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Abstract. In  this paper we obtain the conditions of the strong 
law of large numbers for two-dimensional arrays of random variables 
which are blockwise independent and blockwise orthogonal. Some 
well-known results on the strong laws 01 large numbers for two-dimen- 
sional arrays of random variables are extended. 
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Moricz [8j introduced the concepts of blockwise independence and block- 
wise orthogonality for a sequence of random variables. M6ricz [XI and Gaposh- 
kin [3] showed that some properties of independent sequences of random 
variables can be applied to sequences consisting of independent blocks. In 
particular, it was proved in Moricz [8] that if (Xi, i 2 I) is a sequence of 
random variables of mean 0 such that for each k 2 1 the random variables 
(Xi, 2k < i < 2k+1)  are independent, then it satisfies the KoImogorov theorem 
(see, e.g,, Chow and Teicher [2], p. 124): the condition xr",, EX;/iZ < co 
implies the strong law of large numbers, i.e., 

i n 
I 

lim - X i  = 0 almost surely (as.). 
n+mYii=l 

In [4] Gaposhkin obtained the sufficient conditions under which the 
strong law of large numbers is fulfilled for blockwise independent sequences and 
blockwise orthogonal sequences. However, the same problems for multidimen- 
sional arrays have not been studied yet. 

* This work was supported by the National Science Council of Vietnam. 
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The aim of this paper is to establish the strong law of large numbers for 
two-dimensional arrays of blockwise independent and blockwise orthogonal ran- 
dom variables with arbitrary blocks. In the present work, we obtain, as corol- 
laries, the Kolmogorov strong Iaw of large numbers and the Rademacher- 
Mensov strong law of large numbers for two-dimensional arrays of random 
variables. 

For a,  b E R, min (a, b )  and max (a, b )  will be denoted by a A b and a v b, 
respectively. In this paper, the logarithms are to base 2. 

In the sequel we will need the following lemmas. 

LEMMA 2.1. If (x,,, m 2 1, n 2 1) is an array of real numbers such that 

lim x,, = 0, 
mvn- tm 

then 
... 

]im 2-m-n C C 2'+ jx . .  = 0. 
'J 

mvn- tm i = l  j=1 

Proof.  Set s = En"=, n/ZnU1. For all E > 0, there exists no such that lxijl < 
42s for i v j 2 no. On the other hand, since lim, ,,, ,2-"-" = 0, there exists 
mo > no such that 

Hence, for m v n 2 m,, 

The proof is completed. H 

The next lemma is the two-parameter version of the Kolmogorov inequali- 
ty. It was obtained by Wichura [9 ] .  

LEMMA 2.2. Let {Xij, 1 < i < m, 1 d j < n) be a collection of mn indepen- 
dent random variables. If EXij  = 0 for all 1 < i < m, 1 < j < n, then 
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The following lemma is the two-parameter version of the Radema- 
cher-Mensov inequality. It was firstly achieved by Agnew [I]. It may also be 
found in the papers by M6ricz [7] (Corollary 2) and Hong and Hwang [5 ]  
(Lemma 2.2). 

LEMMA 2.3. If ( X i j ,  1 G i < m, 1 d j < n) is an array of mutually orthog- 
onal random variables, E (XijI2 < a, 1 ,< i ,< m, 1 < j ,< n, then 

E ( rnax ISk,I)Z < (log 2mI2 (log 2nI2 EX$, 
l < k i m , l d l d n  i = l  j 5 1  

k =  I 
where hZ =Ci=, Ej=, Xi j ,  1 < k Q m, 1 < 1 < n. 

3. NUIN RESULTS 

Let {w(k), k 2 1) and { v (k ) ,  k 2 1) be strictly increasing sequences of 
positive integers with w(1) = v(1) = 1 and set 

We say that an array { X i j ,  i 3 1, j 2 1) of random variables is blockwise in- 
dependent (resp., blockwise orthogonal) with respect to the blocks { A , , ,  k > 1, 
E > 1) if for each k and E the array { X i j ,  (i ,  j )  E Akl)  is independent (resp., or- 
thogonal). For (w (k), k > 11, {v (k), k 2 1) and (Akz, k & 1, I 2 1) as above, 
and for rn 2 0, n 2 0, k 2 1, 1 2 1, we introduce the following notation: 

$1 = min {n: n E [v (I), v ( E  + I)) n [2", 2"+ 'I), 

ri(mI = max (m: m E [0 (k), w (k+ 1)) n [Zm, 2mt1)), 

s;(") = max (n: n E [v (E),  w (E + 1)) n [2", 2"+ I)], 

Irim)l = ri("l) - r$) + 1, 

Isl")l = sy") - $1 + I ,  

s,, = card Im,, 
UO 00 

cp (i, j )  = C C sij1d{ijl, 
i = l  j = 1  
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where IAcin denotes the indicator function of the set A(ij), i 2 0, j 2 0. 

THEOREM 3.2. If {xi j ,  i 2 1, j 2 1) is an  array of blockwise independent 
random variables with respect to the blocks {Aklr k 2 1, 12 I), EXij  = 0, i 2 I, 
j 2 1, then the condition 

Proof.  Set 

and 
- 2-m-12-n-1 

Ymn - C yiy', m 3 0, n 3 0. 
( k * i ) ~ I m n  

By Lemma 2.2, we have 

Consequently, 

It thus follows from (3.1) that 

m co 

C C Eyin< 03. 
m = l  n = l  

By Markov's inequality and the Borel-Cantelli lemma, 

ymn+Oa.s. a s m v n + c o .  

On the other hand, 

2-"2-"C C yjy)=2-m2-n C C2k+1 2 I f 1  h i .  

k = 1 I = 1  (i, J ~ E I ~ X  k = l  i = l  

By Lemma 2.1, 
m n 

lim 2-"2-" C C C y$l) = 0 a.s. 
m v n - + m  k = 1  l = l  ( i . j ) ~ I k z  
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Assume (my n)~A!jk''. Then we have 

which completes the proof. a 

The following corollary extends Kohogorov's strong law of large num- 
bers for arrays. 

COROLLARY 3.2. If w (k) = [ q i ] ,  v (1) = [q;] (ql > 1, q2 > 11, then the con- 
dition -. -- 

Ex; 
(3.3) C C - 2 . 2 < ~  

i = l  j=1 1 .I 

implies (3.2) for all Akl-independent arrays {Xij, i 3 1, j g I), EXij  = 0, i, j 2 1. 

Proof .  Indeed, in that case cp(i, j) = O(1). From (3.3) we obtain (3.1). H 

It is clear that the same statement is true for the case when w(k)  grows 
faster than 2k, and v(l) grows faster than 2'. That is why the smaller blocks 
considered in other statements concerned are more interesting. This remark 
was made by Gaposhkin [4]. 

COROLLARY 3.3. If o (k)  = [Zka], v (1 )  = [z"] (0 < a < 1, 0 < < I), then 
the condition 

implies (3.2) for all Akl-independent arrays {Xi , ,  i 2 1, j $ 11, EXij  = 0; i, j 2 1. 

P r o of. In that case, we have 9 (i, j) = 0 (logc1 -")Ia i log(' j). From (3.4) 
we get (3.1.). 

COROLLARY 3.4. If o(k) = [PI, v(1)  = [la] (a > 1, fl  > I), then the con- 
dition 

implies (3.2) for all A,,-independent arrays {X i j ,  i 2 1, j 2 11, EXij = 0, i, j 2 1. 

Proof.  In that case, we have q(i, j )  = O(i'iajlia). From (3.5) we infer 
that (3.1) is satisfied. 

COROLLARY 3.5. If {Xij, i 3 1, j 2 1) is an away of arbitrary random 
variables, EXij  = 0, i, j 2 1, then the condition 

(3.6) 

implies (3.2). 

13 - PAMS 25.2 
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Proof.  Indeed, for A,, = [k, k + 1) x [ E ,  1 + 1), any array of random varia- 
bles is Ak,-independent and q(i ,  j) = O(ij). From (3.6) we get (3.1). s 

In the following theorem, we obtain the condition of the strong law of 
large numbers for two-dimensional arrays of blockwise orthogonal random 
variables. 

THEOREM 3.6. If {Iij ,  i 3 1, j 2 1) is an array of blockwise orthogonal 
random variables with respect to the blocks {Akl, k 2 1, E 2 11, then the condition 

. . 

implies (3.2). 

Proof.  Define y$y), (k, 1)~1,,, m 2 0 ,  n30, and y,,, m a Q ,  n 30 ,  as in 
the proof of Theorem 3.1. By Lemma 2.3 we have 

= (log 2 lr$m)))2 (log 2 l ~ I . 1 1 ) ~  C EX;. 
(i,j)~diY"' 

Consequently, 

where C is a constant. It thus follows from (3.7) that 

The rest of the argument is exactly the same as that at the end of the proof of 
Theorem 3.1. 

The following corollary extends the Rademacher-Mensov strong law of 
large numbers for arrays. 

COROLLARY 3.7. If o (k) = [q!], v ( I )  = [qk] (ql > 1, q2 > I), then the con- 
dition 

implies (3.2) for aij A,,-orthogonaI arrays { X u ,  i 2 1, j 2 1). 



Two-dimensional arrays of random variables 391 

P r o of. Indeed, in that case cp ( i ,  j) = 0 (I), 4 (i, j) = 0 (log2 i log2 j). From 
(3.8) we obtain (3.7). ra 

Using the same techniques as in the case of the array of blockwise in- 
dependent random variables, we get the following corollaries. 

COROLLARY 3.8. If o ( k )  = [2ku], v t l )  = ~2'" (0 < o: < $, 0 < B < $1, then 
the condition 

implies (3.2) jar 'all dkr&hogonal arrays ( X i j ,  i 3 1, j 2 1). 
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