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1. Motivation

In

Kontsevich, Zagier: Periods. Mathematics unlimited–2001 and

beyond, Springer, Berlin, 2001

we find the following definition.

A period is a complex number whose real and imaginary parts
are values of absolutely convergent integrals of rational func-
tions with rational coefficients, over domains in Rn given by
polynomial inequalities with rational coefficients.

Applications:

• arithmetic geometry

• differential equations

• algebraic topology

• differential topology

Period = Integral of a semialgebraic function on Rn

(defined over Q)

−→ Families of periods

1



We answer the following important question. What does one get
when one integrates parameterized families of semialgebraic func-
tions?

One has to leave the semialgebraic setting! Immediately:

1) global logarithm

log x =

∫ x

1

dt

t
.

2) (iterated) antiderivatives of germs of Nash functions at the

origin as

arctan x =

∫ x

0

dt

1 + t2
.

We show that 1) and 2) are enough to get a complete picture of
our question!

We introduce the setting.
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2. Setting

Definition

Let m,n ∈ N and let f : Rm × Rn → R, (x, t) 7→ f (x, t), be a

semialgebraic function. We set

∞(f ) := {x ∈ Rm | f (x,−) not integrable}
and

Int(f ) : Rm \∞(f ) → R, x 7→
∫

Rn

f (x, t)dt.

Theorem

∞(f ) is semialgebraic!

Goal:

Explicit description of Int(f ) for f : Rm×Rn → R semialgebraic.

We start with 2)
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3. Integrated algebraic power series

For n ∈ N
Nn︸︷︷︸

algebraic power series

⊂ On = R{X1, . . . , Xn}︸ ︷︷ ︸
convergent power series

⊂ R[[X1, . . . , Xn]]︸ ︷︷ ︸
formal power series

Nn = germs of Nash (=analytic & semialg.) functions at

0 ∈ Rn

On = germs of analytic functions at 0 ∈ Rn

Our goal is to enlarge the rings Nn to rings IN n in such a way

that the following holds:

i) IN n is defined from Nn by taking antiderivatives and ’inno-

cent’ algebraic operations.

ii) IN n has ’good’ properties.

Notation

a) By Intn(f ) we denote the antiderivative of a power series f (X) =

f (X ′, Xn) with respect to the variable Xn such that Intn(f )(X ′, 0) =

0. For example Int2(X1 + X2) = X1X2 + 1/2X2
2 .

b) For R = (R1, . . . , Rn) ∈ Rn
>0 let Dn

R(R) :=
∏

1≤j≤n

]−Rj, Rj[.

c) Given a = (a1, . . . , an) ∈ Rn we define fa(X1, . . . , Xn) :=

f (a1 + X1, . . . , an + Xn) for a function defined at a.

The following definition does the job.
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Definition

We define by IN = (IN )n∈N the smallest class of subrings IN n

of R[[X1, . . . , Xn]] such that the following properties hold.

(IN 1) Nn ⊂ IN n for all n ∈ N.

(IN 2) If f ∈ IN n with f (0) 6= 0 then 1/f ∈ IN n.

(IN 3) If f ∈ IN n and h ∈ (R[X1, . . . , Xk])
n with h(0) = 0

then f ◦ h ∈ IN k.

(IN 4) If f ∈ IN n and R ∈ Rn
>0 is a radius of convergence

for f then fa ∈ IN n for all a ∈ Dn
R(R).

(IN 5) If f ∈ IN n then Intj(f ) ∈ IN n for all 1 ≤ j ≤ n.

We call IN n the ring of integrated algebraic power series in n
variables.

Elementary properties

a) Nn ⊂ IN n ⊂ On

b) IN n is a local ring with (IN n)∗ = {f ∈ IN n | f (0) 6= 0}.

To show that a property (∗) holds for all f ∈ IN n and all n ∈ N,

it is enough, by the defining axioms (IN 1) - (IN 5), to show the

following steps.
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S1∗ All elements of Nn have property (∗).
S2∗ If f, g ∈ IN n have property (∗) then f +g, fg and, for f (0) 6=

0, 1/f have property (∗).
S3∗ If f ∈ IN n has property (∗) and h ∈ (R[X1, . . . , Xk])

n with

h(0) = 0 then f ◦ h ∈ IN k has property (∗).
S4∗ If f ∈ IN n has property (∗) and R ∈ Rn

>0 is a radius of

convergence for f then fa has property (∗) for all a ∈ Dn
R(R).

S5∗ If f ∈ IN n has property (∗) then Intj(f ) has property (∗) for

all 1 ≤ j ≤ n.

Proposition

f ∈ IN n =⇒ ∂f/∂Xj ∈ IN n for all j

Reminder:

Complexification:

f (X) =
∑

aαX
α ∈ On

=⇒ f (Z) =
∑

aαZ
α ∈ OCn

=⇒ Re f, Im f ∈ O2n

Theorem

IN n is closed under complexification:

f (X) ∈ IN n =⇒ Re f, Im f ∈ IN 2n
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Corollary (Complex integration along piecewise polynomial cur-

ves)

Let f ∈ IN and let γ be a piecewise polynomial curve. Let

g(x′) :=

∫

γ

f (x′, ζ)dζ.

Then g ∈ IN n−1 ⊕ iIN n−1.

Proof: Axioms of IN and complexification

Using this we can prove

Weierstraß preparation theorem

Let f ∈ IN be regular in Xn of order d (i.e. f (0, Xn) = aXd
n +

. . .). Then there are unique P ∈ IN n−1[Xn] with degree d and

P (0, Xn) = aXd
n and u ∈ IN with u(0) 6= 0 (i.e. a unit) such

that

f = P · u.

Also: Weierstraß division theorem

Corollary 1

IN n is a regular (in particular noetherian) local ring. Its maximal

ideal is generated by X1, . . . , Xn.

Corollary 2

f ∈ IN n, h = (h1, . . . , hn) ∈ (IN k)
n with h(0) = 0

=⇒ f ◦ h ∈ IN k
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4. Main result

Restricted integrated Nash functions

For n ∈ N letRIN n be the collection of all functions f : Rn → R
of the form

f (x) =





f̃ (x) x ∈ [−1, 1]n

if

0 x /∈ [−1, 1]n

for some f̃ ∈ IN n that converges on a neighbourhood of [−1, 1]n.

Let

• RIN :=
⋃

n∈NRIN n

• RIN := R((f )f∈RIN ) the structure generated by RIN over

R

• LQIN := {<, +,−, 0, 1, (r)r∈R, (f )f∈RIN , (xq)q∈Q}

Proposition

The structure RIN is o-minimal, has quantifier elimination in LQIN ,

and definable functions are piecewise given by LQIN -terms.

Proof: IN is a Weierstraß system in the sense of

D. Miller: A preparation theorem for Weierstrass systems.

Trans. Amer. Math. Soc. 358, no. 10 (2006), 4395-4439.

We can apply the results of the paper.
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Main theorem

Let m,n ∈ N and let f : Rm × Rn → R be definable in RIN .

Then there are functions ϕ1, . . . , ϕr : Rm → R definable in

RIN and there is a a polynomial P (X1, . . . , Xr, Y1, . . . , Yr) ∈
R[X1, . . . , Xr, Y1, . . . , Yr] such that

Int(f ) = P (ϕ1, . . . , ϕr, log ϕ1, . . . , log ϕr).

Proof: The methods of Lion, Rolin and Comte on integration of

subanalytic functions can be adapted. By Dan Miller, the Lion-

Rolin preparation theorem holds for Weierstraß systems:

Let f : Rn × R → R, (x, y) 7→ f (x, y), be definable in RIN .

Then piecewise f can be written as

f (x, y) = a(x)|y − θ(x)|ru(x, y)

where r ∈ Q and a(x), θ(x), u(x, y) are definable in RIN with

u being a unit and additional properties.

In our system the Lion-Rolin splitting holds:

Let f ∈ IN n+2. Then there are f+, f− ∈ IN n+2 such that

for all sufficiently small x, y/z and z 6= 0

f (x, y/z, z) = f+(x, y, z) + (y/z)f−(x, y, y/z).
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5. Definability results

Let RInt := R((Int(f))f semialg.).

Remark

RInt is o-minimal and a reduct of RIN ,exp.

Goal:

To understand the structure RIN and its relation to R resp. RInt.

Let M be a structure on R. We denote by Cω
M,n the set of germs

at 0 ∈ Rn of analytic functions definable in M.

Examples

a) Cω
R,n = Nn

b) Cω
Ran,n = On

Theorem

Cω
RIN ,n = IN n for all n ∈ N
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Definition

Let M be a structure on R. We say that M is analytically ex-

hausting if the following holds for all n ∈ N:

f ∈ Cω
M,n, R ∈ Rn

>0 radius of convergence for f

=⇒ fa ∈ Cω
M,n ∀a ∈ Dn

R(R)

Examples

The structures R,Ran and RIN are analytically exhausting.

Definition

Let M,N be structures on R. We say that N is a local analytic

antiderivative closure of M if the following holds.

I. N is an expansion of M.

II. f ∈ Cω
N ,n ⇒ Intj(f ) ∈ Cω

N ,n ∀1 ≤ j ≤ n ∀n ∈ N.

III. N is analytically exhausting.

IV. If N ′ satisfies I. - III. then N ′ is an expansion of N .

Theorem

The local analytic antiderivative closure of a structure exists and

is unique.
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Example

Ran is the local analytic antiderivative closure of itself.

Theorem

RIN is the local analytic antiderivative closure of R.
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