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Abstract. The aim of this paper is to refine a weak invariance
principle for stationary sequences givgn by Doukhan and Louhichi
[10]. Since our conditions are not causal, our assumptions need to be
stronger than the mixing and causal 6-weak dependence assumptions
used in Dedecker and Doukhan [5]. Here, if moments of order greater
than 2 exist, a weak invariance principle and convergence rates in the
CLT are obtained; Doukhan and Louhichi [10] assumed the existence
of moments with order greater than 4. Besides the n- and x-weak
dependence conditions used previously, we introduce a weaker one, A,
which fits the Bernoulli shifts with dependent inputs.

2000 AMS Mathematics Subject Classification: Primary: 60F17.

Key words and phrases: Invariance principle, weak dependence,
the Bernoulli shifts.

1. INTRODUCTION

Let (X),.z be a real-valued statlonary process. A huge amount of ap—
plications make use of such times series.

Several ways of modeling weak dependence have already been proposed.
One of the most popular is the notion of mixing (see [7] for bibliography); this
notion leads to a very nice asymptotic theory, in particular a weak invariance
principle under very sharp conditions (see [26] for the strong mixing case).
Such mixing conditions entail restrictions on the model. For example, Andrews
exhibits in [1] the simple counterexample of an autoregressive process which
does not satisfy any mixing condition and innovations need much regularity in
both MA(o0) and Markov models. Doukhan and Louhichi introduced in [10]
new weak dependence conditions in order to solve those problems. We intend
to sharpen their assumptions leading to a weak invariance principle. A com-
mon approach to derive a weak invariance principle for stationary sequences is
based on a martingale difference approximation. This approach was first ex-
plored by Gordin in [14]; necessary and sufficient conditions were found by
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Heyde in [15]. Let .#, be a filtration. Heyde’s martingale difference approxima-
tion is equivalent to the existence of moments of order 2 and

o] )

(1.1) Y E(X,|.#,) and Y (X_,—E(X_,|.#,)) converge in .

t=0 =0
Martingale theory leads directly to invariance principles (see also [27]). In the
following, the adapted case refers to the special case where X, is .#,-measura-
ble. The natural filtration is written as .#, = ¢ (Y}, i < t) for independent and
identically distributed inputs (Y,),.z; thus X, can be written as a function of the
past inputs:

12 X, =H(Y, %y, ...).

Then only the first series in (1.1) needs to be considered. Using the Lindeberg
technique, Dedecker and Rio [6] relax (1.1). Bernstein’s blocks method allowed
also Peligrad and Utev [22] to improve on (1.1). Such projective conditions are
related to dependence coefficients; Dedecker and Doukhan obtain sharp results’
for the causal 6-dependence in [5] and Merlevéde et al. address the mixing
cases in a nice survey paper [20].

Martingale difference approximation is not always easy, for instance in the
particular case where a natural filtration does not exist. The most striking
example is given by associated sequences (X,).z. Let us recall this notion.
A series is said to be associated if Cov(f;, f3) = 0 for any two coordinatewise
nondecreasing functions f; and f, of (X,,, ..., X,,) with Var(f;)+ Var(f;) < co.
However, Newman and Wright [21] obtain a weak invariance principle under
the existence of second order moments and

(1.3) o2 =) Cov(X,, X,) < 0.

teZ
Theorems 2.1 and 2.2 propose invariance principles under general assump-
tions: they apply to the non-causal Bernoulli shifts with weakly dependent
inputs (Y)ez,

L4 X,= H(Y_,je2).

Heredity of weak dependence through such non-linear functionals follows
from a new A-weak dependence property; a function of a A-weak dependence
process is A-weakly dependent, see Section 3.2. Analogous models with depen-
dent inputs are already considered by [3]. If X, = Z].Ez o; ¥;_;, Peligrad and

Utev [23] prove that the Donsker invariance principle holds for X as soon as it
holds for the innovation process Y. The non-linearity of H considered here is an
important feature which has not been frequently discussed in the past. The
condition of moments with order greater than 4 on the observations needed in
[10] is reduced to a one of the moments with order greater than 2 and the
results rely on specific decays of the dependence coefficients. We do not reach
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the second order moment condition of [15] (or projective conditions) and [21].
We conjecture that some time series satisfy weak dependence conditions with
fast enough decay rates in order to ensure a Donsker type theorem but they
satisfy neither condition (1.1) nor other projective criterion (see [20]) nor as-
sociation nor Gaussianity. More general models (1.4) are considered here while
causal models (1.2) fit to the adapted case and to projective conditions. How-
ever, proving this conjecture is really difficult since condition (1.1) has to be
checked for each c-algebra .#,.

The paper is organized as follows. In Section 2 we introduce various weak
dependent coefficients in order to state our main results. Section 3 is devoted to
examples of weak dependent models for which we discuss our results. We shall
focus on examples of A-weakly dependent sequences. Proofs are given in the
last section; we first derive conditions ensuring the convergence of the series o2.
A bound of the 4-moment of a sum (with 2 < 4 < m) is proved in Section 4.2;
this bound is of an independent interest since for example it directly yields the
strong laws of large numbers. The standard Lindeberg method with Bernstein’s
blocks is developed in Section 4.3 and yields our versions of the Donsker
theorem. Convergence rates of the CLT are obtained in Section 4.4.

2. DEFINITIONS AND MAIN RESULTS

2.1. Weak dependence assumptions

DermniTION 2.1 (Doukhan and Louhichi [10]). The process (X,)z is said
to be (g, Y)-weakly dependent if there exist a sequence £(r) | 0 (as r T o0) and
a function ¥: N*x(R*)> - R* such that

|Cov(f(Xs,, ..0r Xi), 9(Xeys oo X4))

< ¥ (u, v, Lip f, Lipg)e(r)

for any r = 0 and any (u#—v)-tuples such that s; <...<s, <s,+r<, <... < ¢y,
where the real-valued functions f and g are defined on R* and R", respectively,
satisfy [|flle <1, |lgllo <1 and are such that Lip f+ Lipg < oo, where

) s ees Xy)— s oees Va
GrromdE Gy 1= Y1+ o F = w0l

Specific functions  yield notions of weak dependence appropriate to
describe various examples of models:

e x-weak dependence for which  (u, v, a, b) = uvab, in this case we sim-
ply write £(r) as x(r);

e k' (causal) weak dependence for which (u, v, a, b) = vab, in this case
we simply write £(r) as k' (r); this is the causal counterpart of x coefficients
which is recalled only for completeness;
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o n-weak dependence, ¥ (u, v, a, b)=ua+vb, in this case we write
&(r) = n(r) for short;

e O-weak dependence is a causal dependence which refers to the function
¥ (u, v, a, b) = vb, in this case we simply put &(r) = 0(r) (see [5]); this is the
causal counterpart of # coefficients which is recalled only for completeness;

o l-weak dependence V¥ (u, v, a, b) = uvab+ua+vb, in this case we write
&(r) = A(r).

Remark 2.1. Besides the fact that it includes 5- and x-weak dependences,
this new notion of A-weak dependence will be proved to be convenient, for
example, for the Bernoulli shifts with associated inputs (see Lemma 2.1 below).

Remark 2.2. If functions f and g are complex-valued, the previous in-
equalities remain true if we substitute &(r)/2 for &(r). A useful case of such
complex-valued functions is f(xy, ..., X,) = exp (it (x1+ ... +x,,)) for each teR,
ueN* and (xq, ..., x,)e R* (see Section 4.3). This indeed corresponds to the
characteristic function adapted to derive the convergence in distribution.

2.2. Main results. Let (X,),.z be a real-valued stationary sequence of mean
zero satisfying

.1) E|Xy"< o0 for a real number m > 2.

Let us assume that
(2.2) o =Y Cov(X,y, Xp) = ), EXo X, > 0.
keZ keZ
Denote by W the standard Brownian motion and by W, the partial sums
process:

1 [m
23) Wa(t) = —=

> X; forte[0,1],n>1.

\/; i=1

We now present our main results, which are new versions of the Donsker weak
invariance principle.

THEOREM 2.1 (k-dependence). Assume that the 0-mean k-weakly dependent
stationary process (X ),z satisfies the condition (2.1) and x (r) = O (r"*) (as r T )
for k> 2+1/(m—2). Then o> defined by (2.2) is finite and

W, ()2 eW(t) as n—> oo in the Skorokhod space D ([0, 1]).

Remark 2.3. Under the more restrictive ' condition, Bulinski and Sash-
kin [4] obtain invariance principles with the sharper assumption x’ > 1+
+1/(m—2). Our loss is explained by the fact that x’-weakly dependent se-
quences satisfy k' (r) > Zsz’ k. This simple bound follows from the definitions.

The following result relaxes the previous dependence assumptions at the
price of a faster decay of the dependence coefficients.



Invariance principle for weakly dependent stationary models 49

THEOREM 2.2 (A-dependence). Assume that the O-mean A-weakly dependent
stationary inputs satisfy the condition (2.1) and A(r)= O *) (as r1 ) for
A>4+42/(m—2). Then o* defined by (2.2) is finite and

W,(t) > W (1) as n— oo  in the Skorokhod space D ([0, 1]).

Remark 2.4. In comparison with the result obtained by Dedecker and
Doukhan [5], our outcomes are not as good under #-weak dependence. We
work under more restrictive moment conditions than these authors. The same
remark applies for all projective measures of dependence; here we refer to
results in [15], [21], [6] and [22].

Remark 2.5. However, the examples of Section 3.2 stress the fact that
such results are not systematically better than those of Theorem 2.2; for such
general examples, we even conjecture that theorems of [15], [21], [6] or [22]
do not apply. '

Remark 2.6. The technique of the proofs is based on the Lindeberg

method. In fact, we prove that |E (¢ (S,/\/n)— ¢ (6N))| = 0(n™°) (¢ denotes here
the characteristic function) for 0 < ¢ < ¢*, where c* depends only on the pa-
rameters m and x or A, respectively. If m and « (or A) both tend to infinity, we
notice that ¢* — 1. As x or A tends to infinity and m < 3, c* always remains
smaller than (m—2)/(2m—2) (see Proposition 4.2 in Section 4.4 for more
details).

Remark 2.7. Using a smoothing lemma also yields an analogous bound
for the uniform distance:

P(ﬁ&, < x)—P(aN < x)

A first and easy way to control ¢’ is to let ¢’ = ¢*/4 but the corresponding rate
is a really bad one (see e.g. [11]). The Esseen inequality holds with the optimal
exponent 1/2 in the independent and identically distributed case (see [24])
and Rio [26] reaches the exponent 1/3 in the case of strongly mixing sequences.
In Proposition 4.2 we achieve ¢’ > c¢*/4. Analogous results have been settled
in [8] for weakly dependent random fields. Previous results in [15], [21],
[6] or [22] do not derive such convergence rates for the Kolmogorov dis-
tance.

Let us denote by R® = | ), _ {zeR*| z; =0, |i| > I} the set of finite se-
quences of real numbers. We consider functions H: R® — R such that if
x, ye R® coincide for all indices but one, say let seZ, then

=o(m ¢ for some ¢ <.

sup
xeR

24 |H (x)—H (y)| < bs(ll2ll v 1) Ixs — yil,

4 — PAMS 271




50 P. Doukhan and O. Wintenberger

where zeR® is defined by z,=0 and z;=x; =1y, for i # s Here |x]| =
SUp;ez |x]. In Section 3.2, we prove the existence of the sequence

X, = Ili_’rgH((Yn—jl{jsl})jel),

where (Y),.z is a weakly dependent real-valued input process. We denote this
process by X, = H(Y,-;, je Z) for simplicity and we derive its A-weak invari-
ance properties. Various asymptotic results, among which our weak invariance
principle, follow Theorem 2.2.

COROLLARY 2.1. Let (Y),.z be a stationary A-weakly dependent process
(with dependence coefficients iy (r)) and H : R® — R satisfying the condition (2.4)
for some 1> 0. Let us assume that there exist real numbers m, m' with
E|Y,|™ < oo such that m >2 and m' = (I+1)m.

Then X, = H(Y,—,, i€ Z) exists and satisfies the weak invariance principle
in the following cases: -

Geometric case: b, < Ce " and Ay(r) < De™™ for a,b,C, D > 0.

Riemannian case: b, < C(1+|r)"® and Ay(r) < Dr™* for a,C,D >0
with the conditions

1+b 2
a>bj(4+m) ’ for 1=0,b>1;

2.5)

b(m —1+1]) 2
a>(b—2)(m’—1—l)(4+m—2

) for 1>0,b>2.

Remark 2.8. The previous conditions are also tractable in the mixed
cases. We explicitly state them for [ > 0:
b,<Ce ® and JAy(r)<Dr®
if moreover
m—1+1

2 .
a >m’—1—l(4+m—2) and b,C,D>0,

or
b,<Clr|”® and Ay()<De™

if a, C, D >0 and b > (6m—10)/(m—2).

3. EXAMPLES

Theorem 2.1 is useful to derive the weak invariance principle in various
cases. This section is aimed at a detailed treatment of the Bernoulli shifts with
dependent inputs. The important class of Lipschitz functions of dependent
inputs is presented in a separate section. The importance of our results is
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highlighted by the models of the first subsection. More general non-linear
models are considered in the second subsection. Some of those examples illus-
trate the conjecture we made in the Introduction but we were not able to prove
it formally.

3.1. Lipschitz processes with dependent inputs. Consider Lipschitz functions
H: R® — R, ie. the functions for which the condition (2.4) is satisfied for I = 0.
A simple example of this situation is the two-sided linear sequence
(3.1 X, = Z % Y-

ieZ

with dependent inputs (Y;),.z. As quoted in [17] for the case of linear processes
with dependent input, there exists a very general solution; essentially, any
Donsker type theorem for the stationary inputs implies the central limit theo-
rem for any linear process driven by such inputs. More precisely, Theorem 5 of
[23] states that this process even satisfies the Donsker invariance principle if
Z Jet;l < c0.

A simple example of the Lipschitz non-linear functional of dependent
inputs is
(32) Xt = |z o; Yt_lI_E!Z o; Y_il.

ieZ icZ

In this case the inequality (2.4) holds with /=0 and b, < |a,|.

Another example of this situation is the following stationary process:

X, =Yi(a+ Y a;%_)—EY(a+ } a; %)),
j#0 j#0

where the inputs (¥)),.z are bounded. In this case, the inequality (2.4) also holds
with I =0 and b, < 2| Y|l |al-

To apply our result, we compute the weak dependence coefficients of such
models.

LemMA 3.1. Let (Y)z be a strictly stationary process with a finite moment
of order m > 2 and H: R® - R satisfying the condition (2.4) for I =0 and some
nonnegative sequence (bys.z such that L = Z b; < co. Then:

e The process X, = H(Y,_j,jeZ):= 11m,_,mH(Y iYj<n, J€ Z) is a strict-
ly stationary process with finite moments of order m.

o If the input process (Y)).z is A-weakly dependent (the weak dependence
coefficients are denoted by Ay(r)), then (X )z is A-weakly dependent and

A(k) = mf [2 Y billYolly+Q@r+1)2 2 Ay (k—27)].
lilzr

o If the input process (Y)z is n-weakly dependent (the weak dependence
coefficients are denoted by ny(r)), then (X )z is n-weakly dependent and

n(k)= inf [2 Y bilYolly+@r+1) Ly (k—21)].

lilzr
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Remark 3.1. Let (Y;),z be a strictly stationary process with a finite mo-
ment of orderm > 2. If L = Zjlocj| < 00, the process X, = Zjez a; Y, ;is a strict-
ly stationary process with finite moments of order m which satisfies the assump-
tions of Lemma 3.1 with b; = |oj. Even if the weak invariance principle is
already given in [23], our result is of an independent interest, for example for
functional estimation purposes. For non-linear Lipschitz functionals it yields
new central limit theorems.

The result of Theorems 2.1 and 2.2 holds systematically in geometric cases.
Then Riemannian decays are assumed, ie. there exist a, C > 0 such that

b, < Cr %

The conditions from [15] are compared below with the conditions of Theo-
rems 2.1 and 2.2 for specific classes of inputs (¥)z.

3.1.1. LARCH(o0) inputs. A vast literature is devoted to the study of con-
ditionally heteroskedastic models. A simple equation in terms of a vector-
valued process allows a unified treatment of those models, see [12]. Let ({)ez
be an independent and identically distributed centered real-valued sequence
and a, a;, je N*, be real numbers. LARCH(c0) models are solutions of the
recurrence equation

(33) Y=o+ Y a¥-).

i=1

We provide below sufficient conditions for the following chaotic expansion:

(34) Y=&@+ )Y Y 4,&-595085 . —50)

k=1 jj_,...,_fk?l
Assume that A = ||§0||,,,Zj> ,lajl < 1. Then one (essentially unique) stationary

solution of equation (3.3) in I" is given by (3.4). This solution is 0-weakly
dependent with 6y (r) < Kr' “log*~ ' r for some constant K > 0. This implies
the same bound on their coefficients (iy(r)).>0. The condition (2.5) gives the
weak invariance principle for (X,),.z under the conditions E |£y|™ < + oo for

m>2, o>1, and
1+a 2
a> 44— )+1.

oa—1 m—2

The model (3.1) is also Heyde’s martingale difference approximation (1.1) as

soon as
2
Z /Z“i < +400.
kz1\/ izk ;

Necessary conditions for the weak invariance principle are satisfied if « > 3,
laj < Cj~® for some a > 1, E&§ < + o0, and ||€0||22j?1|a,-| < 1. These con-
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ditions are not optimal since in this case the process is adapted to the filtration
M, =0(&;, i < t): Peligrad and Utev [22] extend the Donsker theorem to the
cases where a > 3. Thus, our conditions are not optimal when compared to
those of [23] in the linear case as in equation (3.1). However, for the non-linear
Lipschitz functional, the result seems to be new.

3.1.2. Non-causal LARCH(c0) inputs. The provious approach extends for
the case of non-causal LARCH(c0) inputs
| Y =4fat+ Y ;X))
j*0
Doukhan et al. [12] prove the same results of existence as for the previous

causal case (just replace summation over j > 0 by summation over j # 0) and
the dependence becomes of 5-type with

Ar,'Z
n(r)=(nf:oum Y, ka 1A(2’k) = A)Elz;onm,

0<2k<r

where A(x) = Zm?xlajl, A =ollw ;5 laj] < 1. By the condition (2.5) the
weak invariance principle holds for (X,).z if ||€olle < 00, a > 1 and

1+« 2
44 -——)+1.
471 1( T —2>+

Notice that a very restrictive new assumption is that inputs need to be uniform-
ly bounded in this non-causal case. This result is new, the conjecture is that
{1.1) does not hold.

3.1.3. Non-causal and non-linear inputs. The weak dependence properties of
non-causal and non-linear inputs Y, are recalled, see [10] for more details. Let
H:(R%)% - R be a measurable function. If the sequence (&, ),z is independent
and identically distributed on R, the Bernoulli shift with input process (&,),cz is
defined as .

Y,= H((én— i)iEZ)3 nez.

Such Bernoulli’s shifts are n-weakly dependent (see [10]) with N (r) < 2047 if
33 E\H(S;, jeZ)—H(;1)j1<r JEZ) < 6,

Then condition (2.5) leads to the invariance principle for (X,),.z if E|Yy|™ < 0
for m>2, «a>1 and §, < Kr~? for

1+a 2
442
0> 1( m— 2)

Conditions (1.1) of [15] do not give clear restrictions: on coefficients for
these models. We do not know other weak invariance principle in that general
context.
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3.1.4. Associated inputs. A process is associated if Cov(f(Y™), g(Y™) >0
for any coordinatewise non-decreasing functions f, g: R" — R such that the
previous covariance makes sense with Y® = (Y, ..., ¥;). The x-weak depen-
dence condition is known to hold for associated or Gaussian sequences. In
both cases we have the relation

k() = sup |Cov (Yo, Y.
izr
Notice that the absolute values are needed only in the second case since for
associated processes these covariances are nonnegative. Independent sequences
are associated as well and Pitt [25] proves that a Gaussian process with
nonnegative covariances is also associated. Finally, we recall that non-decreas-
ing functions of associated sequences remain associated. Associated models are
classically built this way of independent and identically distributed sequences
(see [18]).
Suppose that the inputs (¥).z are such that x(r) < Cr™* (for some
a, C > 0). For the associated cases and model (3.1), the invariance principle of
[21] follows from the remark in [19] as soon as EY? < + 0, a > land o > 1.
These conditions are optimal, they correspond to Z Cov(Xy, X;) < co0. Such
strong conditions are due to the fact that zero correlation implies independence
for associated processes. Our conditions for the invariance principle are much
stronger: E|Y|" < +c0 with m>2, a > 1 and

S 1+a 4t 2
a—1 m=2/)
In the special case of xk-weak dependent inputs that are not associated, the
optimal weak invariance principle of [21] does not apply, see e.g. [10].

3.2. The Bernoulli shifts with dependent inputs. Let H: R® — R be a measu-
rable (not necessarily Lipschitz) function and X, = H(Y,—;, i€ Z). Such models
are proved to exhibit either A- or n-weak dependence properties. Because the
Bernoulli shifts of x-weak dependent inputs are neither x- nor - weakly depen-
dent, the x case is here included in the 4 one.

Consider the non-Lipschitz function H defined by

H() = Z Z B Xy -+ X

k=0 j1,..

In this case, Lemma 3.1 does not apply. To derive weak dependence properties
of such processes, we assume that H satisfies the condition (2.4) with [ # 0,
which remains a stronger assumption than that for the case of independent
inputs (see (3.5)). Relaxing the Lipschitz assumption on: H is possible if we
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assume the existence of higher moments for the inputs. The following lemma
gives both the existence and the weak dependence properties of such models.

LemMmA 3.2. Let (Y));.z be a stationary process and assume that H: R® — R
satisfies the condition (2.4) for some | > 0 and some sequence b; > O such that
Z |jlb; < oo. Let us assume that there exists a pair of real numbers (m, m’) with

E|Yy™ < o0 such that m > 2 and m' > (I+1)m. Then:
e The process X, = H(Y,_;, i€ Z) is well defined in [ i.., it is a strictly
stationary process.

e If the input process (Y).z is A-weakly dependent (the weak dependence
coefficients are denoted by Ay (r)), then X, is A-weakly dependent and there exists
a constant ¢ > 0 such that

AR)=c inf [ ¥ |j1b;+@r+1)% Ay (k—2r)m—1-biew=1+07

r<[k/2] |jzr

e If the input process (Y:),z is n-weakly dependent (the weak dependence
coefficients are denoted by ny (r)), then X, is n-weakly dependent and there exists
a constant ¢ > 0 such that

nk)=c inf [ 3 [jlb;+@r+ 1)t~ Dy (k— 2,)(m — 2)/¢m -],

r<[k/2] IHES:

Such models were already mentioned in the mixing case by Billingsley [2]
and Borovkova et al. [3]. The proofs are given in Section 4.6.

3.2.1. Volterra models with dependent inputs. Consider the function H de-
fined by

H(X) Z Z a(k),---,.lk Xjg vee Xjger

Then if x, y are as in (2.4), we have
H(x)—H(y)

K k
= Z Z Z a(k) wdum 108t toeenrde X1+ ot X 1(x ys)xju+1 voe Xjpo
k=1u=1 j1,ccju-1

From the triangular inequality we thus derive that Lemma 3.2 may be written

with | =K—1,
b —_ Z Z(ks)l (k)

where Z ) stands for the sums over all indices in Z* where one of the indices
jis ..., ji takes on the value s and

L= Z Y I""....,,-.,-
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For example,

a® Wl <CGiv ... vj)™® or la¥ il < Cexp(—a(iiv ... Vi)

yield b, < C's*™17% or by < C'e™*, respectively, for some constant C’' > 0.

3.2.2. Markov stationary inputs. Markov stationary sequences satisfy a re-
currence equation

Zn = F(Zn—la PR Zn—d’ én),

where (£,)sez i a sequence of independent and identically distributed random
variables. In this case ¥, = (Z,, ..., Z,—4+1) is a Markov chain ¥, = M(Y,-;, &)
with

(3.6) M(xl, cery Xds é) = (F(xl, coey Xdo f), X1y oees xd_l).

Theorem 1.IV.24 of [13] proves that equation (3.6) has a stationary solution
(Z ez in E* for m > 1if ||F (0, &)||,, < co and there exist a norm ||| on R* and
a real number a€[0, 1[ such that ||F(x, &)—F (¥, &|lm < allx—yl|. In this set-
ting, 0-dependence holds with 0,(r) = 0 (a"?) (as r 1 o0). We shall not give
more details about the significative examples provided in [9]. Indeed, we
already mentioned that our results are suboptimal in such causal cases; such
dependent sequences may however also be used as inputs for the Bernoulli
shifts. '

3.2.3. Explicit dependence rates. We now specify the decay rates from Lem-
ma 3.2. For standard decays of the previous sequences, it is easy to get the
following explicit bounds. Here b, ¢, C, D, A, n > 0 are constants which may
differ from one case to the other.

e Assume that b; < C({j|+1)7> If Ay(j) < Dj™* or ny(j) < Dj™", then by
a simple calculation we optimize both terms in order to prove that

2\m'—1—
A(k) < ck*:, where A, = _1(1__)ﬂ_l

b)m—1+1
or
b—2)(m'—2)
< ck*? —_
n(k) < ck??, where A, n oD —1)—1’
respectively.

Note that in the case where m’ = oo this exponent may be arbitrarily close
to A for large values of b > 0. This exponent may thus take all possible values
between 0 and A

o Assume that b; < Ce V. If 1;(j) < De™* or ny(j) < De™, we obtain

bm' —1-1)
—1+l)+211(m’—1—l))

2 -
ARy < ck exp( Akb(m’
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or

n(k) < ck("l'—1—l)/(m'—1)exp(_nk b(m' —2) >,

bm' —1)+2n(m'—-2)

respectively.

The geometric decay of both (b));.z and the weak dependence coefficients
of the inputs ensure the geometric decay of the weak dependence coefficients of
the Bernoulli shift.

e If we assume that the coefficients (b;);z associated with the Bernoulli
shift have a geometric decay, say b; < Ce Vb, and that Ay(j)<Dj * or
ny(j) < Dj™", we obtain the bounds

A(R) < ckmHer—L-bw =140l 1002 |k or  p (k) < ck U D~ D oot +Hew =1

respectively.
If m" = oo, tightness is reduced by a factor log®k with respect to the
dependence coefficients of the input dependent series (Y)z.

* If we assume that the coefficients (b;);cz associated with the Bernoulli
shift have a Riemannian decay, say b; < C(|j| +1) %, and that iy (j) < De™7* or
7y (j) < De™ 7, we find A(k) = ck*~? or (k) < ck?~?, respectively.

All models or functions of models we present here are A-weakly dependent.
We treat some basic examples in detail when a discussion with other results is
possible. We believe that for some models A-weak invariance properties follow
by easy computations, and then statistical results like our weak invariance
principle.

4. PROOFS OF THE MAIN RESULTS

Our proof for central limit theorems is based on a truncation method. For
a truncation level T > 1 we shall write X, = f7(X,)—Efr(X,) with f7(X) =
Xv (—=T)AT From now on, we shall use the convenient notation a, < b,
for two real sequences (a,),.y and (b,),.y When there exists some constant C > 0
such that |a,| < Cb, for each integer n. We also remark that X, has moments
‘of all orders because it is bounded. In the sequel, we put p= E|X ™
For any a < m, we control the moment E|f7(X)—X,|* with Markov ine-
quality

E|fr(Xo)—Xol* < E|Xol*lgxy>my < T ™

Thus using the Jensen inequality yields
4.1) X0 — Xoll, < 2ut T ™2

Starting from this truncation, we are now able to control the limiting variance
as well as the higher order moments.
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In this section we prove that the central limit theorems corresponding to
the convergence W, (1) » W (1) in both Theorems 2.1 and 2.2 hold and we shall
provide convergence rates corresponding to these central limit theorems. The
weak invariance principle is obtained in a standard way from such central limit
theorems and tightness, which follows from Lemma 3.2, by using the classical
Kolmogorov-Centsov tightness criterion (see [2]). In the last subsection, we
prove Lemma 4.2 that states the properties of our (new) Bernoulli’s shifts with
dependent inputs.

4.1. Variances
LemMA 4.1 (Variances). If one of the following conditions holds:

00

4.2) Y (k) < o0,
k=0
4.3) T AR < o
: k=0

then the series o2 is convergent.

Proof. Using the fact that X, = gr(X,) is a function of X, with
Lipgr =1 and ||g7lle < 2T, we derive

4.4 [Cov(Xo, Xl <k(k) or |Cov(Xo, Xy <@T+1)AK),

respectively. In the x dependent case, the truncation may thus be omitted and

4.5) | ICov (Xo, X < K (k).

In the following, we shall only consider 4 dependence. We develop
Cov(Xo, Xi) = Cov(X,y, X)+Cov(Xo—X,, Xi)+Cov(X,, Xi—X)).

We use a truncation T (to be determined) and the bounds given in (4.1) and
(4.4); then the Holder inequality with the exponents 1/a+1/m = 1 yields

ICov (X0, Xl < AT +1) A (k) + 21X ollm 1 X 0 — Xolla
' < (AT +1) A(k)+4ptlattim 1—ma
S @T+1)A(k)+4uT? ™™,
Choosing T™ ! = u/i(k) we obtain
4.6) ICov (X, Xp)| < Spullm=1 } (m—2m=1_ g

42. A A-order moment bound

LemMa 4.2. Let (X,).z be a stationary and centered process. Let us assume
that E[X o|™ < o0 ‘and that this process is either x-weakly dependent with k(r) =
O@F ™) or A-weakly dependent with A(r)=O@™*. If k>2+1/(m—2) or
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A>4+42/(m—2), then for all A > 2 small enough there exists a constant C > 0
such that

Remark 4.1. 4€]2,2+ AABA1[, where A and B are constants smaller
than m—2 and depend on m and on « or A, respectively. Equations (4.10) and
(4.11) below precise the previously involved constants A and B.

Remark 4.2. The constant satisfies

5 1/4
C> (m) Z |COV(X0, Xk)l'
keZ

Under the conditions of Lemma 4.2, using Lemma 4.1 we obtain

c= Y, |Cov(X,y, X)| < .

keZ

Remark 4.3. The result is sketched from Bulinski and Shashkin [4].
However, their dependence condition is of causal nature while our is not. It
explains a loss with respect to the exponents A and . In their x’-weak depen-
dence setting the best possible value of the exponent is 1 while it is 2 for our
non-causal dependence.

Proof of Lemma 4.2. For convenience, let us put in the sequel
A =246 and m=2+{. Like in [16] or [4], we proceed by induction on k for
n < 2* to prove that

4.7) I1+1SAlls < C/n.

We assume that the condition (4.7) is satisfied for all n < 2X~1, Setting N = 2K
we have to find a bound for |[1+|Syl[,. We can divide the sum Sy into three
blocks: the first two blocks have the same size n < 2X~! and are denoted by
0 and R; the third block ¥, located between Q and R, has cardinality g < n. We
then have

1+ ISHllla < 1 +1Q]+ R4+ 11V ] 4-

By the recurrence assumption, the term ||V]|, is directly bounded by
IL+1Vlls < C/q. Writing g = EN® with b < 1 and 0 < & < 1, we see that this
term is of order strictly smaller than ./N. For |[1+|Q|+|R|||4, we have

E(1+|QI+IR))* < E(1+]Q| +IR[)*(1+]Q] +|R])

< E(1+2]Q[+2[R|+(1Q1+R)?) (1 +1Q| +[R])’.

We expand the right-hand side of this expression. Then the following terms (i),
(ii), (iii) appear:
G E(1+|0]+|R)® < 1+|QI3 +|RI3 < 1+2¢%(/n)”.

-
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(ii) E|Q|(1+0]+IR)Y’ < E|QI((1+IRI’+1QI°)
<EIQI(L+|R)’+E|Q|"**.

The term E|Q|'*? is bounded by ||@l5*?%, and then by c”"(ﬁ)”“.
Using the Holder inequality, we see that the term E |Q| (1 +|R])’ is bounded by

[1Qll1 + 52 11 +|RI||. It is at least of order cC° (\/; 1+4 analogous to the latter
one, where we exchange the roles of @ and R.

(i) E(IQ|+IR)? (1 +1QI +IRIY.
For this term, we use an inequality from [4] and we obtain
E(IQI+IR)*(1+]Q|+|RY’ < E|Q[*+E|R[*+5(EQ*(1+|R)’+ER*(1 +|Q])°).

Now, by (4.7), we get E|Q|4 < C4 (ﬁ)". The second term is its analogue with
R substituted for Q. The third term has to be handled with a particular care as
follows:.

We use the weak dependence notion to control EQ?(1+|R])® and
ER?(1+10|)°. Denote by X the variable X v T A(—T) for a real T > 0 to be
determined later. By extension, § and R denote the truncated sums of the
variables X;. We have

E|QP (1+|RIY’ < EQ?|R|—|RI] +E(Q*— 0% (1 +|R)’+ EQ* (1 +IRI).

We begin with a control of EQ? ||R|—|R'||a. Using the Holder inequality with
2/m+1/m' =1 yields

EQ? |IRI—~IRI|” < 1N | IRI— IR |-
lI0ll4 is bounded by using (4.7) and
IRI=IRI™ < IRP™ Lyap> 1y < IRI™ Ligys 7
We then bound 1z>7 < (|R|/T)* with « = m—Jm’, and hence
E||RI—|R|™ < E|RPT* ™.
By convexity and stationarity, we have E|R|™ < n™E|[X ", so that
EQ?(IR| —|R|)’ < n?+mim = min'
Finally, observing that m/m = m—2, we obtain
EQ*(R|—[R]’ <n™T4™™.
We get the same bound for the second term:

E(Q*—Q)(1+IR)’ <n™T4"™.
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For the third one, we introduce a covariance term
EQ?*(1+|R)y’ < Cov(Q?, (1 +|R)’)+EQ*E(1+|R|)’.

The latter is bounded with |Q|3|R|5 < ¢? (ﬁ)“. The covariance is verified as
follows by using the weak dependence:

e in the x-dependent case: n* Tk(g),
o in the A-dependent case: n® T? A(g).

We then choose either the truncation T™ %! = n™"2/k(g) or the trun-
cation 7™ % = n™~3/1(q). At this point, the tree terms of the decomposition are
of the same order:

(n3m=245 (q)m—A)”("’—" D under x-dependence,

(n5m=34 1 (g4 (m=93) under A-dependence.

E|QP 1 +IR])’ < {

Let g = N®. We note that n < N/2 and this term is of order:
N@m—24+be(d-m)/m=3=1) ypnder kx-weak dependence,
NSm=34+bd=m)/m=9) ynder A-weak dependence.

Those terms are thus negligible with respect to N42 if

Im—24—(4/2y(m—d6—1)
o b(m—4)

4.8) under x-dependence,

5m—34—(4/2)(m—9)
b(m—A)

4.9) A> under A-dependence.

Finally, using this assumption, b < 1 and n < N/2, we derive the bound for
some suitable constants a,, a, > 0:

E(1+|Sy)?* < (7% + &4 C4+5-27%2 ¢4 +a; N™%)(/NY".

Using the relation between C and ¢, we conclude that the inequality (4.7) is also
true at step N if the constant C satisfies the condition

(2792 4 &4) C‘+5 2782 A4 g, N™%2 < CA
Choose

504 29/2\ 1/4
s (C_f"l__) with ¢ = Y, |Cov(Xo, X,).

22 —1 keZ

Then the previous relation holds for some 0 < £ < 1. Finally, we use (4.8) and
(4.9) to find a condition on §.
In the case of x-weak dependence, we rewrite inequality (4.8) as

0>82+6(2k—3—0)—x{+2{+1,
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which leads to the following condition on 4:

— — 2 — — —
5<\/(21c 3—-0) +4(xz;2 - +{+3-2

(4.10) 1=A.

We do the same in the case of the 1-weak dependence and we obtain

5 < \/(21—6—C)2+4(,1£2—4C—2)+C+6—2/1A

@.11) 1=B.m

Remark 4.4. The bounds 4 and B are always smaller than (.

4.3. Proofs of Theorems 2.1 amd 2.2. Let S = (l/ﬁ) S, and consider
p=p(n) and g =q(n) in such a way that

lim——1—= limq—(n2= li ILn)=0
n-*ooQ(n) n—'oop(n) n—w N

and k = k(n) = n/[p(n)+q )],

1
““‘—(U1+ +Uk) with U]= ZX,,
ﬁ icB;
where B; = (p+9)(j—1), (p+9)(j—1)+p]nN is a subset of p successive in-
tegers from {1, ..., n} such that, for j #j, B; and B; are at least distant of

g = q(n) from each other. We denote by B] the block between B; and B;,; and
V= Zien,' X;. W, is the last block of X; between the end of B, and n. Further-

more, let

Z =

o3 =Var(U))/p= ), (1—-lil/p) EX, X;
lif<
and ’

“+... +U;
Y=1—+———i—k, U ~ A (0, pa?),

N
where the Gaussian variables V; are mutually independent and also indepen-

dent of the sequence (X,),.z. We also consider a sequence U¥, ..., U¥ of mutu-
ally independent random variables with the same distribution as U, and we let

Z¥=Ut+ ... +U,’2‘)/ﬁ. In the whole section, we fix teR and we define
f:R—C by f(x)=-exp(itx). Then

Ef(8)—f(oN) = EfS)—f(D)+ESf(Z)—f (Z*)+Ef (Z*)—f (Y)+Ef (Y)—f(oN).

The Lindeberg method is devoted to prove that this expression converges to
0 as n— 0. The first and last terms in this equality are referred to as the
auxiliary terms in this Bernstein—Lindeberg method. They come from the
replacement of the individual initial — non-Gaussian and Gaussian, respec-
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tively — random variables by their block counterparts. The second term is
analogous to that obtained with decoupling and turns the proof of the central
limit theorem to the independent case. The third term is referred to as the main
term and, following the proof under independence, it will be bounded above by
using a Taylor expansion. Because of the dependence structure, in the corre-
sponding bounds, some additional covariance terms will appear.

The following subsections are organized as follows: we first consider the
auxiliary terms, the main terms are then decomposed by the usual Lindeberg
method, and the corresponding terms coming from the dependence or the usual
remainder terms (standard for the independent case) are considered in separate
subsections. In the last one, we collect these calculations to obtain the central
limit theorem.

4.3.1. Auxiliary terms. Using Taylor expansions up to the second order, we
obtain

EfS)—f(@I<f |- EIS—Z]

I/l
2

and

|Ef (Y)—f(oN)| < [EY?—0o?].

Wenotethat Z—S=(V;+ ... + Vk)/\/r_z is a sum of X;’s for which the number
of terms is less than or equal to (k+1)g+ p. Then inequalities (4.6) and (4.5),
under conditions (4.3) or (4.2), respectively, entail

- (EIZ-S) <E|Z-SP?<X((k+1)g+p)/n.
Now Y ~ [ /kp/no,N and, consequently,
|EY?—062| < |kp/n—1| 62+ (a2 —c?|.
Since |kp/n—1> <((k+1)g+p)/n, it remains to bound the quantity

i
loz—a?| < Y U|EX0X1-[+ Y |EXo X
lil<p lil>p
Let a; = |[EX, X;|. Under the condition (4.3) or (4.2) (respectively), the series
Yo converge. Thus s;=3Y" a;—0 as j—> oo and

p-1y 2p_1
lop—0?| <2 ) —a;+25, <= Y, 5;+2s,.
i=o D Pi=o

The Cesaro lemma entails that the term |o2—o?| converges to 0. Hence
Ef (S)—f(Z)|+|Ef(Y)—f(oN)| tends to 0 as nt oo. To determine the con-
vergence rate, we assume that a; = 0 (i™% for some o> 1; then

los—a?| <p'~=
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Observing that a; = EX( X; = Cov(X,, X)), we then use inequalities (4.5) and
(4.6) and we find « = k or & = A(m—2)/(m—1) depending on the weak-depen-
dence setting. With p = n®, g = n® for two constants a and b and by the relation
I 9 < |t, those bounds become, up to a constant,

|t| (n(b—a)lz + n(a - 1)/2) + tz (nb—a + na(l —x))
for x-weak dependence, and
|t| (n(b—ﬂ)/2 + n(a— 1)/2) + tZ (nb—a + nu(l —Am—2){(m— 1)))

for A-weak dependence.

4.3.2. Main terms. It remains to verify the second and third terms of the
sum. They are bounded as usual as follows:

k k
Ef(Z)—f(Z*)| < ), |[E4}, |Ef(Z¥*)—f(Y)< ), |E4],
=1 j=1
where ’ ’
d;= f(Wj+x)—fW;+x¥) forj=1,..,k
with
x=LU, x*:iU*, W=W-+ZX:‘=, w; = le
J \/; J J \/;1‘ J J J = J =
and
Ay=f(W+x)—f(Wj+x) forj=1,..,k
with

1
Y=l W= S b+ L

ﬁ i<j i>j

Using the special form of f and the independence properties of the variables
UF and Uj, we can write

Ed; = (Ef (w) £ ()~ Ef ) Ef GD)ES (X 57),

Ef) = (Ef ()~ Ef () ES ().

We then verify the two terms Ef (Zi>jx;") and Ef (W) by the fact that
Ifllo <1 and we use the coupling to introduce a covariance term:

|E4,| < |Cov(f (2 %), f (x))

i<j

» |E4) <|Ef(xf)—Ef (X))l

o For 4;, we use the weak dependence. To do this, write

|E4j| = |Cov[F (X, meB;, i <j), G(X,, meBj]l,
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with F(z1, ..., zi,) = f (3, ,u/x/n), where u;=Y __ z,. We shall verify that
IIFllo <1 and we control Lip F:

(FEz) (o)
< ‘1—exp (it ( \/; Z‘J ;" (z;— z,))) fzz |zy—zi].

Similarly, for G(zy, ..., z,) = f(¥_, 2/i/n), we have ||Gl|l,, =1 and

LipG < Itl/f We then distinguish the two cases of weak dependence, observ-
ing that the gap between the left and right terms in the covariance is at least g.
— Under the x-weak dependence condition:

[¢] ().
N

— Under the A-weak dependence condition; -

|E4;| <kp-p-

|t] !tl Il
NV AV f) -

Note that these bounds do not depend on j:

B4 < (kp-

kp-t2-x(q) under x,
kp-(¢*+1t| \/k/p)-A(q) under 1.

Since p=n% g=n" k(r) = O or A(r) = O(r %), these convergence rates
become n' ~* or p!+ (/279 + =2 respectively, in the x or 4 dependence context.

|Ef(2)—f(Z*) < {

e For A}, Taylor expansions up to order 2 or 3, respectively, give
LF )= Gl < IxF =5 L Mo + 37 = X)W Nl + 75
SIS o O =x)?  or 1y SISl IxF — 2.
For an arbitrary d€[0, 1], we have
Er; <E(e* (11> +x12) Al (1 + Ix51%))
<E@ X1 At IxFP) +E (6 Ix1? A e 1x1%)
<UPTETP T +E X2 +0).
By the stationarity of the sequence (X;);.z, we obtain
E4) < 162420 T (BIS, 240 v ptton),
Lemma 4.2 allows us to find a bound for E|S,|>*%. Ifx > 2+1/{ or 1 > 4+2/(,
where x(r)= 0" or A(r)=0O(r™%, then there exist €70, Al[ and

5 — PAMS 271
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C > 0 such that
ElSP‘2+6 < Cp1+6/2_
We then obtain
|Ef(Z*)—f (V)| L |t k(p/n)' *%2.

Since p = n® this bound is of order n®~ V%2 in both x- and A-weak dependence
settings.

We now collect the previous bounds to conclude that a multidimen-
sional CLT holds under assumptions of both Theorems 2.1 and 2.2. Tightness
follows from the Kolmogorov—Chentsov criterion (see [2]) and Lemma 4.2;
thus both Theorems 2.1 and 2.2 follow from repeated application of the pre-
vious CLT. =

4.4. Rates of convergence. Rates of convergence are now presented in two
propositions of independent interest. We evaluate explicit bounds for both the
difference of characteristic functions and the Berry—Esseen inequalities.

ProrosITION 4.1. Let (X,),.z be a weakly dependent stationary process
satisfying (2.1) with m = 2+, then the difference between the characteristic
functions is bounded by

|E (exp (itS./r/n)— exp (itaN))| = o (n™°)
for some ¢ < c* and all teR, where c* depends on the weak dependent coef-
ficients as follows: ,
o under x-weak dependence, if x(r)=0(r"%) for x> 2+1/(, then

. (k=14

T A+2k(1+A4)
where

4 \/(ZK—3—C)2+4(K(:2—2C—1)+‘:+3—-2KA

o under A-weak dependence, if A(r)= O *) for i>4+2/(, then

o G+DB
" 2+B+2i(1+By

1;

where

B \/(21—6—C)2+4(),C—4C—2)+C+6—2,1A

1.
2

We use the following Esseen inequality in Proposition 4.2 below.

THEOREM 4.1 ([24], Theorem 5.1, p. 142). Let X and Y be two random
variables and assume that 'Y is Gaussian. Let F and G be their distribution

.{:‘,
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functions with corresponding characteristic functions f and g Then, for every
T >0, we have for suitable constants b and c:

4.12) sup|F(x)—G(x)| < b j f(t—)ti(—tz dt+%.
=T

xeR

ProrosITION 4.2 (A rate in the Berry—Esseen bounds). Let (X ).z be a real
Stationary process satisfying the assumptions of Proposition 4.1. Then

sup [F, (x)— @ (x)| = 0(n™)

with ¢ < ¢/, where ¢’ = ¢*/(3+ A) or ¢’ = c*/(3+ B) in k- or A-weak dependence
contexts, respectively (A, B and c* are defined in Proposition 4.1).

Proof of Proposition 4.1. In the previous section, the different terms
have already been bounded as follows:

e In the x-weak dependence case, the exponents of n in the bounds ob-
tained in Section 4.3 are

— for the auxiliary terms: (b—a)/2, (a—1)/2 and a(1 —x),

— for the main terms: 1—«b and (a—1)9/2.
Since 6 < 1 and b < a < 1, we have (a—1)9/2 > (a—1)/2 and 1—«b > a(1 —«).
The only rate of the auxiliary term it remains to consider is (b—a)/2 and we
obtain

. *
«_ 2+0+2K0 ]b* 0 [ b*=2+a €10, a*[.

“oramre) | 1+ol’ 142k

We conclude with standard calculations and with the help of the inequality
0 < A (see (4.10)).

e In the A-weak dependence case we have

— for the auxiliary terms: (b—a)/2, (¢a—1)/2 and a(1—A4),

— for the main terms: 1+(1/2—a), —Ab and (a—1)4/2.

Only three rates give the asymptotic: (a—1)d/2, 1+(}—a), —Ab and
(b—a)/2. In the previous case, the optimal choice of a* was smaller than 4. Then
we have to consider here the rate 3—a—Ab and not 1—21b, Thus

. 3404240 ]b* 5[

Toto+22(1+0) | 1we|’
3420 -
*__ e *
b = toraiare %9

Finally, we obtain a rate of n~“" using the inequality (4.11). =

Proof of Proposition 4.2. Let us choose a* and b* as in the proof of
Proposition 4.1. Now we need to make precise the impact of ¢ on the different
term of the bound of the ! distance between the characteristic functions of
S and oN. Up to a constant independent of ¢, the Kolmogorov distance is
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bounded by (|t|+t2+[t|>*¢)n~*. Here C = A or B in the two contexts of
dependence. Using Theorem 4.1 for a well-chosen value of T, we obtain the
assertion of Proposition 4.2. =

4.5. Proof of Lemma 3.1. The case of Lipschitz functions of dependent
inputs is divided into two sections devoted, respectively, to the definition of
such models and to their weak dependence properties.

4.5.1. Existence. Let Y = (Y_;1jj<oicz, Y& = (Y_;i1_ <i<)icz for seZ
and H(Y")) = lim,_, , H(Y"¥). In order to prove the existence of the Bernoulli
shift with dependent inputs, we show that X, is the sum of a normally conver-
gent series in L™; formally,

Xo = H(Y™) = H(0)+(H(Y")—H(0)
+ Y H(Y**Y)—H(Y$)+(H (YP)—-H(YY)).
s=1
From (2.4) we obtain
|H (Y") —H (0)lln < bl Yollms
IH (Y D)= H (YO < b [1Y=llms
|H (YE)—H (YOl < bs [| Yellm-
By (Y).z's stationarity we get
(4.13) X ollm < |H (YD) = H O)llm+ Y, 1H(YE" D)= H (YO
s=1

+IH (YE)— H (Yl < 3 bill Yollm-

iceZ
Analogously, the process X, = H (Y,—;, i€ Z) is well defined as the sum of a nor-

mally convergent series in L". The statlonarlty of (X ),z follows from that of the
input process (Yiz-

4.5.2. Weak dependence propertles Let X = H(Y") and
X=X o0 X5)s X=Xy, .., Xy)

for any k>0 and any (u+v)-tuple such that sy < ... <s,<s,+k<t; <
... <t,. Then we have, for all functions f, g satisfying || f||«, llgllo < 1 and
Lip f+Lipg < oo,

(4.14) |Cov (£ (X)), g(Xy)| < |Cov(f (Xo)—f(X¥), g (X))
+|Cov(f(X?), g(X) —g (X))
+|Cov (£ (X¥), g (X))
=T+ T+ T;.
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Using the fact that ||g||, < 1, we bound the first term T; on the right-hand side
of the inequality (4.14):

2Lip f-E|Y (X, —X®)| < 2uLip f max E|X,—X").
i=1

Applying the inequality (4.13) in the case where m = 1, we obtain
E|X,— XD < Y billYll;-

izr

The second term T; is bounded in a similar way. The last term T; can be
written as

|Cov(F® (Yyp L<i<u, [jl <1, GO (Yips L <P <0, | < 7)),

where FO: R*®+1 — R and GP: R*@"+V - R, Under the assumption r < [k/2],
we use the &~ or A-weak dependence of Y (where & = ) in order to bound this
covariance term by _

¥ (Lip F©, Lip G?, u(2r+1), v(2r + 1)) g5,

with y (u, v, a, b) = ua+vb or Y (u, v, a, b) = uvab+ua+vb, respectively. We
compute

Z?:l Z—rszsr|x8:+l_ys,~+ll

where the supremum extends to x # y, where x, ye R“®"* 1), Notice now that if
x, y are sequences with x; = y; = 0 for |i| > r, then the repeated application of
the condition (2.4) yields

4.15) H—HO)I < ) bibu—yd <L Y Jx—yi,

where L =) __b;. Repeating ttlile\rinequality (4.1.;,\rwe obtain
FO@=FOW =P ALY T uri=yued
and we get Lip F” < (Lip f) L. Similarly, Lip G < (Lipg)L.
Under n-weak dependent inputs, we bound the covariance
|Cov(f(X,), g(X))|

< (uLip f+vLipg)[2 ), b:l|Yolls +@r+1)Lyy(k—2r)].
lilzr

Lip F® = sup

2

Under A-weak dependent inputs we have

|Cov(f(X,), 9(X))| < (Lip f +vLipg+uvLip f Lipg)

x[{2 Y billYolly +(2r + 1) LAy (k—21)} v @r+ 12 I? A, (k—27)]. =
lif=r
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4.6. Proof of Lemma 3.2

4.6.1. Existence. We decompose X as above in the case I = 0. Here, we
bound each of the terms by

|H(Y®)—H(0)| < boYol,
[H(Y** D)~ H(YP) < b, (1YOl5 v DIY-,
|H (Y- H(Y®) < bs (1Yl v DY,
Using the Holder inequality yields

E|H(YO)—H(O)+ ¥, EH(YS9)—H(Y$) +E|H (Y¥)—H (Y9)

s=1

< ¥ 21 by (1 Yol + | YolliT 1)

icZ

Hence the assumptions [+ 1 < m’ and Z il b; < oo together imply that the
variable H(Y) is well defined in L. In the same manner, the process
X, = H(Y,_;, ie Z) is well defined. The proof extends in L" if m > 1 is such that
(+1)m<m'

4.6.2. Weak dependence properties. Here, we exhibit some Lipschitz func-
tions, and then we truncate inputs. We write Y = Yv(—T)A T for a trun-
cation T set below. Let us put X® = H(Y") and X& = H(Y"). Furthermore,
for any k>0 and any (u+v)-tuple such that s; < ... <s§, <s,+k<t; <

. <t,, we set

X,=Xgys -0 X5)y Xi=(Xy, ..., Xy)
and -
X0 =(X2,..., X9, X0 =X0,..., X0).

Then we have, for all f, g satisfying || ]|, llgll < 1 and Lip f +Lipg < oo,
(4.16) |Cov (£ (Xs), g(X))| < |[Cov(f (Xo)—f(XE), g(X))
+[Cov (£ (XY), g(X)—g (X))
+|Cov (f(X?), g (X))
=U,;+U,+Us;.

Using the fact that ||g||, < 1, the first term U1 on the right-hand side of the
inequality (4.16) is bounded by

2uLip f(max E|X,— X+ max E|XD—-X0)).

1<i<u 1<i<u
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By the same arguments as those used in the proof of the existence of H (Y(®),
we infer that the term U, is bounded by

2 211 b (1 Yolls + I Yol 1)-

izs

Notice now that if x, y are sequences with x; =y, =0 for |i| > r, then an
infinitely repeated application of the inequality (2.4) yields

(4.17) |H(x)—H (y)| < L{Ixll% v 1Yl v D lIx =yl
where L =)' b, < oo because }._, |i| b; < oo. The second term U, is bounded
by using (4.17):
E|X{)— X3 = E|H(Y")—H(Y")
SLE((max [¥) 3 [¥ily:q)

—r<j<r

SLQRr+1)’E( max |Y|Y) 1y, >7)

—r<i,j<r
< LQ2r+ 1) ||Y|m T =™,
The last term Uj; can be written as
|C0V(F_(r)(Ys,'+js 1 \ u l.}l r) G(r)(y;;+_p \ i < v, |j| < r)la

where F®:R‘@*D R and G©:R“@*Y R Under. the assumption
r < [k/2], we use the & or A-weak dependence of Y (where & = 11) in order to
bound this covariance term by

¥ (Lip F®, LipG®, u(2r+1), v(2r+ 1)) gx—2,
with ¥ (u, v, a, b) = uvab or  (u, v, a, b) = uvab+ua+uvb, respectively. We
evaluate

LipF—(,-) — sup If(H(-’zs.--H, 1 < 1 < u, Ill < r))_f(H(}_)s,-+la 1 < i S u, ]ll < ?’))l,

u
ijl [lx;—yill

where the supremum extends to (x Lo oees X)) Z (P1s -+ -5 V), Where x;, y;e R¥*1,
Using (4.17) we get s

IF? ()= FO () < Lip fL ¥, (I%slleo v 1 Fsllo v 1 15—l

i=1

SLipfLT' Y, Y Xgu1— s+l

i=1 —r<ISr

We thus obtain Lip F® < Lip f-L- T". Similarly, LipG” < Lipg-L- T"
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Under #-weak dependent inputs, we bound the covariance
|Cov(f(X,), g(Xy)| < (uLip f +vLipg){4 ¥ lilb:(I%lls +IYolliF1

lilZr
+Q2r+ 1)L((2r+ D2|| Yol TH =™ 4 T ny(k—2r))}.
We then fix the truncation
2Q2r+ )| Yollm
ny (k—2r)

to obtain the assertion of Lemma 3.2 in the #-weak dependent case.
Under i-weak dependent inputs we have

|Cov(f(Xy), g(X))
< (uLip f +vLipg+uvLip f Lipg)({4 Y 1ilb: (I Yoll: + I Yolli 11

lifzr
+@r+DLRQr+1) T || Yol + T Ay (k—2r))
v{@r+12 2 T? iy (k—2r)}).

Tm’—l —

We then set a truncation such that

prem—1 _ 2%l
Liy (k—2r)

to obtain the assertion of Lemma 3.2 in the n-weak dependent case. m
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