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The HNN Embedding Theorem

Theorem (Higman-Neumann-Neumann 1949)

If G is a countable group, then G can be embedded into a
2-generator group Kg.

@ G denotes the Polish space of countably infinite groups.
@ Gy, denotes the Polish space of finitely generated groups.

Theorem

There does not exist a Borel map G — Kg from G to Gy such that
forall G, H € G,

@ G— Kg;and
@ ifG= H, then Kg = Ky.
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Acknowledging the existence of large cardinals ...

Main Theorem (LC)

@ Suppose that G — Kg is any Borel map from G to Gy, such that
G— Kg forall G € G.

@ Then there exists an uncountable Borel family F C G of pairwise
isomorphic groups such that the groups { Kg | G € F } are
pairwise incomparable with respect to relative constructibility;
ie,ifG#He F,thenKg ¢ L[Ky] and Ky ¢ L[| Kg].

v

@ (LC): There exists a Ramsey cardinal .

@ In ZFC, we can find an uncountable Borel family F such that the
groups { Kg | G € F } are pairwise incomparable with respect to
embeddability.
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Towards a proof of the Main Theorem ...

What is known about the kernels of homomorphisms from
complete analytic equivalence relations to countable Borel
equivalence relations?

Answer (Kechris)
Not a lot!

Definition
@ Inj(N, 2Y) is the Polish space of all injective maps z : N — 2N,
@ E.nwie is the Borel equivalence relation on Inj(N, 2Y) defined by

ZEgmweZ <<= {z(n)|neN}={Z(n)|neN}.
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Homomorphisms have large kernels

@ Let E be a countable Borel equivalence relation on the standard
Borel space X and suppose that 6 : Inj(N,2) — X is a Borel
homomorphism from E_ppe to E.

@ There exists x € X such that for all r € 2, there exists
z € Inj(N, 2N) with r € range(z) such that 6(z) = x.

If E is a countable Borel equivalence relation, then Ecppie %5 E.

There is no known “classical proof” of the Theorem.
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Countable Quasi-orders

The relation < on the Polish space X is a countable quasi-order if:
(a) = is reflexive and transitive.
(b) Forallx € X, theset{y € X |y < x} is countable.

Some countable Borel quasi-orders

@ The embeddability relation on Gy,.
@ The Turing reducibility relation < 7 on 2N,

N,

A countable ¥} quasi-order (LC)
The relative constructibility relation <. on 2" defined by

x<cy <= xelly]

N,
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The Main Lemma

Main Lemma

Suppose that X is a Polish space and that ¢ : Inj(N, 2Y) — X is any
Borel map. Then at least one of the following must hold:
(a) There exists x € X such that for all r € 2V, there exists
z € Inj(N, 2Y) with r € range(z) such that 6(z) = x.
(b) For each countable Borel quasi-order < on X, there exists a
perfect subset P C Inj(N, 2Y) such that
() v Ecnipie 2 forally, z € P; and
(i) 8(y), 0(z) are incomparable with respect to < forally # z € P.
Moreover, if (LC) holds, then the conclusion also holds with respect
to the quasi-order <. of relative constructibility.
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We shall also make use of ...

Theorem (B.H. Neumann 1937)

There exists a Borel family {H, | r € 2N} C G of pairwise
nonisomorphic 2-generator groups.

@ For each strictly increasing sequence d = (d,, | n € w) of odd
integers with do > 5, let X§ = {x{, xg, -, x§ }.

@ And let I'q be the subgroup of [, Alt(X{) generated by
ag=[[(x{ x5 x§ - x5) and Ba=[[(x{ x5 xF).

new new

@ Then 'y has a normal subgroup isomorphic to Alt(m) iff m = dj,
for some n € N.
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The Proof of the Main Theorem

@ Suppose that ¢ : G — Gy is a Borel map such that G — ¢(G)
forall Ge g.

@ Let {H, | r € 2Y} C G be a Borel family of pairwise nonisomorphic
2-generator groups.

@ Let v : Inj(N,2Y) — G be the injective Borel map defined by
¥(2) = Hy0) ® Hz(1) & - @ Hyn) ® - -

and consider 6 = g o ¢ : Inj(N, 2%) — Gy,
@ First suppose that there exists a group G € Gy, such that for all
r € 2N, there exists z € Inj(N, 2Y) such that r € range(z) and
0(z) = G.
@ Then H, embeds into G for all r € 2N, which is impossible since G
has only countably many 2-generator subgroups!
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The Proof of the Main Theorem

@ Let < be either the embeddability relation or the relative
constructibility relation on Gy,.

@ Then there exists a perfect subset P C Inj(N, 2V) such that
() ¥ Ecnpe z forall y, z € P; and

(i) 6(y), 0(z) are incomparable with respectto < forall y # z € P.

@ Hence F = ¢(P) C G is an uncountable Borel family of pairwise
isomorphic groups such that the groups { ¢(G) | G € F } are
pairwise incomparable with respect to <.

@ This completes the proof of the Main Theorem.
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Towards a proof of the Main Lemma ...

@ From now on, let V be the actual set-theoretic universe.
@ Let P be a forcing notion.

@ The relation R on the Polish space X is X, if R(V) has the form

(3X1 S X1)(VX2 S Xg) 000 B(X1,X2, oo ,V),

where Xy, --- , X, are Polish spaces and B(x, v) is a Borel relation.

@ In this case, RV" denotes the relation obtained by applying the
definition of R within the generic extension V*.

e R is absolute for V¥ ifRY" NV = R. )
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Shoenfield Absoluteness

Theorem (Shoenfield)

If R € V is a X} relation, then R is absolute for every generic
extension V.

v

An Application

If < is a countable Borel quasi-order on the Polish space X,
then <" is a countable Borel quasi-order on XV,

Let Perf(X) be the Polish space of nonempty perfect subsets of X.
Then < is countable if and only if

(Vxe X)(VPePerf(X))(IyeX)[yePAy AXx].

Ol

v
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Martin-Solovay Absoluteness

Theorem (Martin-Solovay)

Letx € V be a Ramsey cardinal. If R € V is a £} relation and |P| < &,
then R is absolute for V.

An Application (LC)

<. is a countable X} quasi-order on 2V.

If P is the poset of finite functions p : w — wq, thenforall x e 28N V,

VP (3F e @YW (Vze V) ze L[x] = (3n) f(n) =z ].

By Martin-Solovay, this ¥}(x) statement also holds in V. O
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Virtual equivalence classes

Definition (Kanovei aprés Hjorth aprés Harrington)

Let E be a Borel equivalence relation on the Polish space X and
let P be a forcing notion. Then aP-name T is a virtual E-class if:

@ IFp ’TEXV]P

V]P’><]P’
@ lkpxp Tiet EV " Tright

Here T jest, Trignt are the (P x IP)-names such that if G x H is
(P x P)-generic, then T 1e4[G x H] = 7[G] and T jgn[G x H] = T[H].
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Virtual equivalence classes

@ Let E = E e and let IP consist of all finite injective partial
functions p : N — 2N,

@ If Gis IP-generic, then g = | J G is a bijection between N and
2Nnv.

@ Hence if T is the canonical P-name such that 7[G] = g, then
7 is a virtual Egppe-class.
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A reminder ...

Main Lemma

Suppose that X is a Polish space and that ¢ : Inj(N, 2Y) — X is any
Borel map. Then at least one of the following must hold:
(a) There exists x € X such that for all r € 2V, there exists
z € Inj(N, 2Y) with r € range(z) such that 6(z) = x.
(b) For each countable Borel quasi-order < on X, there exists a
perfect subset P C Inj(N, 2Y) such that
() v Ecnipie 2 forally, z € P; and
(i) 8(y), 0(z) are incomparable with respect to < forally # z € P.
Moreover, if (LC) holds, then the conclusion also holds with respect
to the quasi-order <. of relative constructibility.
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Towards a proof of the Main Lemma ...

@ Let 6 : Inj(N,2Y) — X be any Borel map.

@ Let < be either a countable Borel quasi-order on X or else
the relative constructibility relation <c.

@ xly <= x,yare =-incomparable.
@ x||y <= x,yare =-comparable.

@ Let P consist of all finite injective partial functions p : N — 2N
and let T be the corresponding virtual Eqppe-class.

The Fundamental Dichotomy

Are 0( jer), 0(T right) comparable with respect to <V""" ?
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Case 1: (Ipo € P) (po,po) IF O(Tett) || O(Tright)-

There exists p1 < po such that ( p1,p1 ) IF 0(T jert) = O(T rignt)-

@ Suppose not and let Q collapse P(P x P) to a countable set.

@ Working in V©, there exists a perfect subset P C Inj(N, 2V)
such that §(P) is an uncountable Borel set of pairwise
<-comparable elements.

@ Let Z C 4(P) be a perfect subset.

@ By Kuratowski-Ulam, both A= {(x,y) e ZxZ|x <y} and
B={(x,y)e ZxZ|y = x} are meager subsets of Z x Z.

@ Since Z x Z = AU B, this contradicts the Baire Category Theorem.

O

v
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Case 1: (ﬂpo & P) <p0,po> I 9(T|eﬂ) H H(Tright)-

Working in V and assuming that X = [0, 1], we can inductively
define conditions

and closed intervals I, C [0, 1] with rational endpoints
h2o2hb2--2h2---

such that the following conditions hold:
@ pyl-0(7) € In.

Still working in V, let
() I =1{x}.

n>1
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Case 1: (Ipo € P) (po,po) IF O(Tett) || O(Tright)-

pi Ik 0(7) = x.

@ Otherwise, there exists g < p; and n > 1 such that g I 6(7) ¢ In.
@ But then (q, pn) < (py, py) satisfies

(q, pn) IF 0(T1ert) & In @and 0(Tiignt) € n,

which is a contradiction.
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Case 1: (ﬂpo & P) <p0,po> I 9(T|eﬂ) H H(Tright)-

@ Let G C P be V-generic with p; € G.
e Then V[G| F 6(T[G]) = x.
@ Henceforeachre2¥n v,

VIG] F (3z € Inj(N,2%) ) (3n e N) [z(n) = r and §(z) = x].

@ By Shoenfield Absoluteness, this }:] property of the reals
r, x € 28N V must also hold in V.

@ Thus, in V, for all r € 2V, there exists z < Inj(N, 21) with
r € range(z) such that 0(z) = x.
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Case 2: (Vp e P) (p,p) I (T ett) || G(Tright)-

@ Once again, let Q collapse P(PP x P) to a countable set.

@ Then V@ satisfies the following statement:

(3P € Perf(Inj(N,2)) ) (Vx) (Vy)
[(x,y e PAx#Yy)= (X Ecnwre y NO(x) L O(y))].

@ Applying either Shoenfield or Martin-Solovay Absoluteness,
this statement also holds in V.

@ This completes the proof of the Main Lemma.
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An open problem

Definition
G}y is the space of £.g. groups with underlying set N.

There does not exist a Borel map ) : g;g — N<N such that

@ ¢(G) generates G; and
@ if G= H, then Cay(G,¥(G)) = Cay(H, ¢ (H)).

@ Suppose that v : Gl — N<Nis any Borel map such that
¥ (G) generates G.
@ Then what ??? )

The End
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