
MODEL THEORY OF GROUP ACTIONS ON FIELDS

1. Introduction and model theory of fields

This lecture is about algebraic model theory, which focuses on model-theoretic proper-
ties of concrete algebraic structures (as groups, fields, modules etc.). More specifically,
we will consider model theory of fields, where “field” is understood as “field with a
possible extra structure”. We note the following two examples of this extra structure:

 a derivation (resulting in the theory DCF);
 an automorphism (resulting in the theory ACFA).

These theories will be described to some extent during the lecture. Both of these theories
were studied a lot and the model-theoretic knowledge about them has applications in
areas outside of model theory as diophantine geometry or algebraic dynamics. We plan
to talk about group actions on fields. I will argue that this topic still fits into the
framework of two examples given above.

Regarding automorphisms, let us fix a field K. We have the following very general
bijection (easy exercise):

AutpKq ÐÑ tActions of pZ,�q on K by field automorphismsu.
Therefore, talking about automorphisms of the field K is the same as talking about
actions of the group pZ,�q on K. In this lecture, we will be interested in actions on
fields of finite groups and the model theory of such actions. The model theory of infinite
group actions is much more involved and it will be briefly mentioned at some point.

Regarding derivations, the situation is more complicated. Derivations of some kind
may be still understood as “group” actions, but it has to be properly explained what
does “group” mean in this context (for example, a non-trivial “group” may have no
non-trivial points!), which is interesting in its own. We will introduce the notion of an
affine finite group scheme, interpret their actions as derivations of some specific kind,
and then discuss the corresponding model theory. At this moment, let me just vaguely
say that if a field K has positive characteristic p, then derivations B on K such that
Bppq � 0 (B composed with itself p times) are “the same” as actions on K by the kernel
of the Frobenius map on the additive group.

I sketch below a rough plan of the lecture (there may be some changes).

(1) Lecture 1: Introduction and recalling some model theory of pure (that is: with-
out any extra structure) fields.

(2) Lectures 2–8: Model theory of finite group actions on fields. It will include
some notions from infinite Galois theory as: profinite groups, infinite Galois
correspondence, Frattini covers. All such notions will be defined.

(3) Lectures 9–12: A brief introduction to the theory of finite group schemes. This
topic formally belongs to algebraic geometry, but it is really about finite di-
mensional vector spaces with some extra structure. Some elements of category
theory will be introduced/recalled here as well.

1



2

(4) Lectures 13–15: Model theory of iterative derivations as finite group scheme
actions. We will understand actions of finite group schemes of a special type as
some kinds of derivations and then discuss the corresponding model theory.

1.1. Model theory of pure fields. I will recall first some statements from Prof.
Newelski’s lecture “Model Theory” (abbreviated by LN-lecture in the sequel). I will
consider these notions as already known and then add some extra results and com-
ments. We adopt the following convention: n is a fixed (but arbitrary) positive integer,
X � pX1, . . . , Xnq denotes an n-tuple of polynomial variables, and x � px1, . . . , xnq
denotes an n-tuple of logical variables.

From LN-lecture.
Let Lring � t0, 1,�, �,�u be the language of rings. We do not have to include “�” (it
was not included in the LN-lecture), but without it an Lring-substructure of a ring is
not necessarily a subring. Let p be a prime number or p � 0. Then, ACFp denotes the
Lring-theory whose class of models coincides with the class of algebraically closed fields
of characteristic p. The theory ACFp is complete and has quantifier elimination.

Let K be a subfield of a monster model M of ACFp and a be an n-tuple from M.
For a complete type q P SnpKq, we define:

Ipa{Kq :� tF P KrXs | F paq � 0u,
Ipqq :� tF P KrXs | “F pxq � 0” P qu.

Then, there is the following bijection:

(z) SnpKq Q q ÞÑ Ipqq P SpecpKrXsq
and for all b |ù q we have Ipb{Kq � Ipqq.

The following is obvious and could have been mentioned at the LN lecture: for a field
K, the K-terms in the language of rings are equivalent (modulo the theory of rings) to
terms of the form W pxq for some W P KrXs.

Extra results, definitions, and comments (not from LN Lecture).
There is a natural topology on SpecpKrXsq which is described in Problem 1.2. The
bijection pzq above is continuous, but it is not a homeomorphism (SnpKq is compact,
so how can it happen?). The Stone topology on SnpKq is richer than the topology on
SpecpKrXsq, but the topology on SpecpKrXsq is “smarter” than the Stone topology
on SnpKq, since it distinguishes definable sets given by polynomial equations as closed
sets.

For any field K, there is the Zariski topology on Kn (see Problem 1.1). If Ω is an
algebraically closed field, then we sometimes call Zariski closed sets in Ωn by (affine)
varieties. If K � Ω is a subfield, then we sometimes call K-closed sets in Ωn (see
Problem 1.4) by (affine) K-varieties. Irreducible (in the Zariski topology on Ωn) K-
varieties are sometimes called absolutely irreducible. This “absolutely” is added here to
emphasize that this is a stronger notion than K-irreducibility. For a K-variety V � Ωn,
there are three possible notions of irreducibility:

 K-irreducibility (see Problem 1.5),
 (absolute) irreducibility,
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 irreducibility of V XKn (denoted by V pKq) in the Zariski topology on Kn.

It is clear that (absolute) irreducibility implies K-irreducibility. Problem 1.5 shows that
there are no other implications in general.

By a model-theoretic analysis, we can quickly obtain the following result.

Theorem 1.1 (Weak Hilbert’s Nullstellensatz). Suppose that Ω is an algebraically
closed field and I is a proper ideal of ΩrXs (recall that X � pX1, . . . , Xnq). Then,
there is a P Ωn such that for all F P I we have F paq � 0.

Proof. Let F1, . . . , Fr P I be such that I � pF1, . . . , Frq (Hilbert’s Basissatz). It is
enough to find a P Ωn such that F1paq � . . . � Frpaq � 0. Since I � ΩrXs, I extends to
a maximal ideal m P ΩrXs. Let L :� ΩrXs{m (it is a field) and Φ : Ω Ñ L denote the
following composition:

Ω
� // ΩrXs // ΩrXs{m � L.

Since Φ is a homomorphism of fields, it is an embedding. Hence we can identify Ω with
a subfield of L. Let

v :� pX1 �m, . . . , Xn �mq P Ln.
It is easy to check (but some care is necessary) that

F1pvq � . . . � Frpvq � 0.

Let Lalg denote the algebraic closure of L. We have that:

Lalg |ù pDxqpF1pxq � 0^ . . .^ Frpxq � 0q.
Let p :� charpΩq. Since the theory ACFp has quantifier elimination, the field extension

Ω � Lalg is elementary and we have:

Ω |ù pDxqpF1pxq � 0^ . . .^ Frpxq � 0q.
Therefore, there is a P Ωn such that F1paq � . . . � Frpaq � 0, which finishes the
proof. �

We still assume that Ω is an algebraically closed field. For a Zariski closed subset
V � Ωn, let us denote:

IpV q :� tF P ΩrXs | F pV q � 0u.
For a K-closed subset V � Ωn, let us denote:

IKpV q :� tF P KrXs | F pV q � 0u � IpV q XKrXs.
Using Weak Nullstellensatz, one can show the following (we will come back to these
proofs later).

(1) (Hilbert’s Nullstellensatz) For any A � ΩrXs, we have (see Problem 1.1 for the
definition of ZpAq):

IpZpAqq �
a
pAq,

where
a
pAq denotes the radical of the ideal of ΩrXs generated by A.

(2) For a Zariski closed subset V � Ωn, we have that V is irreducible if and only if
the ideal IpV q is prime in the ring ΩrXs.

(3) For a K-closed subset V � Ωn, we have that V is K-irreducible if and only if
the ideal IKpV q is prime in the ring KrXs.
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Problem List 1

Let Ω be a field, K is a subfield of Ω, n ¡ 0, and X � pX1, . . . , Xnq.
(1) Let A � ΩrXs. We define:

ZpAq :� ta P Ωn | p@F P AqpF paq � 0qu.

Show the following.
(a) The sets of the form ZpAq are the closed sets of a topology on Ωn, which

is called the Zariski topology.
(b) The topological space from Item (a) above is Noetherian, that is each de-

creasing sequence of closed subsets stabilizes.
(c) A subspace of an arbitrary Noetherian topological space is again Noetherian

(with the induced topology).
(d) Each Noetherian topological space decomposes into a finite number of ir-

reducible closed subsets, that is subsets that can not be presented as a
non-trivial union of two closed subsets.

(2) Let R be a commutative ring with 1 and let SpecpRq be the set of all prime
ideals of R. For I P R, we define:

V pIq � tP P SpecpRq | I � P u.

Let P P SpecpRq. Show the following.
(a) The sets of the form V pIq are the closed sets of a topology on SpecpRq.
(b) The singleton tP u is closed if and only P is a maximal ideal.

(3) Show that the following map:

Ψ : Ωn Ñ SpecpΩrXsq, Ψpa1, . . . , anq � pX1 � a1, . . . , Xn � anqC ΩrXs

is a homeomorphism between Ωn (with the Zariski topology) and ΨpΩnq (with
the subspace topology induced from SpecpΩrXsq).

(4) A closed subset V � Ωn is K-closed, if there is A � KrXs such that V � ZpAq.
For a K-closed V � Ωn, we denote V pKq :� V XKn. Show the following.
(a) The K-closed sets are the closed sets of a Noetherian topology on Ωn.
(b) The subspace topology on Kn induced from Ωn with the K-closed set topol-

ogy from Item (a) coincides with the Zariski topology on Kn.
(c) The subspace topology on Kn induced from Ωn with the Zariski topology

coincides with the Zariski topology on Kn. That is: for any closed subset
V � Ωn, there is a K-closed subset VK � Ωn such that V pKq � VKpKq.
(Find an elementary algebraic proof, don’t use model-theoretic stability.)

(5) A K-closed set is K-irreducible, if it is an irreducible set in the topology from
Problem (4a). Find the following examples of K,Ω and K-closed V � Ωn.
(a) V is K-irreducible and V is not irreducible.
(b) V is irreducible and V pKq is not empty and not irreducible (in Kn).
(c) V is not K-irreducible and V pKq is not empty and irreducible (in Kn).
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2. Model companion and model-theoretic set-up for group actions

2.1. Model companion. Let L be a language, κ be a cardinal number and suppose
that for each i   κ, there is an L-structure Mi. We say that pMiqi κ is a chain of
L-structures, if for each i   j, we have that Mi is an L-substructure of Mj . It is clear
that if pMiqi κ is a chain of L-structures, then the increasing union

M :�
¤
i κ

Mi

has a unique L-structure such that each Mi is an L-substructure of M .
Let T be an L-theory. We say that pMiqi κ is a chain of models of T , if it is a chain

of L-structures and each Mi is a model of T .

Definition 2.1. The theory T is inductive, if for each chain of models of T , its union
is also a model of T .

A @D-formula is a formula of the form @xDyϕpx, y, zq, where ϕpx, y, zq is a quantifier-
free formula and x, y, z are tuples of variables.

An L-theory T is a @D-theory, if there is an L-theory T 1 such that T 1 consists of
@D-sentences and T 1 is equivalent to T (that is: the class of models of T coincides with
the class of models of T 1; in short: “T and T 1 have the same models”).

Proposition 2.2. A theory is inductive if and only if it is a @D-theory.

Problem 2.1 asks for a proof of the right-to-left implication. We skip a proof of
the left-to-right implication, since all the theories considered in this lecture will be
@D-theories.

Definition 2.3. Let M |ù T . We say that M is an existentially closed (abbreviated
e.c.) model of T , if for any quantifier free LM -formula χpxq and any L-extension M � N
of models of T , we have that:

N |ù Dxχpxq implies M |ù Dxχpxq.
Intuitively, all solvable in an extension of M “systems of (in)equations” (represented

by a quantifier-free formula) can be already solved in M (Hodges: “Existentially closed
structures are one of those happy ideas which occur to several different mathematicians
at different times and places, beginning with those Renaissance scholars who invented
imaginary numbers.”).

We will use the following natural convention. If, for example, we say: “G is an e.c.
group”, then we mean “G is an e.c. model of the theory of groups”. Similarly for rings,
fields etc.

Example 2.4. We will show that the class of existentially closed fields (or domains)
coincides with the class of algebraically closed fields. It is clear that any existentially
closed field is algebraically closed, since any polynomial of positive degree with coeffi-
cients from a field F has a zero in a field extension of F .

For the opposite implication, let F be an algebraically closed field and we will show
that F is existentially closed. Let ϕpxq be a quantifier-free LF -formula and F � K be
a field extension such that K |ù Dxϕpxq. We need to show that F |ù Dxϕpxq. Since
ϕpxq is quantifier-free, it is a Boolean combination of atomic formulas. By the form of
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terms in the language LF , the atomic formulas in LF are equivalent (modulo the theory
of rings) to ones of the form “W pxq � 0”, where W P F rXs. For any field extension
F �M and any a PMn, we clearly have that:

(♠) M |ù  pW paq � 0q if and only if M |ù �
W paqW paq�1 � 1

�
.

We replace any atomic formula of the form “ pW pxq � 0q” in ϕpxq with the formula
“W pxqt � 1”, where t is a new variable and we obtain in this way a new quantifier free
formula ϕ1px, tq without negations of atomic formulas. By p♠q, we get that:

M |ù Dxϕpxq if and only if M |ù DxDtϕ1px, tq.
Therefore, we can replace in this proof ϕpxq with ϕpx, tq and assume without loss of
generality that ϕpxq does not contain negations of atomic formulas (“Rabinowitsch
trick”). We can also assume that ϕpxq does not have any disjunctions and as a result
ϕpxq is of the form: “W1pxq � 0^ . . .^Wrpxq � 0” for some W1, . . . ,Wr P F rXs. Since
K |ù Dxϕpxq, we get that

I :� pW1, . . . ,WrqF rXs � F rXs
(otherwise we would get K |ù p1 � 0q). By Weak Hilbert’s Nullstellensatz (Theorem
1.1), the ideal I has a zero in F . In particular, we obtain F |ù Dxϕpxq, which finishes
the proof.

Remark 2.5. Using quantifier elimination for the theory ACFp (where p � charpF q),
one could conclude the proof from Example 2.4 in the following, much quicker, way. By
quantifier elimination, the field extension F � Kalg is elementary. Since K |ù Dxϕpxq
and ϕpxq is quantifier-free, we also get Kalg |ù Dxϕpxq. Since the field extension F �
Kalg is elementary, we get F |ù Dxϕpxq.

However, the more complicated proof from Example 2.4 will be useful in situations
where we do not have any theory with quantifier-elimination “at hand” and this is the
situation one usually encounters.

Lemma 2.6. Assume that T is inductive and M |ù T . Then, there is an L-extension
M � N such that N is an e.c. model of T .

The proof of Lemma 2.6 is similar to the proof of existence of an algebraic closure of
a field, but it is even simpler: in the case of fields, for a given non-constant polynomial
W P F rXs in a single variable one has to construct a field extension F � K such that W
has a zero in K and then use induction. In our case, for any “solvable” quantifier-free
formula, we already have an extension, so we need only to use (transfinite) induction
which is left as Problem 2.2.

By Lemma 2.6, existentially closed models exists. We give below a definition of the
notion of a model companion in a form which is convenient for us.

Definition 2.7. For an inductive L-theory T , we call an L-theory T � a model companion
of T if the class of models of T � coincides with the class of e.c. models of T .

Remark 2.8. A class of L-structures is elementary, if there is an L-theory T 1 such that
this class coincides with the class of models of T 1. Therefore, for an inductive theory
T , T has a model companion if and only if the class of e.c. models of T is elementary
(and the model companion coincides with the axiomatization of this class).
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We recall that a theory T is model complete if every L-extension of models of T is
elementary.

Remark 2.9. Let T be an arbitrary L-theory. We collect some general definitions and
results without proofs.

(1) A companion of T is a theory T 1 such that every model of T can be embedded
in a model of T 1, and every model of T 1 can be embedded in a model of T .

(2) A model companion is a companion which is model complete. It was shown by
Robinson that any theory has at most one model companion.

(3) For inductive theories, the above definition coincides with Definition 2.7.

Let us recall that an L-structure M is κ-saturated, if

 for all A �M such that |A|   κ,
 for all finitely satisfiable in M sets of LA-formulas ppxq (in other words: types

in M over A);

the type ppxq is satisfiable in M . We say that M is a κ-saturated model of T , if M |ù T
and M is a κ-saturated L-structure.

Remark 2.10. If T is inductive, then it has e.c. models. For any cardinal κ, an
arbitrary theory T has κ-saturated models. Therefore, if T has a model companion,
then T also has κ-saturated e.c. models, so it has “very big models”.

Example 2.11. Model companions and non-companionable theories (Hodges: “There
are many examples of non-companionable theories, but most of them depend on sub-
stantial mathematics”).

(1) The theory of sets has a model companion, which is the theory of infinite sets
(Problem 2.3).

(2) The theory of linear orders has a model companion, which is the theory of dense
linear orders without end-points (Problem 2.4).

(3) By Example 2.4, the theory of fields has a model companion, which is the theory
of algebraically closed fields.

(4) The theory of difference (or transformal) fields (that is: fields with an auto-
morphism) has a model companion, which is called ACFA. The axioms will be
discussed later.

(5) The theory of differential fields (that is: fields with a derivation) has a model
companion, which is called DCF. The axioms will be discussed later.

(6) The theory of commutative groups has a model companion, which is the theory
of commutative divisible groups having infinitely many elements of order p for
every prime p (Problem 2.7).

(7) The theory of groups has no model companion.

Proof. Suppose that the theory of groups has a model companion and we will
reach a contradiction. Let G be a “monster model” of this model companion,
that is an e.c. group, which is κ-saturated and κ-strongly homogenous for some
κ ¡ c. There are at most continuum orbits of the action of AutpGq on G,
since there are at most continuum 1-types over empty set calculated in G. By
Problem 2.8(a), there are at most continuum conjugacy classes in G. Using this



8

and the κ-saturation of G, we get that there are finitely many conjugacy classes
in G, which contradicts Problem 2.8(c). �

It can be shown that every e.c. group is “ultrahomogeneous”; that is: every
isomorphism between finitely generated subgroups extends to an inner automor-
phism.

(8) The theory of commutative rings has no model companion.

Proof. It is enough to show that a non-principal ultrapower of an e.c. commu-
tative ring is not e.c.

Let A be an e.c. commutative ring and assume that:

�A :�
¹
I

A{U

is e.c. We will reach a contradiction. Since A is e.c., for each n ¡ 0 there is
rn P A such that rn�1

n � 0 � rnn (nilpotent of degree n). Let

r :� prnqn{U P �A.

By  Loś Theorem, r is not nilpotent. By Problem 2.9(a), there is a ring extension
�A � B and an idempotent element b P B such that r divides b in B. Since �A
is e.c., there is an idempotent element a P �A such that r divides a in A. By
 Loś Theorem again, there is n ¡ 0 (even infinitely many n’s) such that there is
an idempotent element an P A such that rn divides an in A. By Problem 2.9(a),
rn is not nilpotent, a contradiction. �

In Problem 2.9(b), you are asked to transform (“to un- Loś”) the above proof
to show that there is no ℵ0-saturated and existentially closed commutative ring.

If we want to study model-theoretic properties of some axiomatizable objects (as
differential fields, ordered sets or group actions on fields), it is natural to start from a
model companion of the corresponding theory (if it exists). Then, we get a nice model
complete theory of “large” objects of the kind we are interested in. Hence, the first
natural question in this context is: does a model companion of a given theory exist? A
large part of this lecture is related to this question in the case of group actions on fields.

2.2. Model-theoretic set-up for group actions on fields. Let us fix a group G,
we will usually denote the group operation in G by “nothing”, that is hg for h, g P G,
and the neutral element is denoted by e. We use the following (not very standard)
terminology: we call a pair consisting of a ring together with a G-action on this ring by
G-ring. Similarly, we consider G-fields, G-ring/G-field extensions, etc.

We define the following language of G-rings:

LG :� Lring Y tλg | g P Gu,
where each λg is a unary function symbol. Then, the theory of G-fields, abbreviated
G� TF, is the following:

G� TF :� Theory of fields Y tλg � λh � λgh | g, h P Gu Y tλe � idGu
Y tλg is a field automorphism | g P Gu.
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It is clear that the class of models of the theory G � TF coincides with the class of
G-fields after the identification (g P G, a P K):

ϕ : G ÝÑ AutpKq, λgpaq � ϕpgqpaqp� g � aq.
Remark 2.12. It is often more natural and more convenient to consider the language
coming from a chosen set of generators of the group G. For example, if G � Z, then the
natural language is Lσ :� LringYtσu, where σ is a unary function symbol corresponding
to a generator of the group Z. This is the language of difference rings, that is rings
with an automorphism.

As mentioned in the previous subsection, the main question is: does a model com-
panion of the theory G� TF exist?

Example 2.13. We give one positive and one negative example.

(1) If G � Z, then G�TF corresponds to the theory of difference fields and a model
companion exists (the theory ACFA).

(2) If G � Z � Z, then G � TF corresponds to the theory of fields with two com-
muting automorphisms. Quite surprisingly, the model companion does not exist
(Hrushovski).

If we drop the commutativity assumption (that is, we consider actions of the
free group F2), then a model companion exists.

Characterizing the class of groups G such that a model companion of the theory
G � TF exists seems to be a very hard problem, it is not even clear what an answer
should be. I will comment more on this later, after we learn some model theory of finite
group actions on fields.



10

Problem List 2

For k ¡ 0, Ck denotes the cyclic group of order k. Let P denote the set of prime
numbers. For an Abelian group A and p P P, we define the following subgroups of A:

Arks :� ta P A | ka � 0u, A rp8s �
8¤
n�1

A rpns .

(1) Show that if T is an @D-theory, then for each chain of models of T , its union is
also a model of T .

(2) Show that any model of an inductive theory T extends to an e.c. model of T .
(3) Show that the theory of infinite sets is a model companion of the theory of sets

(the empty theory in the language of equality).
(4) Show that the theory of densely linearly ordered sets without end-points is a

model companion of the theory of linearly ordered sets.
(5) Show that any e.c. domain is an algebraically closed field.
(6) If k|l, then we regard Ck as a subgroup of Cl. For p P P, show the following:

C�rp8s �
8¤
n�1

Cpn � pQ{Zq rp8s.

We denote Cp8 :� �8
n�1Cpn and call it the Prüfer p-group.

(7) Let A be a commutative group. Show the following.
(a) The group A is divisible if and only if we have

A � Q`κ `à
pPP

pCp8q`κp ,

where κ, κp are cardinal numbers and, for example, Q`κ stands for
À

i κQ.
(b) For a fixed commutative divisible group A, the cardinal numbers κ, κp from

Item (a) are unique. The Prüfer p-rank of A is defined as κp.
(c) If A is divisible, then for any p P P, the Prüfer p-rank of A coincides with

dimFppArpsq (Arps has the obvious structure of a vector space over Fp).
(d) There is a theory T8 whose models are divisible commutative groups having

infinite Prüfer p-rank for all p P P.
(e) There is B |ù T8 and a monomorphism AÑ B.
(f) If A is divisible and A ¤ B is a group extension, then there is A1 ¤ B such

that B � A`A1.
(g) The theory T8 is a model companion of the theory of commutative groups.

(8) Suppose that G is an e.c. group and a, b P G. Show the following.
(a) If there is f P AutpGq such that fpaq � b, then a and b are conjugate in G.
(b) For any k ¡ 0, there is an element of order k in G.
(c) The group G has infinitely many conjugacy classes.

(9) Let R be a commutative ring and r P R.
(a) Show that r is not nilpotent if and only if there is a ring extension R � S

and a non-zero idempotent s P S (s2 � s) such that r divides s in S.
(b) Show that there is no ℵ0-saturated e.c. commutative ring.

(10) Show that the class of non-algebraically closed fields is not elementary.
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3. Finite Galois theory and actions of finite groups

3.1. Finite Galois theory. I collect below some facts related with finite Galois theory,
which I assume you already know.

For a field K, Ksep denotes a fixed separable closure of K and Kalg denotes a fixed
algebraic closure (containing Ksep) of K. For any k ¡ 0, Ck denotes a cyclic group of
order k. If K � L is a Galois field extension (so far, finite), then GalpL{Kq denotes
AutpL{Kq, that is the field automorphisms of L fixing K pointwise. For l ¡ 0, ζl P Ksep

denotes a primitive l-th root of unity (it exists if and only if charpKq - l). If a group G
acts on K by field automorphisms, then we define:

KG :� tx P K | p@g P Gqpg � x � xqu,
which is the subfield of invariants. If the group G is moreover finite and the action of G
on K is faithful, then the field extension KG � K is Galois of degree |G| (the order of G).

Let p be a prime number.
The following result describes Galois extensions of degree p in the case when p is not

the characteristic (and one more condition is satisfied). There are more general versions
of the result below, but we focus on a version we will need later.

Theorem 3.1 (Kummer theory of cyclic extensions). Let F � C be a Galois extension
of degree p such that charpF q � p. Assume moreover that ζp P F . Then, there is γ P C
such that C � F pγq and γp P F .

One formal comment: for any n ¡ 0, if ζ, ζ 1 are n-th primitive roots of unity, then ζ 1

is a power of ζ (and vice-versa), so for any appropriate field K, we have:

ζ P K ðñ ζ 1 P K,
hence the statement “ζn P K” is unambiguous.

The following result describes Galois extensions of degree p in the case when p coin-
cides with the characteristic.

Theorem 3.2 (Artin-Schreier theory of cyclic extensions). Let F � C be a Galois
extension of degree p such that charpF q � p. Then, there is γ P C such that C � F pγq
and γp � γ P F .

3.2. Actions of finite groups. We assume that G is a finite group of cardinality k
and we write

G � tg1 � e, g2, . . . , gku.
Example 3.3. If the group G is trivial, then the class of G-fields coincides with the
class of fields, hence a model companion exists and it coincides with the theory ACF.

From now on, we assume that G is non-trivial, which will be sometimes explicitly
recalled. To fix our intuitions, we consider first actions on algebraically closed fields.
Recall that if a finite group G acts on K, then the field extension KG � K is finite, so
the following classical result is very relevant here.

Theorem 3.4 (Artin-Schreier). Let F be a field whose algebraic closure is a finite
proper extension. Then F has characteristic 0 and its algebraic closure is the quadratic
extension F piq.
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Before the proof, let us discuss some consequences. By Theorem 3.4, we get that
if a finite non-trivial group G acts faithfully on an algebraically closed field K, then
charpKq � 0 and G � C2 (we apply Theorem 3.4 for F :� KG). We will see below that
this unique possibility still does not yield an existentially closed C2-field.

Example 3.5. The field C with the complex conjugation σ is clearly a C2-field, since
σ2 � id. We will see below that pC, σq is not an existentially closed C2-field. We
consider the following “difference equation”:

xσpxq � �1.

It has no solutions in the C2-field pC, σq, since for any z P C we have:

zσpzq � |z|2 ¥ 0.

But it has a solution (for example: X) in the following C2-field extension:

pCpXq, rσq, rσpXq � �1{X
(by Problem 3.6, there is a unique such C2-field extension).

Having the above information, one can show that if K is an existentially closed G-
field (G finite and non-trivial), then K is not algebraically (and even separably) closed
(Problem 3.8). So, what kind of fields we obtain as (the underlying fields) of G-fields
for G as above? We will learn the answer during the next lectures.

Our presentation of the proof of Theorem 3.4 follows Conrad’s notes: https://kconrad.
math.uconn.edu/blurbs/galoistheory/artinschreier.pdf and many steps are left
for problem sessions. It is convenient to separate the following important partial result.

Proposition 3.6. Let F � C be a Galois extension such that rC : F s � p is a prime
number and the field C is algebraically closed. Then, we have the following:

(i) p � 2,
(ii) charpCq � 2,
(iii) i :� ζ4 �

?�1 R F .

Proof. We show first that charpCq � p. Assume that charpCq � p and we will reach a
contradiction. By Theorem 3.2, there is a P F such that C � F pαq, where α is a root of
the irreducible polynomial Xp �X � a P F rXs. Any b P C can be uniquely written as:

b � b0 � b1α� . . .� bp�1α
p�1

for some b0, . . . , bp�1 P F . Then, it can be computed that:

bp � b � ppbp�1qp � bp�1qαp�1 � lower degree terms in α.

Take b P C such that aαp�1 � bp � b (such b exists, since C is algebraically closed).
Then we have (for bi as above, which are related to our choice of b):

aαp�1 � ppbp�1qp � bp�1qαp�1 � lower degree terms in α.

By uniqueness of the coefficients above, we get that a � pbp�1qp� bp�1. Hence bp�1 P F
is a root of the irreducible polynomial Xp �X � a P F rXs, which is a contradiction by
Bezout’s Theorem.

https://kconrad.math.uconn.edu/blurbs/galoistheory/artinschreier.pdf
https://kconrad.math.uconn.edu/blurbs/galoistheory/artinschreier.pdf
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We have shown that charpCq � p and we proceed now with the main argument, that is
we aim to show that p � 2 which will give us Items (i) and (ii). Since C is an algebraically
closed field and charpCq � p, we obtain that ζp P C. Since rF pζpq : F s ¤ p � 1 and
rC : F s � p is a prime number, we get that ζp P F . By Theorem 3.1, there is γ P C
such that C � F pγq and γp P F .

Let σ be a generator of the Galois group GalpC{F q and β P C be such that βp � γ.

Since βp
2 � γp P F , we obtain the following:

βp
2 � σ

�
βp

2
	
� pσ pβqqp2 .

Therefore, there is ω P C such that ωp
2 � 1 and:

(1) σpβq � ωβ.

Since ωp is a p-th root of unity, arguing as we did above for ζp, we obtain ωp P F , which
implies that pσpωq{ωqp � 1.

If ωp � 1, then we get a contradiction since it implies σpβpq � βp, so γ � βp P F and
C � F pγq � F . Hence ωp is a primitive p-th root of unity. Since ωp is a primitive p-th
root of unity and σpωq{ω is a p-th root of unity, there is k P Z such that σpωq{ω � pωpqk,
that is:

(2) σpωq � ω1�pk.

From (1) and (2), we obtain the following (for n ¥ 0, σn denotes σ composed with itself
n times):

β � σppβq
� ωσpωq . . . σp�1pωqβ
� ω1�p1�pkq�...�p1�pkqp�1

β.

Since the multiplicative order of ω is p2, we get the following congruences modulo p2

(the last one is even the equality):

0 �
p�1̧

j�0

p1� pkqj

�
p�1̧

j�0

p1� jpkq

� p� ppp� 1q
2

pk.

This implies that p divides 1� kppp� 1q{2, hence p � 2 and k is odd, so we have shown
Items (i) and (ii).

It remains to show Item (iii) saying that i R F . Since p � 2, ω has multiplicative
order 4. Hence ω � i and we get the following (since k is odd):

σpωq � ω1�2k � ω3 � ω.

Therefore, we get that
ω � i R F � Fixpσq,

which finishes the proof. �
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We can conclude now the proof of the Artin-Schreier Theorem.

Proof of Theorem 3.4. Let C :� F alg. By Problem 3.3, the field extension F � C is
Galois. The main point in this proof is to show the following.

Claim
rC : F s � 2.

Proof of Claim. Let us assume that rC : F s � 2 and we will reach a contradiction.
Since rC : F s � 2, we get that t|rC : F s, where t � 4 or t is an odd prime. Since
GalpC{F q � rC : F s, we get by the Sylow theorems that there is H ¤ GalpC{F q such
that |H| � t. Let us set K :� CH . By Galois theory, we get rC : Ks � t. By Proposition
3.6(i), we obtain that t can not be an odd prime, so t � 4.

Since
|GalpC{Kq| � rC : Ks � t � 4,

GalpC{Kq has a subgroup of order 2. By Galois theory again, there is a tower of fields
K � K 1 � C such that rC : K 1s � 2. By Proposition 3.6(iii), we obtain that i R K 1,
therefore i R K. But then rC : Kpiqs � 2 and by Proposition 3.6(iii) again we get that
i R Kpiq, which is a contradiction finishing the proof of Claim. �

By Proposition 3.6 (and Claim), charpF q � 2 and i R F . Since the field C � F piq is
algebraically closed, we get that every element of F piq is a square in F piq. Therefore,
the assumption from Problem 3.4 are satisfied and by Problem 3.4(b), we get that F
has characteristic 0, which finishes the proof of Theorem 3.4. �

Remark 3.7. (1) It can be shown that “algebraically closed” from the statement
of Theorem 3.4 can be replaced with “separably closed” there.

(2) Problem 3.5 shows that any F from the statement of Theorem 3.4 “looks like
R”, that is F is an ordered field whose positive elements are non-zero squares.
Actually, such an F is a real closed field, so F and R are elementary equivalent
(we will not prove it).

(3) There are “non-standard” fields F as in the statement of Theorem 3.4 of arbi-
trary infinite cardinality (Problem 3.10).



15

Problem List 3

Let G be a group and i � ζ4 denote a 4-th primitive root of unity.

(1) Let F be a field of characteristic p ¡ 0, a P F , and m P N. Show that if a is not
a p-th power in F , then the polynomial Xpm � a is irreducible in F rXs.

(2) Suppose that F � K is a field extension such that F is not perfect and K is
perfect. Show that this extension is infinite.

(3) Let F � C be a finite field extension such that the field C is algebraically closed.
Show that this field extension is Galois.
You are not allowed to use the Artin-Schreier Theorem in this proof!

(4) Suppose that F is a field such that:
 charpF q � 2;
 i R F ;
 every element of F piq is a square in F piq.

Show the following.
(a) Every finite sum of squares in F is a square in F .
(b) The field F has characteristic 0.

(5) Let F be a field of characteristic 0 such that i R F and F piq is an algebraically
closed field.
(a) Show that for every a P F �, exactly one of a and �a is a square.
(b) Show that if a1, . . . , an P F � (n ¡ 0) are squares, then a1 � . . . � an is a

non-zero square.
(c) Give the definition of an ordered field pK, q.
(d) Show that F becomes an ordered field with the order defined as:

a ¤ b ðñ b� a is a square.

(6) Let σ P AutpCq be the complex conjugation. Show the following.
(a) There is a unique rσ P AutpCpXqq such that rσpXq � �1{X and for any

z P C we have rσpzq � σpzq.
(b) For rσ from Item (a) above, we have rσ � rσ � id.

(7) Suppose that K is an existentially closed G-field. Show that the field K is
perfect (G need not be finite here).

(8) Suppose that K is an existentially closed G-field and G is finite. Show the
following.
(a) The field K is not algebraically closed.
(b) The field K is not separably closed.

(9) Let L be a language, κ be a cardinal number andM be a κ-saturated L-structure.
(a) Give the definition of a consistent type in variables pxiqi κ.
(b) Let ppxiqi κ be a consistent type (with respect to the theory ThpMq) in

variables pxiqi κ. Show that p has a realization in M .
(c) Suppose that L is the language of groups. Write down a type ppxiqi κ

expressing the property that there are at least κ different conjugacy classes.
(10) Show that for every infinite cardinal number κ, there is an algebraically closed

field C such that |C| � κ and C has an automorphism of order 2.
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4. Infinite Galois theory

It may seem strange that to understand the model theory of actions of finite groups
on fields, we need to know some Galois theory of infinite Galois extensions. The reason
comes from the last lecture: if an action of a finite group G on a field K is “interesting”,
then K has arbitrarily large finite field extensions and we need to understand them all
(they are first-order interpretable in the field K). The best think to do is to understand
the entire infinite Galois field extension K � Ksep and exactly for this purpose we need
the infinite Galois theory.

I will present necessary results and definitions from the Galois theory of infinite
algebraic extensions. The crucial notion here is the notion of a profinite group, which
is a topological group of a special type.

Let us start with a general example which is crucial for us. We will also give an
explicit example of this situation to understand all the related concepts better. At the
same time, we will also state some formal definitions related to this general example.
Assume that K �M is a Galois field extension (possibly infinite) and GalpM{Kq is its
Galois group (possibly infinite).

Example 4.1. As an explicit example, we take a prime field of positive characteristic

K :� Fp and M :� Falg
p . The choice of the prime number p does not matter here.

The above example fits into the following general definition.

Definition 4.2. Let F be a field. We denote:

GalpF q :� GalpF sep{F q
and call this group the absolute Galois group of the field F .

Since the field Fp is perfect, we get that Fsep
p � Falg

p and GalpFpq � GalpF alg
p {Fpq.

We consider now the direct system of finite Galois subextensions, where any such
subextension is the following tower of fields:

K � Ki �M

and we assume that K � Ki is a finite Galois extension.

Example 4.3. In the situation from the explicit example, we have:

Fp � Fpi � Falg
p .

There is a set of indices I such that:

pK � Ki �MqiPI
is the collection of all such towers and we put a partial order on I by declaring:

i ¤ j ðñ Ki � Kj

(actually, this family of towers is “ordering itself” by inclusion, but it is aesthetically
nicer to have this indexing partially ordered set I).

Example 4.4. In the situation from the explicit example, we have I � N¡0. However,
the order is not the usual order onN¡0 but it is the divisibility order, since for i, j P N¡0,
we have:

Fpi � Fpj ðñ i|j.
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Then, the collection:

pGalpKi{KqqiPI
becomes an inverse system of finite groups, that is for any i ¤ j we have the restriction
group homomorphism

resji : GalpKj{Kq ÝÑ GalpKi{Kq, resji pfq :� f |Ki ,

which (by finite Galois theory) is an epimorphism; and, moreover, for any i ¤ j ¤ k,
we have the following:

(1) resji � reskj � reski , resii � id .

A general definition of an inverse system (of groups) is given below.

Definition 4.5. An inverse system of groups is a collection of groups pGiqiPI indexed
by a partially ordered set pI,¤q together with a collection of group homomorphisms�

rji : Gj ÝÑ Gi

	
i¤j

,

which satisfy Equation p1q above (for “r” in place of “res”).

For any i P I, we also have the “big” restriction epimorphism:

resi : GalpM{Kq ÝÑ GalpKi{Kq
and for all i ¤ j, the following holds:

(2) resji � resj � resi.

The following commutative diagram may help to visualise this situation:

GalpM{Kq
resj

ww

resi

''
GalpKj{Kq

resji // GalpKi{Kq.
Example 4.6. In the situation from the explicit example, we have

GalpFpi{Fpq � Ci

(so, the prime number p “vanishes” from the picture). Moreover, each of the cyclic
group GalpFpi{Fpq comes with a particular choice of a generator, which is the Frobenius
automorphism on Fpi . Let σi be the corresponding generator of Ci. If i|j, then the

association σj ÞÑ σi uniquely extends to a group homomorphism rji : Cj Ñ Ci which
corresponds to the restriction homomorphism:

resji : GalpFpj{Fpq ÝÑ GalpFpi{Fpq,
so pCi, rji qi|j is an inverse system of all finite cyclic groups.

The crucial thing here is the following universal property (Problem 4.1) saying that
GalpM{Kq is the inverse limit (the formal definition follows the statement of the theo-
rem) of the inverse system of groups pGalpKi{KqqiPI .
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Theorem 4.7. Suppose that H is a group and we also have a collection of homomor-
phisms ti : H Ñ GalpKi{Kq such that for all i ¤ j:

resji � tj � ti.

Then, there is a unique group homomorphism ϕ : H Ñ GalpM{Kq such that for all
i P I we have:

resi � ϕ � ti.

Definition 4.8. Let pGi, rji qi,jPI be an inverse system of groups. An inverse limit of
this inverse system is a group G together with a collection of group homomorphisms

pri : G ÝÑ GiqiPI
such that we have the following.

(1) Equation p2q above holds (for “r” in place of “res”).
(2) If H is a group together with a collection of homomorphisms ti : H Ñ Gi such

that for all i ¤ j, we have:

rji � tj � ti;

then there is a unique group homomorphism ϕ : H Ñ G such that for all i P I
we have:

ri � ϕ � ti.

We usually express the fact that G is an inverse limit of the inverse system pGiqiPI (as

you can see, we often skip rji from the notation) by writing:

G � limÐÝiPI Gi.
Example 4.9. In the situation from the explicit example, the inverse limit of the
inverse system pCiqiPN¡0 from Example 4.6 coincides with the profinite completion of

the additive group Z, which is denoted by pZ. We will discuss profinite completions in
general later.

Theorem 4.7 implies that the group GalpM{Kq is fully determined by the inverse
system of groups pGalpKi{Kqqi. It can be explicitly formulated as follows (a more
general version is stated in Theorem 4.11).

Theorem 4.10. We define:

G :�
#
pgiqiPI P

¹
iPI

GalpKi{Kq | p@i ¤ jq
�

resji pgjq � gi

	+
.

Then, we have the following:

(1) G is a subgroup of the group
±
iPI GalpKi{Kq;

(2) the map:

GalpM{Kq ÝÑ G, f ÞÑ presipfqqiPI
is an isomorphism of groups.
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The pure group structure of GalpM{Kq is not enough to yield a meaningful Galois
theory. We also need a topology on GalpM{Kq, which comes from its description as the
inverse limit of the inverse system pGalpKi{KqqiPI . We recall some notions from point-
set topology. If pTiqiPI is a collection of topological spaces, then the Cartesian product±
iPI Ti has a natural Tychonoff topology. The Tychonoff Theorem says that if all the

Ti’s are compact Hausdorff, then the product
±
iPI Ti is compact Hausdorff as well. We

regard finite groups GalpKi{Kq as topological spaces with the discrete topology (any
subset is open). Then, they are also compact Hausdorff and by Tychonoff Theorem,
the product

±
iPI GalpKi{Kq is compact Hausdorff as well (but it is far from being

discrete!).
We consider GalpM{Kq as a topological space with the subspace topology induced

from
±
iPI GalpKi{Kq (we identify GalpM{Kq with G using Theorem 4.10). For a de-

scription of the topological structure on GalpM{Kq, the following result is crucial, which
we state in a more general context.

Theorem 4.11. Let pGi, rji qi,jPI be an inverse system of groups. We define:

G :�
#
pgiqiPI P

¹
iPI

Gi | p@i ¤ jq
�
rji pgjq � gi

	+
.

We have the following:

(1) G is a subgroup of the group
±
iPI Gi;

(2) G (with the projection maps) is an inverse limit of the inverse system pGi, rji qi,jPI ;
(3) G is a closed subset of the topological space

±
iPI Gi, where the Gi’s are considered

with the discrete topology.

Proof. Item p1q is clear. Item p2q is Problem 4.2. Item p3q is (a special case of) Problem
4.3. �

Corollary 4.12. GalpM{Kq is a compact Hausdorff topological space.

Proof. It follows from Theorem 4.11, since a finite discrete topological space is compact,
and a closed subset of a compact Hausdorff space is again compact Hausdorff. �

The following general notion is strongly related to the topic we are discussing here.

Definition 4.13. A topological group is a pair pH, �q, where H is a topological space
and pH, �q is a group such that:

(1) the group operation map:

� : H�H ÝÑ H
is continuous;

(2) the inverse map:
�1 : H ÝÑ H

is continuous.

It can be checked that GalpM{Kq with the topology defined above is a topological
group. Such topological groups are called profinite, the general definition is below.

Definition 4.14. A topological group H is profinite, if it is isomorphic (as a topological
group) to an inverse limit of finite groups with the topology from Theorem 4.11.
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We present below a construction producing a profinite group from an arbitrary group.

Definition 4.15. Let H be an arbitrary group and pHi �HqiPI be the direct system
of all normal subgroups of H such that the index rH : His is finite. Then pH{HiqiPI is
the inverse system of finite quotient groups of H. We define the profinite completion of
H as: pH :� limÐÝiPI H{Hi.

Then, pH is a profinite group. By the universal property of the inverse limit, the collec-
tion of quotient maps pπi : H Ñ H{HiqiPI induces a unique (completion) homomorphism

ϕ : H Ñ pH such that for any i P I the following diagram commutes:

H ϕ
//

πi ""

pH
ti

||
H{Hi.

By Problem 4.5(i), the image ϕpHq is dense in pH (with the profinite topology). We
give below some examples of profinite completions.

Example 4.16. Let H be a group.

(1) If H is finite, then the natural map H Ñ pH is an isomorphism.
(2) If H � Z, then pH{HiqiPI from Definition 4.15 is an inverse system, which is

isomorphic to the inverse system pCiqiPN¡0 from Example 4.6. By Problem 4.4,
we get the following isomorphism of topological groups:

Gal
�
Falg
p {Fp

	
� pZ.

It can be shown (Problem 4.6) that:pZ �¹
qPP

Zq,

where for each prime q, we have (the usual ordering on N!):

Zq :� limÐÝnPNCqn .
It can be also shown that pZq coincides with the additive group of the ring of
q-adic integers (details may be given later in the lecture depending on time).

(3) The profinite completion may be trivial, for example pQ � t0u (the same holds
for an arbitrary divisible commutative group). Obviously, in such a case the

map Q Ñ pQ is the 0-map, in particular it is not injective. By Problem 4.5(ii),
we have in general that:

ker
�
ϕ : H ÝÑ pH	

�
£
iPI

Hi

(Hi’s above are normal subgroups of H of finite index).

We are ready now to state the fundamental theorem of infinite Galois theory. We
will skip the proof (except the closed subgroup condition: Problem 4.7).
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Theorem 4.17. Assume that K � M is a Galois extension (possibly infinite) and we
consider GalpM{Kq as a profinite topological group. We have the following.

(1) The association:
F ÞÑ GalpM{F q

gives a bijection between the family of towers of fields K � F � M and the
family of closed subgroups of GalpM{Kq.

(2) The inverse map to the map from Item p1q is given by:

H ÞÑMH .

(3) The above maps reverse inclusions and we have:

rF : Ks � rGalpM{Kq : GalpM{F qs.
(4) The field extension K � F is Galois if and only if GalpM{F q �GalpM{Kq. In

such a case, we have the following:

GalpF {Kq � GalpM{Kq{GalpM{F q.
Example 4.18. For the Galois extension Fp � Falg

p , we know that:

GalpFalg
p {Fpq � pZ �¹

qPP

Zq.

The finite extensions Fp � Fpn correspond to the closed subgroups of finite index inpZ (actually, any subgroup of finite index in pZ is closed), which further correspond to

finite index subgroups nZ in Z (since
ppZ � pZ). We also have the following:

Gal pFpn{Fpq � Gal
�
Falg
p {Fp

	
{Gal

�
Falg
p {Fpn

	
� pZ{npZ � Z{nZ � Cn.

To give an example of an infinite extension, let us fix r P P and consider:

H :�
¹

qPPztru

Zq   pZ.
Then, we have: �

Falg
p

	H
�

�¤
n¡0

Fpn

�H

�
¤
i¡0

F
rqi

(note that the first infinite union is not increasing and that the second infinite union is
increasing).

The closed condition is crucial in Theorem 4.17 as the following example shows.

Example 4.19. Since
�
n nZ � t0u), Problem 4.5(ii) implies that the completion map

ϕ : ZÑ pZ is one-to-one. Hence, we consider Z as a subgroup of pZ � GalpFalg
p {Fpq. By

Problem 4.5(i), Z is dense in pZ. In particular, Z is not a closed subgroup of pZ (it is easy

to see, for instance by Example 4.18, that Z � pZ). Therefore, Z does not correspond

to any subfield of Falg
p .
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Problem List 4

(1) We assume that K � M is a Galois extension and pK � Ki � MqiPI is the
collection of all towers of fields such that K � Ki is a finite Galois extension.
(a) Let g, g1 P GalpM{Kq be such that for all i P I, we have g|Ki � g1|Ki . Show

that g � g1.
(b) Let pgi P GalpKi{KqqiPI be such that for all i ¤ j we have gj |Ki � gi. Show

that there is g P GalpM{Kq such that for all i P I we have g|Ki � gi.
(c) Show that:

GalpM{Kq � limÐÝiPI GalpKi{Kq.
(2) Let pGi, rji qi,jPI be an inverse system of groups. We define:

G :�
#
pgiqiPI P

¹
iPI

Gi | p@i ¤ jq
�
rji pgjq � gi

	+
.

Show that G (with the projection maps) is an inverse limit of the inverse system

pGi, rji qi,jPI .
(3) Suppose that pTi, rji qi,jPI is an inverse system of topological spaces (the same def-

inition as for groups after replacing “homomorphism” with “continuous map”).
We define:

T :�
#
pxiqiPI P

¹
iPI

Ti | p@i ¤ jq
�
rji pxjq � xi

	+
.

Assume moreover that all the topological spaces Ti are Hausdorff. Show that T
is a closed subset of the topological space

±
iPI Ti.

(4) Show that: pZ � limÝÑnPN¡0
Cn,

where the inverse system pCi, rji qi|j was described in Example 4.6 (it is enough

to know that all the maps rji are onto).

(5) Let H be an arbitrary group and ϕ : H Ñ pH be the completion homomorphism.
Show the following.

(a) The set ϕpHq is dense in pH (with the profinite topology).
(b) We have:

ker
�
ϕ : H ÝÑ pH	

�
£
iPI

Hi

(Hi’s above are normal subgroups of H of finite index).
(6) Show that: pZ �¹

qPP

Zq,

where for each prime q, we have (with the usual ordering on N!):

Zq :� limÐÝnPNCqn .
(7) Let K � F �M be a tower of fields such that the extension K �M is Galois.

Show that GalpM{F q is a closed subset of GalpM{Kq.
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5. Frattini covers and existentially closed G-fields

In today’s lecture, we start from a more detailed analysis of Example 4.18. Then, we
describe Galois-theoretically a property of G-fields which is responsible for a “half” of
the existential closedness.

5.1. Galois correspondence for the absolute Galois group of Fp. In this part,
we study more closely Example 4.18 regarding the Galois correspondence related to

the field extension Fp � F
alg
p . We need an explicit description of the isomorphism

GalpFalg
p {Fpq � pZ. This description will also clarify some issues from Example 4.19.

It follows from the definitions that there is the following commutative diagram:

Z
ϕ //

α ((

pZ
GalpFalg

p {Fpq,
ψ

OO

where:

 the homomorphism ϕ is the profinite completion map;
 the homomorphism ψ is the map given by the universal property of the inverse

limit and the following collection of maps:��resn : GalpFalg
p {Fpq ÝÑ Z{nZ

	
n¡0

,

where each �resn is given by the following composition:

GalpFalg
p {Fpq resn // GalpFpn{Fpq � // Z{nZ,

where the last isomorphism maps the Frobenius map on Fpn to 1� nZ;

 the homomorphism α is such that αp1q is the Frobenius map on Falg
p .

We recall the isomorphism pZ �¹
qPP

Zq

from Problem 4.6. Let us fix n ¡ 0. We want to understand the restriction map

resn : Gal
�
Falg
p {Fp

	
ÝÑ Gal pFpn{Fpq

as a map ¹
qPP

Zq ÝÑ Cn.

Let
n �

¹
qPP

qvq , Cn �
¹
qPP

Cqvq

be the decomposition of the number n as a product of powers of pairwise distinct primes,
and we also note the corresponding decomposition of the cyclic group Cn (Chinese
Remainder Theorem). These products look infinite, but they are in fact finite, since
almost all vq (the q-adic valuations applied to n) are 0. We have the corresponding two
epimorphisms:

rq,vq : Zq ÝÑ Cqvq , rn,q : Cn ÝÑ Cqvq .
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We have the following commutative diagram:

GalpFalg
p {Fpq resn //

�

��
Ψ

��

GalpFpn{Fpq
�

��±
q Zq

±
q rq,vq //

±
q Cqvq ,

where the isomorphism Ψ is given by the following three things:

 the universal property of the inverse limit;
 the universal property of the product;
 for each q P P, the following collection of maps:��resqi : GalpFalg

p {Fpq ÝÑ Cqi
	
i
,

where the homomorphisms �resqi were defined above.

Problem 5.1 says that in the general setting of an arbitrary Galois extension K � M ,
if H ¤ GalpM{Kq and for each i P I we define:

Hi :� resipHq ¤ GalpKi{Kq,

then we have M � �
iKi, and we also obtain:

MH �
�¤

i

Ki

�H

�
¤
i

pKiqHi .

Finally, we apply all the above to the case of

H :�
¹

qPPztru

Zq   pZ � GalpFalg
p {Fpq

from Example 4.18. Using the commutative diagram above, we have the following
description of the groups Hn, which were introduced in Problem 5.1:

Hn :� resnpHq � Cnr ¤ Cn � GalpFpn{Fpq,

where the number nr is defined as:

nr :�
¹
q�r

qnq � n

rvr
,
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and we identify Cnr with a unique cyclic subgroup of order nr in Cn. We obtain the
following (we use below “vrpnq” instead of “vr” to emphasize the dependence on n):�

Falg
p

	H
�

�¤
n

Fpn

�H

�
¤
n

pFpnqHn

�
¤
n

pFpnqCnr

�
¤
n

F
pr

vrpnq

�
¤
i

F
pri

as claimed in Example 4.18. If we denote:

Fpq8 :�
¤
i

F
pqi
,

then we have the equality (Problem 5.2):

Falg
p �

¹
qPP

Fpq8 ,

where the product on the right-hand-side stands for the (infinite) compositum of sub-

fields of Falg
p . This last equality corresponds to the isomorphism:pZ �¹

qPP

Zq.

5.2. G-closed fields and Frattini covers. We come back to our situation of interest.
Let G be a finite non-trivial group. We want to understand e.c. G-fields. The material
here comes from:

rHKs Daniel Hoffmann, Piotr Kowalski “Existentially closed fields with finite group
actions”, Journal of Mathematical Logic, (1) 18 (2018), 1850003.

However, many results from rHKs had been also obtained independently by Sjögren
10 years earlier, the related story can be found in rHKs.

Let us fix a G field K. We do not notationally differentiate between a G-field and its
underlying field (and its underlying universe). By Problem 3.7: if K is e.c., then K is
perfect. Hence, it is natural to assume that K is perfect and we make this assumption.
We introduce one more property below (it makes sense for an arbitrary group G).

Definition 5.1. A G-field K is strict, if the action of G on K is faithful.

The result below is Problem 5.4.

Fact 5.2. (1) The G-field K is strict if and only if:�
K : KG

� � |G|.
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(2) If K is strict, then G � GalpK{KGq.
(3) If K � K 1 is a G-field extension and K is strict, then K 1 is also strict.

Problem 5.5 says that an e.c. G-field is strict. Therefore, we assume that K is strict
and we make the following identification:

G � Gal
�
K{KG

�
.

It is also clear that an e.c. G-field does not have any proper algebraic (in the field sense)
extensions. We specify such G-fields below.

Definition 5.3. A G-field is G-closed, if it has no proper algebraic (in the field sense)
extensions.

All these particular properties of e.c. G-fields mentioned above (perfectness, strict-
ness, and G-closedness) are not enough to guarantee the existential closedness as the
following example shows.

Example 5.4. We consider pC, σq as a C2-field, where σ is the complex conjugation.
This C2-field is clearly perfect, strict, and C2-closed (since C is even algebraically closed).
However, by Example 3.5, the C2-field pC, σq is not existentially closed.

There is one more condition of a geometric nature which (together with the previous
ones) implies the existential closedness. We will discuss it next week. At this mo-
ment, we present the Galois-theoretic condition which is equivalent to the G-closedness
condition.

Recall that K is a perfect and strict G-field. We set C :� KG and we identify G with
GalpK{Cq. By Problem 3.2, C is a perfect field as well. Let us set:

G :� GalpCq � Gal
�
Calg{C

	
.

Then, we have the restriction map:

res : G ÝÑ G � GalpK{Cq
and we define:

N :� kerpres : G ÝÑ Gq.
By the fundamental theorem of Galois theory, we have:

N � Gal
�
Calg{K

	
and, obviously, we also have that G{N � G. We state now the main result of today’s
lecture.

Theorem 5.5 (Lemma 3.7 in [HK]). The following are equivalent.

(1) There is a proper algebraic G-field extension K � K 1.
(2) There is a proper closed subgroup G0   G such that respG0q � G.

Proof. p1q ñ p2q Let us assume that K � K 1 is a proper algebraic G-field extension.
We define:

C 1 :� �
K 1

�G
, G0 :� Gal

�
C 1
� � Gal

�
Calg{C 1

	
.

By the fundamental theorem of Galois theory, G0 is a closed subgroup of G. We need
to show the following:
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(i) G0 � G,
(ii) respG0q � G.

Let us consider first the following restriction homomorphism (it is well-defined, since
the extension C � K is Galois):

resK
1

K : Gal
�
K 1{C� ÝÑ GalpK{Cq � G.

By Fact 5.2(iii), K 1 is strict, so (by Fact 5.2(ii)) GalpK 1{C 1q � G. Since K � K 1 is a
G-field extension, we get that:

(�) resK
1

K

�
Gal

�
K 1{C 1

�� � G,

so the map resK
1

K restricted to GalpK 1{C 1q is an isomorphism.
We have the following commutative diagram of field extensions:

C 1 // K 1

C //

OO

K.

OO

Therefore, we get:

rK 1 : C 1srC 1 : Cs � rK 1 : KsrK : Cs.
Since we have (see Fact 5.2(i)):

rK 1 : C 1s � |G| � rK : Cs,
we get that:

rC 1 : Cs � rK 1 : Ks ¡ 1,

since the extension K � K 1 is proper. Therefore, the extension C � C 1 is proper as
well. By the fundamental theorem of Galois theory, we get G0 � G showing Item (i).

To show Item (ii), we consider the following commutative diagram of groups:

G res // G

G0

res|G0 //

 

OO

GalpK 1{C 1q.
resK

1

K

OO

Using this diagram, the fact that the map res|G0 is onto (since the field extension C 1 � K 1

is Galois), and Equation p�q; we get that respG0q � G showing Item (ii).

p2q ñ p1q Let G0 be a proper closed subgroup of G such that respG0q � G. Since
respG0q � G and N � kerpresq, we get that NG0 � G. We define:

C 1 :�
�
Calg

	G0

, K 1 :�
�
Calg

	G0XN
.

Since we have:

G0 � Gal
�
pC 1qalg{C 1

	
, G0 XN � Gal

�
pC 1qalg{K 1

	
� G0,
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by the fundamental theorem of Galois theory, the field extension C 1 � K 1 is Galois and
we have:

Gal
�
K 1{C 1

� � Gal
�
pC 1qalg{C 1

	
{Gal

�
pC 1qalg{K 1

	
� G0{pG0 XN q
� G,

where the last isomorphism follows from respG0q � G and

kerpresq X G0 � N X G0.

We need to show the following:

(i) K is a proper subfield of K 1,
(ii) K � K 1 has a structure of a G-field extension.

Since NG0 � G and G0 � G, we get that N is not a subgroup of G0. Therefore, we have:

G0 XN ´ N ,

so, by the Galois correspondence, we obtain:

K �
�
Calg

	N
�

�
Calg

	G0XN
� K 1

showing Item (i).
To show Item (ii), we have to define an action of G on K 1 (by field automorphisms),

which extends our fixed action of G on K. We consider the same restriction map as in
the proof of the other implication:

resK
1

K : Gal
�
K 1{C� ÝÑ GalpK{Cq � G.

By the Galois correspondence, the intersection of subgroups corresponds to the com-
positum of subfields, therefore we get the following:

KC 1 �
�
Calg

	N �
Calg

	G0 �
�
Calg

	NXG0 � K 1.

Since KC 1 � K 1, the map:

α :�
�

resK
1

K

	
|GalpK1{C1q : GalpK 1{C 1q ÝÑ GalpK{Cq � G

is one-to-one. Since GalpK 1{C 1q � G (a finite group), we get that the map α is an
isomorphism. The fact that the restriction map induces the isomorphism:

GalpK 1{C 1q � GalpK{Cq � G

means that after defining the G-field structure on K 1 using this last isomorphism, the
field extension K � K 1 becomes a G-field extension giving Item (ii) and finishing the
proof. �

We need one notion from the theory of profinite groups, which naturally appeared in
the statement of Theorem 5.5. Let H and G be profinite groups.

Definition 5.6. A continuous epimorphism f : H Ñ G is a Frattini cover, if for any
closed subgroup H0 ¤ H, we have that fpH0q � G if and only if H0 � H.
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Problem 5.6 gives examples and counterexamples for the notion of a Frattini cover.
We get the following obvious conclusion of Theorem 5.5, which is our Galois-theoretic

characterization of G-closed G-fields.

Corollary 5.7. The G-field K is G-closed if and only if the restriction map

res : GalpCq ÝÑ GalpK{Cq � G

is a Frattini over.
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Problem List 5

Let p and q be prime numbers.

(1) Let K �M be a Galois extension and

pK � Ki �MqiPI
be the direct system of field towers such thatK � Ki is a finite Galois extensions.
We fix H ¤ GalpM{Kq and for each i P I, we define:

Hi :� resipHq ¤ GalpKi{Kq.
Show the following.
(a) M � �

iPI Ki.
(b) We have:

MH �
¤
i

pKiqHi .

(2) Let us denote:

Fpq8 :�
¤
i

F
pqi
.

Show the following equality:

Falg
p �

¹
qPP

Fpq8 ,

where the product on the right-hand-side stands for the (infinite) compositum

of subfields of Falg
p .

(3) Show that the multiplicative groups C�, pFalg
p q� are divisible, and find their

corresponding decompositions from Problem 2.7(a).
(4) Let K be a G-field, where G is a finite group. Show the following.

(a) The following are equivalent.
(i) The G-field K is strict.
(ii)

�
K : KG

� � |G|.
(iii) G � GalpK{KGq.

(b) If K � K 1 is a G-field extension and K is strict, then K 1 is also strict.
(5) Let G be an arbitrary group and K be an existentially closed G-field. Show that

K is strict.
(6) (a) Show that the following epimorphisms

C4 ÝÑ C2, Cpn ÝÑ Cpm , Zp ÝÑ Cpm

are Frattini covers.
(b) Find an example of an epimorphism of finite groups which is not a Frattini

cover.
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6. PAC fields and existentially closed G-fields

In today’s lecture, we introduce the notion of a pseudo algebraically closed (PAC )
field. Then, we will see that the PAC property is responsible for the second “half” of
the existential closedness of G-fields.

6.1. Pseudo algebraically closed fields. We know that if G is finite and non-trivial,
then e.c. G fields are not algebraically closed. However, such (pure) fields should still
be reasonably large in some other sense. In this part of the lecture, we specify and
discuss this: “some other sense”.

We start with an observation. By Hilbert’s Nullstellensatz, a field K is algebraically
closed if and only if for all n ¡ 0, all prime ideals in KrX1, . . . , Xns have zeroes in K. In
other words (recall the vocabulary from Section 1), for all K-irreducible K-varieties V ,
the set of rational points V pKq should be non-empty. If we replace the K-irreducibility
notion above with a stronger notion of the absolute irreducibility, then we get a weaker
property of fields, which is exactly the PAC property being the topic of today’s lecture.
The formal definition is below.

Definition 6.1. A field K is pseudo algebraically closed (abbreviated PAC ), if for any
absolutely irreducible K-variety V , we have that V pKq � H.

It is easy to see that if V is a plane curve, that is V � ZpF q for some F P KrX1, X2s,
then V is absolutely irreducible if and only if F is an irreducible element in the ring
KalgrX1, X2s. We call such polynomials “absolutely irreducible” as well.

Example 6.2. Similarly as with algebraically closed fields, it is not easy to give sat-
isfactory examples of PAC fields (note that there is only one natural example of an
algebraically closed field: the field of complex numbers!).

(1) Obviously, each algebraically closed field is PAC.
(2) Each separably closed field is PAC, which is more difficult to show.
(3) We will see that R is not PAC by looking at plane curves or at polynomials

in two variables. Problem 6.5 says that the polynomial X2
1 � X2

2 P RrX1, X2s
is irreducible but it is not absolutely irreducible (a warm-up case), and that
the polynomial X2

1 � X2
2 � 1 P RrX1, X2s is absolutely irreducible. Since the

polynomial X2
1 �X2

2 � 1 has no zeroes in R, the field R is not PAC.
(4) Finite fields are not PAC (Example 11.2.9 in [FJ], see below), but are “closer and

closer” to being PAC (see Theorem 6.7). This implies (together with Theorem
6.3) that non-principal ultraproducts of finite fields are PAC. We will comment
more about it while discussing Ax’s theorem (Theorem 6.14) below.

We need to use several results about PAC fields and we do not have time to present
their proofs. Not all of them are necessary for the proof of the main result of today’s
lecture (Corollary 6.20), but they give a better understanding of the PAC notion. The
full proofs of these results would probably need another one-semester lecture whose title
could be “Field Arithmetic”, which is also the title of the following book where those
proofs can be found:

rFJs M.D. Fried, M. Jarden, “Field Arithmetic”, 3rd Edition, Springer.
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Theorem 6.3 (Proposition 11.3.2 in [FJ]). The PAC property is first-order, that is
there is a theory T in the language of rings such that models of T are exactly PAC
fields.

Problem 6.1 says that for a field extension K �M , we have the following:

(1) there is a continuous homomorphism:

res : GalpMq ÝÑ GalpKq, respfq � f |Kalg ;

(2) if K ¤M , then the map res : GalpMq Ñ GalpCq is an epimorphism.

The next theorem gives a version of a converse statement (to the implication from
Problem 6.1(2)) for PAC fields, which is crucial for our proof of Theorem 6.19. This
result is stated in a more general and also more complicated way in [FJ].

Theorem 6.4 (Corollary 20.3.4 in [FJ]). If K �M is an extension of perfect PAC fields
and the restriction map res : GalpMq ÝÑ GalpKq is an isomorphism, then K ¤M .

The next two results provide some information about algebraic extensions and the
PAC property.

Theorem 6.5 (Ax-Roquette, Corollary 11.2.5 in [FJ]). An algebraic extension of a
PAC field is again PAC.

Theorem 6.6 (Ershov, Corollary 11.2.4 in [FJ]). An infinite algebraic extension of a
finite field is PAC.

The result below should be understood as saying that if we look at larger and larger
finite fields, then they become “more and more PAC”.

Theorem 6.7 (special case of Lang-Weil estimates, Theorem 5.4.1 in [FJ]). Let q be a
power of a prime number and F P FqrX1, X2s be an absolutely irreducible polynomial of
the total degree d. If we set Γ :� ZpF q, then we have:

q � 1� pd� 1qpd� 2q?q � d ¤ |ΓpFqq| ¤ q � 1� pd� 1qpd� 2q?q.
A similar result holds for arbitrary absolutely irreducible Fq-varieties.

Before the next and final result about PAC fields (which is also crucial for us), we
need one more definition.

Definition 6.8. A profinite group G is projective, if for every continuous epimorphism
of profinite groups α : HÑ G there is a section β : G Ñ H, that is α � β � idG .

Remark 6.9. The notion of a projective profinite group is analogous to the notion
of a projective module. Similarly as in the case of modules, free profinite groups are
projective. We will not give a definition of the notion of “free profinite” here, but, for

example, pZ is a free profinite group on one generator.

Theorem 6.10 (Theorem 11.6.2 in [FJ]). If K is a PAC field, then the absolute Galois
group GalpKq is projective.

Remark 6.11. The opposite implication does not hold. For example, a finite field is

not PAC, but its absolute Galois group (which is pZ) is projective.
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We will discuss now one more notion which we do not need for any proofs, but it is
naturally related to the main topic. Let us define the theory of finite fields as:

Tff :�
£
pPP

8£
n�1

Th pFpnq .

The theory Tff consists of those sentences in the language of rings which are true in all
finite fields. In particular, any finite field is a model of Tff .

Example 6.12. We will see examples of two sentences from the theory of finite fields.

(1) Let p P P and ϕp be the following sentence in the language of rings:

1� . . .� 1looooomooooon
p times

� 0 ñ @xDy x � yp.

Then, for all p P P, we have ϕp P Tff . Therefore, models of Tff are perfect fields
(but, of course, not all perfect fields are models of Tff).

(2) For any n ¡ 0, let ψn be a sentence in the language of rings expressing that all
field extensions of degree n are Galois and cyclic (such a sentence exists). Then,
we have ψn P Tff .

Definition 6.13. A field K is pseudofinite, if it is an infinite model of the theory Tff .

A similar notion can be defined for an arbitrary theory in place of the theory of fields,
yielding a notion of a pseudofinite model of a given theory. For instance a pseudofinite
set (that is: a pseudofinite model of the empty theory in the language of equality) is the
same as an infinite set, which may be a slightly confusing example. Problem 6.6(b) says
that a field is pseudofinite if and only if it elementarily equivalent to a non-principal
ultraproduct of finite fields.

It is usually not easy to characterize pseudofinite models (for example: pseudofinite
groups are rather mysterious, see Problem 6.6(c,d)). However, in the case of fields it
was done by James Ax.

Theorem 6.14 (Ax, Corollary 20.10.5 in [FJ]). Let K be a field. Then, K is pseudo-
finite if and only if the following holds:

(1) K is perfect;
(2) K is PAC;
(3) for each n ¡ 0, K has a unique algebraic extension of degree n (inside a fixed

algebraic closure Kalg).

Remark 6.15. More comments on Ax’s theorem and pseudofinite fields are below.

 By Example 6.12(1), pseudofinite fields are perfect. By Theorem 6.3, Theo-
rem 6.7, and Problem 6.6(b), finite fields are “PAC enough” to guarantee that
pseudofinite fields are PAC. By Problem 6.8, the uniqueness property from Item
p3q above is first-order as well and since finite fields have it, pseudofinite fields
have it as well. The difficult part of the proof of Ax’s Theorem is the opposite
implication and we do not have time to discuss it.

 Item (3) in Ax’s Theorem is equivalent to saying that GalpKq � pZ.
 Algebraically closed fields are not pseudofinite. Problem 6.4 is about finding a

subfield of Falg
p which is pseudofinite.
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6.2. Galois-theoretic description of e.c. G-fields. We have all the ingredients
now to show that the theory of G-fields has a model companion and to give axioms of
this model companion in a Galois-theoretic way. Next week, we will discuss geometric
axioms of this model companion. Firstly, we isolate the last missing property of e.c.
G-fields (G finite).

Theorem 6.16. If K is an e.c. G-field and C :� KG, then the field C is PAC.

Proof. We present here the proof of Sjögren. Let V be an absolutely irreducible C-
variety, where K is an e.c. G-field and C :� KG. It means that V � ZpIq for some
I P CrXs such that I is prime and the ideal ICalgrXs is prime in the ring CalgrXs.
Then, the ideal

IK :� IKrXs P KrXs
is prime as well, which is all we will need (so, we will not use the fact that C is “fully
PAC”).

Let us define the following coordinate rings:

CrV s :� CrXs{I, KrV s :� CrV s bC K.
We use a basic fact about tensor products of algebras for the isomorphism below:

KrV s � CrV s bC K
� pCrXs{Iq bC K
� KrXs{pIKrXsq
� KrXs{IK .

Since the ideal IK is prime, KrV s is a domain. Let KpV q (the field of rational functions)
denote the field of fractions of KrV s.

We aim to show that the field extension K � KpV q has a G-field extension structure.
By Problem 6.7, K � CrV s bC K has a natural G-ring extension structure such that
the action of G on CrV s is trivial. By Problem 6.8, K � KpV q has a natural structure
of a G-field extension indeed. As usual, we have (X � pX1, . . . , Xnq):

pX1 � IK , . . . , Xn � IKq P V pKpV qq.
By the construction of the G-field structure on KpV q, we get that:

pX1 � IK , . . . , Xn � IKq P V
�pKpV qqG� .

Since the field of G-invariants is definable (using that the group G is finite) and K is
an e.c. G-field, we get that V pCq � H, which we needed to show. �

Remark 6.17. (1) Since the extension C � K is algebraic and C is PAC, we get
that K is PAC by Theorem 6.5.

(2) There is a direct argument (using the notion of a regular field extension) showing
that for an arbitrary group G and an e.c. closed G-field K, K is PAC.

(3) The argument above showing that if K is an e.c. G-field, then KG is PAC works
for finitely generated groups G as well.

(4) It is not clear whether for an arbitrary group G and an e.c. G-field K, KG

is PAC. The problem is that KG need not definable in general (it is merely
type-definable).
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Definition 6.18. Let G�TCF be the LG-theory of G-fields K such that for C :� KG,
the theory G� TCF axiomatizes the following properties:

 the field K is perfect;
 the G-field K is strict;
 the G-field K is G-closed (it is a first-order property by Problem 6.2);
 the field C is PAC (it is a first-order property by Theorem 6.3).

Theorem 6.19. Any extension of models of the theory G� TCF is elementary.

Proof. Let K � K 1 be an extension of models of G� TCF and we set:

C :� KG, C 1 :� pK 1qG.
By Problem 6.3(c)(ii), it is enough to show that the extension of pure fields C � C 1 is
elementary. Since the fields C,C 1 are PAC, by Theorem 6.4 it is enough to show that
the restriction map

res : Gal
�
C 1
� ÝÑ GalpCq

is an isomorphism.
It is easy to see that any subfield of C 1 is a G-subfield of K 1. It is also clear that

for any two G-subfields of K 1, their compositum is a G-subfield of K 1 as well. Hence,
we obtain that C is relatively algebraically closed in C 1 (otherwise, the compositum
field KpCalgXC 1q would be a proper algebraic G-field extension of K, contradicting the
G-closedness of K). By Problem 10(2), the restriction map res : Gal pK 1q Ñ GalpKq is
onto. We aim to show that it is one-to-one.

We consider the following commutative diagram (all the maps there are the appro-
priate restriction maps):

Gal pC 1q res //

resK1

��

Gal pCq
resK

��
Gal pK 1{C 1q resK

1

K // GalpK{Cq.
Since K � K 1 is a G-field extension of strict G-fields, we get that the map resK

1

K is
an isomorphism. By Theorem 6.16 and Theorem 6.10, the profinite group GalpCq is
projective. Therefore (since the map res is onto), there is a closed subgroup G0 ¤
GalpC 1q such that:

res|G0 : G0 � GalpCq.
Using all the information above, we get that:

resK1pG0q � Gal
�
K 1{C 1

�
.

Since the G-field K 1 is G-closed, the map resK1 is a Frattini cover (see Corollary 5.7).
Therefore, we obtain that GalpC 1q � G0 and the map res is an isomorphism, which
finishes the proof. �

Corollary 6.20. The theory G� TCF is a model companion of the theory G� TF.

Proof. We have already observed that any e.c. G-field is a model of G� TCF.
For the opposite implication, let us assume the following:

 K |ù G� TCF;
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 ϕpxq is a quantifier-free LG-formula with parameters from K;
 K � K 1 is a G-field extension such that:

K 1 |ù Dxϕpxq.
We aim to show that K |ù Dxϕpxq. Since the theory G � TCF is inductive, there is a
G-field extension K 1 � K2 such that K2 is an e.c. G-field. As noticed in the beginning
of this proof, we have that K2 |ù G � TCF. Since the formula ϕpxq is quantifier-free,
we get that:

K2 |ù Dxϕpxq.
By Theorem 6.19 (this is the crucial moment!), the G-field extension K � K2 is ele-
mentary. Therefore, we obtain:

K |ù Dxϕpxq,
which finishes the proof. �

Remark 6.21. It is clear that the proof of Corollary 6.20 was quite general. One can
show in the same way that for arbitrary L-theories T and T 1 (T inductive): if e.c models
of T are models of T 1 and T 1 is model complete, then T 1 is a model companion of T .
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Problem List 6
Let G be a finite group and p be a prime number.

(1) Let K �M be a field extension. Show the following.
(a) There is a continuous homomorphism:

res : GalpMq ÝÑ GalpKq, respfq � f |Kalg .

(b) If the field extension K � M is elementary, then res : GalpMq Ñ GalpKq
is an epimorphism.

(2) Find an LG-theory T such that models of T are exactly G-closed G-fields.
(3) Let L,L1 be languages.

(a) Give a definition of an L1-structure, which is definable in an L-structure.
(b) Show that any G-field is definable in the pure field KG.
(c) Let K � K 1 be an extension of G-fields such that K is strict. Show the

following.
(i) KpK 1qG � K 1.
(ii) The extension of G-fields K � K 1 is elementary if and only if the

extension of pure fields KG � pK 1qG is elementary.

(4) Find a subfield K � Falg
p such that K is pseudofinite.

(5) Show the following.
(a) The polynomial X2

1 �X2
2 P RrX1, X2s is irreducible but it is not absolutely

irreducible.
(b) The polynomial X2

1 �X2
2 � 1 P RrX1, X2s is absolutely irreducible.

(6) Let T be an L-theory (L is an arbitrary language) and we define:

Tf :�
£
tThpMq | M |ù T, M is finiteu.

(a) Show that for an L-structure M , we have that M |ù Tf if and only if M is
elementarily equivalent to an ultraproduct of finite models of T .

(b) Show that a field is pseudofinite if and only if it is elementarily equivalent
to a non-principal ultraproduct of finite fields.

(c) Show that pZ,�q is not a pseudofinite group.
(d) Show that pQ,�q is a pseudofinite group (you may use the fact that the

theory of Q-vector spaces is complete).
(7) Suppose that R � S,R � T are G-field extensions (G arbitrary). Show that

there is a unique G-ring structure on S bR T such that the natural maps S Ñ
S bR T, T Ñ S bR T are G-ring homomorphisms.

(8) Suppose that R is a G-ring (G arbitrary) which is a domain. Show that there
is a unique G-field structure on the field of fractions R0 such that R � R0 is a
G-ring extension.

(9) Assume that K and M are fields such that K �M . Assume also that n,m ¡ 0
are such that K has exactly m pairwise different field extensions of degree n
inside a fixed algebraic closure Kalg. Show that M has exactly m pairwise
different field extensions of degree n inside a fixed algebraic closure Malg.

(10) Let K �M be a field extension such that if a PMzK, then a is transcendental
over K. Let F P KrXs. Show the following.
(a) F is irreducible in KrXs if and only if F is irreducible in M rXs.
(b) The restriction map res : GalpMq Ñ GalpKq is onto.
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7. Universal Frattini covers and axioms of ACFA

In today’s lecture, we firstly finalize the description of absolute Galois groups of fields
of constants of e.c. G-fields (G finite). Then, we discuss the classical axiomatization of
a model companion of the theory of difference fields (the theory ACFA).

7.1. Universal Frattini covers. We know (Corollary 5.7) that if K is a strict G-closed
G-field, then the restriction map:

res : GalpCq ÝÑ G � GalpK{Cq
is a Frattini cover, where C � KG. If K is an e.c. G-field, then we know (Theorem
6.16 and Theorem 6.10) that GalpCq is a projective profinite group. It turns out that
these two properties determine uniquely GalpCq in terms of G. We need some more
definitions (taken from [FJ]).

Let us fix a profinite group G. We partially order the epimorphisms of profinite
groups onto G (also called covers of G). Let fi : Hi Ñ G (i � 1, 2) be covers. We say
that f2 is larger than f1 if there is an epimorphism f : H2 Ñ H1 such that f1 � f � f2 .
If f above is an isomorphism, then f1 is said to be isomorphic to f2. An epimorphism
f1 : H1 Ñ G is called a projective cover, if H1 is projective. We need the following
theorem and again we have to skip its proof.

Theorem 7.1 (Proposition 22.6.1 in [FJ]). Each profinite group G has a cover

f : rG ÝÑ G,

which is unique up to an isomorphism, called the universal Frattini cover, and satisfying
the following equivalent conditions:

(1) f is a projective Frattini cover of G.
(2) f is the largest Frattini cover of G.
(3) f is the smallest projective cover of G.

In particular, each projective group is its own universal Frattini cover.

Example 7.2. Let p P P and k, n ¡ 0.

 There are many projective covers which are not Frattini covers, for example

epimorphisms pZÑ Cn.
 There are many Frattini covers which are not projective covers, for example

epimorphisms Cp2 Ñ Cp (by Problem 7.1, a finite group can not be a projective
profinite group).

 An example of a universal Frattini cover is the natural projection:

Zp ÝÑ Cpn .

 We have the following universal Frattini cover:pFkppq ÝÑ Ckpn ,

where pFkppq is a free pro-p group on k generators, that is: it is an inverse limit
of finite p-groups (called a pro-p group) with a specified subset tx1, . . . , xku such
that any map tx1, . . . , xku Ñ H, where H is a pro-p group as well, uniquely

extends to a continuous homomorphism pFkppq Ñ H. Tate showed that a pro-p



39

group is projective if and only if it is a free pro-p group (Proposition 22.7.6 in
[FJ]).

We get the obvious conclusion of Corollary 5.7 and Theorems 6.16, 6.10, and 7.1.

Corollary 7.3. If K is an e.c. G-field and C � KG, then GalpCq Ñ G is the universal
Frattini cover.

Example 7.4. If K is an e.c. Cpi-field, then GalpCq � Zp. More generally, if K is an
e.c. Cn-field, then GalpCq � Zn, where

Zn :� Zp1 � . . .�Zpk
for n � pα1

1 . . . pαk
k (p1, . . . , pk are pairwise distinct primes and α1 ¡ 0, . . . , αk ¡ 0).

The above corollary is useful in the case when H ¤ G and we consider reducts of
G-fields to the language of H-fields.

Example 7.5. Let p be a prime number.

(1) If K |ù Cp2 � TCF, then

Gal
�
KCp2

	
��Cp2 � Zp � �Cp.

By Galois theory, we obtain that:

p � �
Cp2 : Cp

� � �
KCp : KCp2

�
�

�
Gal

�
KCp2

	
: Gal

�
KCp

��
.

Therefore, we get:

Gal
�
KCp

� � pZp � Zp,
which implies that if pK;σq |ù Cp2 � TCF, then pK;σpq |ù Cp � TCF.

(2) If K |ù C2
p2 � TCF, then

Gal
�
K
C2

p2

	
��C2

p2
� pF2ppq � �C2

p .

However, no proper closed subgroup of pF2ppq of finite index is isomorphic topF2ppq (pro-p Nielsen-Schreier formula!). Therefore, if pK;σ, τq |ù C2
p2 � TCF,

then pK;σp, τpq * C2
p � TCF.

7.2. Axioms of ACFA. Before discussing geometric axioms for the theory G-TCF (G
finite), we consider geometric axioms for the theory ACFA, which is a model companion
of the theory of difference fields. So, in our terminology: ACFA � Z�TCF. Let pK,σq
be a difference field, where σ P AutpKq (such difference fields are called inversive).
Then, for any tuple of variables X � pX1, . . . , Xnq, σ induces an automorphism of the
polynomial ring KrXs and we denote this automorphism by σ as well. Assume for
simplicity that K is algebraically closed. However, for a variety V , we still use the
name “K-variety” and we also often write V pKq for V to make easier the subsequent
generalizations to the case of an arbitrary field K.

If V � ZpIq is a K-variety given by I P KrXs, then by σV we denote the K-variety
given by the ideal σpIq. We have the bijection map:

σ�n : Kn ÝÑ Kn
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and it is easy to see that (see a more general Problem 7.2):

σ�npV pKqq � σV pKq.
We denote:

σV :� σ�n|V pKq : V pKq ÝÑ σV pKq.
Let us consider another n-tuple of variables Y � pY1, . . . , Ynq and V 1 � ZpI 1q, where
I 1 P KrY s. Then, V � V 1 is a K-variety as well and it is given by pI, I 1q P KrX,Y s.
Let W be a K-variety given by J P KrX,Y s such that W � V � V 1, which happens
when I, I 1 � J (see Problem 7.3). Then, we have the projection maps:

π : W ÝÑ V, π1 : W ÝÑ V 1.

We say that π is dominant if πpW q is Zariski dense in V .
We are ready now to state geometric axioms for a model companion of the theory of

difference fields. By results of van den Dries and the definability of the Morley rank in
the theory ACF, these axioms are first-order.

Axioms of ACFA
For any pair of K-irreducible K-varieties pV,W q, if W � V � σV and the projections
W Ñ V,W Ñ σV are dominant, then there is a P V pKq such that pa, σV paqq PW pKq.

Before the statement and proof of the main result, we state below Problem 7.2.

Remark 7.6. Let K � K1,K � K2 be field extensions and τ : K1 Ñ K2 be a
homomorphism extending σ (so, τ is not a K-algebra homomorphism!). Then, τ induces
the following map:

τV : V pK1q ÝÑ σV pK2q.
The main result of this part of the lecture is the following one.

Theorem 7.7 (Chatzidakis-Hrushovski). Let pK,σq be a difference field. Then, pK,σq
is existentially closed if and only if pK,σq |ù ACFA.

Proof. pñq Let pK,σq be an existentially closed difference field and let the pair pV,W q
satisfy the assumptions of the axioms of ACFA above. It is enough to find a difference
field extension pK,σq � pM,σ1q and a P V pMq such that pa, σ1V paqq P W pMq. Since V
and W are irreducible, there are prime ideals I P KrXs and J P KrX,Y s such that
V � ZpIq and W � ZpJq. Let us define:

KrV s :� KrXs{I, KrσV s :� KrY s{σpIq, KrW s :� KrX,Y s{J,
where σ is extended to the following isomorphism of polynomial rings:

σ : KrXs ÝÑ KrY s, X ÞÑ Y.

Since the ideals I, σpIq, J are prime, the rings KrV s,KrσV s,KrW s are domains.
Since W � V � σV , we get I � J, σpIq � J and the inclusions:

KrXs � KrX,Y s, KrY s � KrX,Y s
induce the K-algebra homomorphisms:

α : KrV s ÝÑ KrW s, β : KrσV s ÝÑ KrW s
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corresponding to the projection maps W Ñ V,W Ñ σV . Since these projection maps
are dominant, Problem 7.3 tells us that the maps α, β are one-to-one and we consider
them as inclusions.

The isomorphism σ : KrXs Ñ KrY s induces the isomorphism rσ : KrV s Ñ KrσV s,
which we consider as a monomorphism KrV s Ñ KrW s. We define:

K1 :� KpV q, K2 :� KpW q, τ : K1 ÝÑ K2,

where KpV q is the fraction field of KrV s (the field of rational functions on V ), KpW q is
the fraction field of KrV s (so K1 � K2 is a field extension), and τ is a homomorphism of
fields which is induced by the monomorphism rσ. Clearly, τ extends the automorphism
σ of K. By Remark 7.6, τ induces a map

τV : V pK1q ÝÑ σV pK2q.
Claim For a :� pX1 � I, . . . , Xn � Iq P V pK1q, we have:

pa, τV paqq PW pK2q .
Proof of Claim. The tuple pa, τV paqq is considered as an element of K2n

2 in the following
way:

a � pX1 � I, . . . , Xn � Iq ÞÑ pX1 � J, . . . ,Xn � Jq P Kn
2 ,

τV paq � pY1 � σpIq, . . . , Yn � σpIqq ÞÑ pY1 � J, . . . , Yn � Jq P Kn
2 .

Therefore, we have:

pa, τV paqq � pX1 � J, . . . ,Xn � J, Y1 � J, . . . , Yn � Jq
which is the usual “generic” element of W pK2q. �

This part of the proof was quite general, the crucial property of the acting group Z
(freeness) comes now (it is “hidden” in Problem 7.4). We have the following situation:
a field tower K � K1 � K2 and a field homomorphism τ : K1 Ñ K2 extending σ on
K. By Problem 7.4, there is a field extension K2 � M and σ1 P AutpMq extending τ .
Therefore, we have a P V pMq and pa, σ1V paqq PW pMq, which is enough to conclude the
proof of this implication (as it was noticed at the beginning of the proof).

pðq Suppose now that pK,σq |ù ACFA. We aim to show that pK,σq is e.c., so let
ϕpxq be a quantifier-free formula over K in the language of difference fields and assume
that there is a difference field extension pK,σq � pM,σ1q such that

pM,σ1q |ù Dxϕpxq.
We can get rid of the negations as in the proof from Example 2.4, therefore we can
assume that:

ϕpxq : F1px, σpxq, . . . , σmpxqq � 0^ . . .^ Fkpx, σpxq, . . . , σmpxqq � 0,

where F1, . . . , Fk P KrX,X 1, . . . , Xpmqs for some m P N (the lengths of X,X 1, . . . , Xpmq

are the same as the length of the variable x). There is one more trick now to reduce
the “difference degree” of these system of equations from m to 1. We introduce a new
tuple of variables z :� py, y1, . . . , ypm�1qq and set

y :� x, y1 :� σpxq, . . . , ypm�1q :� σm�1pxq.
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Then, at the cost of expanding the length of the original tuple of variables, we reduced
the difference degree to 1, so we can assume that (coming back to the original name of
the logical variable):

ϕpxq : F1px, σpxqq � 0^ . . .^ Fkpx, σpxqq � 0.

Let t be a tuple in M such that M |ù ϕptq. Then, we define (we apply σ1 coordinate-
wise):

V :� locusKptq, W :� locusKpt, σ1ptqq,
where, for example, locusKptq is the smallest K-variety such that t is its rational point
over M . By the properties of loci (Problem 7.5), we get that the pair of K-varieties
pV,W q satisfies the assumptions of the axioms of ACFA above. Since pK,σq |ù ACFA,
there is a P V pKq such that pa, σV paqq PW pKq.

By the definition of locusKpt, σ1ptqq and since we have:

M |ù F1pt, σ1ptqq � 0^ . . .^ Fkpt, σ1ptqq � 0,

we obtain that W � ZpF1, . . . , Fkq. Since pa, σV paqq PW pKq, we obtain that

K |ù F1pa, σpaqq � 0^ . . .^ Fkpa, σpaqq � 0.

Therefore, K |ù Dxϕpxq, hence pK,σq is existentially closed which finishes the proof. �
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Problem List 7

Let K be a field and n,m ¡ 0.

(1) Show that a finite non-trivial group is not a projective profinite group.
(2) We assume that:

 σ P AutpKq;
 V is a K-variety such that V pKq � Kn;
 K � K1 and K � K2 are field extensions;
 τ : K1 Ñ K2 is a field homomorphism extending σ.

Show that:
τ�npV pK1qq � σV pK2q.

(3) We assume that:
 the field K is algebraically closed;
 X � pX1, . . . , Xnq and Y � pY1, . . . , Ymq;
 I is a prime ideal in KrXs and J is a prime ideal in KrX,Y s;
 V � ZpIq and W � ZpJq;
 the map π : Kn�m Ñ Kn is the coordinate projection.

Show the following.
(a) πpW q � V if and only if I � J .
(b) If πpW q � V , then πpW q is Zariski dense in V (that is π : W Ñ V is

dominant) if and only if the corresponding ring homomorphism:

KrXs{I ÝÑ KrX,Y s{J
is one-to-one.

(4) Assume that K1 � K2 is a field extension and ϕ : K1 Ñ K2 is a field homomor-
phism. Show that there is a field extension K2 � M and there is ψ P AutpMq
such that ψ extends ϕ.

(5) Let K � M be a field extension such that the field M is algebraically closed,
a PMn, and b PMm. We define:

IKpaq :� tF P KrXs | F paq � 0u, locusKpaq :� Z pIKpaqq .
Show the following.
(a) IKpaq is a prime ideal in KrXs (so locusKpaq is a K-irreducible K-variety).
(b) locusKpaq is the smallest K-variety V such that a P V pMq.
(c) The projection map Mm�n ÑMn induces a dominant map:

locusKpa, bq ÝÑ locusKpaq.
(d) If σ P AutpKq and τ P AutpMq such that τ extends σ, then we have:

σ plocusKpaqq � locusK
�
τ�npaq� .
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8. Geometric axioms and model-theoretic properties of G-TCF

In today’s lecture, we describe geometric axioms for the theory G-TCF (G finite) and
we also discuss some model-theoretic properties of this theory. This is the last lecture
about the group actions considered in the conventional sense.

8.1. Geometric axioms of G-TCF. Let us fix a finite group G. For convenience, we
denote its elements in the following way:

G � tσ1, . . . , σmu, σ1 � e � id.

Let K be a G-field and V � ZpIq be a K-variety, where I P KrXs. As discussed in the
previous section, for any σ P G, we have the corresponding “σ-twisted” K-variety σV .
We define the corresponding “G-twisted” K-variety in the following way:

GV :� σ1V � . . .� σmV.

We will describe the ideal defining the K-variety GV aiming to show that the coordinate
ring KrGV s has a natural G-ring structure extending the one on K. We introduce first
the following tuple of variables:

XG :� pXσ1 , . . . , Xσmq , Xσ1 � X.

Lemma 8.1. There is a G-ring structure on KrXGs extending the one on K and such
that for all σ, τ P G, we have:

σ pXτ q � Xστ .

Proof. It is rather clear, there is a natural action of G on XG (considered now as a set
of cardinality m) isomorphic to the regular action of G on G by left translations. Using
this action, any σ P G induces an automorphism of KrXGs extending the action of σ
on K. Since the group action axioms are satisfied on the generating set K YXG, they
are satisfied everywhere. �

If R is a G-ring, then an ideal J P R is called a G-ideal, if for any σ P G we have
σpJq � J . We state a general fact whose proof is obvious (for any group G).

Lemma 8.2. Suppose that R is a G-ring and J P R is a G-ideal. Then, there is
a unique G-ring structure on R{J such that the quotient map R Ñ R{J is a G-ring
homomorphism.

We come back now to our situation, that is V � ZpIq is a K-variety and I P KrXs.
For any σ P G, we have an isomorphism: σ : KrXs Ñ KrXσs extending σ on K and we
recall that:

σV � ZpσpIqq.
Let us define the following ideal, which is generated by the G-orbit of I:

GI :� pσ1pIq, . . . , σmpIqq P K rXGs .
Then, we have:

GV � ZpGIq,
and we define:

K
�
GV

�
:� K rXGs {GI.
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Since the ideal GI is generated by a G-invariant set (a G-orbit), GI is a G-ideal in
KrXGs, where the G-structure on KrXGs is given by Lemma 8.1. By Lemma 8.2,
K

�
GV

�
has a natural structure of a G-ring extension of K.

To introduce the geometric axioms for the theory G-TCF, we need some more obser-
vations. Let σ P G and

λVσ : GV ÝÑ σ
�
GV

� � σσ1V � . . .� σσmV

be the coordinate permutation corresponding to the map:

λσ : G ÝÑ G, λσpτq � στ.

Let us assume now that W is another K-variety such that W � GV . Then, we have:

λVσ pW q � σ
�
GV

�
, σW � σ

�
GV

�
.

Some comments are in order regarding λVσ pW q: it is a K-variety, which is rather unusual,
since the preimages by polynomial maps of varieties are varieties again (see Problem
8.5) and it need not to hold in the case of images (for example, consider the projection
of the hyperbola). However, in our case λVσ is a bijective polynomial map whose inverse
is a polynomial map as well (being λVσ�1q. Hence, we have:

λVσ pW q �
�
λVσ�1

��1 pW q,
so it is a K-variety indeed. By Problem 8.5 and the observation above, we get the
following.

Fact 8.3. If W � ZpJq, then:

λVσ pW q � Z
�
σ�1
XG
pJq

	
,

where σXG
: KrXGs Ñ KrXGs is a K-algebra map such that for each τ P G we have:

σXG
pXτ q � Xστ .

We are ready now to state our axioms.

Geometric axioms of G-TCF
For any pair of K-irreducible K-varieties pV,W q, IF

 W � GV � σ1V � . . .� σmV ;
 for all σ P G, the projection map W Ñ σV is dominant;
 for all σ P G, we have:

λVσ pW q � σW ;

THEN there is a P V pKq such that ppσ1qV paq, . . . , pσmqV paqq PW pKq.
Theorem 8.4. Let K be a G-field. Then, K is existentially closed if and only if K is
a model of the geometric axioms of G� TCF.

Proof. pñq Let K be an existentially closed G-field and let the pair pV,W q satisfy the
assumptions of the geometric axioms of G-TCF above. It is enough to find a G-field
extension K � M and a P V pMq such that ppσ1qV paq, . . . , pσmqV paqq P W pMq (we do
not distinguish notationally between elements of G acting on K and on M). Since V
and W are K-irreducible, there are prime ideals I P KrXs and J P KrXGs such that
V � ZpIq and W � ZpJq.
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By Fact 8.3, for each σ P G we have:

λVσ pW q � Z
�
σ�1
XG
pJq

	
.

By the assumptions of the geometric axioms of G-TCF, for each σ P G we get:

σ�1
XG
pJq � σpJq.

Let us consider now the G-ring extension K � KrXGs given by Lemma 8.1. Since σ
acts on KrXGs as the composition of σXG

and σ (extended to KrXGs coefficient-wise),
we obtain that J is a G-ideal. By Lemma 8.2, KrW s has a G-ring structure extending
the one on K. Since J is a prime ideal, KrW s is a domain and the G-action on KrW s
uniquely extends to the fraction field KpW q making it a G-field extension of K.

By the corresponding version of Claim from the proof of Theorem 7.7, we get that
for a “generic point” a P V pKpV qq (we regard KpV q as a subfield of KpW q) we have:

ppσ1qV paq, . . . , pσmqV paqq PW pKpW qq,
which finishes the proof of this implication.

pðq The proof follows the lines of the proof of the corresponding implication from
Theorem 7.7. One just needs to notice the following: if K � M is a G-field extension
and a PMn, then the following pair of K-varieties:

locusKpaq, locusK pσ1paq, . . . , σmpaqq
satisfies the assumptions of the geometric axioms of G-TCF. �

8.2. Model-theoretic properties of G-TCF. We finish this part of the lecture with
some results concerning the model-theoretic properties of the theory G-TCF (G finite).
We will skip most of the proofs.

Let K � M be an extension of pure fields. We denote by algM pKq the relative
algebraic closure of K in M , which is a subfield of M containing K. Assume now that
K � M is a G-field extension. By Problem 8.4, algM pKq is a G-subfield of M . If F is
a prime subfield of K, then F is a G-subfield, since G acts trivially on F . Therefore,
algKpF q is a G-subfield of K. The following result classifies the completions of the
theory G-TCF for a finite G, and, actually, for any group G such that the theory
G-TCF (a model companion of the theory of G-fields) exists.

Theorem 8.5. Let K and M be models of G � TCF, FK be the prime subfield of K,
and FM be the prime subfield of M . Then, K and M are elementarily equivalent as
G-fields if and only if algKpFKq and algM pFM q are isomorphic as G-fields.

Remark 8.6. The description of the completions of the theory G-TCF from Theorem
8.5 may be understood as entirely analogous to the description of the completions of the
theory ACF, which is not very surprising, since ACF � teu�TCF. For K1,K2 |ù ACF,
let Fi be the prime subfield of Ki (i � 1, 2). Then, the following are equivalent:

(1) K1 � K2;
(2) charpK1q � charpK2q;
(3) F1 � F2;
(4) algK1

pF1q � algK2
pF2q.

The last condition is an exact analogue of the condition from Theorem 8.5.
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Let K |ù G � TCF for a finite group G and C :� KG. We have noticed that the
G-field K is definable in the pure field C (and vice versa), so it is enough to study
model-theoretically the pure field C. We need one more definition.

Definition 8.7. Let M be a field and G be a profinite group.

(1) M is bounded, if for any n ¡ 0, there are finitely many field extensions M �M 1

of degree n in a fixed algebraic closure Malg.
(2) G is small, if for any n ¡ 0, there are finitely many closed subgroups G0 ¤ G of

index n.

By Galois theory, we immediately get the following.

Fact 8.8. A field M is bounded if and only if its absolute Galois group GalpMq is small.

Example 8.9. It is easy to see that each finite field is bounded and that Q is not
bounded (see also Problems 8.1–8.3).

We have the following result about the “dividing lines” in the model theory of PAC
fields.

Theorem 8.10. Assume that M is a PAC field. Then, we have the following.

(1) The theory ThpMq is simple if and only if the field M is bounded.
(2) The theory ThpMq is supersimple if and only if the field M is bounded and

perfect.
(3) The theory ThpMq is stable if and only if the field M is separably closed.

We will see that our field of invariants C is bounded.

Theorem 8.11. Assume that K |ù G � TCF (G finite) and C � KG. Then, the
profinite group GalpCq is finitely generated as a topological group, that is there are
finitely many g1, . . . , gm P GalpCq such that:

GalpCq � cl pxg1, . . . , gmyq ,
where cl is the topological closure.

Proof. We have the restriction map:

res : GalpCq ÝÑ G � GalpK{Cq,
which is an epimorphism. Let g1, . . . , gm P GalpCq be such that

res ptg1, . . . , gmuq � G.

We define:

H :� cl pxg1, . . . , gmyq .
By general properties of topological groups (see Problem 8.6), H is a subgroup of GalpCq.
Clearly, we have respHq � G. Since the restriction map is a Frattini cover (see Corollary
5.7), we get that H � GalpCq, which finishes the proof. �

Remark 8.12. The above proof actually shows that a Frattini cover of a finitely gen-
erated (topologically) profinite group is again finitely generated.

Corollary 8.13. The theory G-TCF is supersimple (G finite).
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Proof. Let K |ù G�TCF and C :� KG. As argued above, it is enough to show that the
theory ThpCq is supersimple. By Theorem 8.10, it is enough to show that the field C
is bounded. By Fact 8.8, it is enough to show that the profinite group GalpCq is small.
By Theorem 8.11, GalpCq is topologically finitely generated. By Problem 8.7, GalpCq
is bounded, which finishes the proof. �

Remark 8.14. Actually, it can be shown that the SU-rank of the theory G-TCF co-
incides with the order of G (G is still finite), and that the field of invariants C is of
SU-rank 1.
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Problem List 8

Let K,M be fields and G be an arbitrary group.

(1) Assume that K is elementarily equivalent with M . Show that K is bounded if
and only if M is bounded.

(2) Assume that K ¤M and K is bounded. Show that the restriction map

res : GalpMq ÝÑ GalpKq
is an isomorphism.

(3) Show that there exists an elementary extension Q ¤M such that the restriction
map

res : GalpMq ÝÑ GalpQq
is not one-to-one.

(4) Let K �M be a G-field extension. Show that algM pKq is a G-subfield of M .
(5) Let K � Ω be a field extension. Let

V � ZpIq � Ωn

be a K-variety, where I P KrXs. Let us also assume that

F � pF1, . . . , Fnq : Ωm ÝÑ Ωn

is a polynomial map, where F1, . . . , Fn P KrX1, . . . , Xms. Show that:

F�1pV q � Z pF �pIqq ,
where:

F � : KrX1, . . . , Xns ÝÑ KrX1, . . . , Xms
is a unique K-algebra map such that F �pXiq � Fi for each i P t1, . . . ,mu.

(6) Let G be a topological group and H ¤ G. Show that clpHq ¤ G, where cl is the
topological closure.

(7) Let G be a profinite group, which is topologically finitely generated. Show that
G is small.
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9. Introduction to Category Theory

In today’s lecture, we recall basic definitions from Category Theory (categories, func-
tors). We are not interested in the abstract theory here, but we are collecting some
notions to be used later for finite group scheme actions (our main topic now).

9.1. Categories. Below is the formal definition of a category. We ignore here some
logical issues, for example we do not specify what is a class: the intuition should be
that it is a collection of sets which may be “too big to be a set” itself.

Definition 9.1. A Category C consists of the following.

 A class ObpCq, whose elements are called objects of C.
 For each X,Y P ObpCq, a set HompX,Y q, whose elements are called morphisms

between X and Y .
 For each X,Y, Z P ObpCq, a function

� : HompX,Y q �HompY, Zq Ñ HompY, Zq
called the composition function

such that @X,Y, Z, T P ObpCq:
(1) pX,Y q � pZ, T q ñ HompX,Y q XHompZ, T q � H.
(2) D! idX P HompX,Xq such that @f P HompX,Y q @g P HompZ,Xq

f � idX � f, idX �g � g.

(3) @f P HompX,Y q, @g P HompY,Zq, @h P HompZ, T q
ph � gq � f � h � pg � fq.

Remark 9.2. Some warnings and conventions.

(1) Warnings.
 HompX,Y q need not consist of functions from X to Y !
 The “composition” map � need not be the composition of functions!

(2) Conventions.
 Instead of ObpCq, we may write C, so “X P C” means “X is an object in

the category C”.
 Instead of f P HompX,Y q, we may write f : X Ñ Y .
 Instead of g � f , we may write gf .
 Instead of HompX,Y q, we may write HomCpX,Y q.

Example 9.3. We give many examples of categories.

(1) Set
ObpSetq is the class of all sets, and for X,Y P Set, HompX,Y q � Y X (the set of
all functions from X to Y ). Formally, each function should also carry a “label”
specifying its codomain, otherwise the condition p1q from Definition 9.1 is not
satisfied.

(2) Top, Top�
ObpTopq is the class of all topological spaces, morphisms are the continuous
functions.
ObpTop�q is the class of all topological spaces with a distinguished point, mor-
phisms are the continuous functions which preserve the fixed points.
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(3) Toph, Toph�
ObpTophq � ObpTopq, morphisms are the homotopy classes of continuous func-
tions.
ObpToph�q � ObpTop�q, morphisms are the homotopy classes of continuous
functions which preserve the fixed points, homotopies also preserve the fixed
points.

(4) Diff
ObpDiffq is the class of all smooth manifolds, morphisms are the smooth func-
tions.

(5) AfVarK , where K is an algebraically closed field K
ObpAfVarKq is the class of all Zariski closed subsets of Kn (where n varies),
morphisms are the restrictions of the polynomial functions.

(6) ModR, where R is a ring (not necessarily commutative)
ObpModRq is the class of all (left) R-modules, morphisms are the R-modules
homomorphisms.
We denote ModZ by Ab (Abelian groups), and ModK by VectK (vector spaces
over K) if K is a field.

(7) AlgR, where R is a commutative ring
ObpAlgRq is the class of all R-algebras (with 1), morphisms are the R-algebra
homomorphisms (preserving 1).

(8) Grp
ObpGrpq is the class of all groups, morphisms are the group homomorphisms.

(9) ToppXq, where X is a topological space
ObpToppXqq � OPENpXq the set of all open subsets of X, morphisms are the
inclusions.

(10) CG, where pG, �q is a group
ObpCGq � t�u (a singleton), pHomp�, �q, �q � pG, �q.

(11) DefpMq, where M is an L-structure.
ObpDefpMqq consists of M -definable subsets of Mn (n P N varies), morphisms
are definable functions.

We need some more definitions.

Definition 9.4. Let C and D be categories.

 The category C is small, if ObpCq is a set (only the categories 5., 9., 10., and 11.
above are small).

 Cop, the opposite category to C
ObpCopq � ObpCq, @ X,Y P C, HomCoppX,Y q � HomCpY,Xq.

 A morphism f : X Ñ Y is an isomorphism, if there is g : Y Ñ X such that:
gf � idX , fg � idY . If there is an isomorphism X Ñ Y , then we say that X
and Y are isomorphic and write X � Y .

 A category C is a subcategory of the category D, if ObpCq is a subclass of ObpDq
and for all X,Y P C, we have HomCpX,Y q � HomDpX,Y q.

 A subcategory C is a full subcategory of the category D, if for all X,Y P C, we
have HomCpX,Y q � HomDpX,Y q.

Example 9.5. We give some examples of subcategories.
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 Ab is a full subcategory of Grp.
 Let K be an algebraically closed field. Then, AfVarK is a subcategory of

DefpMq which is not full.
 Let Rel be a category, such that ObpRelq � ObpSetq and morphisms are rela-

tions (note that relations can be composed). Then Set is a subcategory of Rel
and is not full.

 Let U be an open subset of a topological space X. Then ToppUq is a full
subcategory of ToppXq.

9.2. Functors. To compare different categories, we need a notion of a functor, which
is defined below.

Definition 9.6. A (covariant) functor F from a category C into a category D (notation
F : C Ñ D) consists of:

 An assignment

C Q X ÞÑ F pXq P D
 For all X,Y P C, a function

HomCpX,Y q Q f ÞÑ F pfq P HomDpF pXq, F pY qq
such that F pfgq � F pfqF pgq (for appropriate f, g), and F pidXq � idF pXq.

A contravariant functor F (notation F : Cop Ñ D), is a functor from the opposite
category to C into D, i.e. F pfgq � F pgqF pfq (for appropriate f, g).

We give below some examples of functors and of important constructions related with
functors.

(1) Cat is the category of small categories, morphisms are functors between small
categories (they can be composed).

(2) Forgetful functors

AlgR Ñ ModR Ñ Ab Ñ Set

Diff Ñ Top Ñ Set

AfVarK Ñ Top (Zariski topology)

AfVarC Ñ Top (Euclidean topology)

(3) Representable functors.
For each category C and X P C, we have two functors:

hX : C Ñ Set, hXpY q � HompX,Y q
hX : C Ñ Setop, hXpY q � HompY,Xq.

Both of them act on morphisms by the composition (details on Figure 1).
(a) Let

F : Top Ñ Toph, F� : Top� Ñ Toph�

be the obvious functors. Then, for all n P N we have the functor of the
n-th homotopy group

πn : Top� Ñ Set, πn � hSn � F�;
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where Sn is the n-dimensional sphere (with an arbitrary choice of a fixed
point). It is well-known that

π1 : Top� Ñ Grp

and for n ¡ 1:
πn : Top� Ñ Ab.

The above formally means that there is a functorrπ1 : Top� Ñ Grp

such that the following diagram of functors commutes:

Grp

Forgetful

��
Top�

rπ1
77

π1
// Set.

(b) For an algebraically closed field K, we have a functor

hK : AfVarK Ñ pAlgKqop, hKpV q � HomAfVarK pV,Kq.
We denote hKpV q by KrV s (the ring of regular functions on V ).
It follows from Hilbert’s Nullstellensatz that we have the following isomor-
phism of K-algebras:

KrV s � KrXs{IpV q,
so the definition of KrV s above coincides with the definition we have been
using before (as the coordinate ring of V ).
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10. Group objects and cogroup objects

The aim of today’s lecture is to define an appropriate generalization (from the cate-
gory of sets) of the notion of a group to the case of an arbitrary category.

10.1. Natural transformations and representable functors. The functors dis-
cussed last time are not exactly representable functors but rather the functors which
are “already represented”. To define properly the notion of a representable functor, we
need to know what is an isomorphism between two functors.

Definition 10.1. Let C,D be categories and F : C Ñ D, G : C Ñ D be functors.

(1) ψ is a morphism or a natural map (or a natural transformation) between F and
G (notation ψ : F Ñ G), if

ψ � pψX : F pXq Ñ GpXqqXPC
such that for all f P HomCpX,Y q, the following diagram commutes:

F pXq
ψX

��

F pfq // F pY q
ψY

��
GpXq Gpfq // GpY q.

(2) A morphism between functors ψ : F Ñ G is an isomorphism, if for all X P C, the
morphism ψX : F pXq Ñ GpXq is an isomorphism. If there is an isomorphism
between the functors F and G, then, as usual, we use the notation: F � G.

Remark 10.2. It is easy to see that a morphism between functors ψ : F Ñ G is an
isomorphism if and only if there is a morphism ϕ : G Ñ F such that ψ � ϕ � idG and
ϕ � ψ � idF .

Example 10.3. We have the following functors:

id : VectK ÝÑ VectK , �� : VectK ÝÑ VectK ;

where

� : Vectop
K ÝÑ VectK

is the dual space functor. Then, the classical “natural map”

ϕ : id Ñ ��, ϕV pvqpv�q � v�pvq
is really a natural map in the sense of Definition 10.1 (see Problem 9.1).

We can define now the notion of a representable functor.

Definition 10.4. Let C be a category and F : C Ñ Set be a functor. We say that F is
representable, if there is X P C such that F � hX . Similarly for contravariant functors.

We will see many examples of representable functors soon.
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10.2. Products and group objects. We start our discussion of group objects with a
result saying that each group gives a “group functor”. The proof is presented on Figure
2.

Fact 10.5. Let pG, �q be a group. Then, there is a functor�hG : Setop ÝÑ Gps

such that the following diagram of functors commutes:

Grp

Forgetful
��

Setop

�hG
66

hG // Set.

It can be shown that the opposite implication also holds, that is: if the functor
hX can be lifted as above to a functor to the category of groups, then the set X has

a group structure and this lifting coincides with the functor �hX above. Hence, groups
correspond exactly to representable functors into the category of groups (more formally:
to representable functors such that the liftings as above exist).

We want to do the same thing after replacing the domain category Set with an
arbitrary category C, that is: we want to understand what kind of an additional structure
an object X P C should have to allow a lifting of the functor hX : Cop Ñ Set to the
category of groups. After doing that, we will dualize the obtained structure to get a
corresponding description for the covariant functors hX : C Ñ Set.

We start with the following basic question: what is a group? It is a set G together
with a function

µ : G�G ÝÑ G,

which satisfies the group axioms. Therefore, the very first thing to do is to generalize
the notion of a Cartesian product to an arbitrary category. The right notion is the
following one.

Definition 10.6. A product in the category C of objects X P C and Y P C is an object
Z P C together with morphisms πX : Z Ñ X,πY : Z Ñ Y such that:

 for each Z 1 P C and each morphisms fX : Z 1 Ñ X, fY : Z 1 Ñ Y ,
 there is a unique morphism f : Z 1 Ñ Z,
 such that fX � fπX , fY � fπY .

Remark 10.7. If a product of X,Y P C exists, then it is unique up to an isomorphism
and it is denoted by X � Y . The following diagram helps to visualize the situation:

Z 1

fX

��

f

��
fY

��

X � Y
πX{{

πY ##
X Y.
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We need the following easy general properties of products (we skip the proofs).

Lemma 10.8. Assume that the category C has products. Then, we have the following.

(1) Products in the category C give a functor in the sense that if f : A Ñ B and
g : C Ñ D, then we have a unique natural morphism

f � g : A� C ÝÑ B �D
such that the following diagrams commute:

A� C f�g //

πA
��

B �D
πB
��

A� C f�g //

πC
��

B �D
πD
��

A
f // B, C

g // D.

(2) The product in C is commutative and associative in the sense that for X,Y, Z P C,
we have the following natural isomorphisms:

X � Y � Y �X, pX � Y q � Z � X � pY � Zq.
Example 10.9. Let us see some examples of products in different categories.

(1) Set, Top, AfVarK .
Products are the Cartesian products. It means for the category Top that the
Cartesian product of two topological spaces has a topology making this Carte-
sian product a product in the category Top (similarly for the category AfVarK).
Note that the Zariski topology on a product in AfVarK is not the product topol-
ogy! In other words, the forgetful functor

AfVarK ÝÑ Top

does not preserve products.
(2) AlgR. Products are the Cartesian products.
(3) Grp. Products are the Cartesian products.
(4) ModR. Products are the Cartesian products.
(5) ToppXq (X is a topological space). Products are the intersections.
(6) In the category of fields, there are usually no products (see Problem 9.2).
(7) If G is a non-trivial group, then there are no products in the category CG (see

Problem 9.3).

Remark 10.10. For any objects Y,Z P C, we have the following functor:

ProdY,Z : Cop ÝÑ Sets, ProdY,ZpXq � HompX,Y q �HompX,Zq.
It can be show that a product of Y and Z exists if and only if the functor ProdY,Z is
representable and a representing object is a product of Y and Z.

We still need some abstract properties of products, which are described below.

Definition 10.11. Suppose that the category C has products and X,Y, Z P C.

(1) There is a unique morphism

∆ : X ÝÑ X �X,
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called the diagonal morphism, such that the following diagram commutes:

X

idX

��

idX

��

∆

��
X �X

πX ##
πX{{

X X.

(2) For any f : X Ñ Y and g : X Ñ Z, the morphism pf, gq : X Ñ Y �Z is defined
as the following composition:

X
∆ // X �X f�g // Y � Z.

Assume now that the category C has products. Since the group associativity axiom
can be expressed using a commutative diagram, we can define now the notion of a
semi-group object.

Definition 10.12. A semi-group object in the category C is a pair pG,µq, where G P C,
µ : G�GÑ G, and the following diagram commutes:

G�G�G µ�idG //

idG�µ
��

G�G
µ

��
G�G µ // G.

It turns out that a proper definition of the notion of a neutral element is quite
complicated. Firstly, the neutral element in a group is an element of the universe of
this group, which raises the following question: what is an element of an object in a
category? It can be answered in several ways, the good intuition is that an element of
a variety is its rational point, but this rational point may be taken with respect to an
arbitrary field (or even an arbitrary ring) extending the base field. However, to define
properly the notion of a neutral element, we need to consider abstract “elements” of a
very special kind.

As usual, to get the proper intuitions we consider the category of sets. Let � P Set
denote an arbitrary singleton. Then, it is clear that for any X P Set, we have the
following natural bijection:

X ÐÑ HomSetp�, Xq.
Therefore, the elements ofX correspond to certain morphisms intoX and the right-hand
side of the above bijection will give us “elements” of an object in an arbitrary category
C. We still face the following question: what should play the role of the singleton �
in an arbitrary category C? Let us note the following categorical property of �, which
actually describes singletons fully: for any X P Set, there is a unique morphism X Ñ �
(the constant map).

Definition 10.13. Let C be a category.



58

 An object X P C is an initial object in C, if for all Y P C, we have

|HompX,Y q| � 1.

 The definition of a terminal object is dual, i.e. X P C is a terminal object in C,
if X is an initial object in Cop, that is: for all Y P C, we have

|HompY,Xq| � 1.

Example 10.14. Let us see some examples of initial and terminal objects.

(1) H is an initial object in Set, any singleton is a terminal object in Set.
(2) H is an initial object in ToppXq and X is a terminal object in ToppXq.
(3) teu is both an initial and a terminal object in Grp, i.e. it is a zero object in

Grp.
(4) R is an initial object in AlgR. The zero ring is a terminal object in AlgR.

Remark 10.15. If an initial (resp. a terminal) object exists, then it is unique up to
an isomorphism.

From now on, we assume that the category C has products and terminal objects. Let
us denote a fixed terminal object in C by �. It is easy to see (Problem 9.4) that for any
X P C, we have a natural isomorphism X � � � X.

If x : � Ñ X is a morphism, then for any Y P C we sometimes also denote by
x : Y Ñ X the composition of the unique morphism Y Ñ � and x : � Ñ X.

Definition 10.16. Let pG,µq be a semi-group object in the category C. A morphism
e : � Ñ G is a called a unit (of pG,µq) if the following diagram commutes:

G

pidG,eq

��

pe,idGq //

idG

((

G�G
µ

��
G�G µ // G.

Having the notion of a unit, it is easy now to define the categorical notion of an
inverse map.

Definition 10.17. Let pG,µq be a semi-group object in the category C and e : � Ñ G be
a unit of pG,µq. A morphism i : GÑ G is called an inverse (with respect to pG,µ, eq),
if the following diagram commutes:

G

e

��

pidG,iq

ww

pi,idGq

((
G�G µ // G G�G.µoo

The definition of a group object is rather clear now.

Definition 10.18. A group object in the category C is a quadruple pG,µ, e, iq such that
pG,µq is a semi-group object in C, e is a unit of pG,µq, and i is an inverse with respect
to pG,µ, eq.
Example 10.19. One may wonder whether this seemingly complicated definition is a
“right” one, but the following examples should convince everybody that it is the case.
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(1) In any category, a terminal object is a “trivial” group object with the obvious
(unique) morphisms.

(2) Group objects in the category Set are groups.
(3) Group objects in the category Top are topological groups.
(4) Group objects in the category Toph are called H-groups.
(5) Group objects in the (naturally defined) category of smooth manifolds are Lie

groups.
(6) Group objects in the category AfVarK are called affine algebraic groups over

K.
(7) Group objects in the category DefpMq are definable groups (in M).
(8) By Problem 9.7, group objects in the category Grp are commutative groups.

We state now a categorical version of Fact 10.5. The proof is analogous to the proof
of Fact 10.5 and it is presented on Figure 3.

Theorem 10.20. If pG,µ, e, iq is a group object in the category C, then there is a functor

�hG : Cop ÝÑ Gps

such that the following diagram of functors commutes:

Grp

Forgetful
��

Cop

�hG
77

hG // Set.

It can be shown again that the opposite implication also holds, that is: if the functor
hX : Cop Ñ Set can be lifted to a functor to the category of groups, then the object

X has a group object structure and this lifting coincides with the functor �hX above.
Hence, group objects in C correspond exactly to representable contravariant functors
from C into the category of groups (more formally: to representable functors such that
the liftings as above exist).

10.3. Coproducts and cogroup objects. We are done with the categorical descrip-
tion of groups, but it is not enough for us. We also want to understand the covariant
representable functors into the category of groups (as the fundamental group functor).
Such considerations lead to the notion of a cogroup object. This notion is less natural,
especially since there are no non-trivial “cogroups” that is the cogroup objects in the
category of sets! The opposite category becomes useful now, since it is rather clear
that a cogroup object in the category C should be the same as a group object in the
category Cop. Hence, we need to revert all the arrows and to understand the notions of:
a coproduct, an initial object (already defined), a counit, and a coinverse.

Definition 10.21. The notion of a coproduct is a notion which is dual to the notion of
a product. A coproduct in the category C of the objects X,Y P C is denoted by X

²
Y

and it comes with two morphisms:

ιX : X ÝÑ X
º

Y, ιY : Y ÝÑ X
º

Y ;
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which satisfy the universal condition expressed in the following commutative diagram
(being dual to the diagram from Remark 10.7):

Z 1

X
²
Y

f

OO

X

fX

GG

ιX

;;

Y.

fY

WW

ιY

cc

Example 10.22. Let us see some examples of coproducts.

(1) Set, Top, Toph, Diff , AfVarK .
The coproducts are the disjoint unions.
Therefore, in an arbitrary category C, a coproduct of the objects X,Y P C is an
object representing the following functor:

C Q A ÞÑ HompA,Xq �YHompA, Y q P Set.

(2) Set�, Top�, Toph�.
The coproducts are called wedge sums, denoted by _. For example, we have:

pS1, �q
º
pS1, �q � S1 _ S1 � figure-eight space.

(3) AlgR. The coproducts are the tensor product.
(4) Grp. The coproducts are the free products.
(5) ModR. Both the products and the coproducts coincide with the Cartesian

products (in such a case, they are called the direct sums).
(6) ToppXq. The coproducts are the unions.
(7) In the category of fields, there are usually no coproducts (see Problem 9.2).
(8) If G is a non-trivial group, then there are no coproducts in the category CG (see

Problem 9.3).

Assume now that the category C has coproducts. Then, a possible “cogroup cooper-
ation” on X P C is a morphism

c : X ÝÑ X
º

X.

A good intuition comes from the category Top� (it is even better in the category
Toph�), where

c : pS1, �q ÝÑ pS1, �q
º
pS1, �q � figure-eight space

is the “pinch map” (or the map of “shrinking the equator”).
We proceed directly now to the definition of a cogroup in a category. We assume that

C has coproducts and initial objects. Let us fix an initial object HC P C.
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Definition 10.23. A cogroup object in the category C is a quadruple pH, c, η, ιq (con-
sisting of the object H P C, the comultiplication, the counit, and the coinverse) such
that:

c : H ÝÑ H
º

H, η : H ÝÑ HC , ι : H ÝÑ H

and the dual version of the diagrams from Definitions 10.12, 10.16, and 10.17 are commu-
tative. Let us still write this diagrams explicitly. The first one expresses coassociativity.

H
²
H

²
H H

²
H

c
²

idHoo

H
²
H

idH
²
c

OO

H.
coo

c

OO

The second one expresses being a counit, where to define e.g. the morphism pη, idHq
the codiagonal morphism ∇ : H

²
H Ñ H is used.

H H
²
H

pη,idHqoo

H
²
H

pidH ,ηq

OO

H.

c

OO

coo

idH

hh

The last diagram expresses being a coinverse, where η : H Ñ H denotes the composition
of the original η : H Ñ HC with the unique morphism HC Ñ H (similarly as in the
case of terminal objects).

H

H
²
H

pidH ,ιq
77

H

η

OO

coo c // H
²
H.

pι,idHq
gg

We get the following dual version of Theorem 10.20: an object X P C has a cogroup
object structure if and only if the functor hX : C Ñ Set lifts to the category of groups.

Example 10.24. Let us see some examples of cogroup objects.

(1) In any category, an initial object is the “trivial” cogroup object.
(2) In Set or Top, there is only the trivial cogroup object H, since a possible counit

morphism X ÑH exists if and only if X � H.
(3) pSn, �q is a cogroup in the category Toph�.

The comultiplication is given by the “pinch map”

Sn Ñ Sn _ Sn.
In Problem 9.5, you are asked to describe the counit and the coinverse explicitly.

(4) The cogroups in Grp are exactly the free groups.
It is easy to see that any free group FX has a cogroup structure (in the category
of groups), since for any group G, we have:

HompFX , Gq � FuncpX,Gq � hGpXq
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and we know that hGpXq is a group. The uniqueness part is a theorem of Kan.
In Problem 9.6, you are asked to describe the comultiplication, the counit, and
the coinverse explicitly.

(5) The cogroups in the category AlgK are Hopf algebras, which are our main topic
here. Hopf algebras will be discussed in details during the next lecture.
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Problem List 9

Let C be a category, K be a field, and X be a set.

(1) For any V P VectK , we define the following map:

ϕV : V ÝÑ V ��, ϕV pvqpv�q � v�pvq.
Show that

ϕ :� pϕV qPVectK

is a natural map between the following functors:

id : VectK ÝÑ VectK , �� : VectK ÝÑ VectK .

(2) Let Fields be the category of fields.
(a) Find F,K P Fields such that a product of F and K exists in the category

Fields.
(b) Find F,K P Fields such that a coproduct of F and K exists in the category

Fields.
(c) Find F,K P Fields such that a product of F and K does not exist in the

category Fields.
(d) Find F,K P Fields such that a coproduct of F and K does not exist in

the category Fields.
(3) Let G be a non-trivial group. Show that there are no products and no coproducts

in the category CG.
(4) Let � be a terminal object in the category C. Show that for any X P C, we have

a natural isomorphism
X � � � X.

(5) Let n ¡ 0,
c : Sn ÝÑ Sn _ Sn

be the “pinch map”, and � be a singleton. Find the maps:

η : Sn ÝÑ �, ι : Sn ÝÑ Sn

such that pSn, c, η, ιq is a cogroup in the category Toph�.
(6) Let FX be the free group on the set X. Find the maps:

c : FX ÝÑ FX � FX , η : FX ÝÑ teu, ι : FX ÝÑ FX

such that pFX , c, η, ιq is a cogroup in the category Gps corresponding to the
group functor from Example 10.24.

(7) Show that the group objects in Grp coincide with the commutative groups,
where the group object morphisms come from the original group operations.
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11. Hopf algebras and group schemes

In today’s lecture, we will introduce the notion of a “group”, which appeared in the
following passage from the Introduction:

‘Derivations of some kind may be still understood as “group” actions, but it has to
be properly explained what does “group” mean in this context (for example, a non-
trivial “group” may have no non-trivial points!), which is interesting in its own.’

This notion is connected to the cogroup objects in the category of K-algebras, such
cogroup objects are classically called Hopf algebras (over K).

11.1. Equivalence of categories. Let us fix an algebraically closed field K. I still
need to explain why cogroup objects in the category AlgK are important for us. Let
us recall the representable functor:

hK : pAfVarKqop ÝÑ AlgK , hKpV q � HomAfVarK pV,Kq,
where hKpV q is usually denoted by KrV s (the ring of regular functions).

By Problem 10.1, this functor is faithfully full, that is: it induces bijections on sets of
morphisms. Therefore, the image category of this functor is “the same” as the domain
category. We will now describe this image (up to isomorphisms of objects) and explain
what does “the same” mean in this context.

Let R be a K-algebra. By Problem 10.2, the following are equivalent:

(1) there is V P AfVarK such that:

R � KrV s
(an isomorphism in the category AlgK);

(2) R is a finitely generated K-algebra having no nilpotent elements.

Rings without nilpotent elements are called reduced (this term originates from algebraic
geometry). Let us denote by FgRedAlgK the full subcategory of AlgK whose objects
are finitely generated and reduced K-algebras. By the above, there is a faithfully full
functor:

Θ : pAfVarKqop ÝÑ FgRedAlgK
such that for any R P FgRedAlgK , there is V P AfVarK such that R � KrV s.
The existence of such a functor means (by definition) that the categories AfVarop

K
and FgRedAlgK are equivalent. We can always move the opposite category to the
other side of functors/equivalences etc., so the categories AfVarK and FgRedAlgop

K
are equivalent as well.

In particular, group objects in AfVarK (algebraic groups) correspond to certain
cogroup objects in AlgK (such that the underlying K-algebra is finitely generated and
reduced). We will be interested in arbitrary cogroup objects in AlgK for an arbitrary
field (or even: an arbitrary commutative ring) K.

11.2. Hopf algebras and affine group schemes. Let us take an algebraic group
pG,µ, e, iq, which is a group object in the category AfVarK . Note that pG,µq is an
actual group, since products in AfVarK are Cartesian products, but pG,µq is not a
topological group by Example 10.9(1). For a morphism f : V Ñ W in the category
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AfVArK , we denote by f� : KrW s Ñ KrV s the image of this morphisms by the
coordinate ring functor. Then, the quadruple pKrGs, µ�, e�, i�q is a cogroup object in
the category AlgK and let us look at the maps µ�, e�, i� more closely:

µ� : KrGs ÝÑ KrG�Gs � KrGs bK KrGs, e� : KrGs Ñ K, i� : KrGs Ñ KrGs.
These maps fit to the commutative diagrams described for an arbitrary category in
Definition 10.23. These considerations lead to the following definition.

Definition 11.1. Let R be a (unital commutative) ring. A Hopf algebra over R is a
cogroup object in the category AlgR, that is: it is a quadruple pH, c, η, ιq such that:

c : H ÝÑ H bR H, η : H ÝÑ R, ι : H ÝÑ H

are R-algebra homomorphisms and the following diagrams are commutative, where “b”
stands for “bR”:

H bH bH H bHcbidHoo

H bH
idH bc

OO

H,
coo

c

OO

H H bHpη,idHqoo

H bH
pidH ,ηq

OO

H,

c

OO

coo

idH

hh

H

H bH

pidH ,ιq
66

H

η

OO

coo c // H bH.

pι,idHq
hh

Let us consider again an algebraically closed field K and an affine algebraic group G.
Then, KrGs is a Hopf algebra and we have the following natural bijective correspondence
(Problem 10.3):

GpRq ÐÑ HomAlgK
pKrGs, Rq,

where GpRq stands for the set of R-rational points of G, that is: the zeroes in Rn of
the ideal IpGq P KrXs, where X � pX1, . . . , Xnq. Since KrGs is a Hopf algebra (a
cogroup object in AlgK), GpRq is a group. Therefore, the affine algebraic group G can
be considered as the (group) functor of rational points:

G : AlgK ÝÑ Gps.

This motivates the following generalization.

Definition 11.2. Let R be a ring. An affine group scheme over R is a representable
functor

AlgR ÝÑ Gps.

Remark 11.3. A representable functor can be identified with an object representing
it (this is Yoneda Lemma, which we skip), so an affine group scheme over R is basically
the same as a (representing) Hopf algebra over R.
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Example 11.4. We will see several examples of group schemes. Let K be an alge-
braically closed field and n ¡ 0.

(1) The set Kn considered as an affine algebraic variety is usually denoted by An

(or An
K) and called the affine n-space. It is clear that:

KrAns � KrX1, . . . , Xns.
SinceA1 (called also the affine line) has the structure of an affine algebraic group
(with the field addition), KrXs has the natural corresponding Hopf algebra
structure, which is calculated on Figure 4.

For a ring R, let us consider the following functor:

Ga,R : AlgR ÝÑ Gps, Ga,RpT q � pT,�q.
It is clear that it is a group scheme and the corresponding Hopf algebra is the
same one as in the case of R � K above (just all the instances of “K” should
be replaced with “R”). It is called the additive group scheme (over R). We also
denote:

Ga :� Ga,Z.

(2) We consider now the multiplicative group. As such:

K� � ta P K | a � 0u
is a Zariski open subset of K. However, by the standard trick (appearing also
in Example 2.4), we can identify K� with the following Zariski closed subset of
A2 (called also the affine plane):

C :� tpa, tq P K2 | at � 1u,
which is the hyperbola. It is also clear that:

KrCs � KrX, 1{Xs.
Since C has the structure of an affine algebraic group (with the field multiplica-
tion), KrX, 1{Xs has the natural corresponding Hopf algebra structure, which
is calculated on Figure 5.

For a ring R, let us consider the following functor:

Gm,R : AlgR ÝÑ Gps, Gm,RpT q � pT �, �q .
It is clear that it is a group scheme and the corresponding Hopf algebra is the
same one as in the case of R � K above (similarly as in Item p1q). It is called
the multiplicative group scheme (over R). We also denote:

Gm :� Gm,Z.

(3) We consider the functor:

kerpFrq : AlgFp
ÝÑ Gps, kerpFrqpRq � tr P R | rp � 0u.

In Problem 10.6, you are asked to show that kerpFrq is a group scheme over Fp.
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Problem List 10

Let K be an algebraically closed field, p be a prime number, and n P N¡0.

(1) Show that the representable functor:

hK : pAfVarKqop ÝÑ AlgK , hKpV q � HomAfVarK pV,Kq,
is faithfully full, that is: it induces bijections on the sets of morphisms.

(2) Let R P AlgK . Show that the following are equivalent:
(a) there is V P AfVarK such that:

R � KrV s
(an isomorphism in AlgK);

(b) R is a finitely generated K-algebra having no nilpotent elements.
(3) Let V P AfVarK . Show that we have the following natural bijective correspon-

dence:
V pRq ÐÑ HomAlgK

pKrV s, Rq,
where V pRq stands for the set of R-rational points of V , that is: the zeroes in
Rn of the ideal IpV q P KrXs, where X � pX1, . . . , Xnq.

(4) Show that:

KrGLnpKqs � K rX1,1, . . . , Xn,n, T s { pT det ppXi,jqi,jq � 1q
and determine the Hopf algebra structure on KrGLnpKqs, which corresponds to
the algebraic group GLnpKq.

(5) Show that:

GLn : AlgZ � Rings ÝÑ Gps, GLnpRq � tA PMnpRq | detpAq P R�u
is a group scheme over Z.

(6) Show that:

kerpFrq : AlgFp
ÝÑ Gps, kerpFrqpRq � tr P R | rp � 0u.

is a group scheme over Fp.
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12. Actions of finite group schemes

In today’s lecture, we finally define the notion of actions of (finite) group schemes,
whose model theory we aim to study, similarly as we studied the model theory of actions
of finite groups on fields.

12.1. More examples and structure constants. Firstly, we give some examples of
classical functors which are or are not group schemes (although they may look as such
at first sight). It is not very much related to the main topic, but it is still interesting
and should provide a better understanding of group schemes.

Example 12.1. We consider the following classical functors. Let n ¡ 0 and we recall
that the category of rings coincides with the category of Z-algebras and we will use the
notion for the latter.

(1) General linear group and special linear group.
Let us consider the following functors:

GLn : AlgZ ÝÑ Gps, R ÞÑ AutModR
pRnq,

SLn : AlgZ ÝÑ Gps, R ÞÑ tf P GLnpRq | detpfq � 1u.
If K is an algebraically closed field, then we consider the general linear group
GLnpKq as an affine variety. We have that

GLnpKq � tA PMnpKq | detpAq � 0u
is a Zariski open subset of MnpKq � An2

(the determinant function is a poly-
nomial function). Similarly as in Example 11.4(2), it can be identified with the

following Zariski closed subset of An2�1:

tpA, tq PMnpKq �K | detpAqt � 1u.
The interpretation of GLnpKq as a Zariski closed subset of An2�1 also gives the
correct interpretation of GLnpRq for an arbitrary ring R as:

GLnpRq � tA PMnpRq | detpAq P R�u!
In Problem 10.5, you are asked to show that GLn is a group scheme over Z. We
clearly have:

GL1 � Gm.

Similarly, SLn is a group scheme over Z as well.
For the next two items, we need to notice that:

ZpGLnpRqq � R�I � R�,

ZpSLnpRqq � R�I X SLnpRq � µnpRq :� tr P R� | rn � 1u .
(2) Projective general linear group.

Let us consider the following functor

AlgZ ÝÑ Gps, R ÞÑ GLnpRq{ZpGLnpRqq.
This functor, which we may be tempted to call PGLn, is not a group scheme
(that is: it is not representable) for the following reasons. There is the following
adjoint representation map:

Ad : GLn ÝÑ GLn2 , AdRpAqpBq � ABA�1,
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where R is a ring, A P GLnpRq, and B P MnpRq � Rn
2
. For any ring R, we

have:

kerpAdRq � ZpGLnpRqq.
It can be shown that if K is an algebraically closed field, then the image:

AdK pGLnpKqq   GLn2pKq
is Zariski closed, so this image has a structure of an algebraic group. Similarly
as in Problem 10.5, there is a group scheme over Z, which is denoted by PGLn,
such that for all rings R we have a natural isomorphism:

PGLnpKq � AdK pGLnpKqq .
In the case of n � 2, this group scheme is represented by:

H0 :� Z
�
XY

d
,
XZ

d
,
XT

d
,
Y Z

d
,
Y T

d
,
Y Z

d
,
X2

d
,
Y 2

d
,
Z2

d
,
T 2

d

�
,

where d :� XT �Y Z and the Hopf algebra structure on H0 is induced from the
Hopf algebra H giving GL2:

H :� Z
�
X,Y, Z, T,

1

XT � Y Z
�

representing the group scheme GL2 (so H0 is a Hopf subalgebra of H, which is
OK, since: group scheme quotients correspond to Hopf subalgebras, and sub-
group schemes correspond to Hopf algebra quotients).

For any ring R, AdR induces the following monomorphism:

GLnpRq{ZpGLnpRqq ÝÑ PGLnpRq,
which is an isomorphism if R � K is a field. However, AdR need not be onto and
in general we have the following exact sequence (the word “exact” here means
that the image of each arrow coincides with the kernel of the next arrow):

1 ÝÑ GLnpRq{ZpGLnpRqq ÝÑ PGLnpRq ÝÑ PicpRq ÝÑ 1.

Therefore, the “difference” between GLnpRq{ZpGLnpRqq and PGLnpRq is mea-
sured by the Picard group of R, which, for example, for a Dedekind ring R
coincides with the ideal class group ClpRq. Hence if R is a field or a local ring
or a PID ring, then we have:

PGLnpRq � GLnpRq{ZpGLnpRqq.
(3) Projective special linear group.

Let us consider the following functor

PSLn : AlgZ ÝÑ Gps, R ÞÑ SLnpRq{ZpSLnpRqq.
This is not a group scheme and the quotient of the group scheme SLn by the
normal group subscheme ZpSLnq (all these notions make a formal sense, but I
will not give the definitions here) coincides with the group scheme PGLn as in
Item p1q. The difference can be already observed on the level of fields and it
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is given by the following commutative diagram (see Problem 11.6), where each
row is exact and each column is exact:

1

��

1

��

1

��
1 // µnpKq

x ÞÑxI
��

¤ // K�

x ÞÑxI

��

x ÞÑxn // pK�qn

¤

��

// 1

1 // SLnpKq

��

¤ // GLnpKq

��

det // K�

��

// 1

1 // PSLnpKq

��

// PGLnpKq

��

// K�{pK�qn

��

// 1

1 1 1

We define now a type of group schemes, which generalizes the notion of a finite group
and this is the type which is most interesting for us.

Definition 12.2. Let k be a field. A finite group scheme over k is a an affine group
scheme over k such that the corresponding Hopf algebra is finite-dimensional as a vector
space over k.

I will give now some examples of finite groups schemes.

Example 12.3. Let k be a base field and n ¡ 0.

(1) Constant finite group schemes.
Let pG,µq be a finite group and we set H :� kG. The Hopf algebra structure
on H should come from µ:

µ� : kG ÝÑ kG�G, µ�pfq � f � µ.
By Problem 11.2, if X and Y are finite sets, then we get the following isomor-
phism of k-algebras, which is “natural in X and Y ”:

kX�Y � kX bk kY

(this is a Stone-Weierstrass type statement: the right-hand side above corre-
sponds to functions of the form

px, yq ÞÑ f1pxqg1pyq � . . .� fnpxqgnpyq
for some n ¡ 0, fi : X Ñ k, and gi : Y Ñ k). Using Problem 11.2, we get that
µ� is a cooperation on H :� kG:

µ� : H ÝÑ H bk H
(all tensor products are taken over k). Since µ is associative, we have:

µ � pµ� idGq � µ � pidG�µq.
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Applying the representable contravariant functor hk, we get that the following
diagram commutes:

H bk H bk H H bk Hµ�bidHoo

H bk H
idH bµ�

OO

H.
µ�oo

µ�

OO

that is µ� is coassociative.
The neutral element in G can be understood as a map

e : tidu ÝÑ G.

We get the corresponding counit map:

e� : H � kG ÝÑ k � ktidu

fitting to the following commutative diagram:

H H bk He��idHoo

H bk H
idH �e�

OO

H.

µ�

OO

µ�oo

idH

ii

Finally, let us consider the inverse map on G:

i : G ÝÑ G.

It induces the following coinverse map:

i� : H � kG ÝÑ H � kG

fitting to the following commutative diagram:

H

H bk H

idH �i�
66

H

e�

OO

µ�oo µ� // H bk H.

i��idH

hh

Let

G : Algk ÝÑ Gps

be the group scheme represented by the Hopf algebra kG. By Problem 11.1, for
any connected (that is: without non-trivial idempotents) R P Algk, we have a
natural isomorphism GpRq � G.

Let tχg | g P Gu be a k-basis of kG consisting of characteristic functions
(χgphq � δgh: Kronecker’s delta). Then, we have (computed on Figure 6):

µ�pχgq �
¸
hk�g

χh b χk.

For any g P G we have:

e�pχgq � χgpeq � δgh,
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and it is easy to see that

i�pχgq � χg�1 .

(2) Kernels of powers of Frobenius.
Extending Example 11.4(3) and changing the notation a bit we define:

αpn : AlgFp
ÝÑ Gps, αpnpRq �

 
r P R | rpn � 0

(
.

Similarly as in Example 11.4(3), αpn is a group scheme represented by

Fprεs :� FprXs{pXpnq
(not to overload the notation, we still use “ε” instead of e.g. “εn”) and

c : Fprεs ÝÑ Fprεs bFp Fprεs, cpεq � εb 1� 1b ε
(this map is well-defined again, since charpFpq � p).
Let t1, ε, . . . , εpn�1u be a basis of Fprεs considered as an Fp-linear space. Then
we have the following:

c
�
εi
� � c pεqi
� pεb 1� 1b εqi

�
i̧

k�0

�
i

k



εk b εi�k.

It is easy to see that we also have:

η
�
εi
� � δi0, ι

�
εi
� � p�1qiεi.

There is a standard name to some parameters from the base field, which appeared
above.

Definition 12.4. LetH be a finite-dimensional Hopf algebra over a field k and tb1, . . . , bmu
be a basis of H over k (as a k-linear space). Then, the structure constants pνj,ki qi,j,k of
the comultiplication c (with respect to this chosen basis) are the elements of k, which
are given by the following formula (i ¤ m):

cpbiq �
¸
j,k

νj,ki bj b bk.

Similarly, we can define the structure constants for the coinverse map and the counit
map.

Remark 12.5. One can describe the coassociativity axiom using the structure constants
in the following way:

νi,jk νm,ni � νm,ik νn,ji .

Example 12.6. Structure constants for finite group schemes from Example 12.3.

(1) For H � kG and k, h, g P G, we have the following (hk � µph, kq P G):

νh,kg � δhkg .

(2) For αpn and i, j, k   pn, we have the following:

νj,ki �
�
i

k



δj�ki .
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12.2. Hopf algebra coactions. Let us fix two covariant functors (instead of the cat-
egory Algk we could have taken an arbitrary domain category):

G : Algk ÝÑ Gps, X : Algk ÝÑ Set.

An action of G on X is a natural transformation

a : G�X ÝÑ X

such that for each T P Algk, the map:

aT : GpT q �XpT q ÝÑ XpT q
is a group action.

Assume now that the functor G is represented by a Hopf algebra H over k (so G is
an affine group scheme over k) and X is represented by the k-algebra R (so X is an
affine scheme over k). In such a case, we will use the following notation (the reasons
for this notation will not be explained in this course):

G � SpecpHq, X � SpecpRq.
Since the usual group action axioms (the identity axiom and the mixed associativity
axiom) are expressed by the following commutative diagrams (a group pG,µq acts on a
set X by a : G�X Ñ X):

X �G
a

��

X
pid,eqoo

idXww

X �G
a

��

X �G�GidX �µoo

a�idG

��
X X X �Gaoo

we get that an action of G on X corresponds to a coaction of the Hopf algebra H on
R, that is to a k-algebra map:

B : R ÝÑ Rbk H
such that the following diagrams (expressing the counit condition and the mixed coas-
sociativity conditions) commute:

Rbk H idR �η // R � Rbk k Rbk H idRbc // Rbk H bk H

R

B

OO

idR

55

R

B

OO

B // Rbk H.
BbidH

OO

We are interested in the model theory of actions of finite group schemes on fields, which
is the situation as above after assuming that:

 R � K is a field;
 dimkH is finite.

Before the next example, we need one definition.

Definition 12.7. Let k be a field and R P Algk.

(1) A map B : RÑ R is a called a derivation (on R), if for all x, y P R, we have the
following:
 Bpx� yq � Bpxq � Bpyq (B is additive);
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 Bpxyq � xBpyq � yBpxq (B satisfies the Leibniz rule).
(2) A derivation B : R Ñ R is called a k-derivation, if it is k-linear (equivalently:

Bpkq � 0).

Example 12.8. We give two examples of finite group scheme actions on (the functors
represented by) rings. In both cases, we first interpret the k-algebra map B (using a
fixed basis) and then understand the additional Hopf algebra coaction conditions.

(1) Let us fix a finite group pG,µq and set H :� kG. We also fix a k-algebra R.
Then, the action of SpecpHq on SpecpRq corresponds to a k-algebra map

B : RÑ Rbk H
satisfying two additional conditions as above. We analyze first such maps in
general and then interpret these two additional conditions.

Let us take the basis of H consisting of characteristic functions tχg | g P Gu
(see Example 12.3(1)). Then an arbitrary map B : RÑ Rbk H corresponds to
a sequence of maps pBg : RÑ RqgPG such that for all r P R, we have:

Bprq �
¸
gPG

Bgprq b χg.

We have:

Rbk H �
¸
gPG

R p1b χgq �R Rm,

where the last isomorphism is an isomorphism of R-algebras, since the charac-
teristic functions satisfy the following “orthogonality conditions” (h, g P G):

χ2
g � χg, χgχh � δgh (Kronecker’s delta).

Therefore, it is easy to see that B : RÑ Rbk H is a k-algebra map if and only
if each Bg : RÑ R is a k-algebra map.

We interpret now the counit condition. Recall from Example 12.3(1) that for
all g P G, we have:

η pχgq � δge .

Let us take r P R and “travel up and right” in the diagram responsible for the
counit axiom:

pidR �ηq pBprqq � pidR �ηq
�¸
gPG

Bgprq b χg
�

�
¸
gPG

Bgprqη pχgq

�
¸
gPG

Bgprqδge

� Beprq.
Therefore, B : RÑ RbkH satisfies the counit condition if and only if Be � idR.

We calculate on Figure 7 that the mixed coaasociativity condition for B : RÑ
Rbk H means exactly that for all g, h P G we have:

Bg � Bh � Bgh.
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Therefore, group scheme actions of SpecpkGq on SpecpRq correspond exactly to
action of G on R by k-algebra automorphisms.

(2) Let us consider the group scheme αpn (see Example 12.3(2)), which is repre-
sented by the Hopf algebra

Fprεs :� FprXs{pXpnq.
Let

B : RÑ RbFp Fprεs, Bprq �
pn�1¸
i�0

Biprq b εi,

where each Bi is a map from R to R similarly as in Item p1q above.
We calculate on Figure 8 that B is a Fp-algebra map if and only if the following

holds:
 for each i, Bi is an additive map;
 for each i and x, y P R, we have:

Bipxyq �
¸

j�k�i

BjpxqBkpxq.

In particular, B0 is a Fp-algebra map and B1 is a “derivation of B0”, that is:

B1pxyq � B0pxqB1pyq � B0pyqB1pxq.
Similarly as in Item p1q, a Fp-algebra map B : R Ñ R bFp Fprεs satisfies the
counit condition if and only if B0 � idR. In such a case, B1 is a derivation on R,
and the whole sequence pBiqi pn is sometimes called a truncated Hasse-Schmidt
derivation on R.

Finally, let us consider the mixed coassociativity condition. For r P R, firstly
we “travel up and right” in the diagram expressing the mixed coassociativity
condition:

pidRbcq pBprqq � pidRbcq
�¸

i

Biprq b εi
�

�
¸
i

Biprq b
�

i̧

k�0

�
i

k



εk b εi�k

�

�
¸

k�j pn

�
k � j
k



Bk�j b εk b εj .

Now, we “travel right and up” in the diagram expressing the mixed coassocia-
tivity condition:�B b idkrεs

� pBprqq � �B b idkrεs
��¸

j

Bjprq b εj
�

�
¸
j

�¸
k

Bk pBjprqq b εk
�
b εj

�
¸
k,j

Bk pBjprqq b εk b εj .
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The conclusion is that a Fp-algebra map B : RÑ RbFpFprεs satisfies the mixed
coassociativity condition if and only if for each i, j   pn we have:

Bi � Bj �
�
i� j
i



Bi�j ,

where the right-hand side is understood as 0 in the case when i � j ¥ pn (in

such a case we also have that p|�i�ji �).
Such a sequence pBiqi pn as above (that is: corresponding to an action of

the group scheme αpn) is sometimes called a truncated iterative Hasse-Schmidt
derivation on R.

Remark 12.9. By Problem 11.3, actions of αp on SpecpRq correspond to derivations

B on R such that Bppq � 0 (p-th compositional power).

For completeness, we mention below the “proper” (that is: non-truncated) case.

Definition 12.10. Let R be a ring.

(1) A Hasse-Schmidt derivation on R is a sequence of maps pBn : R Ñ RqnPN such
that for all x, y P R and for all n P N, we have the following:
 B0 � idR;
 Bnpx� yq � Bnpxq � Bnpyq;
 Bnpxyq �

°
i�j�n BipxqBjpyq (“higher Leibniz rules”).

(2) A Hasse-Schmidt derivation pBn : R Ñ RqnPN on R is called iterative, if for all
m,n P N we have:

Bn � Bm �
�
n�m
m



Bn�m.

Remark 12.11. Two comments about Hasse-Schmidt derivations, which are only
loosely related with the main topic of this lecture.

(1) By Problem 11.5, if R is a Q-algebra, then an iterative Hasse-Schmidt derivation
on R is “the same” as a usual derivation. But in the case of positive charac-
teristic these two notions differ and the notion of an iterative Hasse-Schmidt
derivation is considered as a “better” one, the intuition being that we “improve”
the compositional powers of the usual derivation B1.

(2) In the case of positive prime characteristic p, an iterative Hasse-Schmidt deriva-
tion on R can be understood as a compatible sequence of actions of the finite
group schemes pαpnqn¡0. In the general case, there is only an interpretations as
an action of a certain formal group scheme (not a group scheme!), which we will
not explain here.
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Problem List 11

Let k and K be fields, p be a prime number, and n P N¡0.

(1) Let A be a finite set.
(a) For any category C, define properly the constant functor :

ConstA : C ÝÑ Sets, ConstApXq � A.

(b) Show that for a connected (that is: 0 and 1 are the only idempotent ele-
ments) k-algebra R, we have the following bijection:

HomAlgk

�
kA, R

�Ø A.

(c) Let Connk denote the full subcategory of Algk whose objects are connected
k-algebras. Show that the following two functors are isomorphic:

hkA : Connk ÝÑ Sets, ConstA : Connk ÝÑ Sets.

(2) Show that if X and Y are finite sets, then we have the following k-algebra
isomorphism:

kX�Y �k kX bk kY .
(3) Assume that charpRq � p and B is a derivation on R. Show that Bppq (the p-th

compositional power of B) is a derivation on R as well.
(4) Find a natural bijection between the set of actions of αp on SpecpRq and the set

of k-derivation B on R such that Bppq � 0.
(5) Let R P AlgQ. Find a natural bijection between the set of iterative Hasse-

Schmidt derivations on R and the set of derivations on R.
(6) Show that there is the following commutative diagram, where each row is exact,

each column is exact, and µnpKq � tx P K� | xn � 1u:

1

��

1

��

1

��
1 // µnpKq

x ÞÑxI
��

¤ // K�

x ÞÑxI

��

x ÞÑxn // pK�qn

¤

��

// 1

1 // SLnpKq

��

¤ // GLnpKq

��

det // K�

��

// 1

1 // PSLnpKq

��

// PGLnpKq

��

// K�{pK�qn

��

// 1

1 1 1
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13. Actions of finite group schemes: model theoretical set-up

In today’s lecture, we introduce a proper language for the theory of actions on fields
of a fixed finite group scheme. We also start discussing a motivating example of the
theory existentially closed differential fields in characteristic zero.

13.1. Actions of finite group schemes: language and theory. Let us fix the
following:

 a field k;
 a finite group scheme g � SpecpHq over k;
 m :� dimkH;
 a k-basis tb1, . . . , bmu of H over k;
 a k-algebra R.

Any map B : R Ñ R bk H corresponds to a sequence of maps pBi : R Ñ Rqi¤m such
that:

Bprq �
m̧

i�1

Biprq b bi.

A map B : RÑ RbkH is a coaction of H on R (equivalently: an action of g on SpecpRq)
if and only if B1, . . . , Bm satisfy:

 additivity and “Leibniz rules” corresponding to B being a k-algebra homomor-
phism;

 “iterativity rules” corresponding to B satisfying the coaction conditions.

Example 13.1. We consider two main examples.

(1) Suppose that g � SpecpkGq.
 Additivity and the “Leibniz rules” correspond to Bg being a k-algebra en-

domorphism for g P G.
 The “iterativity rules” correspond to and Be � id and Bg �Bh � Bgh for each
g, h P G (the group action axioms).

(2) Suppose that g � αpn (kernel of Frn, see Example 12.3(2)).
 Then, the “Leibniz rules” correspond to the actual (higher) Leibniz rules:

Bipxyq �
¸
j�l�i

BjpxqBlpyq.

 The “Iterativity rules” correspond to the condition B0 � id and to the
actual iterativity rules from the definition of an iterative (truncated) Hasse-
Schmidt derivation:

Bi � Bj �
�
i� j
i



Bi�j .

The above conditions on B1, . . . , Bm saying that B is an action of g on SpecpRq can be
expressed by a collection of sentences in the language of g-actions (B1, . . . , Bm are unary
function symbols and c P k stand for constant symbols):

Lg :� Lrings Y tB1, . . . , Bmu Y tc | c P ku.
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The particular names for the unary function symbols B1, . . . , Bm may differ depending
on the context. The above sentences can be written down by using the structure con-
stants (see Definition 12.4) introduced during the previous lecture, but we will not write
these sentences explicitly. We get the Lg-theory g-DF, whose models are exactly fields
with g-actions. We will use the obvious terminology of g-rings, g-fields, g-field (ring)
extensions, etc.

Example 13.2. We consider two main examples again.

(1) Suppose that g � SpecpkGq. Then, the language Lg coincides with the language
LG and the theory g-DF coincides with the theory G-TF (see Section 2.2).

(2) Suppose that g � αpn (kernel of Frn). Then, in the language Lg we have the
unary function symbols B0, . . . , Bpn�1 and the theory Lg says the following.
 For each i, the map Bi is additive maps and for all x, y P R, we have:

Bipxyq �
¸
j�l�i

BjpxqBlpyq.

 B0 � id.
 For each i, j   pn we have:

Bi � Bj �
�
i� j
i



Bi�j ,

where for i� j ¥ pn, the right-hand side is understood as 0.

13.2. The theory of existentially closed differential fields. By a differential field,
we mean a pair pK, Bq, where K is a field and B is a derivation. Similarly, for a differ-
ential ring (commutative and with 1). We consider the theory of differential fields of
characteristic 0, called DF0. The positive characteristic case will be discussed briefly
later (see Remark 13.6).

Before the next theorem we need the following.

Definition 13.3. Let pR, Bq be a differential ring and X be a variable (of length one).

(1) Then,

RtXu :� RrX,X 1, X2, . . . , Xpiq, . . .s
denotes the polynomial ring over R in infinitely many variables pXpiqqiPN, where
we use the following convention:

Xp0q :� X, Xp1q :� X 1, Xp2q :� X2, . . . .

(2) The elements of RtXu are called differential polynomials over R.
(3) If f P RtXuzR, then there is a smallest i P N such that

f P RrX,X 1, . . . , XpiqszRrX,X 1, X2, . . . , Xpi�1qs
(setting RrXp�1qs :� R). We call i as above the order of f . For f P Rzt0u, the
order of f is �1 and the zero polynomial does not have an order.

Remark 13.4. For the definition of the ring RtXu above, we did not need to assume
that there is a derivation on R. However, it is crucial that RtXu becomes a differential
ring, which we explain below. Let pR, Bq be a differential ring.
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(1) There is a unique derivation B1 on RtXu such that for all i P N we have

B
�
Xpiq

	
� Xpi�1q, B1|R � B.

(2) For any f P RtXu and any a P R, there is the obvious notion of the differential
evaluation fpaq P R.

(3) For a fixed a P R, the differential evaluation is a differential map, that is for all
f P RtXu and a P R, we have:

Bpfpaqq � B1pfqpaq.
Theorem 13.5 (Blum, 1968). The theory DF0 has a model companion, called DCF0,
which has the following axioms: for each f, g P KtXuzt0u such that the order of f is
greater than the order of g, there is a P K such that fpaq � 0 and gpaq � 0.

The notion of a differentially closed field was studied first by Robinson in 1950s. The
theory DCF0 is ω-stable of infinite rank and it is a very interesting theory (Zilber’s
trichotomy, relations between modular/trivial types and the corresponding differential
equations , diophantine applications, etc.). In the next semester, I plan to organize a
research seminar, where we will read the following recent paper, which uses the model
theory of differential fields to prove new results in diophantine geometry and also to
“give a complete proof of an assertion of Painlevé (1895)”:

Guy Casale, James Freitag, Joel Nagloo, “Ax-Lindemann-Weierstrass with derivatives
and the genus 0 Fuchsian groups”, Annals of Mathematics, 721–765, Volume 192 (2020).

Remark 13.6. In the case of positive characteristic p ¡ 0, Wood gave axioms of the
theory DCFp, which is a model companion of the theory of differential fields of charac-
teristic p. There is one more condition in Wood’s axioms corresponding to separability.

The theory DCFp is strictly stable (in particular: it is not ω-stable) and it was studied
by Shelah, Wood, and others in 1970s. Model-theoretically, it is still quite a mysterious
theory (for example: Zilber’s trichotomy is unknown), but it does not seem to have
geometric applications (yet?).
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14. Geometric axioms in differential context

Our aim is to show that for any finite group scheme g, the theory g-DF has a model
companion, which will generalize the corresponding result for finite groups (see Theorem
8.4). We start from a motivating example of the theory DCF0.

We are aiming to describe geometric axioms of the theory DCF0. We need a classical
notion of the tangent bundle and a less classical one of the twisted tangent bundle. Let
K be an algebraically closed field and V � An be a K-variety. If we have:

IpV q � pf1, . . . , fmq P KrX1, . . . , Xns,
then the ideal: �

f1, . . . , fm, f
1
1, . . . , f

1
m

�
P KrX1, . . . , Xn, X

1
1, . . . , X

1
ns

defines TV � A2n, the tangent bundle to V , where for f P KrX1, . . . , Xns we have:

f 1 :�
ņ

i�1

Bf
BXi

X 1
i.

We include now several comments about the connections between the tangent bundle
and the notion of smoothness. They are not related to our main topic of the geometric
axiomatization, but they are still important.

Problem 12.1
The projection map A2n Ñ An induces a map TV Ñ V whose fibers, denoted TvV and
called tangent spaces (to V at v), have a natural structure of a vector space over K.

A variety V is smooth if and only if for all v P V all the tangent spaces TvV have
the same dimension as K-vector spaces. We include a side remark below.

Remark 14.1. In the smooth case, this common dimension of tangent spaces above
coincides with the dimension of V , which can be defined in terms of the Zariski topology
on V and it also coincides with:

 the Krull dimension of the ring KrV s;
 for an irreducible V , the transcendence degree of the field KpV q over K;
 the Morley rank of V considered as a definable set in the field K;
 the U -rank of V considered as a definable set in the field K.

In the context of DCF0, all these four dimension notions above make sense and they
are all pairwise different!

If K � C and V is smooth, then V has a natural structure of a differential manifold
(or even of a complex manifold) and the tangent bundle coincides with the one we know
from differential geometry. Formally, there is a forgetful functor from the category of
smooth algebraic C-varieties to the category of differential manifolds (or to the category
complex manifolds) and this forgetful functor commutes with the appropriate tangent
bundle functors.

For any ring R, we consider:

Rrεs :� RrXs{pX2q,
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which is called the ring of dual numbers. The crucial property of the ring of dual numbers
is that any homomorphism R Ñ Srεs is the same as a pair of maps σ, B : R Ñ R (by
the rule r ÞÑ σprq � Bprqε) such that σ is a ring homomorphism and B is an additive
map satisfying the following “σ-Leibniz” multiplicative rule:

Bpxyq � σpxqBpyq � σpyqBpxq.
Definition 14.2. Let σ : R Ñ T be a ring homomorphism. We call a map B : R Ñ T
a derivation of σ, if B is additive and for all x, y P R, we have:

Bpxyq � σpxqBpyq � σpyqBpxq.
In particular, derivations on R correspond to ring homomorphisms ϕ : R Ñ Rrεs

such that π � ϕ � idR, where π : Rrεs Ñ R is the projection homomorphism given by
πpr � r1εq � r.

Remark 14.3. We take now R � R and present some historical comments (Wikipedia).

(1) The field of complex numbers C � Rris was introduced in the 16th century(?).
The rule is i2 � �1.

(2) The ring of split complex numbers Rrjs was introduced around 1848. The rule
is j2 � 1 (so, it is isomorphic with the ring R�R, but the norm is different and
somehow the norm matters).

(3) The ring of dual numbers Rrεs was introduced by Clifford in 1873. The rule is
ε2 � 0.

Let us assume for simplicity that:

KrV s � K rX1, . . . , Xns {pfq
(so, V is a hypersurface) and we set:

X :� pX1, . . . , Xnq , X 1 :� �
X 1

1, . . . , X
1
n

�
.

Let R be a K-algebra.

Lemma 14.4. There is the following natural correspondence:

HomAlgK
pKrTV s, Rq ÐÑ HomAlgK

pKrV s, Rrεsq .
Proof. Let us take a K-algebra map:

f : KrV s ÝÑ Rrεs.
For any i ¤ n, we define ri, r

1
i P R by the following formula:

f pXi � pfqq � ri � r1iε.
We define the following K-algebra map:

KrX,X 1s ÝÑ R, Xi ÞÑ ri, X 1
i ÞÑ r1i.

It is easy to see that this map factors through KrTV s, so it induces a K-algebra map

f : : KrTV s ÝÑ R.

It can be also easily checked that the “big” map:

HomAlgK
pKrV s, Rrεsq Q f ÞÑ f : P HomAlgK

pKrTV s, Rq
is a natural bijection. �
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Remark 14.5. The above lemma has several interpretations which may clarify the
notion of an algebraic tangent bundle.

(1) By Problem 10.3, for any K-algebra R we have:

TV pRq � V pRrεsq.
(2) In particular, the morphisms V Ñ TV , which are sections of the projection map

TV Ñ V (so, they are the classical sections of TV ) correspond to K-derivations
of KrV s, since we have:

HomAfVarK pV, TV q � HomAlgK
pKrTV s,KrV sq � HomAlgK

pKrV s,KrV srεsq.
The following theorem extends Lemma 14.4 and Remark 14.5(1).

Theorem 14.6. There is a functor:

T : AlgK ÝÑ AlgK ,

which has the following properties.

(1) For all R,S P AlgK , we have the following natural bijection:

HomAlgK
pT pSq, Rq ÐÑ HomAlgK

pS,Rrεsq .
(2) For any V P AfVarK , we have:

T pKrV sq � KrTV s.
Proof. It follows as in the proof of Lemma 14.4. �

Remark 14.7. For all R P AlgK , we have:

T pRq � S
�
ΩR{K

�
,

where ΩR{K is the R-module of Kähler differentials and for any R-module M , SpMq is
the symmetric algebra.

The crucial categorical property of the functor T from Theorem 14.6(1) is called
adjointness. The general definition is below.

Definition 14.8. Let C and D be categories and

L : C Ñ D, R : D Ñ C
be functors. The functor L is left-adjoint to the functor R (or R is right-adjoint to L),
if the following functors are isomorphic

Cop �D Q pX,Y q ÞÑ HomDpLpXq, Y q P Set;

Cop �D Q pX,Y q ÞÑ HomCpX,RpY qq P Set.

That is: for any X P C, Y P D, we have the following natural bijection:

HomD pLpXq, Y q ÐÑ HomC pX,RpY qq .
Example 14.9. Adjoint functors appear naturally in our mathematical life, we give
some examples below.

(1) Let R be a forgetful functor. Then, a left-adjoint functor L (if it exists) gives
rise to “free objects”. We see some examples below.
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(a) Let R : Grp Ñ Set. Then, we get the free group functor:

LpXq � FX .

(b) Let R : Ab Ñ Grp. Then, we get the abelianization functor:

LpHq � Hab � H{rH,Hs.
(c) Let S be an R-algebra and R : ModS Ñ ModR (this forgetful functor is

also called the restriction of scalars functor). Then, we get the extension
of scalars functor:

LpMq �M bR S.
It works in the same way on the level of algebras, where R : AlgS Ñ AlgR,
which can be generalized to any category with products/coproducts (in
place of the category of rings) and get the restriction/extension (of the
base object) adjointness.

(d) Let R : Field Ñ Domain. Then, we get the fraction field functor:

RpRq � R0

(we consider only ring monomorphisms as morphisms in the category Domain).
(2) For pX,xq P Top� let

ΩpX,xq � HomTop�ppS1, �q, pX,xqq
(loops at x) with the compact-open topology.

ΣpX,xq � X � r0, 1s{pX � t0, 1u Y txu � r0, 1sq
(distinguished point for ΩpX,xq is the constant loop and for ΣpX,xq, it is px, 0q).
Σ is left-adjoint to Ω, where Σ and Ω are functors from Toph� to Toph�.

(3) For a commutative ring R and an R-module M , the functor

ModR Q N ÞÑM bR N P ModR

is left-adjoint to the corresponding representable functor:

ModR Q N ÞÑ hM pNq � HomModR
pM,Nq P ModR.

(4) Let S be an R-algebra. We know that the extension of scalars functor:

AlgR Q T ÞÑ T bR S P AlgS

has a right-adjoint which is the restriction of scalars functor. If S is free and
finitely generated as an R-module, then the above extension of scalars functor
has also a left-adjoint functor, which is called Weil restriction.

(5) In any category C with products and coproducts, the functor

C Q X ÞÑ X
º

X P C
is left-adjoint to the functor

C Q X ÞÑ X �X P C.
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Before finally getting to the geometric axioms of DCF0, let us recall the axioms
of ACFA. Let pK,σq be a field with an automorphism. For simplicity, we assume
that the field K is algebraically closed. If V � ZpIq is a variety given by the ideal
I P KrX1, . . . , Xns, then by σV we denote the variety given by the ideal σpIq (σ acting
on the coefficients of polynomials). We have the bijection map:

σ�n : Kn ÝÑ Kn,

which induces the following bijection

σV :� σ�n|V : V ÝÑ σV.

Axioms of ACFA
For any pair of irreducible varieties pV,W q, IF

 W � V � σV ,
 the projection maps:

W ÝÑ V, W ÝÑ σV

are dominant (that is: the images are Zariski dense);

THEN there is a P V such that pa, σV paqq PW .

By Theorem 7.7, a difference field pK,σq is existentally closed if and only if pK,σq
is a model of ACFA.

Suppose now that pK, Bq is a differential field and V is a K-variety. For convenience
we still assume that K is algebraically closed, since any existentially closed differential
field of characteristic 0 is algebraically closed as a field. The role of V � σV from the
axioms of ACFA is played by T BpV q, which is a “twisted version” of the tangent bundle
TV , similarly as V � σV is a “twisted version” of the Cartesian product V � V . For
f P KrX1, . . . , Xns, we define:

Bpfq :� fB � f 1,
where: �¸

ai1...inX
i1
1 . . . Xin

n

	B
:�

¸
B pai1...inqXi1

1 . . . Xin
n .

Remark 14.10. The map

B : KrX1, . . . , Xns ÝÑ KrX1, . . . , X,X
1
1, . . . , X

1
ns

comes from the derivation on the ring of differential polynomials in n variablesKtX1, . . . , Xnu,
which is defined in the similar way as in the case of a single variable.

We define the twisted tangent bundle to V , denoted T BpV q, as the set of zeroes of:

pf1, . . . , fm, Bpf1q, . . . , Bpfmqq P KrX1, . . . , Xn, X
1
1, . . . , X

1
ns

Problem 12.2
The map: �

id�n, B�n� : Kn ÝÑ K2n

induces the map

BV :� �
id�n, B�n� |V : V pKq ÝÑ T BV pKq.
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Remark 14.11. The twisted tangent bundle T BV is a torsor of the tangent bundle
TV , that is there is a morphism:

TV � T BV ÝÑ T BV

over V , which induces regular group actions of each TvV on T Bv V .
More categorically, the tangent bundle TV is a group in the category of varieties over

V and then the above map becomes an actual group action in this category.

We recall now that the ring of dual numbers “controls” derivation on R. Let us
assume now that R is a K-algebra. We want to put a K-algebra structure on the
ring Rrεs such that this new K-algebra would control derivations on R extending the
fixed derivation B on K. Let us also denote by B : K Ñ Krεs the corresponding ring
homomorphism. Let B1 be a derivation on R and again we denote by the same symbol
the following corresponding ring homomorphism: B1 : RÑ Rrεs. Let ι : K Ñ R denote
the ring homomorphisms defining the K-algebra structure on R. Then, B1 extends B is
and only if the following diagram commutes:

R
B1 // Rrεs

K

ι

OO

B // Krεs.
ιrεs

OO

It is obvious now what is the right K-algebra structure on Rrεs (the definition below).

Definition 14.12. By RBrεs, we denote the ring Rrεs with the K-algebra structure
given by the following composition:

K
B // Krεs ιrεs // Rrεs.

It is clear now that the functor

AlgK Q R ÞÑ RBrεs P AlgK

“controls” the derivations on R extending B in the same was as the dual numbers functor
“controlled” arbitrary derivations on R.

We also get the following version of Lemma 14.4.

Lemma 14.13. There is the following natural correspondence:

HomAlgK

�
KrT BV s, R�ÐÑ HomAlgK

�
KrV s, RBrεs� .

We can finally formulate the following.

Geometric axioms of DCF0

For any pair of irreducible varieties pV,W q, IF

 W � T BpV q,
 the projection map W Ñ V is dominant;

THEN there is a P V such that BV paq PW .

Theorem 14.14 (Pierce-Pillay). A differential field pK, Bq of characteristic 0 is exis-
tentially closed if and only if pK, Bq is a model of the geometric axioms of DCF0.
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Proof. For the left-to-right implication, we can assume as in the proof of Theorem 7.7
(since W Ñ V is dominant) that:

V � locusKpaq, W � locusKpa, bq
for some tuples a, b in a (big) field extension M of K. Since we have W � T BV , the
inclusion Kras Ñ Kra, bs fits into the following commutative diagram:

KrW s � Kra, bs

KrV s � Kras

�
66

// KrT BV s.

OO

By Lemma 14.13, there is a canonical derivation of the map KrV s Ñ KrT BV s extending
B on K, which is adjoint to the identity map on KrT BV s, since we have:

HomAlgK

�
KrV s,KrT BV srεs� � HomAlgK

�
KrT BV s,KrT BV s� .

After composing with the map KrT BV s Ñ KrW s, we get a derivation a derivation

B1 : Kras Ñ Kra, bs
of the inclusion Kras Ñ Kra, bs such that B1paq � b and B1 extends B. By Problem 12.3,
B1 extends to a derivation B2 of the field Kpa, bq and we can finish as in the proof of
Theorem 7.7.

For the right-to-left implication, it is enough to repeat (after the appropriate changes)
the corresponding part of the proof of Theorem 7.7. �

Remark 14.15. We collect here several observations.

(1) In the case of positive characteristic, the statement from Problem 12.3 is not
true. For example, if B is a derivation of the inclusion FppXpq � FppXq such
that BpXpq � 0, then B cannot be extended to FppXq.

(2) The geometric axioms of ACFA and DCF0 are very similar. The ambient vari-
eties V � σV and T BV are different, but they fit into the same common general
framework, which will be discussed during the last lecture.

(3) To obtain the axioms of C2-TCF from the axioms of ACFA, one needs to include
the “iterativity condition”:

λσpW q � σW

and similarly for the theory G-TCF in the case of a finite group G.
(4) In the next lecture, we will do something parallel to the passage from the axioms

of ACFA to the axioms of C2-TCF discussed above. Namely, we will see what
is the right “iterativity condition”, which needs to be added to the geometric
axioms of DCF0 to obtain the geometric axioms of α2-DCF, where α2 is the
finite group scheme being the kernel of the Frobenius map in characteristic 2.
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Problem List 12

Let M be a field, K be an algebraically closed field, V � An be a variety, and v P V .

(1) Show that the projection map A2n Ñ An induces a map TV Ñ V whose fibers
have a natural structure of a vector space over K.

(2) Assume that pK, Bq is a differential field. Show that the map:�
id�n, B�n� : Kn ÝÑ K2n

induces the map

BV :� �
id�n, B�n� |V : V pKq ÝÑ T BV pKq.

(3) Let R � S be an extension of domains, M be the fraction field of S, and
B : R Ñ S be a derivation of the inclusion R � S. Show that B extends to a
derivation B1 of M .

(4) Assume that charpMq � p and B is a derivation on M s.t. Bppnq � 0. Show that

rM : kerpBqs ¤ pn.

(5) Assume that pM, Bq |ù n�DCFp. Show the following.
(a) The field M is separably closed.
(b) Mp � kerpBq.
(c) rM : Mps � pn.

(6) Show the following adjointness results.
(a) The abelianization functor is left-adjoint to the forgetful functor

R : Ab Ñ Grp.

(b) Let S be an R-algebra. Then, the extension of scalars functor:

LpMq �M bR S
is left-adjoint to the forgetful functor

R : ModS Ñ ModR (or R : AlgS Ñ AlgR).

(c) The fraction field functor is left-adjoint to the forgetful functor

R : Field Ñ Domain,

where morphisms in Domain are ring monomorphisms.
(d) For a commutative ring R and an R-module M , the functor

ModR Q N ÞÑM bR N P ModR

is left-adjoint to the corresponding representable functor:

ModR Q N ÞÑ hM pNq � HomModR
pM,Nq P ModR.

(e) In any category C with products and coproducts, the functor

C Q X ÞÑ X
º

X P C
is left-adjoint to the functor

C Q X ÞÑ X �X P C.
(f) Other examples you can think of.
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15. The theory g-DCF

Let us a fix a field k and a finite group scheme g over k. In this final lecture, we
will show that the theory g-DF has a model companion, which we call g-DCF, and we
will briefly describe its model-theoretic properties. After having discussed the cases of
G-TCF and the classical theories ACFA and DCF0, we still give one more particular
example in the next subsection, before treating the general case. This particular example
is a model companion of the theory of characteristic 2 fields with 2-nilpotent derivations.

15.1. The theory 1�DCF2. We discuss now the theory α2-DF, which was considered
first by Wood, who called it 1-DF. More generally, for any prime p and any n ¡ 0, Wood
considered the theory n-DF of fields of characteristic p with pn-nilpotent derivations.
For n � 1, this theory coincides (that is: it is bi-interpretable) with the theory αp-DF
(see Problem 11.4). Wood showed that a model companion of this theory exists and
called it n-DCF. She did not specify the characteristic in the notation used for this
theory, but, for clarity, we prefer to call these theories: n-DFp and n-DCFp.

Assume now that pK, Bq is a differential field, charpKq � 2, and B�B � 0. We want to
adapt the geometric axioms of DCF0 to cover the differential fields as above in a similar
manner as the axioms of ACFA were adapted to cover the case of G-actions, where G
is a finite group.

Lemma 15.1. Let V be K-variety. We have the following morphism:

λV : T BV ÝÑ T B
�
T BV

�
, λV

�
v, v1

� � �pv, v1q, pv1, 0q� .
Proof. We need to check that:

λAn

�
T BV

� � T B
�
T BV

�
,

which is done on Figure 9. �

Such a choice of the morphism λV corresponds to the coordinate permutations, which
were used in the case of the theory G-TCF. This choice will become clearer after the
general finite group scheme interpretation.

Remark 15.2. Few comments about functorial properties of the morphism λV .

(1) The morphism λV comes from the natural transformation

λ : T B ÝÑ T B � T B
or the following natural transformation

λ: : T B � T B ÝÑ T B.

(2) Any category of endofunctors becomes a monoidal category with the operation
of composition of functors. In such a set-up, pT B, λq is a comonad and pT B, λ:q
is a monad.

(3) This last natural transformation λ: is not formally adjoint to λ, however it may
be obtained by a very general argument, since it is well-known that adjointness
takes monads to comonads and vice versa.

(4) The notions of monad/comonad also appear in Computer Science, see e.g.
https://sonatsuer.github.io/monoid-homomorphisms-1.html for a begin-
ning of the story.

https://sonatsuer.github.io/monoid-homomorphisms-1.html
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We are ready now to state the axioms.

Geometric axioms of 1�DCF2

For any pair of K-irreducible K-varieties pV,W q, IF

 W � T BpV q,
 the projection map W Ñ V is dominant,
 we have (the iterativity condition):

λV pW q � T BpW q;
THEN there is a P V pKq such that BV paq PW pKq.
Theorem 15.3. A differential field pK, Bq of characteristic 2 such that B � B � 0 is
existentially closed (in the class of such differential fields) if and only if pK, Bq is a
model of the geometric axioms of 1�DCF2.

Proof. We sketch the proof which does not differ much from the proof in the general
case. The morphism:

λV : T BpV q ÝÑ T B
�
T BV

�
, λV

�
v, v1

� � �pv, v1q, pv1, 0q�
gives us the K-algebra map:

λ�V : KrT B �T BV �s ÝÑ KrT BV s.
The adjoint map:

pλ�V q: : KrT BV s ÝÑ KrT BV sBrεs
gives KrT BV s an α2-ring structure as before (coassociativity formally follows).

The iterativity condition implies that KrW s gets the quotient α2-ring structure (in-
duced from KrT BV s) and afterwards the proof follows the lines of the G-TCF case (see
the proof of Theorem 8.4). �

15.2. Prolongations. In this subsection, we describe the main technical tool which
is needed for the general case of the axioms of g-DCF. We will define the notion of a
prolongation of a variety V , which will generalize the cases of V � σV and T BV .

Recall that we have a functor:

T : AlgK ÝÑ AlgK

such that:

 for all R,S P AlgK :

HomAlgK
pT pSq, Rq ÐÑ HomAlgK

pS,Rrεsq .
 for any V P AfVarK , we have:

T pV q � KrTV s.
Similarly, in the case of a differential field pK, Bq, there is a functor:

T B : AlgK ÝÑ AlgK

such that:

 for all R,S P AlgK :

HomAlgK

�
T BpSq, R�ÐÑ HomAlgK

�
S,RBrεs� .
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 for any V P AfVarK , we have:

T BpV q � KrT BV s.
Assume now that g � SpecpHq, where H is a Hopf algebra over k, which is finite-
dimensional as a vector space over k. Assume that K is a g-field that is there is a
coaction B : K Ñ K bk H of H on K. We want to define a functor:

AlgK ÝÑ AlgK ,

which will “control” the extensions of B to k-algebra maps B1 : R Ñ R bk H (coaction
conditions are not important yet!) in a similar way as the twisted ring of dual numbers
functor “controlled” the derivations on K-algebras extending a given derivation on K.

Definition 15.4. Let R P AlgK . By R bBk H, we denote the ring R bk H with the
K-algebra structure given by the following composition:

K
B // K bk H ιbidH // Rbk H,

where ι : K Ñ R is the K-algebra structure map.

It is clear that the K-algebra R bBk H “controls” the extensions of B to k-algebra
maps B1 : RÑ Rbk H.

We have the following general result. Instead of giving the proof, we only mention that
the proof uses Weil restriction mentioned in Example 14.9(4) (left-adjoint to extension
of scalars). The proof of the existence of Weil restriction is similar to the construction
of the algebraic tangent bundle.

Theorem 15.5 (Moosa-Scanlon). Let k, g,K, B be as above.

(1) There is a functor:

∇B : AfVarK ÝÑ AfVarK

such that for all V P AfVarK and R P AlgK , we have the following natural
bijection:

∇BV pRq ÐÑ V
�
RbBk H

�
.

(2) We have a map (not coming from a morphism!):

BV : V pKq ÝÑ ∇BV pKq
given on coordinates by

a ÞÑ �B�n1 paq, . . . , B�nm paq� ,
where V � An and m � dimkH.

(3) There is a functor:

∆B : AlgK ÝÑ AlgK ,

which is left-adjoint to the functor R ÞÑ R bBk H and such that for all V P
AfVarK we have:

∆BpKrV sq � Kr∇BV s.
Example 15.6. Some particular examples of prolongations are below.
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(1) If G is a finite group, H � kG and K is a G-field, then:

∇BV � GV �
¹
gPG

gV.

(2) If g � α2 and pK, Bq is an α2-field, then:

∇BV � T BV.

(3) If g � αpn and pK, Bq is an αpn-field, then ∇BV is the “twisted pnth arc space”,
where arc spaces may be though of as “higher tangent bundles” (some people
also use the name “jet space” in this context).

So far, the Hopf algebra structure on H was not used. It is used for the proof of the
following nest result. We skip this proof, which is purely categorical.

Theorem 15.7. There is a natural map:

λ : ∇B ÝÑ ∇B �∇B

such that for all K-varieties V , the morphism

λV : ∇BV ÝÑ ∇B
�
∇BV

�
induces a g-ring structure on Kr∇BV s.
Remark 15.8. (1) The comments from Remark 15.2 about monads/comonads ap-

ply also in this more general situation.
(2) The natural map λV may be given in coordinates using the structure constants

of the cooperation on H (see Definition 12.4) in the following way:

λV px1, . . . , xmq �
�

m̧

l�1

ci,jl xl

�
i,j m

,

where m � dimkH.
(3) In the particular case of g � α2, we see from Item p2q above that the formula

for λV from Lemma 15.1 fits to the general case from Theorem 15.5.

15.3. Axiomatization and properties of g-DCF. We still have a fixed finite group
scheme g over a field k. For any g-field pK, Bq and a K-variety V , we also have the
notion of a prolongation ∇BV as in the previous subsection. We can finally state the
axioms of a model companion of the theory g-DF, which was our aim for quite some
time. They have exactly the same form as the geometric axioms for the theory α2-DCF
discussed in Section 15.1.

Axioms of g-DCF
For any pair of K-irreducible K-varieties pV,W q, IF

 W � ∇BpV q,
 the projection map W Ñ V is dominant,
 we have (the iterativity condition):

λV pW q � ∇BpW q;
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THEN there is a P V pKq such that BV paq PW pKq.

The proof of the following main theorem is basically the same as the proof of The-
orem 15.3 or the proof of Theorem 8.4 and we skip it.

Theorem 15.9. A g-field pK, Bq is existentially closed if and only if pK, Bq |ù g�DCF.

Before presenting the model-theoretic properties of the theory g-DCF (there will not
be any time for proofs), we give some structural results about finite group schemes.
These results also fit nicely into the (rather short) history of the model-theoretic ap-
proach to such actions.

It is a classical result that g fits into the following short exact sequence of finite group
schemes:

1 ÝÑ g0 ÝÑ g ÝÑ get ÝÑ 1,

(it splits for a perfect k) where:

(1) the finite group scheme g0 is connected, that is: the corresponding Hopf algebra
has no non-trivial idempotents;

(2) the finite group scheme get is étale, that is: the corresponding Hopf algebra is
reduced (no non-zero nilpotent elements).

Another classical result says that if charpkq � 0, then any connected finite group scheme
is trivial (that is: it coincides with Specpkq). In other words: if charpkq � 0, then the
finite group scheme g is étale.

We know that the finite group scheme αpn is connected. The model theory of actions
on fields of some types of connected group schemes was studied in the paper:

Hoffmann, Kowalski: “Existentially closed fields with G-derivations”, Journal of the
London Mathematical Society.

Finite constant group schemes (i.e. those of the form SpecpkGq) are étale. More gener-
ally, a finite group scheme is étale if and only if it is a constant group scheme after a
base field extension k � k1.

Example 15.10. The finite group scheme (3rd roots of unity over reals):

µ3,R : AlgR Ñ Gps, µ3,RpRq � tr P R | r3 � 1u
is étale and non-constant: it becomes the constant group scheme SpecpCC3q after the
base field extension R � C.

Actions of non-constant étale finite group schemes are a bit mysterious. The model
theory of actions of finite groups (equivalently: of constant group schemes) on fields
was studied in the paper:

Hoffmann, Kowalski: “Existentially closed fields with finite group actions”, Journal
of Mathematical Logic.

The results about the theory g-DCF generalizing the connected case and étale case
are from the recent preprint:
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Hoffmann, Kowalski: “Model theory of fields with finite group scheme actions”.

The main results of this last paper are listed below.

(1) The theory g-DF has a model companion, which is denoted by g-DCF (discussed
above).

(2) The theory g-DCF is simple. If both g0 and fget are non-trivial, then it is
strictly simple, that is: simple, not stable, and not supersimple.

(3) The theory of actions of a fixed finite group G on fields of fixed characteristic
p ¡ 0 and of finite imperfection degree e has a model companion, which is
bi-interpretable (after adding finitely many constants) with the theory g-DCF,
where:

g :� ker
�
FrGe

a

�� Spec
�
pFpqG

	
.

If G is non-trivial, then this theory is strictly simple.

To finish the entire lecture, we briefly discuss Items p2q and p3q above.
Let pR, Bq be a g-ring, so B : RÑ Rbk H.

Definition 15.11. We denote by Rg the ring of constants of pR, Bq, that is:

Rg :� tr P R | Bprq � r b 1u.
Example 15.12. We give two examples of rings of constants.

 If g � SpecpkGq, then Rg � RG.
 If g � αp, then

Rg � Rd :� tr P R | dprq � 0u � Rp,

where d � B1 is a p-nilpotent derivation on R defining B.
Remark 15.13. We still assume that pR, Bq is a g-ring.

 It is known that the ring extension Rg � R is integral.
 The extension Rg � R need not be finite, that is R is not necessarily a finitely

generated Rg-module.
 There is a Noetherian domain R with an action of the group C2 such that RC2

is not Noetherian and R is not a finite RC2-module.
 We showed that if K � R is a field, then the field extension Kg � K is finite

and of degree bounded by dimkH, as in the case of group actions. It is hard to
believe that this result is new, but we were unable to find it in the literature.

Using the last result, we get (similarly as in the case of G-TCF) that each model of
the theory g-DCF is bi-intepretable with the pure field of constants. Therefore, to show
the simplicity of the theory g-DCF, it is enough to show the simplicity of the theory of
the pure field of constants. This is done similarly as in the G-TFC case:

 first we show that the field of constants is PAC (relatively easy);
 then we show that it is bounded, which is enough for the simplicity by the known

results about the model theory of PAC fields (boundedness is more difficult than
in the G-TCF case, since the extension Kg � K is often neither normal nor
separable).
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The above concludes the discussion about Item p2q.
Regarding Item p3q, let e be a positive integer, p be a prime, and SFp,e be the theory

of fields of characteristic p and imperfection degree e, that is:

rK : Kps � pe.

Let G be a finite group and:

g :� ker
�
FrGe

a

�� Spec
�
pFpqG

	
.

We showed the following.

Theorem 15.14. After adding finitely many constants, the theory g�DF is bi-interpretable
with the theory of actions of the group G on models of SFp,e.

The above theorem implies the following.

Corollary 15.15. A model companion of the theory of actions of the group G on models
of SFp,e exists, it is strictly simple and (after adding finitely many constants) it is bi-
interpretable with the theory g�DCF.
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Figure 1.
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Figure 2.
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Figure 3.
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Figure 4.
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Figure 5.
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Figure 6.
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Figure 7.
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Figure 8.
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Figure 9.
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