0. INTRODUCTION
Lecture plan

(1) Affine varieties globally: dimension, regular functions, rational
functions.

(2) Affine varieties locally: smoothness, DVR rings, multiplicities
of zeros and poles, intersection numbers.

(3) Projective varieties, Bezout’s theorem and applications, elliptic
curves.

Books Fulton “Algebraic curves”, first chapter of Hartshorne’s “Alge-
braic geometry”.

Algebraic preliminaries The word ring will always mean commuta-
tive ring with identity. Homomorphisms of rings preserve identity. Let
R be aring and A C R. The ideal of R generated by A is denoted by
(A) or AR. We have the following operations on I, J < R:

I+J, InJ, 1J, VI

An R-algebra is a (fixed) ring homomorphism R — S. We usually say
“an R-algebra S” guessing the homomorphism. If S is an R-algebra, it
is also an R-module. We have the natural notion of a homomorphism
of R-algebras (ring homomorphism which is also R-linear, equivalently
certain diagram has to commute). If K is a field and S is a non-zero
ring, then any ring homomorphism K — S is necessarily injective, so
non-zero K-algebras may be identified with ring extensions of K.

Let R be a domain. If A C R is a multiplicative subset, then we have
the R-algebra of fractions (with denominators from A) denoted R4. If
P is a prime ideal in R, then R\ P is a multiplicative subset and Rp\ p
is denoted Rp. The field of fractions of R is Rypy which we denote by
Ry.

If K C L is a field extension, then trdegy L is the cardinality of (any)
transcendence basis of L over K. If S is a K-algebra, then by dimg S,
we mean the dimension of S considered as a K-linear space.

1. AFFINE VARIETIES GLOBALLY

Let K be an algebraically closed field and n € IN5o. By A™ or A"(K)

we mean just K" (the n-th Cartesian power of K), and call it affine

n-space (over K). Elements of A™ are called points and the notation

a,z € A" suggests that = = (xy1,...,2,),a = (a1,...,a,). Affine 1-

space K is called affine line and affine 2-space K is called affine plane.
1
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1.1. Zariski topology. In this section we will not really use the as-
sumption that K is algebraically closed (just K being infinite will be
used sometimes). Let X = (X,...,X,) be a tuple of variables.

Definition 1.1. For any A C K[X], let
V(A)={z e K" | (VF € A)(F(z) =0)}.

A subset V. C A" is an affine algebraic set or a Zariski closed set, if
there is A C K[X] such that V = V(A).

Example 1.2. We have the following affine algebraic sets:
(1) Parabola (n =2, A={Y — X?}).
(2) Hyperbola (n =2, A={YX —1}).
(3) More generally, if ' € K[X]\K, then V(F) is an affine algebraic
set. If F' is irreducible, then:
o for n =2, V(F) is called plane curve;
e for n =3, V(F) is called surface;
e for n > 3, V(F) is called hypersurface.
(4) Any singleton {a} (A ={X; —aq,..., X, — a,}).
(5) Empty set (A = {1}).
(6) Affine n-space (A = {0}).
Lemma 1.3. Let (4; C K[X])i<. and I,J < K[X]. Then:
( ) If AO C Al, then V( ) C V(Ao),
(2) V(U A) = N, V(A);
( (Ag) = V((Ap)) (recall that (Ag) is the ideal generated by Ay );
( (INJ)=V({IJ)=V(I)UV(J);
(

v
v
\%
VI+J)=V{I)NnV(J).

)
3)
4)
5)

Proof. We omit the easy proofs of (1) and (2).

For (3), we get by (1) that V((A4g)) € V(Ag). Take any a € V(Ap)
and F € (Ap). Thus there are F}, ..., F}, € Ag and G1,..., G}, € K[X]
such that F' = > G;F;. Therefore:

=2 _Gia)F(a) =
Hence a € V((Ap)) and V((Ao)) = V(AO).
For (4), since IJ CINJ C1,J, we get by (1) that
VH)UV(J)CV(InJ)CV(J).
For the remaining inclusion take a € V(I.J) and assume that a ¢ V(I).
Hence there is F' € I such that F(a) # 0. Take any G € J. Then

FG e 1J,so (FG)(a) = 0. Therefore, G(a) =0 and a € V(J).
For (5) we observe by (2) and (3) that:

V)NV =VIUJ)=V(IUJ))=V(I+.J),
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since I + J = (1 U J). O
Corollary 1.4. Any finite subset of A™ is Zariski closed.

Proof. Since we know that the singletons are Zariski closed, it is enough
to use 1.3(3) and 1.3(4). O

By Lemma 1.3, Zariski closed subsets of A™ are indeed closed sets of
a certain topology on A"™. This topology is called Zariski topology.
By Corollary 1.4, this topology is T} (points are closed). We will see
soon that it is not Hausdorff (points can not be separated by open
neighborhoods).

Example 1.5. Let us look at the Zariski topology on the affine line
Al = K. A non-zero polynomial in one variable can have only finitely
many zeroes and for any finite subset V' C K, there is a polynomial
F € K|[X] vanishing exactly on V. Therefore, a subset V' C K is
Zariski closed iff V' is finite or V' = K. Thus the Zariski topology on
Al is the cofinite topology, in particular it is not Hausdorff.

Remark 1.6. If K = C, then we have another topology on A" coming
from the identification of C with R? and the order topology on R. We
will call the latter (and much more natural) topology the Fuclidean
topology. The Zariski topology is (much) coarser than the FEuclidean
one, e.g. closed boxes are not closed in Zariski topology (see Example
1.5).

Remark 1.7. By Example 1.5, there are many subsets of A? which
are Zariski closed, but are not closed in A? with the product topology
A! x Al (e.g. parabola). Hence the Zariski topology on A? is not
the product topology (note that the Euclidean topology on C? is the
product topology). Similarly for n > 2.

The next proposition says that for studying V' (A), we can concentrate
on finite subsets Ay C A.

Proposition 1.8. For any A C K[X] there is a finite Ay C A such
that V(A) = V(Ay).

Proof. By Hilbert’s Basissatz (Basis Theorem), the ring K[X] is Noe-
therian, in particular the ideal (A) is finitely generated. Hence we can
find a finite Ay C A such that (Ag) = (A). By 1.3(3), we have

V(A4) = V((4)) = V((4o)) = V(A),
which is exactly what we want. U

Definition 1.9. A topological space X is called Noetherian, if any
descending chain of closed subsets of X stabilizes.
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Remark 1.10. Let X be a topological space.

(1) If X is Noetherian, then X is quasi-compact (need not be Haus-
dorff). However, it is not a good intuition to think about Noe-
therian spaces as compact spaces.

(2) Problem 1.1: X is Hausdorff and Noetherian iff X is finite with
the discrete topology. Hence all “infinite, nice spaces” are not
Noetherian.

(3) By a subspace of X we mean a subset with the induced topology.
It is easy to see (Problem 1.0) that any subspace of a Noetherian
topological space is again Noetherian. Note that compactness
is not inherited by subspaces.

(4) By the example above, we see that the affine line is Noetherian.

Proposition 1.11. A" with the Zariski topology is Noetherian.

Proof. Let us take (V;);en, a decreasing sequence of closed subsets of

A" For each i € IN, there is A; C K[X] such that V; = V(A4;). Let
I, = (ApU...UA,;). By Lemma 1.3(2,3), we have:

V() =V(AgU...UA) =V(A)N...OV(A4) =Von...N0V, =V,

Clearly, (I;)icn, is an increasing sequence of ideals of K[X]. By Hilbert’s
Basis Theorem, K[X] is a Noetherian ring, hence there is N € IN such
that Iy = Iyy1 = .... Therefore, Vy = Viyy1 = ..., so the sequence

(V})ien stabilizes indeed. O

For any affine algebraic set V' C A", we consider V' as a topological
space with the induced Zariski topology. Then the closed subsets of V'
are exactly those subsets of V' which are affine algebraic sets. By Prob-
lem 1.1, V' is Hausdorff iff it is finite (so usually it is not Hausdorff).
By Proposition 1.11 and Remark 1.10, V' is Noetherian.

Definition 1.12. A non-empty topological space X is irreducible if it is
not a non-trivial union of its two closed subsets, i.e. for any Y;,Y; C X
closed, if X =Y, UY5, then X =Y; or X =Y5.

Remark 1.13. Let X be a topological space.

(1) If X is irreducible, then X is connected (in the definition of
irreducibility, we do not require Y; NY3 = ).

(2) If X is irreducible and Hausdorff, then X is a singleton (similar
to Problem 1.1). So “nice spaces” are not irreducible.

(3) By the description of the topology on the affine line, we see
that A! is Noetherian and irreducible. In the next section we
will find an algebraic criterium for irreducibility of an algebraic
variety.
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(4) Problem 1.2: Let Y C X. Then Y is irreducible (as a topolog-
ical space with the topology induced from X) iff the closure of
Y is irreducible.

Proposition 1.14. If X is a Noetherian topological space, then:

(1) There are closed, irreducible Xq,..., X, C X such that X =
X1U...UXy and for all i # j, we have X; € X;.

(2) If we have Xy,..., Xy and X1,..., X, as above, then k = k'
and there is o € Sym(k) such that X, = X(’T(l)7 X = Xc’r(k).

Proof. Proof of (1) is basically the same as the proof of the fact that any
non-invertible non-zero element of a Noetherian domain decomposes
as the product of irreducible elements. Assume X does not have a
decomposition into the union of finitely many irreducible closed subsets
(in short: does not have decomposition). Then X is not irreducible, so
there are non-empty closed X7, Xy & X such that X = X; U X,. Since
X does not have decomposition, either X; does not have decomposition
or X, does not have decomposition. Assume that X; does not have
decomposition. Proceeding as above with X; in place of X, we get
non-empty closed Xj1, X125 & Xj such that X; = X3 U Xy and Xy
does not have decomposition. If we continue like this, we get a sequence
of closed subsets

X2X12X112X1112...

contradicting the assumption that X is Noetherian. Therefore X has
decomposition. By throwing away the redundant X;’s, we may assume
that X; € X; for i # j, so (1) is proved.

Let us take Xi,..., X}, from (2) and ¢ < k. Then X; C X{U...UX,,
SO

X=X NnX)U...U(X, NX,).

But X; is irreducible, so there is ¢/ < k' such that X; = X/, N X, i.e.
X; C X]. Proceeding similarly, we find j < k such that X| C X,.
But then X; C Xj, so ¢ = j and we get X; = X/ . Let o(i) := 7',
We have constructed a function o : {1,...,k} — {1,...,k'} such that
for each ¢ < k, we have X; = X ;(i)' Similarly, we get a function 7 :
{1,..., K} = {1,...,k} such that for each j < k', we have X} = X ;.
But then for any ¢ < k, we have

Xroty) = Xouy = Xi

so 7(o(i)) = ¢. Similarly, for each j < k', we have o(7(j)) = j. Hence
k = k' and o is a permutation. O
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The closed subsets Xi,..., X, from Proposition 1.14 are called the
irreducible components of X.

Definition 1.15. Let V be an affine algebraic set. We call V an
affine variety, if it is irreducible as a topological space with the Zariski

topology.
We can now directly apply Proposition 1.14.

Proposition 1.16. Fvery affine algebraic set can be expressed uniquely
as a finite union of affine varieties, no one containing another.

Example 1.17. Union of affine line and parabola, or line and points
etc. But we still do not know whether e.g. hyperbola or parabola is
irreducible. In the next section we will learn an algebraic criterium for
irreducibility.

Definition 1.18. Let X be a topological space. The dimension of X,
denoted dim(X), is the supremum of £ € IN such that there is a strictly
decreasing (or increasing) sequence of irreducible closed subsets of X:

X2Xo2X12...2 Xk
(Note that the empty set is not considered to be irreducible.)

Problem 1.3: If X is Noetherian and 7 (points are closed), then
dim(X) = 0 iff X is finite.

There is a Noetherian topological space X such that dim(X) = oc.

Let V be an affine algebraic set. By the dimension of V', denoted
dim(V'), we mean the dimension of V" as a Noetherian topological space
(with the Zariski topology).

Example 1.19. We can see that dim(A') = 1, since A! is irreducible
and a proper closed subset of A! is irreducible iff it is a singleton.

Definition 1.20. An affine algebraic curve (or just affine curve) is an
affine algebraic variety C' such that dim(C') = 1.

We know so far that the affine line is an affine curve. In the next section
we will find algebraic criteria to decide whether an algebraic variety is
a curve (in particular to prove that hyperbola and parabola are indeed
curves as they ought to be).

1.2. Coordinate rings. We want to express some properties of affine
algebraic sets in algebraic terms. The assumption that K is alge-
braically closed will be needed for this.

For any set Y, let Func(Y, K') denote the set of all functions from Y to
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K. Tt has a natural K-algebra structure (K embeds into Func(Y, K) as

the subfield of constant functions). For I € K[X], let us denote (only
for a while) by F' the corresponding polynomial function from A" to

K. By the definition of the ring operations in K[X], the map
K[X] > F +— F € Func(A", K)

is a homomorphism of K-algebras.

Problem 1.4: If F # G, then F # G.

By Problem 1.4, we can identify K[X] with a K-subalgebra of Func(A", K)
consisting of polynomial functions, and we will not write F' anymore.

Definition 1.21. If V' C A", then the (affine) coordinate ring of V
(or ring of polynomial functions on V') is:

KV] = {f € Func(V, K) | BF € K[X])(Flv = [)}.
It is easy to see that K[V] above is a K-subalgebra of Func(V, K).
Problem 1.5: If V' C A" is finite, then K[V] = Func(V, K).

Therefore, K[V] 22 KVl the Cartesian power of the field K (consid-
ered with the coordinate-wise K-algebra structure). By Problem 1.4,
K[A"] = K[X].

We have a natural epimorphism of K-algebras:

K[X]> F — F|y € K[V].
We denote its kernel by I(V), it is the ideal of V.
Lemma 1.22. The ideal I1(V) is radical, i.e. I(V) = +/I(V).

Proof. Let us take F' € \/I(V). There is k € N such that F* € I(V).
It means that for each v € V, we have 0 = F¥(v) = F(v)*. Hence for
eachv € V, F(v) =0, thus F' € I(V). O

Clearly

I(V)={F e K[X]| (VzeV)(F(z)=0)},
and we have an isomorphism of K-algebras:
K[V] = K[X]/1(V).
Lemma 1.23. Let (V; C A"),. and J < K[X]. Then:

(1) If Vo C V4, then I(V7) C I(Vy);

(2) IUV:) = NI(Vi);
3) J S I(V(J));



(4) V(I(Vy)) is the Zariski closure (i.e. the closure in the Zariski
topology) of Vy.

Proof. We omit easy proofs of (1), (2) and (3). For (4), let Vj be the
Zariski closure of Vj. It is also easy to see that Vy C V(I(Vf)). Since
V(I(Vp)) is Zariski closed, it is enough to show that for any Zariski
closed W C A" such that Vo C W, we have V(I(Vp)) € W. There is
J < K[X] such that W = V(J). Hence Vy, C V(J). By (3) and (1),
we have:

J S I(V(J])) € I(Vo).
By Lemma 1.3(1), V(I(Vp)) C V(J) =W. O

We aim to describe I(V(I)) for I < K[X]. We will need another
famous theorem of Hilbert. We just give an idea of the proof of this
theorem. The most natural (full) proof uses basic model theory and
will be given in my other course. This is the place, where we use the
assumption that K is algebraically closed.

Theorem 1.24 (Weak Hilbert’s Nullstellensatz). Let [ < K[X].
If I # K[X], then V(I) # 0.

Idea of the proof. Let Fy, ..., F. € I besuchthat [ = (F},...,F,), and
let k be the subfield of K generated by the coefficients of Fi,..., F.
Since I # K[X], I extends to a maximal m < K[X]. Let L := K[X]/m
and ® : K — L denote the following composition:

K —== K[X] — K[X]/m = L.

Since ® is a homomorphism of fields, it is an embedding. Hence we
can identify K with a subfield of L. Let

vi=(X;4+m,..., X, +m) e L"
It is easy to check (but some care is necessary) that
Fi(v)=0,...,F.(v) =0.

Let [ := k(v). Now, if there is an k-algebra homomorphism ¥ : [ — K,
then W(v) € V(I), so V(I) is non-empty. This homomorphism exists
for example if trdeg, K is infinite (enough to take the transcendence
degree over the prime field). By using model theory, the (incomplete)
homomorphism argument can be replaced with an elementary extension
argument. We will not go into details here. U

There are many algebraic proofs of Weak Hilbert’s Nullstellensatz. We
will not discuss any of them here.
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Corollary 1.25 (Hilbert’s Nullstellensatz). For I < K[X], we
have I(V (1)) = /1.
Proof. By Lemma 1.23(3), we have I C I(V(I)). By 1.22, we have
VI C I(V(I)). For the opposite inclusion, let us take a non-zero
G e I(V(I)) and Fi,...,F,. € I such that I = (Fy,...,F,). Let us
define

Ji=(F1, ..., Fp, Xu1G — 1) S K[X, Xoi1].
Take any (v,v) € A" If for each i < r, we have F;(v) = 0, then
v e V(I). Thus G(v) =0, since G € I(V(I)). Therefore

(Xp1G — 1)(0,0) =0—1#0.

We have obtained that V(.J) = (. By Weak Hilbert’s Nullstellensatz,
J = K[X,X,41]. Hence there are Hy,..., H.,1 € K[X, X, 1] such
that

(1) 1= HiF+ Hy (X001 G — 1).
i=1
Consider the following homomorphism of K-algebras:
U KX, Xp] = K(X); (X)) =X, fori <n, ¥(Xpp)=G'

(here we use G' # 0). After applying ¥ to (the both sides of) (1) we
get the following equality in K (X)

(2) 1= erHAX,G‘l)Fi(X).

Let N be the maximum of the degrees of H; with respect to the variable
X,41. Multiplying the both sides of (2) by G we get:
(3) GN =Y GVH(X,GTF(X),

i=1
where for each i < r, we have GNH;(X,G™!) € K[X]. By (3), G € I,
therefore G € V1. O

We can prove now the algebraic characterization of irreducibility.

Proposition 1.26. Let V C A" be Zariski closed. The following are
equivalent:

(1) V is irreducible,

(2) 1(V) is prime,

(3) There is a prime ideal P < K[X] such that V =V (P),
(4) K[V] is a domain.
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Proof. Since K[V] = K[X]/I(V), we get the equivalence (2) < (4).
For the implication (1) = (2) assume that V' is irreducible and take
F.G € K[X] such that FG € I(V). Then

V CV(FG) = V(F)UV(G).

Since V' is irreducible, V' C V(F) or V C V(G). It means that F' €
I(V)or GeI(V),so I(V) is prime.

For the implication (2) = (3) we take P = I(V'). Since V is Zariski
closed, we get by Lemma 1.23(4):

V(P)=V(I(V))=V.

For the implication (3) = (1) assume that V' = V(P) for a prime ideal
P and take Zariski closed V;,V, € A" such that V =V, U V,. By
1.23(2) and Hilbert Nullstellensatz, we have

IV)NI(Ve)=I1(ViUVy) =I(V(P))=VP=P.

Since P is prime, P = I(V}) or P = I(V3). By Lemma 1.23(4), V =1}
or V =V,, s0 V is irreducible. O

Remark 1.27. For the equivalences (1) < (2) < (4) we do not need
the assumption that K is algebraically closed. However this assumption
is necessary for the crucial equivalence with (3) (see Problem 1.6).

Clearly, I may be not prime and V' (I) may be still irreducible, e.g. for
I=(X?).

Corollary 1.28. If ' € K[X] is irreducible (as an element of the ring
K[X]), then the hypersurface V(F) is an affine variety.

Proof. Since K[X] is UFD (Gauss Theorem) and F is irreducible, F
is prime. Therefore, the ideal (F) is prime. By 1.26(4), V(F) is irre-
ducible. 0

Problem 1.6: Find F' € R[X, Y] which is irreducible such that V(F) N
R? is non-empty and not irreducible.

Example 1.29. We can finally give some examples of affine varieties
and their coordinate rings.

(1) Let V =V (Y — X?) C A? (parabola). The polynomial ¥ — X?
is irreducible, so by Corollary 1.28, V' is an affine variety. Since
the ideal (Y — X?) is prime, we get by Hilbert Nullstellensatz
that I(V) = (Y — X?). Therefore

K[V] 2k K[X,Y]/(Y — X?) 2, K[X].
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Note that K[V] =g K[A'] which suggests that parabola is
“isomorphic” to the affine line. We will make sense out of it
and see that it is true.

(2) Let V =V (YX — 1) C A? (hyperbola). Similarly as above, V/
is an affine variety and K[V] =k K[X,Y]/(XY —1).
Problem 1.7: K[V] is not isomorphic to K[A%].

(3) Let V =V (Y? — X?). Problem 1.8: K[V] is not UFD.
In particular K[V] is not isomorphic to K[A']. Actually, the
fact that K [V]is not UFD corresponds precisely to the fact that
V is singular at (0,0) (again, we will make it precise later). This
is very typical: algebraic properties of the coordinate ring of V
reflect geometric properties of V.

Corollary 1.30. Let V. C A" be an affine algebraic set. There is a
bijective correspondence (inverting inclusions) between the set of radical
(resp. prime) ideals of K[V and the set of Zariski closed subsets (resp.
irreducible Zariski closed subsets) of V.

Proof. By Proposition 1.26 and Hilbert Nullstellensatz (and 1.3(1),
1.23(1)), we have such correspondences for V' = A™. For an arbi-
trary V let us concentrate on prime ideals. Since K[V] = K[X]/I(V),
the set of prime ideals of K[V] corresponds to the set of prime ideals of
K[X] containing (V). But the latter set corresponds exactly (again
by the references above) to the set of irreducible Zariski closed subsets
of V. O

We recall a definition from ring theory.

Definition 1.31. Let R be a ring. The Krull dimension of R, de-
noted dim(R), is the supremum of k& € IN such that there is a strictly
increasing (or decreasing) sequence of prime ideals of R:

PCPC...CPH.
Example 1.32. It is usually not easy to calculate the Krull dimension

of a ring. We describe it in some simple cases.

e If k is a field, then dim(k) = 0, because the 0-ideal is the unique
prime ideal in k.

e Problem 1.9: If R is PID and not a field, then dim(R) = 1.

e Nagata has constructed a Noetherian ring of infinite Krull di-
mension.

Proposition 1.33. Let V' be an affine algebraic set. Then dim(V') =
dim(K[V])

Proof. 1t follows directly from the definitions and Corollary 1.30. U
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In the case of coordinate rings, there is an easier description of the
Krull dimension, but it is difficult to prove. First we need one more
definition.

Definition 1.34. Let V be an irreducible affine variety. Then K (V)
denotes the field of fractions of K[V] (which is a domain by 1.26(4))
and it is called the field of rational functions on V.

We will not give a real proof of the following theorem (recall that R,
denotes the field of fractions of R).

Theorem 1.35. Let R be a finitely generated K-algebra which is a
domain. Then we have:

dim(R) = trdegy Ro.

A wery brief idea of the proof. Let us assume first that R = K[X] and
consider the following chain of prime ideals

(0) & (X1) & (X1, Xp) & (Xu,.., Xo).

Hence dim(K[X]) > n. The other inequality is more difficult and is
proved by induction on n by finding an appropriate quotient ring.

For the general case, by Noether’s Normalization Theorem there are
ry,...,rq € R which are algebraically independent over K and such the
the ring extension K|[ry,...,ry] C R is finite, i.e. R is a finitely gener-
ated K[ry,...,ry-module. Then the field extension K(ry,...,74) C Ry
is also finite, hence algebraic and trdeg; Ry = d.

Clearly K[ry,...,rq] = K[Xy,...,X4], so dim(K[ry,...,7q4]) = d. Now
we have to use the fact that the Krull dimension does not change in
finite extensions so dim(R) = d. O

Remark 1.36. A finitely generated algebra over a field is called an
affine domain. Theorem 1.35 holds for any affine domain (we do not
need the assumption that K is algebraically closed).

Corollary 1.37. Let V' be an irreducible affine variety. Then
dim(V) = trdeg, K (V).

Proof. The K-algebra K[V] is finitely generated as an image of K[X]
and it is a domain, so we can use 1.33 and 1.35. O

The above corollary can be also proved using model theory (elimination
of quantifiers for the theory of algebraically closed fields) instead of
Theorem 1.35.

Corollary 1.38. Let V' be a plane curve. Then dim(V) = 1. (So, a
plane curve is an affine curve.)
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Proof. Let F' € K[X,Y] be irreducible such that V' = V(F). Then
K[V] = K[X,Y]/(F) and let us identify this two K-algebras. We
consider K[X,Y]/(F) as a ring extension of K. Let

t=X+(F)eK[V]CK(V), s:=Y+(F)e K[V]CK(V).
Case 1te K.
Then X —t € (F), so F|X —t in K[X,Y]. Since F and X — ¢ are
irreducible, (F) = (X —t), so
K[X,Y]/(F) = K[X,Y]/(X — 1) = K[Y].
Then K (V) = K(Y), so trdeg, K(V) =1, OK.
Case 2t ¢ K.
We will show that {t} is the transcendence basis of K (V). Since t ¢ K
and K is algebraically closed, {t} is algebraically independent. Now
it is enough to show that K(t) C K (V) is algebraic. Since K(V') =
K(t,s), it is enough to show that s is algebraic over K (t). Let
GY):=F(t,Y) e K(t)[Y].
If G = 0, then t is algebraic over K, a contradiction. So G # 0 and
G(s) = F(t,s) =0, OK. O

Remark 1.39. The above corollary is generalized as follows:

Let F' € K[X]\ K and V be an irreducible component of V(F'). Then
dim(V) =n—1.

To prove it, one needs to know Krull’s Principal Ideal Theorem (Haup-
tidealsatz).

To avoid usage of Theorem 1.35 in the case of curves, we can use
Problem 1.11 below.

Problem 1.10: V is a point iff trdeg, K(V') = 0.

Problem 1.11: If trdeg, K (V) = 1, then V is a curve.

1.3. The category of affine algebraic sets. Let V C A" W C A™
and Z C A" be affine algebraic sets.

Definition 1.40. A function ® : V' — W is a morphism, if there are
fi,.-., fm € K[V] such that for each v € V' we have

() = (f1(v), -+, fn(v)).

In other words, a morphism is a polynomial function. Note that the
set of morphism from V to A is exactly K[V].

It is easy to see that if & : V — W and ¥ : W — Z are morphism,
then W o ® : V — Z is a morphism (the composition of polynomial
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functions is a polynomial function) and such that idy is a morphism.
Therefore we obtain the category of affine algebraic sets.

As in any category, a morphism ® : V' — W is an isomorphism, if there
is a morphism W : W — V such that Vo & =idy and ® o ¥ = idy,. If
there is an isomorphism between V' and W, then we write V= W. As
usual we have:

o V=V,
o if V=W, then W =V,
o if V=W and W = Z, then V = Z.

Example 1.41. We have noticed that parabola V = V(Y — X?) should
be isomorphic to affine line. Let

A =V, Ox)=(z,2%), V:V =AY U(z,y) ==z
Then we have
U(P(x) = V(x,2%) =z, W(D(z,y)) = ¥(z) = (2,2°) = (2,y).
Therefore V =2 A

Example 1.42. We may be used to algebraic situations where a bi-
jective homomorphism is an isomorphism. It is not the case here! For
example, if char(K) = p > 0, then

Fr: A' = A', Fr(z) = aF.

The Frobenius morphism is bijective, but it is not an isomorphism,
since there is no polynomial F' such that F(X?) = X. Later, we will
also give an example in characteristic 0.

We will explain now the notion of morphism on the level of coordinate
rings.

Definition 1.43. For a morphism & : V' — W let:
o K[W] — K[V], ®*(f)=fod.

We know that the composition of morphisms is a morphism, so it is
well defined. Note that we invert arrows which always brings some
difficulties.

It is obvious that ®* is a K-algebra homomorphism, since for v € V
and f,g € K[W] we have

[@*(f - 9)I(v) = (f - 9)(®(v)) = f(2(v)) - g(®(v))
=[(fo®@)-(g0®)](v) = (2°(f) - 2"(9))(v),

and similarly for the addition and the scalar multiplication.
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Proposition 1.44. (L) Ifv:V - W and ® : W — Z are mor-
phism, then

((I) o \If)* =VU*o (b*, (ldv)* = ldK[V] .

(2) The map ® +— ®* is a bijection between the set of morphisms
from V to W and the set of K-algebra homomorphisms from
K[W] to K[V].

(3) For any finitely generated K-algebra R which is reduced (i.e.
has no nilpotent elements), there is an affine algebraic set V
such that R =g KI[V].

Proof. (1) is a very easy diagram chase.

For (2), let us notice first that polynomial functions separate points, i.e.
by Problem 1.5, for any w,w’ € W, if w # w’ then there is t € K[W]
such that ¢t(w) = 0,t(w’) = 1.

Let us take two different morphisms &, ¥ : V. — W. Then there is
v € V such that ®(v) # ¥(v). Hence we find ¢t € K[W] such that
t(®(v)) =0,t(¥(v)) = 1, hence ®*(t)(v) # ¥*(t)(v), so * # U*.

Let us take a K-algebra homomorphism v : K[W] — K[V]. We have
a morphism

We will check that U(V) C W and v = U*.

To show that W(V) C W, it is enough to show that for any F' € I(WW),
we have F' oW = 0. Since v is a K-algebra homomorphism and the
restriction map is a homomorphism we have:

FolU=FH(Xilw),. . ..v(Xnlw))
=(F(Xalw, .., Xinlw))
=7(Flw)
= 0.
To show that v = U*, we take f € K[W]and F € K[Xy,...,X,,]. By
computations as above, we have:
U(f)=fol
=FoVU
=7(Flw)
= (/).

For (3), let us take a finitely generated reduced K-algebra R. Then R is
isomorphic to K[X7, ..., X,]/I forsomed € N and I < K[Xq,..., X4].
Since R is reduced, [ is radical (Problem 2.1). By Hilbert’s Nullstel-
lensatz, I = I(V(I)), so R = K[V (I)]. O
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The above proposition says that the category of affine algebraic sets is
antiequivalent or dually equivalent to the category of finitely generated
reduced K-algebras. In other words, these two categories are “the
same” after inverting arrows.

Corollary 1.45. If V.W are affine algebraic sets, then V =W if and
only if K[V] =g K[W].

2. AFFINE VARIETIES LOCALLY

In this section we will be interested in the local properties of an affine
variety around a given point. Let V C A" W C A™ Y C A" be affine
varieties.

2.1. Rational maps. We will first regard a rational function on a
variety as an actual function.

Definition 2.1. Let f € K(V). We define the domain of f, denoted
dom(f), as the set of points v € V such that there are fi, fo € K[V]

such that f = f1/fs and fo(v) # 0.

If v € dom(f) and fi, f2 are as above, then we define f(v) as f1(v)/ fa(v).
Clearly the value f(v) does not depend on the choice of representatives
fi1, f2 € K[V]. So we have a function:

f:dom(f) = K.
Problem 2.2: dom(f) is (Zariski) open in V.

Definition 2.2. Let f € K(V) and v € V. Then:

o fis reqular at v, if v € dom(f);
e Oy, :={f € K(V) | vedom(f)};
o fis reqular, if f is regular at each v € V i.e. if dom(f) = V.

Example 2.3. Let V = A' and f = 1/X. Then dom(f) = A"\ {0}.
For any W C V| let

Iy(W) :={f € K[V] [ flw = 0}.
Problem 2.3: For any v € V, the ideal Iy (v) (= Iy ({v})) is maximal.

Before the next result (the description of Oy,) let us recall that a
local ring is a ring with a unique maximal ideal. A ring is local if and
only if the set of non-invertible elements is an ideal (necessarily the
unique maximal ideal). For any domain R and prime ideal P < R, the
localization ring Rp is local with the maximal ideal

PRP::{%GR\aGP,bER\P}.
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We naturally identify Rp with the following subring of Ry:
{%GROMER, be R\ P}.
For any multiplicative subset S C R, we consider R as a subring of Rg.
Fact 2.4. For anyv eV, Oy, = K[V]1, ().

Proof. This is just checking the definitions. For any f € K(V), we
have f € K[V, (v if and only if there are a € K[V],b € K[V]\ Iy (v)
such that f = a/b which happens if and only if v € dom(f). O

Definition 2.5. For v € V', my,,, denotes the maximal ideal of Oy,,,.
By Fact 24, mvm = Iv(U)K[V][v(U).

The next result says that regular functions actually coincide with the
polynomial ones.

Proposition 2.6. Let f € K(V). Then f is regular if and only if
f e K[V].

Proof. Clearly, any f € K[V] is regular. Let f € K(V') be regular. By
Proposition 2.4, f € (N, oy K[V]1, ). However, by Proposition 1.30,
the maximal ideals of K[V] correspond to the minimal subvarieties of
V', i.e. points, so every maximal ideal m < K[V] is of the form Iy (v)
for some v € V. Therefore

fe [ KV

m < K[V] max

However, by a known result in ring theory (Problem 2.4) this intersec-
tion coincides with K[V]. O

We know that any morphism ¥ : V' — W induces a K-algebra homo-
morphism U* : K[WW] — K[V] and we get a bijective correspondence.
What happens on the level of fields of rational functions? Let us first
look at an algebraic fact.

Problem 2.5: Let a : Ry — Ry be a homomorphism of domains and
S1 C Ry,Sy C Ry be multiplicative subsets. Then a extends to a
homomorphism S : (Ry)s, = (Ra)s, if and only if a(S;) C 5.

Hence ¥* : K[W] — K[V] extends to the fraction fields if and only
if U*(K[W]\{0}) € K[V]\ {0} which happens if and only if ¥* is a

monomorphism.

Lemma 2.7. Let U : V. — W be a morphism. Then ¥* is a monomor-
phism if and only if ¥ is dominant, i.e. W(V') is Zariski dense in W.
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Proof. Assume that W(V') is Zariski dense in W and take f € K[W]
such that
0=U*(f)=foW.

This means that ¥(V) C V(F) for F € K[Xy,...,X,,] such that
f = Flw. But U(V) is Zariski dense in W and V' (F) is Zariski closed,
so W C V(F), hence 0 = Fly = f.

Assume that ¥(V') is not Zariski dense in W, so there is a proper
Zariski closed Wy C W such that W(V) C W,. But then there is F' €
K[X,...,X;,) such that F|ly, =0 and f := F|w # 0. Since F|y, =0
and U (V') C Wy, we get U*(f) =0, so U* is not a monomorphism. [

Notation 2.8. The notation ® : V — W means that ® is a dominant
morphism from V to W.

Remark 2.9. The notation V' — W reminds the notation for an epi-
morphism (of group or rings). Actually, the dominant morphisms are
exactly the epimorphisms in the category of affine algebraic sets and
the above lemma is true for arbitrary algebraic sets.

We see that any dominant morphism ¥ : V' — W induces a K-algebra
homomorphism of fields ¥* : K(W) — K (V). Actually, ¥ need not to
be a morphism to induce such a function.

Definition 2.10. Let U C V be a non-empty open subset. A function
® : U — W is called a rational function between V and W if there are
fi,-., fm € K(V) such that U := dom(f;) N...Ndom(f,,) and for all

v € U we have
®(v) = (f1(v),-- -, fm(V)).
(Note that by Problem 1.12, if we have Uy, ..., U, non-empty subsets

of V, then U; N...NU, is non-empty.) A rational function ® as above
is dominant, if ®(U) is Zariski dense in W.

We want now to compose rational functions. Let us see some examples
first.

Example 2.11. Let V = W =Y = A2, ® be a rational function
between V and W, and ¥ be a rational function between W and Y.

(1) Let ® be given by (X, X?) (so it is even a morphism) and ¥
be given by (0,1/(Y — X?)). Then we can not compose ¥ and
®, since the image of W has the empty intersection with the
domain of ®.

(2) Let ® be given by (1/X,Y?) and ¥ be given by arbitrary ra-
tional functions (Fi/G1, Fo/Gs) (so Gi,Gy # 0). Then the
rational functions G1(1/X,Y?), G2(1/X,Y?) are non-zero (e.g.
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since @ is dominant), so we can define the rational function
Vod as

Fi(1/X,Y?%) Fy(1/X,Y?)
(Gl(l/X, Y?2) Gy(1/X, YQ)) '

We can generalize the second example above to the case of arbitrary
rational functions. Let ® be a rational function between V and W
which is dominant and ¥ be a rational function between W and Y. Let
® be given by (f1, ..., fm) where fi,..., f,, € K(V) and ® be given by
(g1,...,9,) where g1, ...,g, € K(W). Take F,...,F, € K[Xy,...,X,]
and Gy, ...,G, € K[Xy,...,X,] such that for each j we have G|y # 0
and

_ Bilw

T Gilw
Define ® o ¥ by the following sequence:

<F1<f17"'7fm) FT(fl?"'afm))
Gi(fi, s fm) T GA(f1y ) )

As in Example 2.11(2), each G;(fi1,..., fm) # 0, since G,|w # 0 and
® is dominant. Hence we can compose such rational functions.

Note that K (V') corresponds to rational functions from V to Al. If we
have any f € K(W), then fo W is a rational function from V to A! so
an element of K (V). Therefore we have a function:

U K(W) = K(V), U*(f)=foU.

We can check (as in the case of morphisms) that ¥* is a K-algebra
homomorphism.

Notation 2.12. The notation ® : V --» W means that ® is a domi-
nant rational function V to W.

We will state without a proof a result similar to Proposition 1.44 (the
proof is similar as well).

Proposition 2.13. (1) If V.V -——> W and & : W --» Z, then
(@ o) \I/)* =V*o (I)*, (ldw)* = 1dK(V) .

(2) The map ® — D* is a bijection between the set of dominant
rational functions from'V to W and the set of K -algebra homo-
morphisms between K (W) and K(V).

(3) For any field extension K C L such that L is finitely generated
(as a field) over K, there is an affine variety V' such that

L2=g K(V).
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The above proposition says that the category of affine varieties and
dominant rational maps is antiequivalent or dually equivalent to the
category of finitely generated field extensions of K.

2.2. Smoothness. We will give an algebraic definition of smoothness.
First we need the notion of a partial derivative in a polynomial ring.

Definition 2.14. Let R be a ring and 0 : R — R. The map 0 is a
derivation on R if for all a,b € R we have:

d(a+0b) =0(a) + 0(b), 0O(ab) =b0(a)+ ad(b).

Example 2.15. (1) For R = C*°(R) we have the standard deriva-
tion & = 5% on R. As we know, we can identify R[X] with a
subring of R and then 0|gjx) is a derivation on R[X].

(2) Let T be an arbitrary ring. We can define a derivation 0 =
on T'[X] by coping the formula for 0|gx] from (1), i.e.

9
X

INag+ar X +as X?*+. . 40 X™) = a1 +2a0 X +. . .+ (m—1)aym_ X™ "
It can be easily checked that 0 is a derivation.

Remark 2.16. Note that if char(7) = p > 0, then there are non-
constant polynomials on which 0 vanishes, e.g. 9(X?) = 0.

0

Definition 2.17. For each i € {1,...,n}, we have the derivation 55

on K[X]| coming from the identification
K[X]=K[X1,...,Xi_1, Xis1,..., X[ Xi].

Example 2.18. Let us consider again V = V(Y? — X3) C A2, We
intuitively know that (0,0) is (a unique) singular point of V. How to
see it algebraically? Consider the pair of polynomials

Y2 — X3) 9(Y?— X3)
ox 9y

We can see that for (a,b) € V, this pair of polynomials vanishes on
(a,b) if and only if (a,b) = (0,0).

) = (=3X2,2Y).

One can wonder what does the condition from the example above has
to do with smoothness. To explain this, we will go for a while into the
world of differential geometry.

Example 2.19. Let f : R?> = R be a C'-function, V := f~1(0) and
(a,b) € V. If %(a,b) # 0, then by the Implicit Function Theorem,
there are open neighborhoods

acU,CR, belU,CR
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and a C'-function g : U, — U, such that
unv =Ty,

where U = U, x U, and Iy is the graph of g. Then U NV is a smooth
submanifold of R* (as the graph of a smooth function), so (a,b) is a
smooth point of V. By the Analytic Implicit Function Theorem, the
above works for an analytic function f : C* — C, in particular for
polynomial functions. Hence for V = V(Y? — X3) C A?(C), we see
that (0,0) is the unique singular (i.e. non-smooth) point of V.

The above examples will motivate the definition of a smooth point on
an affine variety. First, we need one more definition.

Definition 2.20. Let Fy,...,F,, € K[X]. The Jacobian matriz of

F=(F,... Fyis

OF;
Jp = (an>m' € My n(K[X]).

If v € A", then Jz(v) € My, o (K).

Problem 2.7: If Gy,...,Gy € (F,...,F,)andv € V(Fy,..., F,), then
the rows of Jg(v) are K-linear combinations of the rows of Jz(v).

Recall that for A € M,,,(K) the rank of A, denoted rk(A), is the
dimension of the image of A considered as a K-linear map K" — K™.
It coincides with the maximal number of independent rows of A (and
also with the maximal number of independent columns of A).

From Problem 2.7 we immediately get the following fact.

Fact 2.21. If (Gy,...,Gy) =1 = (F,...,F,) <K[X] and v € V(I),
then

rk(Jg(v)) = rk(J7(v)).
Therefore, the rank of such a Jacobian does not depend on the choice
of generators.

Now we can finally state the main definition.

Definition 2.22. Let V' C A™ be an algebraic set, Fy,..., F, € I(V)
be such that I(V) = (Fy,...,F,) and a € V. Let I denote the tuple
of polynomials Fi, ..., F,,. We say that a is a non-singular or a smooth
point of V' if

tk(Jz(a)) = n — dim(V).

We say that V' is a non-singular variety or a smooth variety, if V is
irreducible and all the points of V' are smooth.
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Note that by Fact 2.21, this definition makes sense, i.e. does not de-
pend on the choice of Fi,..., F,,. To explain the equality used in the
above definition, for a smooth a € V, intuitively, “V around a should
infinitesimally look like Jz(a)™1(0)” and we have

dim(Jz(a)~'(0)) = n — rk(Jp(a)),
so the rank condition in the above definition makes sense. Also this

definition coincides with Example 2.18 and we have the following gen-
eralization.

Example 2.23. Let V = V(F) be a plane curve and (¢,s) € V. Then
dim(V) = 1, so (¢, s) is smooth if and only if rk(Jg(t,s)) = 1 which
happens if and only 1f (t s) # 0 or af = (t,s) # 0.

Remark 2.24. Assume that K = C and V C A" is a smooth affine
variety. Then it can be proved that V' is a complex analytic submanifold
of C™. Thus the analytic and algebraic notions of smoothness coincide.

Fact 2.25. Let F € K[X,Y] and V =V (F) C A% Then:
(1) If F ¢ K, then V is infinite.
(2) If V(F, gﬁ;, 88 is finite, then \/(F) = (F) and I(V) = (F).
(3) If V(F, 9& SE) is empty, then V is smooth.
We will prove a characterization of smoothness in terms of local rings
which will be very important in the sequel. Before the statement let
us notice that any ideals I,J < K[V] are also K-vector spaces and
if I C J, the quotient J/I is a K-vector space as well (and also a

K[V]-module). First we prove:

Proposition 2.26. A point a € V is smooth if and only if
dimg (Iy(a)/(Iy(a))?) = dim(V).

Proof. By applying the translation by a, we can assume that a =0 =
(0,...,0). Let us consider the following map:

S oF OF
V: KX — K" YF):=|==00),...,=(0) .

X5 K7 0= (G0 0)
It is clearly K-linear. Let I := I(0) < K[X]. It is easy to check that
ker(¥) NI = I? (do at home!). Let {ey,...,e,} be the standard basis
of K™ and pick i € {1,...,n}. Then V(X;) = e;, so V() = K"
Therefore
(1) I/~ K"

(as K-vector spaces).
Let us take Fi, ..., F,, € I(V) such that I(V) = (F},..., F,) and any
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F=> a;F; € I(V). Since 0 € V, for each j € {1,...,n} we get by
Leibnitz’s Rule:
a(ain‘) OF;

o (0) = 0u(0) 5 0).

We obtain:
U(F) = ‘I’(Z(%Fz)) = Z%(O)\MFJ

Since for each ¢, W(F;) is the i-th row of Jz(0), we get:

(2) rk(J7(0)) = dimg U(I(V)).
By (1), we get W(I(V)) = (I(V) + I?)/I?, so by (2) we have:
(3) wk(Jp(0)) = dimg (I(V) + 12)/12.

Consider now the restriction epimorphism 7 : K[X] — K[V]. Clearly
ker(m) = I(V'). We have:

Iy (0)/1v(0)* = 7= (I (0)) /7~ (Iv(0)*).
But 77 1(I(0)) = I and 7~ *(L1/(0)?) = I? + I(V) (check at home!).
Hence we get:
1)1

(4) Iy (0)/Iy(0)* = I/(I* + 1(V)) = (21 I(V))/T*

By (1), (3) and (4) we get
n = dime (Iy (0)/(Iv (0))*) + rk(J5(0)).

Therefore dimy Iy/(0)/(I(0))* = dim(V) if and only if 0 is a smooth
point of V. O

Our statement will follow from the above proposition and the following
lemma.

Lemma 2.27. If V is an affine variety and a € V' then we have:
Iy(a)/(Iv(a))® 2k my,e/(my,q)*.

Proof. Problem 3.3(c) says that for any domain R and any maximal
ideal P, we have

P/P? =y p PRp/(PRp)?.
In our case it is enough to take R = K[V] and P = Iy(a), since
My, = [V(G)K[V]Iv(a) and K[V]/[V(CL) =g K. ]

Theorem 2.28. IfV is an affine variety and a € V' then a is smooth
if and only of
dimK(mV,a/(mV7a)2) = dlm(V)

Proof. By Proposition 2.26 and Lemma 2.27. U
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Remark 2.29. A Noetherian local ring (R, m) is called regular, if
dim(R) = dimp/m(m/m?). It can be show that for any a € V, we
have dim(Oy,) = dim(V). Hence a is a smooth point if and only
it Oy, is regular, so regularity is the exact algebraic counterpart of
smoothness.

Remark 2.30. The K-vector space my,,/(my,)? is called the cotangent
space (of V at a) and the dual vector space is called the tangent space
(of V' at a). I will tell more about it later in the case of curves.

2.3. Discrete valuation rings and multiplicities. In this section
we look closer at the local ring of a smooth point of a curve. First we
need several algebraic notions.

Definition 2.31. A local ring (R, m) is a discrete valuation ring (DVR),
if:
e R is a Noetherian domain,

e R is not a field,

e m is principal.
We will need two theorems about local rings, which we leave without
proof.

Theorem 2.32 (Nakayama’s Lemma). Let (R, m) be a local ring and
M a finitely generated R-module such that mM = M. Then M = {0}.

Theorem 2.33. Let (R,m) be a local Noetherian ring. Then

ﬂ m" = {0}.

n=1
Remark 2.34. Krull’s Intersection Theorem is a vast generalization
of the above intersection statement. It says that for any Noetherian
domain R and any I < R, if I # R then

(1" = {o0}.

Theorem 2.35. Any DVR is PID.

Proof. Let (R,m) be DVR and take any I < R. Let ¢t € m such that
(t) = m. For any r € R let
A ={nelN : t"r}.

If A, is infinite, then r € ()~ , m". By Theorem 2.33, ()~ , m" = {0},
so r = 0. Hence for any r € R\ {0}, there is n, := max(4,). Let us
take

n:=min{n, | r € I\ {0}}.
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We will prove that I = (¢"). Take any r € I. If r = 0, then r € (t"),
so we may assume r # 0. Since n, > n, t" divides r, so r € (t"). For
the opposite inclusion, take r € I such that n, = n. Then there is
u € R such that r = t"u. Since n = n,, t does not divide u. Hence
u € R\ m = R*. Therefore (r) = (t"), in particular (t") C I. O

Remark 2.36. By the proof of Theorem 2.35, if (R, m) is DVR, then
any irreducible element (called here a uniformizing parameter) of R
generates m.

Example 2.37. The ring (K[X], (X)) is DVR and X is a uniformizing
parameter.

Let R now be any UFD, r € R be irreducible (equivalently prime) and
L = Ry be the field of fractions of R. We define a function:

v, L* — 7, vr(a):n,wherea:r"%, a,be R, rta, r1b.
The function v, is called the r-adic valuation on L.

Example 2.38. If p € Z, then v, is the (usual) p-adic valuation on Q.

Fact 2.39. Let R,r, L,v, be as above. Then for all a, 5 € L* we have:
(1) if a+ B € L*, then v.(a+ ) = min{v, (), v.(8)},

(2) v,(aB) = vi(a) +v,(B),
(3) v (L") = Z.

/
Proof. Let a@ = r"%, 3 = r™%, where a,b,a’,0' € R, v { a,b,d’',b' and

(without loss of generality) n < m. Then
L g o men@\ _ pabl +r""a’b
a i v o :
Since r { b’ and r™ " € R, we get that v,(a+ ) > n proving (1). The
item (2) follows immediately from the definition of v,. For (3), notice
that for any n € Z, we have v,(r") = n. O

Remark 2.40. Notice that for any irreducible r,s € R, if (r) = (s),
then v, = v,.

Definition 2.41. Let L be a field. Any function v : L* — Z satisfying
(1) — (3) above is called a discrete valuation on L. We will skip the
word “discrete” in the sequel. (In particular the r-adic valuation is a
valuation.) For any valuation v : L* — Z we define:

e O, :={aeL*|v(a) >0} U{0} the valuation ring of v.

em, :={aeL|v(a)>0}U{0} the valuation ideal of v.

Proposition 2.42. Let L be a field and v : L* — 7. be a valuation on
L. Then (O,,m,) is DVR.
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Proof. From the definition of the valuation it is easy to check that O,
is a subring of L and that m, is an ideal of O,. Take any a € O, \ m,.
Then v(a) = 0. Since v : (L*,-) — (Z,+) is a group homomorphism,
v(a™h) =0,s0 a € (O,)*. Thus (O,,m,) is a local ring. Since v is onto,
m, # {0}, so O, is not a field. It is enough to check that O, is PID.
Clearly, O, is a domain. Take any non-zero I < O, and r € I\ {0}
with the minimal v(r). Similarly as in the proof of Theorem 2.35, it
can be checked that I = (r). O

Proposition 2.43. Let (R,m) be DVR and r,s € R be uniformizing
parameters. Then v, = v;.

Proof. By Remark 2.36, (r) = m = (s). Hence v, = v, (see Remark
2.40). 0

We see that each DVR (R, m) gives a unique valuation v on L = Ry.
How to describe this valuation? Theorem 2.33 says that

ﬂ m" = {0}.

Hence for any r € R, there is a unique k € IN such that r € m*\ m**!
(we take mY = R). Then (check at home!), v(r) = k. We give yet
another characterization of the valuation given by a DVR.

Proposition 2.44. Let (R,m) be DVR and r € R. Assume that we
have a ring extension K C R such that the composition of the projection
map R — R/m with the inclusion K C R is the identity map idg. Then
we have:

o(r) = dimgm(R/(r)).

Proof. Note that R/m = K. Let a be a uniformizing parameter and
n = v(r). Then there is u € R* such that r = ua™. Hence (r) = (a™) =
m”. We will show inductively that dimpg/m(R/m") = n. It is clear for
n = 1. Recall the notion of a short exact sequence of K-vector spaces:
the following sequence of K-linear maps of K-vector spaces

0 Wy 2.z 0

is exact, if o is a monomorphism, S is an epimorphism and the kernel
of B coincides with the image of a.
Problem 4.1: If a sequence as above is exact, then

dimg (V) = dimg (W) + dimg (2).
For any n € IN we have a short exact sequence of K-vector spaces:
0 —m"/m"" - R/m"* — R/m™ — 0.
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Hence, it is enough (induction) to show that dimpg/m(m™/m" ) = 1. If
m” = m"* then (by Theorem 2.33) m" = {0} and a™ = 0, but R is a
domain, so m™ # m"*1. Since m"/m"*! is spanned by a" + m"*! we
get dimpm(m™/m™t) =1, O

Theorem 2.45. Let C' be an affine curve and a € C. Then a is smooth
if and only if (Ocq, mey) is DVR.

Before the proof we will recall.

Theorem 2.46 (a simple form of Nakayama’s Lemma). Let (R, m) be
a Noetherian local ring and ty, ..., t,, € m. Thenty,... t,, generate m
(as an ideal) if and only if t; +m?, ... t,, +m? generate m/m? (as an
R/m-vector space).

Note that the above statement follows from Nakayama’s Lemma, if one

takes
M :=m/(ty,... tm).

Proof of Theorem 2.45. Since K[C] is a Noetherian domain, any local-
ization of it (as O¢,) is a Noetherian domain as well. Since m¢, is
non-zero, O¢, is not a field. By Theorem 2.28, a is smooth if and only

dimg (meo/mg,,) = 1.

By a simple form of Nakayama’s Lemma above, the latter happens if
and only if mg , is principal, i.e. exactly when (O¢ 4, me,) is DVR. O

Definition 2.47. Let C be an affine curve and a € C' be a smooth
point.
(1) Any uniformizing parameter f € O¢,, is called a local parameter
for C' at a.
(2) The unique valuation on K(C) given by the DVR (O¢ 4, mc4)
(note that K(C) is the fraction field of O¢,) is denoted ord,.
(3) For f € K(C)\ {0} and n € N.:
e if ord,(f) = n, we say that f has a zero at a of order n,
e if ord,(f) = —n, we say that f has a pole at a of order n.

Problem 3.6: Let C' be an affine curve, a € C' be a smooth point and
f € K(C). Then f is a local parameter for C' at a if and only if f has
a zero at a of order 1.

Example 2.48. Let C' = A! and take 0 € C. Then K[C] = K[X],
K(C)=K(X) and I(0) = (X). Therefore

Oco = K[X|x) = {F/G | F,G € K|X], G(0) # 0}.

The valuation ordy on K(X) is clearly the X-adic valuation vx. Then
for any « = F/G € K(X)\ {0} if F and G has no common prime
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divisors, then « has a zero at 0 of order n if and only if 0 is a root of
F of multiplicity n. Thus the notion of order generalizes (from A! to
arbitrary affine curves) the notion of the multiplicity of a root. The
rational function « has a pole at 0 of order n if and only if 0 is a root
of G of multiplicity n.

Example 2.49. Let C = V(Y? — X3) and take a = (0,0) € C. We
know that a is not a smooth point of C, we will see that (O¢ 4, mc4)
is not DVR. Firstly, notice that

K[O] 2 K[X,Y]/(Y? - X?) = K[X? X7).
Then we have
Oca.={F/G | F,G € K[X? X?], G(a) # 0}.
me, = {F/G | F,G € K[X? X?], G(a) # 0, F(a) = 0}.
Then m¢, = (X?, X3), but it can be shown that m¢, is not principal.
So (O¢.a, me,,) is not DVR.

Let C' be an affine curve, a € C' a smooth point and f € KI[C].
By 2.44, we know that ord,(f) = dimg(Oc.e/fOc.). One can won-
der what happens when we skip the localization and just compute
dimg (K[C]/fK|[C]). But if we take e.g. C' = A' and f = F € K[X],
then we have
dimy (K[X]/(F)) = deg(F),

which is not much related to the order of F' at a point of A'. There
is a relation though which we will explore in the sequel (it may be
considered as a baby version of Bezout’s Theorem):

dimye (K[X]/(F)) = 3 ord,(F).
a€V (F)
Let us look at one more example.
Example 2.50. Consider two plane curves:
Cr:=V(Y), Cy:=V(Y -X*-X?
and the point 0 € C7 N Cy. It is easy to see that
ordy(Y|e,) = 2 = ordo (Y — X? — X?)|¢, ).

Can this quantity be expressed in a way independent of the choice of
the local ring O¢, o or O¢, 0?7 We need an algebraic fact.

Problem 4.2: Let R be a domain and P C I C @ a chain of ideals of
R such that P and () are prime. Then we have:

Ro . (R/P)ar

IRq  I/P(R/P)q/r
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Applyingto R = K[X,Y],P=(Y), I = (Y, Y - X?-X?),Q = (X,Y)
we get
Ocyo/ (Y = X° = X?)|ey) = K[X, Y]y /(Y)Y — X = X7).
Similarly for R, @, I as above and P = (Y — X3 — X?) we get
Ocy0/(Ye,) = KX, Y]y /(Y. Y — X7 — X7).
We will study the numbers of the form
dimg (K[X,Y)(xy)/(Y,Y — X° — X?)).
Let us fix F,G € K[X,Y] and a = (x,y) € A? and define
O = K[X,Y](x-2y—y) = K[X,Y]1(a) = Oaz,.

Definition 2.51. We define the intersection number of F and G at a
as
I(a, FNG) :=dimg(O/(F,G)O,).

Before calculating intersection numbers we need several properties of
them.

(1) It is easy to see that the intersection number I (a, FNG) depends
only on the ideals (F'), (G). Therefore for plane curves Cy, Cy
we can define the intersection number of C; and Cs at a as

I(a,C’lﬁCg) = I(CL,FOG)

for any F, G such that (F') = I(C) and (G) = I(Cy). It is im-
portant that in the general definition of the intersection num-
ber we can go beyond the case of affine curves (i.e. irreducible
polynomials) to include also possible “multiplicities” of plane
curves.

(2) Directly from the definition it follows that

I(a, FNG) =1(a,GNF).
(3) Since (F,G)O # O if and only if (F,G) C I(a) which happens
if and only if F'(a) =0 = G(a), we get
I(a, FNG) >0 & a€V(FQG).
(4) The notion of the intersection number is reasonable only if this
number is finite. It is easy to find examples when it is not, e.g.
I(0,X N X) = oo. In this example the intersection (of V(X)

with V(X)) itself is infinite. It turns out it is always the reason
of the infinite intersection number, since we have the following

property.
V(F,G)|<oo = I(a,FNG) < .
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Proof. Let V(F,G) = {ay,...,a}, where a = a;. By Hilbert’s
Nullstellensatz (and Chinese Remainder Theorem), we have the
equality of ideals in K[X,Y]:

V(E,G)=1{a,...,ax}) =I(ar)N...0I(ag) = I(ay) - ... I(ag).
By Problem 4.3, there is m € IN such that
(F,G) 2 (I(ay) - ...~ L(ag)"™ = I(a))™ - ...  I(ax)™.

Therefore there is an epimorphism:

0 L0
(I(a)™ ... I{(a)™0O  (F,.G)O’

so it is enough to show that dimg(R) is finite. However, for
all i« > 1 we have I(a;)O = O. Assume for convenience that
a; = (0,0). Then we have

O/(I(a)™ ... I(ax)™) = O/(1((0,0))")O = O/(1((0,0))O)™.
Similarly, as in Problem 3.3(c) we have:
O/(1((0,0)0)™ = K[X, Y]/(X,Y)™

and it is easy to compute that

R =

dimye ([, V]/(x,v)") = 0D

which finishes the proof. O

< 00,

From now we will assume (explicitly or implicitly) that V (F, G)
is finite.

(5) If F is irreducible and a € V(F) is smooth then (see Example
2.50)

I(a, FNG) = orda(Glv(r))-
Proof. We have
I(a, FNG) = dimg(K[X,Y]10)/(F.G)K[X,Y]1a)).
By 2.44, we have
orda(Glv () = dimg (Ov (p),a/ Clv () Ov(r).a)-

If we apply Problem 4.2 for R = K[X,Y]|, P = (F), [ = (F,G)
and @ = I(a) we get an isomorphism

K[X,Yra)/(F,G)K[X,Y]1@a) = Ovr).a/Glvir)OvF).a
similarly as in Example 2.50. U
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Example 2.52. Let
Ly = V(Y),Ly == V(X),C1 := V(Y% = X3),Cy := V(Y — X3).
Using Property (5) above we compute:
I1(0,Lx NCy) = ordo((Y? — X?)|1,)
1(0, Ly N Cy) = ordo((Y? — X®)|1,)
1(0, Lx N Cy) = ordo((Y — X%)|1y)
1(0, Ly N Cy) = ordo((Y — X?)|1,) = 1.

We see that in the examples above, a line is tangent to a curve if and
only if the intersection number is greater than 1. We take it as the
definition.

Y

)

3
2
3

)

Definition 2.53. Let C be a plane curve and a € A2
e A subset L C A? is called a line if there are o, 8,7 € K such
that L =V (aX + Y +7) and (a, 5) # (0,0).
e Aline L C A? is tangent to C at a if I(a, LN C) > 1.
e The tangent space to C at a, denoted T,C', is the union of all
the tangent lines to C' at a.

Let us assume for simplicity that a =0 = (0,0) € C.
Problem 4.4(a) Ty(C) = V (2£(0)X + Z£(0)Y).

As promised, we are going to see now how to understand the K-vector
space mco/(mep)? as (ToC)*: the cotangent space to C at 0, i.e. the
dual space to ToC' (that is the space of K-linear maps from ToC to K).

We a have a K-bilinear map:
oF OF
2 — —
K ><K[X,Y]9((x,y),F)'—>a (O)x+ay(0)y€K.

(The element 9% (0)z+ 35 (0)y is actually the directional derivative of f
along the vector (x,y) at 0.) By Problem 4.4(a), ToC x I(C') is mapped
to 0 hence we get a K-bilinear map:

ToC x K[C] 3 (h, f) — VU(h, f) € K.
For any F,G € I(0) we have
I(FG) I(FG)

—ax (=0, ——(0)=0,

hence we get a K-bilinear map:
ToC x 1c(0)/(1c(0))* 5 (b, f) = ®(h, f) € K.
Problem 4.4(c) The last K-bilinear map is non-degenerate.
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Therefore we get

(ToO)* = 1:(0)/(1c(0))?.

We recall now an isomorphism of K-vector spaces (Problem 3.3(c))

1c(0)/(1c(0))* = mey/ (mcy)?,

which finally gives our desired isomorphism

(TOC)* &= mC70/(m070)2.

Let F,G,H € K[X,Y]. We will need more properties of the intersec-
tion numbers.

(6)

(7)

I(a, FNG)=I(a, FN(G+ HF)).

Proof. Clearly (F,G) = (F,G+ HF). O

I(a, FNGH)=1(a, FNG) + I(a, FN H).

Proof. We have a short exact sequence of K-vector spaces

0— (F,G)/(F,GH) - O/(F,GH) — O/(F,G) — 0.

We will show that there is an isomorphism of K-vector spaces
O/(F, H) = (F,G)/(F,GH),

which will be enough by Problem 4.1 and the definition of in-
tersection number.

For z € O let z denote the coset of 2z in the appropriate quotient
ring which will be clear from the context. We define

a:O/(F, H)— (F,G)/(F,GH), «a(z):= zG.

It is easy to check that « is well-defined and K-linear (do at
home!). It is also onto, since for any f,g € O we have clearly

fF+9G=9¢gG mod (F,GH).
It remains to check (the most difficult part) that « is a monomor-
phism. o
Take z € O such that Gz = 0. We aim to show that z =0, i.e.
we need to find b,d € O such that z = bH + dF. Since Gz = 0,
there are u,v € O such that we have the following equality in
the ring O:

Gz =uF +vGH.

Take S € K[X,Y] such that S(a) # 0 and all the

A:=Su, B:=5Sv, C:=5z
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belong to K[X,Y] (this is possible since O = K[X,Y]()).
Then we have an equality in the ring K[X,Y]:
AF = SuF = SGz — SvGH = G(C — BH).

Since V(F, G) is finite, F' and G have no common prime factors
in K[X,Y]. But then F divides C — BH in K[X,Y], i.e. there
is D € K[X,Y] such that C — BH = DF. Take finally

b:=B/Se€0O, d:=D/Se€0.
We have z = bH + dF' as we wanted. O
Example 2.54. We compute two intersection numbers:
100, (Y? = XH N (Y? — X% - X?)) = 1(0, (Y? — X*) N X?)
=2I(0,(Y? - X°)n X)

100, (Y2 = X3 N (Y 4+ X* — X?))
= 10, - XHNn(YV'+ X' - X2 - YV*(Y? - X?)))
= 10,(Y = XN (X* - X2+ Y2X?)

I(0,(Y? - XN

= 21(0,(Y? - X*)NX)+0
= 4

We usually consider the localization of a domain R with respect to
a multiplicative subset S. Not much changes if we drop the domain
assumption. One needs to be careful about the equivalence relation:
E = T—Q < (333 € S)(83($1T2 — 82’/’1) = O)
S1 S2
The only difference is that the natural map R — Rg need not to be
one-to-one, the kernel consists of elements » € R such that for some
s € S we have rs = 0. Also a generalization of Problem 4.2 holds,
where P can be taken as an arbitrary ideal.
We will need a lemma about such localizations. Recall that e € R is
idempotent, if €2 = e. If e is idempotent, then the ideal eR is a ring
with the unity e.

Lemma 2.55. Assume R is a ring, P < R is prime and e € R\ P
is idempotent which is divisible by each element of R\ P. Then the
natural map ¢ : R — Rp induces an isomorphism of rings eR = Rp
(preserving the unit elements).
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Before the proof, let us see what happens when e = 1. Then the
assumption says that any element of R\ P divides 1, i.e. R\ P = R".
But this exactly means that (R, P) is local, hence R — Rp is an
isomorphism.

Proof of Lemma 2.55. Since ¢(e) € (Rp)* (e € R\ P) and ¢(e) is
idempotent, ¢(e) = 1. Thus the unit elements are preserved by ¢|.g.
Take any r € R and assume that ¢(re) = 0. Thus there is s € R\ P

such that res = 0. But s divides e, so there is s’ € R such that ss’ = e.
We have:

re = ree = ress’ = 0.

Hence the kernel of ¢|.g is trivial.
Take any f/g € Rp and ¢’ € R such that g¢’ = e. Then we have

oletd) = oolfe) = olfs) =1L =1,

S0 ¢|er is onto. O

We will use this lemma to prove a generalization of the “baby version
of Bezout’s Theorem”:

dimy (K[X]/(F)) = Y ordy(F),
a€V (F)
which will be very important in the proof of the actual Bezout’s The-
orem.

Proposition 2.56. Assume that V .=V (F,G) is finite. Then:
dimg (K[X,Y]/(F,G)) =Y I(a, FNG).

acV

Proof. It will follow from a more general fact. Assume [ < K[X] is
such that V/(I) = {ay,...,a,} is finite. We will show

(%) K[X]/T =k K[X]1)/TK[X]1(a) % - X K[X]1(00) / TE[X]1(am)
Note that:
I(a, Fn G) = dimK(K[X, Y]](a)/(F, G)K[X, Y][(a)).

Hence indeed proving (*) is enough (taking I = (F,G) and X =
(X, Y).

Let R := K[X]/I and m; := I(a;)/I < R. Then (by the more general
version of Problem 4.2 for P = I and @ = I(a;)) the right-hand side
in (*) is isomorphic to

Ry, X ... X Ry,
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and we have to show that this product ring is isomorphic to R.

For each i € {1,...,m}, we will find an idempotent e; € R such that
> e; = 1 and e; satisfies Lemma 2.55 for P = m;. It will be enough,
since by a general result about product rings we have then:

R=eRx...xe,R.

and by Lemma 2.55, ¢;R = Ry,.
By Hilbert’s Nullstellensatz, v/I = I(ay) ... I(a,) and by Problem 4.3,
there is d € IN such that

I(a)*. . . I(am)* C I.

For any i, take F; € K[X]such that F;(a;) = 1 and for j # i, Fi(a;) = 0.
We define

Eii=1-(1-FY ¢ :=FE+1I
This is a good choice, we skip a computational argument, which can

be found on pages 56-57 of Fulton.
Add from lecture notes!! O

3. PROJECTIVE VARIETIES

Let us take F,G € K[X,Y]. Bezout’s theorem should say that if the
number of the intersection points of V(F') and V(G) is finite, then
this number (counted with multiplicities) equals the product of the
degrees of ' and . Such a statement clearly fails inside A2, since two
disjoint parallel lines do not intersect. Therefore we have to improve
the ambient space A2. It turns out that we just need to make sure that
all the lines intersect.

3.1. Projective space. The projective plane should coincide with the
affine plane expanded by the set of extra points where parallel lines
would intersect. We call them “points at infinity”. We just add one
such a point for each equivalence class of parallel lines. Clearly, each
such a class has a natural representative: the line going through zero.
Thus our first approximation of projective plane is affine plane enlarged
with the set of all 1-dimensional K-linear subspaces of K2.

Definition 3.1. Let n € IN. Projective n-th space over K, denoted
P"(K) or P", is defined as the set of all 1-dimensional K-subspaces
(i.e. lines passing through zero) of K.

We will see that for n = 2 this definition coincides with the intuitive
description above. We need to check whether “IP? = A%2WP!”, since the
points at infinity correspond now exactly to P'. To do that we need
to understand how to consider A? as a subset of P2 and P! as a subset
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of P2 Let L € P™. For each a € L\ {0}, we have L = spany(a). For
any (ai,...,a,11) € A"\ {(0,...,0)} we define:

la1 ;... apyq] = spang{(ay, ..., an1)} € P™.

If x=Ja;:...:ans1] € P, then ay,...,a,y; are called the projective
or homogenous coordinates of x. For any

(al, ceey an+1), (bl, . ,bn+1) S An+1 \ {(0, . ,O)},

we clearly have

(%) lar: . iapp]=1[b1:. . ibpa] & INEKVi<n+1Aa; =0
Let i € {1,...,n+ 1}. We define:

vt A" = P i(ar, .. ,an) i =lar o orai s L iag . ay).
Let U; C P™ denote the image of 1;. By (%) we have:
U={la1:...:ap1] €P" |a; =1} ={[a1 : ... ap1] € P" | a; # 0}

Again by (%), 1, is a bijection between A" and U, allowing us to regard
A" as a subset of P".
For n > 0, we have also a one-to-one function

T PPt P om(far: . ian)) i=ar .. rai 0 ai .. ay)
(note that by (%), m; is well defined and indeed one-to-one). It is easy
to see that

(P 1) =P\ U,
hence we get our desired equality “P" = A"JP" 1",
We usually concentrate on ¢ = n+1 and write A™ C P" identifying A"
with U, ;. Using this convention, for W C P" we often write W N A"
and denote
Hy =7, (P" 1) Cc P"

(the “hyperplane at infinity”).
Example 3.2. (1) P is just a point.

2) Pl={[z:1]|ze K}U{[1:0]} and Hy = {[1: 0]} (just one

point at infinity).
(B) P*={lz:y:1] |z € K}U{lz:y:0]| (z,y) € A2\ {0}} (the

projective line at infinity).
Remark 3.3. We know that P! = U; U U,, and that
¢1ZA1—>U1, ’l/JQZAl—)UQ

are bijections. Hence P! may be understood as two copies of A! “glued”
along certain subsets of A!. Let us first see these subsets and then the
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gluing map.
These subsets are 1; '(U; N Uy) for i = 1,2. Clearly

UinUs={la:b] €P'|a+#0b+#0}.
Then we have
o (UL N Uy) = AN\ {0} = ¢ (U1 N Ua).

For a,b € A'\ {0}, we “glue” a with b if and only if 1, (a) = ¥5(b). The
latter happens if and only if [1 : a] = [b : 1], which is equivalent (by
the formula (%) above) to b = a~!. Therefore, P* may be understood
as two copies of A “glued” along A'\ {0} and the gluing map is

A'\{0} s ara e A\ {0}

Note that this map is a rational map on A'.

In a similar way, P™ may be understood as n 4+ 1 copies of A" glued
along certain open subsets of A™ using certain rational maps on A".
Such a gluing process leads to the general definition of an algebraic
variety, but we do not go into this direction here.

We want to do algebraic geometry inside projective space in a similar
way as we were doing it inside affine space. In particular, we need the
notion of a projective algebraic set. The problem is that for x € P"
and F € K[Xi,...,X41], we can not apply F to x in a meaningful
way. We need to consider a special type of polynomials.

Definition 3.4. Let d, k,d;,...,d, € Nya € Kand H € K[X;,..., Xk

o If H=0aX. . . . . XZ’“ is a monomial, then the degree of H is
di + ...+ dg.

e We call H a homogenous polynomial of degree d if H is a sum
of monomials of degree d.

Problem 5.3: A non-zero polynomial H is homogenous of degree d if
and only if for all A € K we have

H(\Xy, ..., \X}) = MH
(equality of polynomials).

By Problem 5.3, if F' € K[X},..., X, 1] is a homogenous polynomial of
degree d, then for any a € A"*! and A € K we have F(\a) = M F(a).
We still can not apply F' to x € P™, but we can at least define what does
it mean “F(z) = 0", since F'(a) = 0 if and only if for any A € K \ {0},
we have F'(Aa) = 0.
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Definition 3.5. A subset V' C P" is called a projective algebraic set, if
there are homogenous polynomials Fi, ..., F, € K[Xy,..., X,41] such
that

V={reP"|F(x)=0,...,Fzx) =0}

Definition 3.6. A subset V C P? is called a line in P? if there is
(o, B,7) € K3\ {(0,0,0)} such that

V={la:b:c €P?|aa+ Bb+~yc=0}.
Problem 5.2: Any two lines in P? have non-empty intersection.

Example 3.7. Let V = V(F) C A?, where F =Y? — X? — X. Let us
consider the homogenous polynomial F* = Y27 — X3 — X 72 and the
projective algebraic set

V*i={z € P?| F*(x) = 0}.

It is easy to see that for any a € A%, we have a € V if and only if
Y3(a) € V*. Therefore we have (recall our convention):

V=V*"NA2

Let us see the “points at infinity” of V, i.e. the intersection of V* with
the line at infinity H. For any x € H,,, we have F*(z) = 0 if and
only if z =[0:1:0]. Therefore

V=V u{0:1:0]},
and [0 : 1: 0] is the unique point at infinity of V.

For any F' € K[X;,...,X,], we want to find an appropriate homoge-
nous polynomial F* € K[Xj,...,X,41] as in the example above. In-
tuitively, we need to make F' homogenous using the variable X,
in the most economic way. There is a unique d € IN and unique
Fo,...,F; € K[Xy,...,X,] such that FF = Fy+ ...+ Fy, F; # 0 and
for each ¢ < d, F; is a homogenous polynomial of degree i or F; = 0.

Define
d

F* =Y XiiF,
i=0
Clearly, F* is a homogenous polynomial of degree d called the homog-
enization of F' (with respect to X,,41).

Problem 5.4: For F' and d as above, we have:

X, X
Fr = X4 F( ")
i X1 Xnt1
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Note that we can homogenize F' with respect to any variable, the sim-
plest way is to change a bit the formula from Problem 5.4. The ho-
mogenization of F with respect to X is

Xy Xic1 Xip X1
X/F| =, ... =— - .
7 <XZ7 ) X’L Y XZ ) Y X’L
Let us fix n € N and i € {1,...,n+ 1}. We list several facts without
proofs:

(1) Projective algebraic subsets of P™ are closed sets of certain
topology on PP" called again the Zariski topology.

(2) The set P™ together with the Zariski topology is again a Noe-
therian topological space. By the general definitions and results
about Noetherian topological spaces from Section 1, we get the
notions of dimension of projective algebraic set and irreducible
components of projective algebraic sets.

(3) Take any homogenous polynomials Fi, ..., Fj, € K[X,..., X,11]
and let

Vi={zeP"| F(x)=0,..., F(z)=0}.
Then we have:
(V) =V (R

i Xi=1)7

where for any H € K[Xy,...,X,41], we define H|x,—; as the
polynomial in n variables obtained from H by plugging X; = 1.
Such a polynomial is called the dehomogenization of H with
respect to X;.

In particular, the set ¢»~1(V') is Zariski closed in A", hence the
function ¢); is continuous.

(4) Take any Hy,...,H, € K[Xy,...,X,] and let
W: V(Hl,...,Hl) Q An

Xi=1y -+ Pk

For each j <[, let H ; be the homogenization of H; with respect
to X, and define:
Vi={zeP" | H(z)=0,..., H(z) =0}.
If i = n+ 1, then we denote V by W* and call W* N H,, the
set of points at infinity of W. We have
VU = (W)

In particular (using also (3) above), 1; is a homeomorphism
between A™ and U;. Thus P" has an open cover of n + 1 sets
such that each such set is homeomorphic to A™.

(5) Assume V C A" is Zariski closed. We have:
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e VV* coincides with the Zariski closure of V' in P";
e dim(V) = dim(V*);
e V is irreducible if and only if V* is irreducible (Problem
1.2).
(6) If W C P™is an irreducible projective algebraic set and WNUj is
non-empty, then W coincides with the Zariski closure of W NU;
in P".

Example 3.8. Consider the projective Fermat curve
Vi={la:b:d e P|a’+b+c =0},

and let F':= X?+Y?+73. Then VNA? (remember our convention!) is
given by the dehomogenization of F' with respect to Z (see (3) above),
le.

VNAZ=V(X3+Y?+1)CA%

Definition 3.9. e A projective variety is an irreducible projec-
tive algebraic set.
e A projective curve is a projective variety of dimension 1.
e A projective plane curve is a projective curve, which is a subset

of P2,

Remark 3.10. Let V be a projective plane curve. It can be shown
that
e There is an irreducible homogenous polynomial F' € K[X,Y, 7|
such that
V ={zeP?|F(x) =0}
e For any [y, Fy as above (i.e. giving the same projective plane
curve V), there is A € K \ {0} such that F;, = \F}.

Hence we can define the degree of V' as the degree of F' as above.

Definition 3.11. Let V' C P" be a projective variety and x € V.

e The point z is a smooth point of V', if there is i < n + 1 such
that = € U; and 1; '(x) is a smooth point of the affine variety
v (V).

e The point z is a singular point of V| if v is not a smooth point
of V.

e The projective variety V' is smooth if for all z € V', x is a smooth
point of V.

Remark 3.12. It can be shown that in the above definition “there is
1" can be replaced with “for all 7.
There is also an equivalent definition of smoothness not using the em-

beddings 1);, but an appropriately defined local ring Oy,
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Example 3.13. Let W = V(Y — X?) C A% We will check whether 17*
is smooth. Since W is smooth, it is enough to check whether the points
at infinity of W are smooth, i.e. whether “WW is smooth at infinity”.
Let us take [a : b : 0] € Hy, a point at infinity of A%. We will check
when [a : b: 0] is a point at infinity of .

The homogenization of Y — X% is YZ — X2 so [a : b: 0] is a point at
infinity of W if and only if

b-0—a®>=0.

Thus [0 : 1 : 0] is a unique point at infinity of W. Clearly [0 : 1 : 0] € Us.
To see whether [0 : 1 : 0] is a smooth point of W*, we should check
whether 51 ([0 : 1: 0]) is a smooth point of the affine variety 15 ' (W*).
Clearly, 15 ([0 : 1: 0]) = (0,0). By the property (4) above, ¥, ' (W*)
is the set of zeroes of the dehomogenization of YZ — X? with respect
to Y (the second variable). Hence

U (W) = V(Z - X?) C A2

We get a parabola again which is smooth, so [0 : 1 : 0] is a smooth
point of W* and W* is smooth (i.e. W is “smooth at infinity”).

Example 3.14. Let W = V(Y — X3) C A% We will check whether 1W*
is smooth. Again, since W is smooth, we just need to check whether W
is smooth at infinity. The homogenization of Y — X3 is Y Z%2 — X3. By
a similar computation as in the previous example, [0 : 1 : 0] is a unique
point at infinity of W. Again, 15 ([0 : 1:0]) = (0,0) and ;' (W*) is
the set of zeroes of the dehomogenization of Y Z? — X3 with respect to
Y. Hence

vy (W) = V(27 - X7).

However, we know that (0,0) is a singular point of V(Z% — X3), hence
W is not smooth at infinity (W is singular at infinity).

3.2. Bezout’s Theorem. We need to define the intersection number
of two “curves with possible multiplicities” in IP?. As in the affine case,
we will define the intersection number of two polynomials (in this case
homogenous ones) at a point of projective plane.

Definition 3.15. Let z € P? and F, H, G € K[X;, X5, X3] be homoge-
nous polynomials.

e Let i € {1,2,3} be such that « € U;. We define the intersection
number as

I(x, FOH) == I(¢;  (2), (Flx,=1) N (H|x,=1))-

7
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o If I and H are irreducible and V, W C P? are projective plane
curves such that
V={zeP?|F(z)=0}, W={zeP?|H(z)=0},
then we define:
I(z,VNG) =1z, FNG).
I(x,VNW):=1(x, FN H).

Remark 3.16. It can (and should) be shown that the above definition
does not depend on the choice of i. By Remark 3.10, the second part
does not depend on the choice of ' and H.

Example 3.17. Consider affine plane curves
Cr:=V(Y?*= X%, Cy:=V(Y—X?).

We will find all the intersection points of C} and €5 and count their
multiplicities.

We start with the intersection points of C; and C5. Since (5 is smooth,
for any = € Cy we have

](37, Cl N CQ) = Ol"dg[;((yv2 — X3)|02)-
We know that K[C5] = K[X] and under this isomorphism we have:
(Y2 — XHg, = (X)) — X = X3(X3 —1).

Hence (we know it already) 1((0,0),C; N Cy) = 3. To compute the
other intersection points, we need to consider two cases.

Case 1 char(K) # 3
Since char(K) # 3 and K is algebraically closed, there is a primitive
third root of unity in K, let us call it €. Then we have

X3(X?—1) = X*(X = 1)(X —e)(X — &%)
and
C1NCy ={(0,0),(1,1),(g,1), (% 1)}
Since
Ocy,1n) = K[X(x-1), Ocyey) = K[X](x—e), Ocye21) = K[X](x—e2)
we get
I((1,1),C:NCy) =1, I((e,1),C:NCy) =1, I((e%,1),C,NCy) = 1.

Case 2 char(K) =3
We have

X3(X?-1)=X*(X —1)*, C;nCy=1{(0,0),(1,1)}.
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Therefore we get

I((1,1),C1y N Cy) = 3.
Let us look now at the intersection points at infinity. The homogeniza-
tions of our polynomials are

Y7 - X, YZ? - X°
Looking at their projective zero sets, we see that:
Ci=CiU{[0:1:0]}, C5=C,uU{[0:1:0]}.

To compute I([0:1:0],Cf N C;), we need to take the dehomogeniza-
tions with respect to Y: Z — X3, Z? — X3. Quite accidentally, this ho-
mogenization/dehomogenization process switches the polynomials and
we get:

I([0:1:0],0; N C3) = 1((0,0),(Z — X*) N (Z2? — X?)) = 3.
The total number of intersection points (counted with multiplicities)
in the above example is 9 regardless of the characteristic of K. Note

that 9 is the product of the degrees of the curves. Bezout’s theorem is
a generalization of this observation.

Theorem 3.18. Let F,H € KI[X,Y,Z]| be homogenous polynomials
such that the set

Vi={zeP?| F(z)=0, H(z) =0}
is finite. Then we have:

> I(z,F N H) = deg(F) - deg(H).

eV

We do not have enough time to give the full proof of Bezout’s Theorem.

Outline of the proof. Steps 1 and 2 reduce the problem to the affine
case. Step 3 is the most difficult one.

Step 1 There is a line L in P? such that LNV = 0.
Let

{las al, .o [am bt eml}
, B, ) K3 \ {O} such that for all ¢ < m we have
aa; + b +ye; # 0.

Let L; be the line in P? given by (ay,bi,c1). In other words, we are
looking for

We are looking for (a

[a:B:9] € P\ (LiU...UL,),
i.e. we want to show that P? # L, U...U L,,. Assume that P? =
LyU...UL,, and we will reach a contradiction. It is easy to see that the
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intersection with of a line in P? with any A? (remember our convention
again!) is a line in A%, so we get that A? is a finite finite union of lines.
This is impossible over an infinite field (find an argument!).

Step 2 Without loss of generality we may assume L = H..

Let L be the line from Step 1. We need to apply an appropriate “pro-
jective change of coordinates” to move L to the line at infinity H.
The group GL3(K) acts on K? mapping lines to lines, so this action
induces an action on P2. Since GL3(K) acts transitively on planes (i.e.
2-dimensional subspaces) in K3, it acts transitively on lines in P?. In
particular, there is ¢ € GL3(K) such that ¢(L) = H. Now we need to
believe that this action (“projective change of coordinates”) does not
change the intersection numbers.

Step 3 The proof is reduced to showing the following property of affine
plane curves (with possible multiplicities):

Let Fy, H, € K[X,Y] be the dehomogenizations of F, H with respect
to Z. By Step 2, V(F,) and V(H,) have no common points at infinity.
Then:
Y I(x,F.NH,) = deg(F) - deg(H).

z€V (Fy,Hy)
This is “affine Bezout’s Theorem”. Note that obvious counterexamples
(like parallel lines) do not apply here, since there is always a common
point at infinity in such a case.
By Proposition 2.56, we have

> I(z,F.nH,)=dimg K[X,Y]/(F., H,).
eV (Fy,H.)

So we need to show
(1) dimg K[X,Y]/(F., H,) = deg(F) - deg(H).

It is clearly a statement about polynomials F,, H, in variables X,Y
only, but the proof still uses the homogenous polynomials F, H in vari-
ables X,Y, Z. This is the most difficult part of the proof, we just give
the main ingredients. Let d € IN and

e R:=K[X,)Y, Z]

o = K[X,Y, Z)/(F, H);

e m: R — T be the quotient map;

e 1?4 be the K-subspace of R consisting of homogeneous polyno-

mials of degree d;
o I'y:=7m(Ry);
o I, = K[X,Y]/(F,, H,);
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o n:=deg(F), m:= deg(H).
The aim is to show that for d > n + m we have

dimg I'y = dimg 'y = mn,

which clearly gives (f). This goes again in three steps.

(1)

For d > n + m, we have dimg 'y = mn.

This is computational and not very difficult. There is an exact
sequence of K-vector spaces

00— Ryg—in > Rg—n X Ry—p > Ry — Ty — 0,

which gives dimg(I'y) by a kind of “exclusion-inclusion” prin-
ciple, since for any [ € N, we have dimg R; = w
Define

a:I'=>T, alw)=nr(2)w.
Then « is one-to-one.

This requires also some computations and the fact that we do
not have intersection points at infinity is used here.

Let us fix d > n + m and take Aq,..., A, € R4 such that
{m(A1),...,m(Ann)} is a basis of 'y (Step 1). For any ¢ < mn,
let A;. denote the dehomogenization of A; with respect to Z
and a; the image of A;, in I'y. Then {ay,...,am,} is a basis of
r..

This is the most complicated part. From Step 2 and Step 1 we
know that for each r € N, the set {n(Z"A;),...,7(Z"Apmnn)}
is a basis of I'yy,. This fact together with some computa-
tions and properties of homogenization/dehomogenization pro-
cess give that {ai,...,amu,} is a basis of T,

By (3), we get that dimg(I'y) = mn, which finishes the proof. O

Remark 3.19. The “projective change of coordinates” appearing in
Step 2 above make sense for any n € IN and gives a transitive action
of GL,+1(K) on P". Note that the subgroup of scalar matrices coin-
cides with the kernel of this actions. However, the subgroup of scalar
matrices is also the center of GL,,1(K) hence we get an action of

on P™.

PGL(K) = GLn11(K)/Z(GLy11 (K))

After an appropriate definition of a morphism between projec-

tive varieties, it can be shown that PGL, (K) is exactly the group of
automorphisms of P™ hence the name Projective General Linear group.

Let V be a plane projective curve.
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Definition 3.20. The group of divisors on V', denoted Div(V), is the
free Abelian group with basis V.

Let F' € K[X,Y, Z] a homogenous polynomial such that the set
{r eV | F(x)=0}
is finite. We define the intersection divisor as:

V.F:=Y I(z,VNF)-ze€Div(V).

zeV

This is a good way to formalize the intuitive notion of the “intersection
of two curves with counted multiplicities”. Again, if F' is irreducible
and W = {z € P?|F(z) = 0}, then we define

V.-W=V.FeDiv(V).

Example 3.21. Let C,C5 be as in Example 3.17. If char(K) # 3,
then we have

Cr-C3=3(0,0)4+1(1,1) + 1(,1) + 1(e%,1) +3[0: 1 : 0].
If char(K') = 3, then we have
Cy-Cy=3(0,0)+3(1,1) +3[0: 1:0].

Definition 3.22. If D = nyz1 +... +ny,x, € Div(V), then the degree
of D, denoted deg(D), is the sum:

deg(D) =n1 + ...+ 1.

Note that in the above example deg(C - C5) = 9 regardless of the char-
acteristic of K. Bezout’s Theorem implies that if V' is plane projective
curve, then we have:

deg(V - F') = deg(V') deg(F).

3.3. Elliptic curves. Our definition of elliptic curves is quite a re-
strictive one.

Definition 3.23. An elliptic curve is a pair (C,0) such that C is
smooth projective plane curve of degree 3 and O € C.

Let us fix an elliptic curve (C,0). Our aim is to show that there
is a natural commutative group structure on C' such that O becomes
the neutral element. Recall that for F' € K[X,Y, Z], a homogenous
polynomial such that the set

{zeC | Flz) =0}
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is finite, we define the intersection divisor as:

C-F:=) I(z,CNF) xeDiv(C).
xeC
By Bezout’s theorem, we have deg(C' - F') = 3deg(F).
We need to collect a few facts about lines in P2 Let i € {1,2,3}.
(1) If L is a line in P2, then t; '(L) is a line in A2 (or the empty
set).
(2) If [ is a line in A2, then the Zariski closure of (L) in P? is a
line in P2
(3) Using (1), we see that for any distinct z,y € P2 there is a
unique line in P? through z and .
(4) Take x € C'N1Y;(A?). We define T,.C, the tangent line to C' at
x in P?, as the Zariski closure of 1;(T-1,y%; ' (C)) (as usual,
one has to show that it does not depend on the choice of 7).
(5) For z € C and a line L in P2, as in the affine case we have

L=T,C < I(z,CNL)>1.

T

Lemma 3.24. For any x,y € C there is a unique line L in P? and a
unique z € C' such that

C-L=x+y+z.
(Note that this is an equality in Div(C), so x,y, z need not be distinct.)

Proof. For any line L in P?, the intersection C'N L is finite (since C' is
not a line itself), hence we can consider the intersection divisor C' - L.
We consider two cases.

Case 1 z #y.

By (3), there is a unique line L in P? passing through z and y. By
Property (3) of the intersection number, C'- L = z +y+ D, where D is
a positive divisor, i.e. all the integer coefficients in D are non-negative.
By Bezout’s theorem, deg(C - L) = 3. Therefore, there is a unique
zeCsuchthat D=zand C-L=2+y+ 2.

Case 2 x = y.
Let L be a line in P2, By (5), there is z € C such that C'- L = 2z + 2
if and only if L =T,C. Hence L and z € C are unique. O

Using the above lemma we can define a binary operation ¢ : C' x C
such that o(x,y) = z if and only if there is a line L in P? such that

C-L=x+y+z.

Since addition in Div(C') is commutative, we get the following.
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Lemma 3.25. For z,y,z € C we have p(z,y) = ¢(y,x) and
plr,y) =z <= oy2)=r = ¢(zz)=y.

Unfortunately, ¢ is not a group operation, it is easy to see there is no
neutral element. We need to correct ¢ using our choice of O € C' (it
was first done by Weil in 1920s). Let us define:

@y = (0, p(z,y))
The definition of @& depends on O, but we still write & rather than ®p.

Theorem 3.26. The structure (C,®,0) is a commutative group.

Proof. By Lemma 3.25, & is commutative.
Let us take z € C and y := ¢(z,0). By Lemma 3.25, ¢(O,y) = z.
Therefore:

r®0 = p(0,0(z,0)) = 9(0,y) =,

hence O is the neutral element of @.

Let z := ¢(0,0) and 2’ := ¢(z, z). By Lemma 3.25 again, we have:
@1 = (0, p(x,7") = p(0,2) = 0.

Therefore, 2’ is the inverse of x.

Proving associativity of @ is more difficult. We will return to it after
some preparations. ]

Definition 3.27. Let D, D’ € Div(C') and

D=> npP, D'=) npP.

pPeC peC
We write D < D', if for each P € C, we have np < n;.

We need a theorem which is an easy consequence of Max Noether’s
(Emma Noether’s father) “AF + BG theorem”. Again, we have no
time to prove it, the proof is not very difficult.

Theorem 3.28. Let F,G € K[X,Y, Z] be homogenous such that each
of them has finitely many zeroes on C' and for each x € C we have

I(x,CNF)>I(z,CNG).
Then there is a homogenous polynomial H € K[X,Y, Z] such that
C-F=C-G+C-H.

Remark 3.29. In terms of intersection divisors, one can write the
assumption in the above theorem as C'- F' > C - G.

Lemma 3.30. For F and G as above we have:
C-(FG)=C-F+C-G.
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Proof. Let us take x € C and assume for simplicity that x € A%, Let
C, denote C' N A? and for any H € K[X,Y, Z], let H, = H|z—;. Note
that (FG). = F.G.. By properties of the valuation ord, we have:
I(z,CN(FG)) = ord,((FG).lc.)
= ord,((F.GY)le.)
= ord, ((Fi|e, ) (Gile,))
= ord, (File,) + ord,(G.lc.)
=1(z,CNF)+1(z,CNG).
Hence C'- (FG)=C-F+C-G. O

Proposition 3.31. Take F, G, a homogenous polynomials as above of
degree 3, and x4, ...,x3,y,z € C such that

C'F:$1+...+I8+y,
C-G=x1+... 423+ 2.
Then y = z.

Proof. Let L be a line in P? passing through y and H be the linear
homogenous polynomial defining L. Then

C-L=y+r+s
for some 7, s € C'. By Lemma 3.30, we have
C-(GH)=C-G4+C-H=z1+... 423+ z+y+r+s=C-F+z+r+s.

In particular, C'- (GH) > C - F. By Theorem 3.28, there is a homoge-
nous 7' € K[X,Y, Z] such that

C-(GH)=C-F+C-T.

Since deg(C-(GH)) = 12 and deg(C-F) = 9, we get deg(C-T') = 3. By
Bezout’s theorem, deg(T') = 1, so T defines a line L' in P2. Therefore
we have

C-L=r+s+y, C-L'=C-T=r+s+z.
By Lemma 3.24, y = z. U
Proof of the associativity of @. Let us take
z,y,2 € C; lines Ly, Ly, Lg, My, My, My in P?; 5.8 u, ' t' . t" € C
such that:
1) C-Li=x+y+s,C-Ly=s+z+t,C-M=0+s+5

(2) C-Ly=0+4u+u, C-My=y+z+u, C-Mz=z+u+t"
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Then (1) implies that
(x@yY)D2z=s®2z=p(0,t),

and (2) implies that
r®ydz)=avdu=p0,t").

Hence it is enough to show that ¢ = t”. For any i € {1,2,3}, let F;
be the homogenous polynomial of degree 1 defining L; and G; be the

homogenous polynomial of degree 1 defining M;. Let F' := F} F5F3 and
G = G1G>G5. By Lemma 3.30, we have

C-F=C-L1+C-Ly+C-Ly=z+y+s+s+z+t'+0+u+u,

C-G=C-M+C -My+C -M3=0+s+s+y+z+u+x+u+t"
From Proposition 3.31, we get t' = t". O

It can be shown that for two different choices O, O, € C, there is an
isomorphism of groups

(07 697 Ol) = (07 @7 02)7

which is given by rational functions. Hence the choice of O € C does
not matter much. However, some choices make computations easier.
We need one more definition.

Definition 3.32. A point x € C is called an inflection point, if
I(z,CNT,C) > 2.

The definition above makes sense for an arbitrary plane (projective or
affine) smooth curve. In the case of the elliptic curve C, for x € C' the
following are equivalent:

e 1 is an inflection point,

o [(z,CNT,C)=3,

o p(z,z) =1.
Note that if O € C'is an inflection point, then the procedure of finding
the inverse elements is easier, since in such a case we get:

or = (p([E,gO(0,0)) = (10(‘%0)'

(We use the notation ©z for the inverse element to z in the elliptic
curve C.)
We state another fact without a proof.

Proposition 3.33. There are 9 inflection points on C.
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We choose O € C' as an inflection point. By a projective change of
coordinates in P? (which moves C!), we can also assume that O is a
point at infinity and that the tangent line to C' at O is the line at
infinity H,,. This choice implies that O is the unique point at infinity
of C', since
I(O,CNHy)=1(0,CNTpC) = 3.

We finish the lecture by analyzing the points of order 2 and 3 on C.
Let x € C.

Points of order 2 on
Clearly, the order of x is at most 2 if and only if

0 =&z =p(0,4(x,1)).
The equality above holds if and only if there is a line L in IP? such that
C-L=0+0+p(z, ).

Hence L as above must be the tangent line to C' at O. Since O is the
inflection point, ¢(x,z) = O. Therefore, the order of x is at most 2 if
and only if ¢(x,z) = O. From the picture we can “see” that there are
4 such points (to be precise, if char(K') # 2).

Points of order 3 on
the order of z is 1 or 3 if and only if

or=x®x=p0,p(r,1)) =p(x,)

which happens if and only if ¢(x,z) = =, i.e. when z is an inflection
point. We know that there are 9 such points (if char(K) # 3).

Remark 3.34. If K = C, then P?(C) is also a compact differential
manifold of (real) dimension 4. Then C' is a smooth submanifold of
P2(C) of (real) dimension 2. Since the group operation on C' is actually
given by rational functions which are smooth, C' has also a structure
of a Lie group. So C' is a compact commutative Lie group of (real)
dimension 2. From the classification of commutative Lie groups, we
see that C is isomorphic to S x St as a Lie group. This coincides with
our computations above, since the group of 2-torsion of S! x S! has 4
elements and the group of 3-torsion of S* x S! has 9 elements.



