N|an| <∞,

9 iff the Banach space C(K ) is Asplund (duals of separable
subspaces are separable)

10 iff vector measures with values in the dual C(K )∗ satisfy the
Radon-Nikodym theorem

11 iff every continuous convex function on any open convex subset U
of C(K ) is differentiable on a dense Gδ set
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Theorem (Juhasz-Weiss, 78)
There is a scattered compact space of countable width and height
ω1 + 1.

Theorem (Just, 85)
It is consistent with ¬CH that there is no scattered compact space of
countable width and height ω2 + 1.

Theorem (Baumgartner, Shelah, 87)
It is consistent that there is a scattered compact space of countable
width and height ω2 + 1.

Problems
Is it consistent that there is a scattered compact space of countable
width and height ω3 + 1. Does Chang’s conjecture implies that there is
no scattered compact space of countable width and height ω2 + 1?.
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Theorem (Juhasz-Weiss, 78)
There is a scattered compact space of countable width and height
ω1 + 1.

Theorem (Just, 85)
It is consistent with ¬CH that there is no scattered compact space of
countable width and height ω2 + 1.

Theorem (Baumgartner, Shelah, 87)
It is consistent that there is a scattered compact space of countable
width and height ω2 + 1.

Problems
Is it consistent that there is a scattered compact space of countable
width and height ω3 + 1. Does Chang’s conjecture implies that there is
no scattered compact space of countable width and height ω2 + 1?.

Piotr Koszmider (IM PAN, Warsaw) 2-cardinals YST, Bȩdlewo, 15-05-2014 10 / 21
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Theorem (Shelah, 78)
(♦) There is a Banach space of density ω1 where there are few
operators in the sense that every operator is of the form T = cI + S,
where S has separable range.

Theorem (Shelah-Steprans, 88)
There is in ZFC a Banach space of density ω1 where there are few
operators in the above sense.

Theorem (Wark, 01)
There is a reflexive Banach space of density ω1 where there are few
operators in the above sense.

Theorem (Argyros-(Lopez-Abad)-Todorcevic, 05)
There is a reflexive Banach space of density ω1 where there are few
operators in the sense that every operator is of the form T = Diag + S
where S is strictly singular.
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1 WCG Banach space: X = span(K ), K weakly compact
(Amir-Lindenstrauss)

2 Nice generalization of separable Banach spaces and reflexive
Banach spaces

3 (AL) Every WCG Banach space has a projectional resolution of
identity: a decomposition into a continuous chain of
1-complemented subspaces of smaller densities

4 A subspace is 1-complemented iff there is norm one projection
onto it.
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1 WCG Banach space: X = span(K ), K weakly compact
(Amir-Lindenstrauss)

2 Nice generalization of separable Banach spaces and reflexive
Banach spaces

3 (AL) Every WCG Banach space has a projectional resolution of
identity: a decomposition into a continuous chain of
1-complemented subspaces of smaller densities

4 A subspace is 1-complemented iff there is norm one projection
onto it.

Piotr Koszmider (IM PAN, Warsaw) 2-cardinals YST, Bȩdlewo, 15-05-2014 13 / 21
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1 WCG Banach space: X = span(K ), K weakly compact
(Amir-Lindenstrauss)

2 Nice generalization of separable Banach spaces and reflexive
Banach spaces

3 (AL) Every WCG Banach space has a projectional resolution of
identity: a decomposition into a continuous chain of
1-complemented subspaces of smaller densities

4 A subspace is 1-complemented iff there is norm one projection
onto it.

Piotr Koszmider (IM PAN, Warsaw) 2-cardinals YST, Bȩdlewo, 15-05-2014 13 / 21



Definition
We say that a weakly compactly generated Banach space X has few
operators if and only if there is a projectional resolution of identity
(Pα : ω ≤ α ≤ λ) such that any operator T : X → X is of the form P + S
where P is in the closure of the linear span of countably many Pα’s (in
the strong operator topology) and S has a separable range.

Theorem
It is consistent that there exists a WCG Banach space of density ω2
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Theorem
Chang’s Conjecture implies that there is no WCG Banach space of
density ω2 which has few operators.

In ZFC there is no WCG Banach
space of density ≥ ω3 which has few operators.

Piotr Koszmider (IM PAN, Warsaw) 2-cardinals YST, Bȩdlewo, 15-05-2014 14 / 21
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Definition
µ is stationary coding set iff µ is stationary subset of [ω2]ω and that
there is a one-to-one function c : µ→ ω2 such that

∀X ,Y ∈ µ X ⊂ Y ⇒ c(X ) ∈ Y .

Lemma
Suppose that an (ω1, ω2)-cardinal, µ ⊆ [ω2]ω1 is a stationary coding set
and µ ∈ M ≺ H(ω3), |M| = ω, M ∩ ω2 ∈ µ and X ∈ µ.
Then either X ∩M = M ∩ β for some β ∈ ω2 or X ∩M ∈ M.

Proof.
Case 1. rank(X ) = rank(M ∩ ω2).
Coherence lemma gives X ∩M = M ∩ β.
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