FORKING INDEPENDENCE IN DIFFERENTIALLY CLOSED
FIELDS OF POSITIVE CHARACTERISTIC

PIOTR KOWALSKI, OMAR LEON SANCHEZ AND AMADOR MARTIN-PIZARRO

ABsTrRACT. We provide a differential-algebraic description of forking indepen-
dence in the stable theory DCF ., of differentially closed fields of character-
istic p > 0 with m-many commuting derivations. As a by-product of this
description, we prove that types over algebraically closed subsets of the real
sort are stationary. In addition, we prove that the set of non-zero solutions
to the Bernoulli differential equation z’ = 2P 1 with k > 0 is strongly min-
imal and its geometry is strictly disintegrated, which implies that this set is
algebraically independent over [Fy,.
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INTRODUCTION

It is fair to say that, compared to DCF, the theory DCF), of differentially closed
fields of characteristic p > 0 remains vastly unexplored. For instance, while in the
1970’s Shelah observed that DCF), is a stable theory by a counting-type argument
[29], no algebraic description of forking independence had been provided (until
now). This sits in contrast to the case of DCFy (and other similar theories of fields
with operators [25]) where forking independence was described solely in terms of the
associated reduct to the pure field language; in other words, in terms of algebraic
independence.

Recall that the underlying field of a model of DCF), is a separably closed field
of infinite degree of imperfection; namely, a model of SCF, o,. So, one could be
tempted to think that forking independence in DCF), should be described by forking

Date: November 6, 2025.
2010 Mathematics Subject Classification. 03C45, 03C60, 12F10, 12H05.
Key words and phrases. separable extensions, differential fields, model theory.
Acknowledgements: The first author is supported by the Narodowe Centrum Nauki grant no.
2021/43/B/ST1/00405 and by the Tiibitak grant no. 1001-124F359.
The second author was partially supported by EPSRC grant EP/V03619X/1.

1



2 PIOTR KOWALSKI, OMAR LEON SANCHEZ AND AMADOR MARTIN-PIZARRO

independence of SCF,, «, at least for (model-theoretically) algebraically closed sets.
However, our results show that forking independence in DCF,, cannot be described
in terms of algebraic independence alone or even in terms of p-independence, which
is part of forking independence in the reduct SCF,, , as shown by Srour [30]. We
provide explicit examples (see Remark illustrating that forking independence in
DCF,, does not imply p-independence nor is equivalent to algebraic independence.

The motivating question that drives the results of this note is: besides algebraic
independence, what other (differential-)algebraic conditions follow from forking in-
dependence K LECF L on the definably closed subfields k, K and L? As we men-
tioned above, forking independence is not as strong as the p-independence of K and
L over k, and it is worth noting that in the differential context p-independence of
K and L over k translates to the field compositum K L being differentially perfect,
that is, its field of constants Cxr, equals (K L)P.

Whilst K J/I;CFL need not imply that the compositum KL is differentially
perfect, it does imply an almost differentially perfect condition. Namely, there exists
a p-basis of C%f over K L which is differentially separably independent over K L (see
Section [2| for the corresponding definitions). We give the latter property a name
and say that KL is differentially transcendentally almost perfect, or differentially
trap for short. In Lemma we show that after adding all derivatives of the p-
basis, the corresponding differential field is differentially perfect (hence justifying
the terminology differentially trap).

The main result of the paper is that differentially trap is the missing condition
to describe forking independence J/DCF in the theory DCF, ,, of differentially
closed fields of characteristic p > 0 equipped with m commuting derivations. In
Theorem we prove:

Theorem A. Consider a saturated ambient model U of the theory DCF,, ,. Given
definably closed differential fields k, K and L with k C K N L, we have that
K J/];CF L if and only if

e the fields K and L are algebraically independent over k and

o the differential field KL is differentially trap.

Furthermore, types over algebraically closed subsets of the real sort are stationary.

Our description of forking independence allows us to investigate the existence
of minimal types and strongly minimal subsets in DCF), in Section E} In contrast
to the case of SCF, o, where no strongly minimal definable sets exist, we show
that such sets do exist in DCF,. Our examples come from the classical Bernoulli
equation ' = z™ and they also enjoy a strong “Ax-Schanuel like” property.

Theorem B. For any positive integer k, the definable set

laeU\ {0} | 0(a) = "'}

is strongly minimal and its induced geometry is strictly disintegrated. In particular,
this set is algebraically independent over IFp,.

Finally, in the Appendix, we provide a stability criterion suitable for certain
theories of fields with operators. Mimicking [29, Theorem 9] and [I8, Theorem 2.4],
we use a counting-type argument to deduce stability, and we expect that it may
be deployed to prove stability of various theories of fields in positive characteristic
equipped with free operators (see [2]).
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The first author would like to take the opportunity to use the results in this
paper as a corrigendum to some previously stated results:

e It was wrongly claimed in [I8] that J/DCF can be described as in Fact
below over arbitrary base sets. Unfortunately, this mistake spread to other
papers (as [2] or [I0]) treating more general cases of operators in the pos-
itive characteristic case. Whilst we believe that a description of forking
analogous to the one given in Theorem may adapt to these more gen-
eral cases, we have not yet checked it thoroughly and leave it for future
work.

e The stationarity over algebraically closed subsets of the real sort was already
used without a proper argument in [12].
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1. FIELDS AND SEPARABLE EXTENSIONS

Though most of the notions and results in this section are classical, we believe
that there are some subtleties (especially regarding the role of which subfields of
p'P-powers appear) which can be easily overseen. Therefore, we have decided to
include some of the definitions.

All throughout this section, we will work inside an ambient field F' of character-
istic p > 0. All tuples and subsets are taken within F. Given a subfield L of F', we
denote by LP the subfield of pt'-powers of L. Henceforth, we fix two subfields K
and L of F' with a common subfield K C K N L.

Notation. To render the notation simpler, we will denote the compositum of two
fields K; and K> by the concatenation K7 K5, in contrast to the use of concate-
nation in model theory for the set-theoretic union. In order to avoid any possible
misunderstanding, we will always use the symbol U when writing unions.

Definition 1.1.

(a) The field K is linearly disjoint from L over k, denoted by K J/Ld L, if
whenever a subset S of K is k-linearly independent, then it remains so over
L (seen as a subset of F).

(b) A set S is algebraically independent over k if no element s in S belongs
to the algebraic closure k(S \ {s})*8. We say that K is algebraically inde-
pendent (or free, following Lang’s terminology) from L over k, denoted by
K J/;\CF L, if every subset S of K which is algebraically independent over
k remains so over L, or equivalently, if

trdeg(ay, . ..,an/k) = trdeg(ay,...,a,/L) for all a4,...,a, in K.
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(¢) A subset S of K is p-independent over k in K if no element s in S belongs to
the subfield K7k(S\ {s}). If k = F,, we simply say that S is p-independent
in K. A maximal p-independent subset S of K over k is called a p-basis of
K over k.

(d) The subset S of K is separably independent over k if no element s in S
belongs to the separable closure k(S \ {s})%P.

(e) The field extension k C K is separable if k J/Zi KP, or equivalently, if every
p-independent subset S of k remains p-independent in K.

Fact 1.2.

(a) Linear disjointness and algebraic independence are both transitive and sym-
metric notions of independence. Linear disjointness always implies algebraic
independence and they coincide whenever one of the two field extensions k C K
or k C L is regular |20, Chapter VIII §4].

(b) Algebraic independence implies separable independence. Moreover, the exten-
sion k C K is separable if and only if every subset of K which is separably
independent over k is algebraically independent over k as well [I7, §0.2].

Unlike algebraic independence or linear disjointness, separable independence
need not be transitive: Given a transcendental element a over F,, the element
a is separably independent over F,, by Fact |1.2[ (b). Similarly, the element al/? is
separably independent over F,(a), for it is purely inseparable. However, the sub-
set A = {a, al/ P} is clearly separably dependent over F,,. In particular, separable
closure is an operator which does not satisfy the Steinitz exchange property.

Despite the lack of transitivity, the following result holds.

Lemma 1.3. If the subset A of K is separably independent over k and the subset
B of K is algebraically independent over k(A), then AU B is separably independent
over k.

Proof. Without loss of generality, we need only show that no element a in A can
be separable algebraic over k(A \ {a} U B). Assume that f(a,b,a) = 0 for some
tuples @ in A\ {a} and b in B as well as some non-trivial polynomial over k

f(X,Y,2)= Zfi(X,Y)Zi.

Since the tuple b consists of algebraically independent elements over k(a,a), we
obtain f(a,Y,a) = 0, which translates into a finite system of polynomial equations

gl(d7a) == gm(d7a) =0

with coefficients in k. Now, the subset A is separably independent over k, so each
polynomial g;(a, Z) in the previous system is either trivial or inseparable in Z. In
both cases, we have that

—(a,Y,Z)=0

aZ (a7 3 ) 3 )
and hence the corresponding partial derivative is 0 when evaluated at b, so the poly-
nomial f(a, b, Z) is not separable. We conclude that AU B is separably independent
over k, as desired. O

Remark 1.4. Given a field extension &k C K and a subset A of K, we have that A
is separably independent over k if and only if A is p-independent in k(A) over k.
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Proof. Notice first that an element b of K is separable algebraic over k if and only
if b belongs to k(bP) (see for instance [7, §1.6]).

Suppose first that A is separably independent over k, yet the element a in A
belongs to k(A)Pk(A\ {a}) = k(A \ {a})(aP). By the previous observation, we
deduce that a belongs to k(A \ {a})*P, which gives the desired contradiction. For
the converse, assume for a contradiction that A is separably dependent over k.
Hence, there is some a in A which is separable algebraic over k(A \ {a}). In
particular, we have that a belongs to

k(A\{a})(a?) = k(A)Pk(A\ {a}) € KPE(A\ {a}),
so A cannot be p-independent in K over k. O

Definition 1.5. We say that K is p-independent from L over k in F if every subset
of K which p-independent over k in F' remains p-independent over L in F.

Whilst linear disjointness or algebraic independence are absolute notions, notice
that p-independence depends on the ambient field F'. Furthermore, we have that
p-independence corresponds to the independence in the pregeometry given by the
p-closure in F'; where a belongs to the p-closure of B if a belongs to FP(B).

Remark 1.6. The above definition of p-independence extends Srour’s ternary p-
independence relation [30, p. 722|, for he assumes that all field extensions kK C K C
F,and k C L C F are separable.

Chatzidakis [6, §1.2] defines a similar ternary notion of p-independence, though
replacing the role of F' with the compositum KL. In her work, the extensions
kC K C KL and k C L are assumed to be separable, explicitly or implicitly in the
case of K C K L. Under these additional conditions, her definition coincides with
our Definition [[.Aif F = K L.

From now on, we work inside a sufficiently saturated model U of the Lring-theory
SCF), o of separably closed fields of characteristic p > 0 and infinite imperfection
degree (in other words, from now on F' = U). As shown by Ershov [9], this theory
is complete. Wood [34, Theorem 3| showed that the theory SCF,  is stable, so
Shelah’s non-forking defines a tame notion of independence, which we will denote

by J_,SCF )

Remark 1.7. Srour [30, Theorem 13] provided an explicit description of non-
forking independence in SCF), o.: whenever the field extensions £ € K C U and
k C L C U are all separable, we have that

SCF ACF P
K| L — K| Land K| L,
k k k

where | ¥ denotes the ternary relation of p-independence in U.

Algebraic independence and p-independence in U need not imply one another,
even if all field extensions in question are separable: Consider K = F,(z) and
L =F,(z+yP), with « and y in U\ UP algebraically independent over F,,. The field
K is algebraically independent from L over [, yet K is not p-independent from
L over F,, in U. Similarly, choosing an element v in U? which is transcendental
over F,, the field K = F,(u) is p-independent from L = F,(u) over F,, in U, yet
K is clearly not algebraically independent from L over F,. Indeed, the notion of
p-independence in U is vacuous for subfields of UP.
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We collect below some observations concerning p-independence, which will be
needed in the sequel.

Fact 1.8. Consider subsets A and S of K as well as a subset B of U.

(a) The set A is p-independent over k in K if and only if the collection of p-
monomials in A

a’fl...aﬁ“ with a; in Aand 0 < k; <p-—1

is linearly independent over K7k [0, §1.2].

(b) The extension k C K is separable if and only if some (or equivalently, every)
p-basis of k remains p-independent in K.

Moreover, if the extension k C K is separable, then a subset C of k is p-
independent in k over a subfield kg of k if and only if C' is p-independent over
ko in K [6, § 1.10].

(¢) Given subfields kg C k and Ky C K; if both field extensions k¥ C K and
ko C K, are separable algebraic, then KPky = KPk and K{k = KPk. In
particular, every p-basis of k over kg is a p-basis of K over Kj.

(d) If A is a p-basis of K over k and B is algebraically independent over K, then

e the set A is a p-basis of K(B) over k(B);
e the set B is a p-basis of K(B) over K.

(e) If the extension k C K is separable and A is p-independent in K over k, then
A is algebraically independent over k. Moreover, if K is finitely generated over
k and A is a p-basis of K over k, then A is a separating transcendence basis
of K over k [6] § 1.13 (1 & 2)] (see also Fact (b) and Remark in this
context).

Whilst the following results are well-known, we have decided nonetheless to in-
clude short proofs for the sake of the presentation.

Lemma 1.9. Let A be a subset of K and assume that both field extensions k C K
and k C L are separable.
(a) We have the following implication:

ACF K C KL is separable and
K | L = o ,
% K is p-independent from L over k in KL.
The converse holds when K is finitely generated over k.
(b) Suppose that L C Ly is a separable field extension such that K J/?CF Ly. Then,

all field extensions in the following diagram are separable:

K KL KL,
k L Ly

In particular, the field extensions K C KL C KLy are both separable.
(c) Suppose K C U and L C U are both separable. If K \LZ L, then KL C U is
separable. Moreover, the converse holds if K J/:CF L.
Proof. For the proof of the implication in (a), the separability part is exactly [30),
Fact 5]. The p-independence part is shown in [6l, §1.14] under a stronger assumption
of linear disjointness. Our argument comes from the proof of [30, Fact 5].
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It follows directly from the definitions that, if K is p-independent from L over
k in KoM for any finitely generated over k subextension £ C Ko C K, then K
is p-independent from L over k in K L. Thus, we may assume that K is finitely
generated over k.

Choose therefore some subset A of K which is p-independent over k£ in K L. In
particular, the subset A is p-independent over k£ in K and thus it extends to a
p-basis A’ of K over k. Since the extension k& C K is separable, we have that A is a
separable transcendence basis of K over k by Fact (e). We need only show that
A’ is p-independent over L in KL. Now, the field K is algebraically independent
from L over k, so A’ is algebraic independent over L. Fact (d) yields that
A’ is p-independent in L(A’) over L. Now, the extension k(A’) C K is separable
algebraic and thus so is L(A") C K L. We conclude that A’ is p-independent in KL
over L, as desired.

For the converse statement in (a), assume that K is finitely generated over
k. It suffices to show that a separating transcendence basis A of K over k is
algebraically independent over L. Now, the extension K C KL is separable, so A
is p-independent over k in K L. Since K is p-independent from L over k in KL, we
have that A is p-independent in KL over L. Fact (e) applied to the separable
extension K C KL yields that A is is algebraically independent over L, as desired.

For (b), note that k¥ C L is separable as well. Since K L?CF L;, we also have

K J/;:CF L,so L C KL is separable by (a). Now the extension L C L is separable,

so the independence KL J/?CF L, yields (by (a) again) that the field extension
KL C KL, is again separable, as desired.

For a proof of (c), choose p-bases Sy of k as well as Sk of K over k and Sy, of L
over k. Since K C U, resp. L C U, is separable, we have that Sk, resp. Sp, is
p-independent over k in U. The p-independence of K from L over k yields that
Sk is p-independent over L in U. In particular, the subset Sy U Sx U Sy, of KL is
p-independent in U. We need only show that it is a p-basis of KL, which follows
immediately from the equality

(KL)P (Sx USk USL) = KP (S, USk) LP (S US) = KL.

If we now assume that K L?CF L and KL C U is separable, then part (a) yields
that K is p-independent from L over k in KL and thus in U, as desired. ]

Remark 1.10. Note that the converse of Lemma (a) need not hold without
the assumption of finite generation of K. Indeed, if x is transcendental over F,,
then K = F,(x)*# is p-independent from L = F,(z) over F, in KL = K, since K
is perfect. However, the field K is not algebraically independent from L over [F),.

2. DIFFERENTIAL FIELDS IN POSITIVE CHARACTERISTIC

In contrast to the characteristic 0 case, the model theory of differentially closed
fields in positive characteristic remains mostly unexplored since the seminal works of
Shelah [29] and Wood [31],[32, B3] in the case of a single derivation. Several decades
later, the first author generalized some of the existing results to the context of
derivations of powers of the Frobenius map [I8]. More recently, the second author,
together with Ino [I3], has considered variations of the theory DCF,, of differentially
closed fields of positive characteristic (in a single derivation).
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We fix a natural number m > 1 and work in the context of differential fields
equipped with m-many commuting derivations. Following Kolchin’s presentation [17],
we will denote the set of distinguished (commuting) derivations by A = {d,...,0m}-
From now on, by a differential field we mean one of the form (K, A) where the 9;’s
are pairwise commuting derivations on K. In what follows we will simply say
that K is a differential field, rather than (K, A); and similary for differential field
extensions K C L.

The class of existentially closed differential fields of characteristic p has been
shown to be recursively axiomatisable by Pierce [27]. Hence, the theory of differ-
ential fields in characteristic p has a model-companion. We will denote this theory
by DCF, ., in the language L of differential rings. Models of DCF,, ,,, are called
differentially closed fields. We will work inside a sufficiently saturated model (U, A)
of DCFy, 1, For every differential subfield K of U, we have that KP? is a subfield of
the field of absolute constants

Ck={acK|0(a)=0forl<i<m}

A differential field K is said to be differentially perfect if every differential field
extension is separable, or equivalently, if Cx = KP, as shown by Kolchin [I7]
I1.3]. It is worth noting that this equivalence can be derived from the fact that
for every differential field extension K C L we have K Llch Cr, see [17, IL1].
In fact, the latter linear disjointness implies that the differential field extension
K C L is separable if and only if Cx Lﬁp LP. Thus, if K C L is separable and L
is differentially perfect, then so is K. On the other hand, if K C L is separably
algebraic and K is differentially perfect, then so is L.

Remark 2.1. Let K be a differential field.

(a) The differential structure on K extends uniquely to K5 and Cgser = Cy’.

(b) If the constant element b of Cx does not belong to KP, then there is a unique
extension to a differential structure on K (b/?) with 9(b'/?) = 0 for all 9 in A.
Thus, every differential field embeds into a differential field extension L with L
differentially perfect.

(c) Every differentially closed field is differentially perfect. Furthermore, the un-
derlying field is separably closed of infinite degree of imperfection.

Proof. For (a), the uniqueness of the extension part is already shown in [I7, I1.2].
The linear disjointness K ¢1ch Crcsen yields that Creer = C5P.

For (b), it follows from [20, VIIL.5] that all derivations 0 can be simultaneously
extended to K (b'/P), since the condition 9(b*/?) = 0 for all  in A ensures that the
extensions of the derivations will commute on K (b*/P). The last statement follows
by a standard chain construction.

For (c), assume that K is differentially closed. Part (b) yields that K must be
differentially perfect whilst (a) shows that K is separably closed. The existential
closedness of K ensures that for every nontrivial differential polynomial f(x) with
coefficients in K there exists some element a in K with f(a) # 0. Hence, the field
extension K? = Cx C K has infinite degree, by [I7], I1.1], as desired. O

Note that it follows from (c) above that a differential subfield K of the differen-
tially closed field U is differentially perfect if and only if the field extension K C U
is separable.
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While the theory DCF), ,,, does not admit quantifier elimination in the language
L, it does once we expand by the p-th root function on constants. Namely, we
expand L by the following unary function

r: U — U

z'/? | if & belongs to U? = Cy
0, otherwise.

In the language L} = LA U {r} consider therefore the theory DPF; ,, of dif-
ferentially perfect differential fields with the natural interpretation for the unary

function symbol r.

Fact 2.2. It follows from Kolchin’s result [I7, II.2] that the universal theory
DPF}, ,,, has the amalgamation property, so its model-completion DCF}, , has quan-
tifier elimination. Completeness of DCF}, ,, follows immediately from the fact that
the prime field F,, is a differentially perfect differential field.

The fact above yields some immediate consequences.

Corollary 2.3. (a) Two differentially perfect differential subfields K and K' of U
have the same type (with respect to some fized enumeration) if and only if they
are La-isomorphic.

(b) Ewvery differentially perfect differential subfield K of U is definably closed (in the
sense of the theory DCFy, .., ) and its model theoretic algebraic closure coincides
with K5°P, which is also its relative (field) algebraic closure within U. More
generally, the definable closure dcl(A) of a subset A of U is the smallest differ-
entially perfect differential subfield of U containing A and the model theoretic
algebraic closure acl(A) equals dcl(A)%eP.

Shelah has shown that the theory DCF, = DCF, ; is stable. Standard type-
counting methods can be used to deduce that DCF,, ,,, is stable. However, we will
give a self-contained proof of the stability of DCF, ,, in Section [3| by providing
a complete description of forking independence. For this, we need the following
algebraic notions and results.

Definition 2.4. Consider a differential field extension & € K and a subset A
of K. We say that A is differentially independent, resp. separably differentially
independent, over k if the family (or rather, the sequence, for we do not allow
repetitions)

(o)

is algebraically independent, resp. separably independent, over k.

1<i<m,0<;

Fact 2.5. [I7, Corollary 5, § I1.9] Consider a differential field extension k¥ C K and
a subset A C K which is differentially separably independent over k. The field of
constants Cy(4) equals k(A)PCy, where k(A) denotes the differential subfield of K
generated by A over k.

Given a differential subfield K of our differentially perfect ambient model U,
notice that C}(/p is a subset of U containing K, for Cx contains KP. However, the
field Ck/p need not be stable under the derivations, so the iterates 65 (a) of elements

of C;(/p need not lie in Cll(/p .
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The following notion will be fundamental for our description of non-forking. We
are not aware of any occurrence of this notion in the existing literature. The name
we chose reflects a crucial property stated in Lemma [2.7]

Definition 2.6. The differential subfield K of U is said to be differentially tran-
scendentally almost perfect, in short differentially trap, if there exists a p-basis A of

C}(/p over K which is separably differentially independent over K.

Whilst the elements of A are algebraic over K, they are purely inseparable over
K, so it makes sense to demand that they are separably differentially independent
over K.

Note that every differentially perfect field is differentially trap with A the empty
p-basis. Whilst differential perfectness is an absolute condition, independent of
the embedding into U, being differentially trap is a notion that is relative to the
differential structure of U (to see this, it suffices to consider different subfields of

Cy).

Lemma 2.7. Given a differentially trap differential subfield K of U with the cor-

responding p-basis A of C}(/p over K (so A is separably differentially independent
over K ), the differential field K(A) is differentially perfect and acl(K) = K({A)%P.

Proof. Since A is a p-basis of C}(/p over K, we have that
P
cilr = (") K(4) = exK(4) = K(4),
hence we obtain that Cx equals K(A)P. By Fact we deduce that
Cr(a) = CkK(A)P = K(A)PK(A)" = K(A)",

and thus the differential field K(A) is differentially perfect, as desired.
For the last statement, note that the extension K(A) C U is separable (since
K (A) is differentially perfect), and thus so is K (A4)**? C U, by Fact (b) and (c).
The previous characterization of the model-theoretic algebraic closure in DCF,, ,,,
yields that
acl(K) C acl (K{A)™P) = K(A)*P C acl(K),
using that A is algebraic over Ck, and thus over K. O

Remark 2.8. (a) A directed union of a system of differentially trap differential
subfields of U is again a differentially trap differential subfield.

(b) Given a differential subfield K of U and a p-basis A of C}(/p over K, we have
that A is separably differentially independent over K if and only if the family

(0i(A))1<i<m
is differentially independent over K.
(¢) The field K is differentially trap if and only if every p-basis of C}(/p over K is
separably differentially independent over K.

(d) Suppose that K C L is a separably algebraic extension of differential fields.
Then, K is differentially trap if and only if L is.

Proof. The proof of (a) is standard, so we will not include it. For the proof of (b),

notice first (see the proof of Lemma that K(A) = C}(/p . One direction follows
immediately from Lemma for the p-independent set A over K is separably
independent over K in K(A) = Cz/p by Remark Therefore, we need only show
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that, given a separably differentially independent p-basis A of Cfl(/p over K, the

family
U &
1<i<m
1<jEN

is algebraically independent over K. In fact, we will show that it is algebraically
independent over C;/” (which contains K). This algebraic independence over Cllgp
(

follows from Fact b) once we show that the extension C;(/p C K(A) = K(AUA)

is separable.

The linear disjointness K J/LdK Cy yields that K J/lch K(A)?. By assumption,
the set AU A is separably independent over K and thus p-independent over K in
K(AUA) = K(A) by Remark In particular, the set A is p-independent over K
in K(A), which yields by Fact (a) that C}(/p is linearly disjoint from K(A)?K
over K. Transitivity of linear disjointness gives now that

1/p 1d »
cUP | K(AY.
Ck

P
Since Cx = (C}(/p ) , we conclude that the extension C}(/p C K(A) is separable, as

desired.
For the proof of (¢), let K be a differentially trap differential field witnessed by

the p-basis A. We need to show that every other p-basis B of C;(/p is separably
differentially independent over K. By (b), it is enough to show that 0(B)U---U
Om (B) is differentially independent over K. Following the proof of [13], Proposition
2.7], it suffices to show that for any by,...,b, in B and ¢ > 0, the family

@) [1<i<m, 1<j<t, 1<k<n)

is algebraically independent over K.

Since A is also a p-basis of C%p over K, there is (without loss of generality) some
s > n and elements aq,...,as € A such that

bi,...,b, G(Cl/p) K(ay,...,as) = K(ay,...,as).
Furthermore, we may assume that K(ay,...,as) = K(b1,...,bn,nt1,-..,05), SO

K(@ap|1<i<m; 0<j<l;1<k<s)=
—K((‘?ka,ajar|1<z m;0<j<l;1<k<n; n+1<r<s).

N

Since the a;’s and b;’s are purely inseparable over K, the transcendence degree on
the left-hand side has the largest possible value, namely ¢ms. In particular, we
deduce that

@) [1<i<m, 1<j<t, 1<k<n)
is algebraically independent over K, as desired.
For the proof of (d), the linear disjointness K J/lch Cy, yields that the extension
Cx C Cy, is again separably algebraic. Fact (c) above yields that every p-basis

of Cll(/p over K remains a p-basis of Ci/ P over L. Together with part (c) above, we

conclude that K is differentially trap if and only if L is. O
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3. FORKING INDEPENDENCE AND STATIONARITY IN DCF,

As in the previous section, we work inside a sufficiently saturated model (U, 9)
of the theory DCF,, ,,,. As we have mentioned already, mimicking the argument for
the ordinary case DCF,,, the theory DCF,, ,, can be shown to be stable by a type-
counting argument (see Remark [5.9(1) in the Appendix), yet it is not superstable,
for the infinite descending chain of definable subfields

UDUPDUY D

witnesses that the U-rank cannot be ordinal-valued. In addition, DCF,, ,, does
not have elimination of imaginaries (see [24, Remark 4.3| or for a more recent and
detailed account [I, Lemma 4.11]); in particular, the fact that types over acl-closed
sets are stationary cannot be deduced merely from stability but we will see it as a
consequence of the results in this section (namely, from our algebraic description
of forking independence).

Now, the work of Kim and Pillay |16, Theorem 4.2] (or rather, the stable version
thereof due to Harnik and Harrington [I1, Theorem 5.8]) implies that for stability
it suffices to exhibit a notion of independence satisfying the well-known properties
of forking independence, including stationarity over elementary substructures. Our
motivation for this paper is to provide a self-contained exposition of the stability
of DCF, ,, together with an algebraic description of forking independence over
arbitrary base subsets, so we will avoid taking shortcuts such as the one provided
in |22, Proposition 1.4].

In the following fact we note that a description of non-forking in DCF),, over
models appeared implicitly in Shelah’s work [29].

Fact 3.1. Let K and L be differentially perfect differential subfields of U both con-

taining an elementary substructure M of U. If K ¢E L, then KL is differentially

DCF

perfect |29, proof of Theorem 9|. In particular, if we denote by | forking

independence in the theory DCF,, ,,, we have that

DCF 1d 0 ACF SCF
K |L < K|L= K| L K|IL,
M M M M

For the first equivalence, left-to-right follows from Chatzidakis’s [6, Theorem 3.5],
while right-to-left follows as an application of [22 Proposition 1.4]. The last equiv-
alence follows from Lemma (c) and Srour’s description of forking in SCF,

(see Remark [L.7)).

In the following remark, by a Picard-Vessiot closed differential field K we mean
one satisfying the following: For each positive integer n, if Aj,...,A,, are in
Mat,,(K) and there exists a differential field extension K C L having s-many
L-linearly independent vectors in L™ each a solution of

Ol | =4 fori=1,...,m,
then there exist s-many K-linearly independent solutions in K™.

Remark 3.2. Fact[3.I]above holds more generally: one can weaken the assumption
that M is an elementary substructure to simply asking that M is acl-closed and



FORKING INDEPENDENCE IN DCFy 13

Picard-Vessiot closed. Indeed, a straightforward adaptation of [23, Lemma 7.6] (in
particular of Claim 4 thereof) shows that, when M is PV-closed, K J/ljdv[ L implies
that KL is differentially perfect. The equivalence of the different notions of inde-

pendence can be seen as a consequence of our description of forking independence
in Theorem [3.5

Definition 3.3. Given differentially perfect differential subfields k, K and L of U
with K C K N L, set

ACF

* K L, and
K|L < J,:

k

the compositum KL is differentially trap

More generally, given subsets A, B and C of U with C C AN B, set A J/*C B if
dcl(A) J/ch(C) dcl(B), for the definable closure dcl(D) of a set D is the smallest dif-
ferentially perfect differential subfield of U containing F,(D) (see Corollary 2.3](b)).

Remark 3.4. Let us fix differentially perfect differential subfields k, K and L of
Uwith k C KNL.
(a) By Remark (d), we have the following

K* | I’ <« K| L.
ksep k

Therefore, using Corollary (b), we obtain

Al B <+ acd) | acl(B)
c acl(C)
for any A, B and C' as in Definition [3.3
(b) If the compositum K L is differentially perfect, we have the following equivalence

« ACF
K|L < K | L,
k k

since differentially perfect fields are differentially trap. In particular, we recover
from Fact that | ™ coincides with J/ACF for differentially perfect fields
when the base subfield is an elementary substructure of U (and a posteriori
algebraic independence coincides with forking independence for differentially
perfect fields over elementary substructures).

(c) Suppose K L;:CF L. Then, the compositum field KL is differentially perfect

and is hence differentially trap) if and only if K SCF L, by Lemma |1.9| (c).
k
Therefore, we have the following implications:

SCF * ACF
K|L = K|L = K| L
k k k

To see that none of these implications can be reversed, consider z,y € U alge-
braically independent over IF,, and such that d(z) = 1 (for simplicity, we assume
m = 1 here). Then, we take

k:IFPv K:IFP(x)a L:Fp(x+yp)'
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Clearly, K f " Land K | " L, but KL has differential trap if and only if
y is separably differentially transcendental over F,(z,y?) (see Example for
some extra details).

(d) Just as J/SCF involves two generally unrelated conditions (namely, algebraic
independence and p-independence, see Remark , for | * we need both of
the conditions in Definition (3.3} i.e., the field independence K AjFL does not

k
imply that KL is differentially trap and the opposite implication need not hold

either. This can be seen using the example from (c¢) above and considering e.g.
subfields of UP™ .

Theorem 3.5. The ternary relation | ™ defined above is invariant under automor-
phisms and symmetric. It satisfies local and finite character as well as extension
and transitivity/monotonicity. Furthermore, it satisfies stationarity whenever the
base set is an acl-closed subfield (in the model theoretic sense) of U.

In particular, the theory DCF,, ,,, is stable and the relation |~ coincides with
forking independence. Moreover, types over acl-closed subsets of U are stationary.

Proof. Throughout this proof, let as assume that k, K, L and L, are differential
subfields of U such that ¥ C K and k¥ € L C L;. It is enough to check our
independence conditions for acl-closed sets only, therefore (using Remark (a))
we will assume that k, K, L and L; are algebraically closed subfields of U (in the
model theoretic sense). In particular, all fields extensions among k, K, L, L and
U are regular. Types are always complete and taken in the sense of the theory
DCF, 1, unless explicitly stated.

Invariance and symmetry of | * follow immediately from the definition of | *.

Claim 1. The relation | ™ satisfies extension: Given some fived enumeration of
K, there exists a differential subfield K' of U with

K | L
k

such that K’ and K have the same type over k (with respect to the chosen enumer-
ation,).
Proof of Claim 1. The algebraically closed field U# is sufficiently saturated, so
there exists a k-isomorphic copy K; of K in U?le with K; J/:CF L. Transporting
the differential structure from K to K, we may assume that K is k-isomorphic to
K as differential fields.

The extension k C K is regular (for k C K is), so K3 J/;Cd L by Fact (a). In
particular, using that

K1L =, Frac (K7 ® L),

we may equip K7L with commuting derivations A= {51, ey 5m} extending both
the differential structures of K7 and L. Choose now a p-basis A1 of C}(/lp 1, over KiL.
By [14, Chapter IV, Theorem 17], there exists a differential field (F, on,. .. ,5m)
which is a differential field extension of K7L, whose cardinality |F| is small with
respect to the saturation of U, such that C;(/lp 1, € F and

(A1) U+ Udm(Ay)
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is differentially independent over K;L. By Remark we may assume that F' is
differentially perfect. Using the saturation of our existentially closed model U, we
can now embed F over L in U via ¥ : M — U. Setting K’ = ¥(K;), notice that
the differential subfield K’ of U is differentially perfect and isomorphic to K over
k, so they have the same type over k£ by Corollary (a).

In order to show that K’ J/;; L, notice that K’ and L are linearly disjoint, and
thus algebraically independent, over k, by construction. Thus, we need only show
that K'L is differentially trap, which follows immediately from the fact that the set
A’ = U(A;) is a p-basis of Cg+p, over K'L with 0;(A") U ---U 9, (A") differentially
independent over K'L. Oclaim 1

Claim 2. The relation |~ satisfies stationarity over acl-closed differential subfields
of U: Given some enumeration of K and a k-isomorphic copy K' in U such that

K| LandK' | L,
k k

then K' and K have the same type over L.

Proof of Claim 2. This proof goes along the same lines as the proof of extension in
Claim [I} so we will be succinct. Without loss of generality, all the field extensions
considered are regular, so there exists a differential L-isomorphism ¥ mapping KL
to K'L with ¥(K) = K’, by a standard tensor product argument.

Both fields KL and K'L are differentially trap, so choose a p-basis A of C}(/f
over KL with 0;(A) U ---U 9y, (A) differentially independent over K'L. Thus, the
map V¥ extends to a differential L-isomorphism

U KL(A) — K'L{A')

with A’ = U’/(A) a p-basis of C}(/,pL over K'L . By Lemma [2.7| and Remark (c),
both differential fields K L{A) and K'L(A’) are differentially perfect. These two
fields are isomorphic via ¥’ (which maps K onto K'), so we deduce that K and K’
have the same type over L, by Corollary (a), as desired. Octaim 2

Recall that k, K, L and L; are differential subfields of U such that £ C K and
k C L C L; with all field extensions regular (hence, separable). In particular,
algebraic independence coincides with linear disjointness by Fact (a).

Claim 3. If K J/lkd L1, then every subset S of C}{/}: which is p-independent in C}gf
over KL remains p-independent in Cll(/fl over KL;.

In particular, there exists a p-basis ofC;(/fl over KLy of the form SyU Sy, where

So is a p-basis ofC;(/z7 over KL and Sy is p-independent over K L(Sy). In particular,
the set Sy lies in acl(K U L).

Proof of Claim 3. By Lemma (b), the following commutative diagram consists
of separable field extensions:

— KL —— KI,

1]
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Now, since KL C KL, is separable, we have that KL \Ll((;(L)p (KL1)?. Using

that Frobenius is a field monomorphism, we deduce that (KL)/? Jf;L KL, so

C}(/f 1; L KL. By Fact (a), the p-monomials on S are linearly disjoint over

KL and thus over KLy, so S as a subset of C}(/fl is p-independent over KL;.
The last statement follows immediately from the fact that p-closure is a prege-
ometry. Cclaim 3

Claim 4. The relation | * satisfies monotonicity: If K J/Z Ly, then K \LZ L.
In particular, the relation | ™ satisfies finite character:
K | Ly <= k(@) | k() for all tuples @ in K and b in L.
k k

Proof of Claim 4. Since algebraic independence satisfies monotonicity, we need only
show that K L is differentially trap. The independence K J_/Z L yields that K JJ?CF Ly,

and thus K J/Ld L, by Fact (a). Now, the field KL, is differentially trap, so by
Remark (c), the basis SoU.Sy of C;(/fl as in Claimis separably differentially in-

dependent over K Li. In particular the p-basis Sy of C}gf is separably differentially
independent over KL, and thus over K L. We conclude that KL is differentially

trap, as desired.
Finite character now follows from Symmetry, Monotonicity and Remark [2.8] (a).
(claim 4

Claim 5. The relation | ™ satisfies local character: If K is countable, then there
exists some countable differentially perfect differential subfield £ of L with K£ J/Z L.

Proof of Claim 5. By Claim [4| and Remark (c), it is enough to find ¢ as above
and a differentially perfect subfield K’ of U containing K/ such that K’ J/?CF L.
To do that, we follow the proof of [I8, Fact 2.3].

By the local character of J/SCF, there is a countable subfield ¢y C L such that
Kty | 4o L Set now Ky = dcl(£pU K') the smallest differentially perfect differential
subfield of U containing ¢y U K, by Corollary (b). Notice that K; is again
countable.

By the local character of | again, where we name constants for the elements
of the differentially perfect differential subfield dcl(¢y) of K1NL, there is a countable
subfield ¢; C L such that K; \I/él L and dcl(4y) C ¢;. We iterate and define
inductively an increasing sequence of countable subfields

SCF

eogglggLa

such that the differentially perfect differential subfield dcl(¢,) belongs to ¢,11 as
well as an increasing sequence of differentially perfect differential subfields

K=KiCK CKyyC...CU

such that
SCF
del(¢,) € Kyptq and K,, | L for all nin N.
Ln



FORKING INDEPENDENCE IN DCFy 17

The differential fields
K'=|JK, and ¢=[]Jt,

are differentially perfect, by construction. By monotonicity and local character of

15°F | we have that K’ \L?CF L, as desired. Oclaim 5

For the next two claims, we will need the extra assumption that the compositum
KL is a differentially trap differential field, which will always be the case whenever
K |} L, so in particular if K | , L by Claim |4 Note that the compositum KL
need not be differentially perfect, so in the proof of transitivity, we will need to
work instead with its definable closure dcl(K U L), which is differentially perfect by

Corollary (b).

Claim 6. If the dzﬁ”erentz’aléeld KL is differentially trap and SoUS; is a p-basis of

C;f/ﬁ over KLy as in Claim|3, then S1 is a p-basis ofC;ép(KUL)Ll over dcl(KUL)L; .

Proof of Claim 6. Since Sy U Sy is a p-basis of C%fl over K L1, we get that S is a
p-basis of Cz/fl over K L1(Sp). Moreover, the set
So=J 9(S)

1<i<m
1<jeN

is algebraically independent over C’}(/fl and
KL (So) = KL1(S0)(So).
Using Fact (d), we obtain that S; is a p-basis of C[lf/flKLl (So) over K L1(Sp).
By Lemma [2.7] we get
del(K U L)Ly = KL{So)L1 = KL1(So)-
To finish the proof using Fact (¢), we need to notice that

sep
CiE KLu(S0) € CP 6y € (CHE KLu(S0))

The first inclusion is immediate, so we need only show the second one. Re-
mark [2.1f(a) yields that

Ckri(So) € C(r L1 (o))
)sep

= (CkLy(s0)
= (Crr, (KL1(S0))")™",
so the desired inclusion follows after composing with the inverse of the Frobenius
map, which is injective. Uctaim 6

We have now all the ingredients to establish the transitivity | ™.

Claim 7. The relation | * satisfies transitivity:

K| L and d(KUL) | Ly < K| L.
k L k
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Proof of Claim 7. For (<), assume that K \|/ L. Clalm I yields that K J/ L,
so we need only show that K J/ Ly, or equlvalently, that dcl(K U L) J/ Ly, for
KL need not be differentially perfect (but its definably closure dcl(K U L) is).

We first show that dcl(K L) J/ACF Ly. Since the field KL is differentially trap,
by Claim l it follows from Lemma (and the fact that Sy C (K L)*#) that

(1) del(K U L) = KL(Sy),
where
U 9/(50)
1<i<m
1<jeN

Now, because the set (9;(So U S1))1<i<m is differentially independent over K L1,
then so is (0;(S0))1<i<m- In particular, we obtain the following independence
__ ACF
2) So L KL
KL

Combining (/1)) and ( . we deduce that

ACF
(3) del(KUL) | L.
KL

Since K | 2“" Ly and k € L C Ly, we have that KL | 2" Ly, which yields

together with (3) that del(K U L) | 2% Ly.

Let us now conclude this direction showing that dcl(K U L)L, is differentially
trap. By Claim|[6] it suffices to show that (0;(S1))1<i<m is differentially independent
over del(KUL)L;. We know that (9;(S0))1<i<m U(0i(51))1<i<m is differentially in-
dependent over K Ly. Therefore, the set (0;(51))1<i<m is differentially independent
over

KL1{(9;(S0))1<i<m) = K L(S0)Ls.

Now, by the previous discussion, we have that dcl(KUL) = KL(E(/)), 50 (0;(51))1<i<m
is differentially independent over dcl(K U L)Lq, as desired.

For the direction (=), assume both independences K J/Z L and K J/z L;. In
particular, we have the field independences

ACF
K | L and KLJ/Ll
k L

Transitivity of algebraic independence | “°F yields that K J/:"CF Ly, so we need
only show that K L, is differentially trap, assuming that KL is, for K J/Z L.

By Claim [6] the set S; is a p-basis of Céélp(KL)Ll over dcl(K U L)L;. Observe
that the differential field dcl(K U L)L, is trap, by the independence

dc(KUL) | Ly,
L

so the set (0;(S1))1<i<m is differentially independent over dcl(K U L)L;. Now, the
elements of the p-basis Sy of C;(/f (and their derivatives) are clearly contained in
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del(K U L), so (0;(S1))1<i<m is differentially independent over K L;(Sp). Summa-
rizing, there exists by Claim [3|a p-basis Sy U S; of C}(/}jl such that

(9i(S0))1<i<m U (9;(51))1<i<m

is differentially independent over K L1, and thus the differential field KL is trap,
as desired. Oclaim 7

The stability of DCF,, ,,, and the description of non-forking independence follows

now from Claims [} [B] and [7} O
We finish this section with some considerations on the behaviour of forking
independence on the set of solutions of the equation d(x) = 1 in the theory

DCF,=DCF, ;. This study was the starting point of our research and we believe
it may bring some intuition to our notion of differentially trap fields.

Example 3.6. Working inside a sufficiently saturated model U of the theory DCF,,
every solution a to the equation 0(z) = 1 is transcendental over the perfect field F),.
Moreover, the differential field F,,(a) = Fp(a) is differentially perfect since d(a) = 1.
If b is any other solution, the element b — a belongs to Cy and thus we can consider

A= (b—a)?in Cwl‘ﬁ)a)le(b)' Since b = a + AP, we have

Fp(a)Fp(b) = Fy(a,b) = Fp(a, A7),

so A\ generates C;ﬁa » = Fpla, A) over Fy(a, b).

Assume now that a and b are J/DCF—independent, so in particular a and b (and
thus a and \) are algebraically independent over F,. It follows that {\} is a p-basis

of C];I/)fa’b) over F,(a,b), since

g (Ch ) Fola,b) = Fy(a,b) = Fy(a, )

Fp(ap)) Tr\& p\@s p\& A7)
Our description of J/DCF from Theorem ﬁ over the differentially perfect differen-
tial subfield IF,, implies that O(A\) must be differentially transcendental over F,(a, b).
Using that differential algebraicity induces a pregeometry (see [I7, Proposition 8
in §IL.8]), it is easy to see that this latter condition is equivalent to A itself being

differentially transcendental over I, since both a and b are differentially algebraic.
Thus, it follows from Theorem [3.5| that for a,b solutions of d(x) =1

ACF
a b
DCF

a | b = and

(b— a)'/? is differentially transcendental over F,,

The above example highlights a fundamental heuristic difference between forking
independence in DCF), ,,, with respect to other well-known theories of existentially
closed fields with operators such as DCFy or ACFA, which are 1-based over the
reduct to the pure algebraically closed field, in the sense of [4, Definition 4.1].
However, if there was a description of forking independence in DCF,, in terms of
the reduct to the theory of separably closed fields, Example [3.6] would yield that
differential transcendence over IF, reduces to a condition in the pure separably
closed field, which is not the case.
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4. BERNOULLI DIFFERENTIAL EQUATIONS IN POSITIVE CHARACTERISTIC

An ordinary differential equation of the form
oT)=T" forneZ

is a special case of the Bernoulli differential equation [3]. As shown by Leibniz,
the above equation reduces to the linear differential equation 9(X) = 1 via the
following variable substitution (for n # 1):

1
-

In the characteristic 0 case (i.e., in the theory DCFy), it follows that the set of
solutions of the equation O(T') = T™ is almost internal to the constant field: working
inside a sufficiently saturated differentially closed field M of characteristic 0, there
exists a countable differential subfield k such that every solution of the Bernoulli
equation is algebraic over the compositum subfield kC .

In the positive characteristic case, Leibniz’s method works when p does not divide
n — 1 and gives a finite-to-one definable function from the set of solutions of the
equation 9(T') = T™ onto U. Note that when n = 1 we obtain a similar result: the
set of solutions of I(T") = T is in definable bijection with Cy = UP, and hence also
with U (after composing with the inverse of Frobenius).

Now, if n = pm + 1 for some m # 0, then Leibniz’s method no longer works
for obvious reasons and in fact the solution set of (T") = T™ is not in definable
finite-to-finite correspondence with U. In this section we will exhibit an unexpected
model-theoretic explanation of this. We start with a couple of general remarks.

1-n

X =

Remark 4.1. Consider the equation 9(T) = T™ with n in Z.
(a) The formula
oT)=T"ANT #0

isolates a complete stationary type over F,: Indeed, if ¢ # 0 and d(a) = a™,
then a ¢ UP, for its derivative is not zero. In particular, the differential field
F2l8(a) = Fa'8(a) is differentially perfect, for the extension Fa'8(a) C UP is
separable by Fact (b). Corollary (a) yields now that any two non-
zero solutions of the equation have the same type over the algebraically closed
differential field F&'¢ and hence the type tp(a/F,) is stationary by Theorem

(b) If n = p*m + 1 where & > 0, p does not divide m and d(a) = a™, then the
element b = ma™ is a solution of the equation 9(X) = XP"+1. Since U is
separably closed, the map « — ma™ is a surjective map with finite fibers (of
size m) from the set of solutions in of the equation O(T') = T™ onto the set
of solutions of 9(X) = XP'+1. Since we later show that the set of non-zero
solutions of 9(X) = X P+ g geometrically trivial and Rg-categorical (having
the induced structure of a pure set, see Theorem , we get that the set of
non-zero solutions of 9(T) = T™ is geometrically trivial and Ng-categorical as
well in this case.

In view of Remark b), we will now focus our attention on studying the
behaviour of the generic solutions of the equation 9(T) = TP*+1 for k > 0 from the
point of view of geometric stability. For the following proposition, we first need an
auxiliary result, which is immediate.



FORKING INDEPENDENCE IN DCF, ,, 21

Remark 4.2. Consider a p-monomial w = X' ... X% with 0 < o; < p—1 for all
1< i< n. Given a = (ay,...,a,) € U™, we have that

Ow
YaX,

where on the right-hand side all the o;’s are considered as elements of F,. In

(@) = a;w(a) for each 1 <i < n,

particular, if each a; is a solution of 9(T) = T?"'+! for some k; > 1, then

ow(a) = Y g @dla) = Y - (@al = (Zaz’“ ) w(a).

Proposition 4.3. Consider pairwise distinct elements a1, ..., ay, each one a non-

zero solution of the equation (X)) = xphi+l forintegers k; > 1. Then, the elements
ai,...,an are p-independent over Iy, in U and thus they are algebraically indepen-
dent over Fp,, by Fact (e). Furthermore, the differential field

Fylal,...,an) =Fp(a1,...,an)
is differentially perfect, by Lemma[1.9 (c) and Remark[4.1] (a).
Proof. We first start with an easy observation.
Claim. The elements 1,a1,...,a, are linearly independent over UP.

Proof of the Claim. Suppose not and we will observe first that then ay,...,a, are
linearly dependent over UP. Take Ag, A1,..., A, in U which are not all 0 and such
that

N+ May+---+ MNa, =0.

It is clear that then not all A{,..., )\, are 0 and we have
n n n b1\ D
0=0(-\) =2 (Z /\fai> = No(a;) Z WSS (Aiaf; ’ ) a;.
i=1 i=1 i=1
If 1 < i < nissuch that A\; # 0, then \;a? . ;é 0 as well, so a1, ..., a, are linearly
dependent over UP indeed.
After possibly renumbering, we may take a smallest m > 2 such that aq,...,an,
are linearly dependent over U? and each proper subset of {ay,...,a;} is linearly

independent over UP. Let us take again Aq,..., A, in U such that
Nay + -+ X a,, =0.

Applying 0, we obtain

0=9(0)=0 (i m) =Y N
=1 i=1

By minimality of m, we can conclude that

k1 ko
) R
a =4y = = Gy,

Since m > 2 and a1 # ag, we must have that k; # ko. We may assume k < k.
ko —k
This implies that a; = a} eur , a contradiction. Oclaim
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In order to show now that the elements as,...,a, are p-independent, assume
otherwise and choose a non-trivial p-dependence P(X) of least possible length (i.e.,
smallest number of p-monomials appearing nontrivially in P), so

a) = Nwa(a)

for some elements A\, in U and p-monomials

n

wa(X) = [ X7

i=1
Now,

0= Z)\pa ZX” Zaa We(

Our minimal choice of the length of P 1mphes that for any « and 3, with A, and
Ag appearing in P, we have

n k n k

Pt _ pri
E oa; = E Bia;
i=1 i=1

Taking « and 8 such that ay # 31, we can re-write the above as

vl e+t el =0
with v; # 0 and v; € F,. We may assume that k; = k; for all 1 < i < iy and
k1 < k; for all ig + 1 < ¢ < n. Hence, the above yields

a1+ -+ Vi @i, € UP
Since v; = 4? and v, # 0, this contradicts the Claim. O

Proposition together with Theorem and Remark (c) yield now the
following result.

Corollary 4.4. Given pairwise distinct nonzero solutions aq, ..., a, of the equation
o(X) = xpi+1 for k > 1, the elements aq,...,a, are independent in the theory

DCF,; that is,
DCF
a; | ai,...,a;—1 forall2<i<n.

To analyze the induced structure on the definable set {z € U : d(z) = 2P +1},
we need the following fact which may be folklore.

Proposition 4.5. Suppose that V is a set definable in a model of a stable theory
which isolates a complete stationary type and such that forking on V' coincides with
equality. Then, V is strictly disintegrated. Namely, V has the induced structure of
a pure set. In particular, V is strongly minimal.

Proof. Since (by stability) V is stably embedded, it is enough to show that for any
ay,by,...,an,b, €V, we have

Ha1,...,an}t =n=1{b1,....b,} = tplar,...,a,) =tp(b1,...,bn).

However, the cardinality assumption and the assumption on forking on V' implies
that both (ay,...,a,) and (by,...,b,) are Morley sequences in the stationary com-
plete type isolated by V', so the result follows. (]
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Theorem 4.6. The equation O(T) = TP +1 for k > 1 defines a strongly minimal
set which is strictly disintegrated; in particular, it is geometrically trivial.

Moreover, if k < I, then the set of solutions of O(T) = TP +1 s orthogonal to
the set of solutions of (T) = TP *1.

Proof. The strict disintegration follows immediately from Proposition together
with Corollary and Remark (a).

By [28, Chapter 2, Lemma 4.3.1(iii)], two stationary types p and ¢ defined over
the same base set are orthogonal if and only if all for all n and m, the types p®™ and
¢®™ are weakly orthogonal, where p®” is the stationary type given by a Morley
sequence of p of length n. Hence, the moreover part follows from Proposition
4.5l ([l

Remark 4.7. We conclude by making a few notes on how our examples of geomet-
rically trivial strongly minimal sets compared to the known examples in the cases
of the theories DCFy and SCF, o.

(a) One may compare the transcendence statement from Proposition with the
corresponding results in the characteristic 0 case about strongly minimal and
geometrically trivial definable sets (see e.g. [Bl [15] 26]) which also give “Ax-
Schanuel like” consequences. We would also like to point out that our proof is
quite different than the corresponding proofs of strong minimality of differential
equations in characteristic 0: we show p-independence of distinct solutions
first, which then gives their algebraic independence and strict disintegration of
the set of solutions (directly implying strong minimality and triviality) almost
immediately.

(b) It is rather straightforward now to see what happens in the presence of parame-
ters. By Theorem [4.6|and the descripion of the model theoretic algebraic closure
in DCF,, (see Corollary (b)), a solution a of I(T') = TP*+1 is generic over a
differentially perfect differential subfield of U if and only if it is transcendental
over this subfield.

(c) An infinite set which is SCF,, -definable cannot have finite U-rank or even be
superstable: see part (4) of the remark after Proposition 2.11 in [§] which is
stated in the case of finite imperfection degree, but the argument works in the
case of SCF), o as well. Therefore, our strictly disintegrated example is “very
different” from SCF,, o-definable sets.

However, it can be easily shown (using Leibniz’s method) that if n is not
congruent to 1 modulo p, then the set

{reU| d(z)=2"}

is SCF, «-definable over one additional parameter.

(d) We could not find in the literature any examples of trivial types of U-rank one
in the theory SCF, o, so, in this sense, our strictly disintegrated example is
also new.

APPENDIX: A GENERAL CRITERION FOR STABILITY

We assume we have two countable languages £ C L', a complete L-theory T,
and a complete £'-theory T” such that T'C T”. Let us fix a monster model U = T",
so it is also a monster model of T'. All L-structures and L’-structures considered
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are assumed to be substructures of U. For any A C U, let (A), denote the £'-
substructure of U generated by A.

The proof of the following result comes from the proof of [18, Theorem 2.4| and
is inspired by Shelah’s proof of [29] Theorem 9.

Theorem 5.8. The conditions listed below imply that the theory T' is stable.

(1) The theory T is stable (and let us denote the corresponding forking-independence
relation by | ).
(2) The theory T' has quantifier elimination.
(3) (the | -coproduct condition) Suppose that
e M,M'/NET';
e MNN =M NN =: Ny;
° M\LNON andM'J/NON;
e there is an L' -isomorphism over Ny

fiM =M.
Then, f extends to an L'-isomorphism over N
Fi(MUN)Yz S (M UN) .
Proof. Let us fix N =T".

Claim 1. For any a € U, there is a countable L -substructure M, C U such that
a € M, and

M, | N.
M,NN

Proof of Claim 1. The proof is exactly the same as the proof of the construction
of K’ and ¢ in the proof of Claim [5| (local character of | ™) from the proof of
Theorem [B.5 Uclaim 1

For any a € U, we fix a countable £’'-structure M, as in the statement of Claim
We define the following equivalence relation on U. For any a,b € U, we set a ~ b if
and only if

M,NN = My,NN =: N,

and there is an £’ isomorphism

over N, such that f(a) = b.
Claim 2. For any a,b € U, if a ~ b then tp,(a/N) = tp2, (b/N).

Proof of Claim 2. Assume that a ~ b and let Ny, and f be as above. We are
now exactly in the situation from the “ | -coproduct condition” assumption, so f
extends to an £’-isomorphism

Fi{My,UN)z =5 (MyUN)
over N. Since f(a) = b, we obtain
g™ (a/N) = tpg™ (b/N).
Since T' has quantifier elimination, we get tp2,(a/N) = tp¥,(b/N). Oclaim 2
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It is clear that the relation ~ has at most | V| equivalence classes. By Claim 2,

the relation ~ is coarser than the equality of L'-types calculated in U, so T" is
stable. (]

Remark 5.9. (1) One can easily check that Theorem directly implies the

[1
[2

3

[4
5
6
[7
B

[9
10

(11

stability of DCF,, ., (taking T'= SCF), o).

(2) We expect that conditions (1)—(3) from the statement of Theorem
should be easy to check in suitable theories of fields with operators, where
T = ACF or T' = SCF,, «, since linear disjointness implies that the com-
positum comes from the tensor product (being the appropriate coproduct
in this context).

(3) In the unstable theory ACFA, one cannot put “quantifier elimination and
the | -coproduct condition” together.

(4) As Theorem indicates, it is hard to expect that one can improve the con-
clusion of Theorem [5.8|to include a description of the forking-independence
in the theory T”. It is still possible that one gets a description over mod-
els similar to the one in Fact but we do not know how to prove (or
disprove) it at the moment.

(5) Our proof of Theorem is inspired by Shelah’s proof of stability of DCF,,
(see [29, Theorem 9]). However, Shelah’s proof is more difficult, since he
uses only stability of the theory ACF,, rather than stability of the theory
SCFp, . That is why Shelah had to prove and use an additional result from
differential algebra (cf. [23] Lemma 7.6]) to conclude his proof. Historically,
the stability of SCF), o was an immediate consequence of stability of DCF,,
as observed by Macintyre. A separate proof of stability of SCF, o (still
informed by the proof of [29, Theorem 9]|) was found later by Macintyre,
Shelah, and Wood (see [34, Theorem 3]).
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