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Abstract. Let Ay, be the Dunkl Laplacian on R? associated with a
reflection group W and a multiplicity function k. The purpose of this paper
is to establish the existence and the uniqueness of a positive solution on the
unit ball B of R to the following boundary value problem:

Agu=¢p(u) in B and w=f on 9B.

We distinguish two cases of nonnegative perturbation ¢: trivial and
nontrivial.
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1. INTRODUCTION

The Dunkl Laplacian is the sum of a second order differential operator and a
difference term associated with a multiplicity function & and a reflection group W.
An important motivation to study the Dunkl Laplacian rises from its relevance for
the analysis of certain exactly solvable models of mechanics, namely the Calogero—
Moser—Sutherland type (see [5], [3], [T9]). Since its introduction by C. F. Dunkl
in [B], the analysis of Dunkl theory has been the subject of many articles and it
has deep and fruitful interactions with various mathematics fields, namely Fourier
analysis and special functions [I5], [2R], [29], algebra (double affine Hecke al-
gebras [I7]) and probability theory (Feller processes with jumps [IT], [4]). The
Dunkl Laplacian generates a positive strongly continuous contraction semigroup
[25]. This fact gives rise to a Hunt process, called a Dunkl process, and so to a
corresponding family of harmonic kernels (Hy )y . If the multiplicity function k is
identically zero, then the operator Ay, reduces to the classical Laplace operator A,
and so the Dunkl process is the Brownian motion and Hy (z, -) is the classical har-
monic measure relative to V' and x. If k is not trivial, then paths of the Dunkl pro-
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cess are discontinuous (see [I1]), and thus it follows from the general theory of bal-
ayage spaces [[I] that A, generates a balyage space and not a harmonic space. This
yields that for every bounded open set V' and every z € V the harmonic measure
Hy (z,-) is not necessarily supported by the Euclidean boundary 0V of V, as in
the classical setting k = 0, but it may live on the entire complement V¢ := R%\ V.

Throughout this paper we assume that & is strictly positive. Our first purpose
is to show that, for every bounded open subset V' of R? and every = € V, the
harmonic measure Hy (z,-) is supported by a compact set of V¢ and not by the
whole V¢, In the particular case where V' is invariant under the reflection group W
(e.g. V is an open ball of R? centered at the origin), we shall prove that the support
of Hy (x,-) is contained in OV'. This fact allows us to investigate, for an open ball
B of center zero, the boundary value problem

(1) {Aku—go(u) in B,
u=f on 0B,

where f is a nonnegative continuous function on 9 B. We impose that ¢ : [0, co[—
[0, ool is nondecreasing, continuous and satisfies ¢(0) = 0. Our main goal is to
establish the existence and the uniqueness of a positive solution to problem (IT).
We distinguish two cases of perturbation ¢ (trivial and nontrivial). In the first step,
we consider ¢ = 0 and we prove that the function Hp f defined on B by

Hpf(z) = [ f(y)Hp(x,dy)
0B

is the unique continuous extension v of f on B satisfying Ayu = 0 in B. That is,
Hp f is the unique solution of (IT) for ¢ = 0. Assuming that ¢ is not trivial, we
show that v satisfies (1) if and only if

u+G(p(u) = Hpf,

where G’fg is the Green operator on B. Then, by a compactness argument of G%,,
we prove that the map u — Hpf — G% (gp(u)) admits one and only one fixed point
u € C(B), and so u is the unique solution of problem (ICT).

2. NOTATION AND PRELIMINARIES

For every subset F' of RY, let B(F) be the set of all Borel-measurable func-
tions on F' and let 1z be the indicator function of F'. Let C'(F’) be the set of all
continuous real-valued functions on F', C"(F') be the class of all functions that are
n times continuously differentiable on F, and Cy(F') be the set of all continuous
functions on F’ such that w = 0 on OF, which means that lim,_,, u(x) = 0 for all
z € OF and limy,_,o u(z) = 0 if F' is unbounded. We denote by C2°(F') the set
of all infinitely differentiable functions on F' with compact support. If G is a set
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of numerical functions, then G (respectively G) will denote the class of all func-
tions in G which are nonnegative (respectively bounded). The uniform norm will
be denoted by || - ||.

For every a € R?\ {0}, let H,, be the hyperplane orthogonal to « and let o,
be the reflection in H,, i.e.,

(o, z)
a2

oo(x) =2 —2

where (-, -) denotes the usual inner product on R and | - | is the associated norm.
A finite subset R of R%\ {0} is called a root system if RN R - o = {+a} and
0o(R) = R for all @ € R. For a given root system R, the reflection o, a € R,
generates a finite group W called a reflection group associated with R. A function
k: R — R, is called a multiplicity function if it satisfies k(o 3) = k() for every
«, B € R. Throughout this paper we fix a root system R and a multiplicity func-
tion k. We consider the differential-difference operators 7;, 1 < ¢ < d, defined in
[7] for every u € C'(RY) by

I

and called Dunkl operators in the literature. The Dunkl Laplacian Ay is the sum
of squares of Dunkl operators:

d
Ak = Z T;Z.
=1

It is given explicitly, for u € C%(R?), by

2.1) Apu(z) = Au(z)+ 3 k(a)(<vu(a:),a> a2 u(z) —u(oa(az))).

ach (o, ) 2 (o, )2

Likewise the classical Laplace operator A, the Dunkl Laplacian has the following
symmetry property: For u € C?(R%) and v € C2?(RY),

(2.2) [ Apu(@)v(@)wi(z) de = [ w(z)Ago(z)wy(z) de,
R R?

where wy, is the homogeneous weight function defined on R? by

wi(z) = TT e, )M,

aER

A fundamental result in Dunkl theory is the existence of an intertwining operator
Vi : C®(R%) — C>°(R?) between the classical Laplacian A and Dunkl Laplacian,
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ie., AV = Vi.A. We refer to [R], [26], [28] for more details about the intertwin-
ing operator. By means of V}, there exists a counterpart of the usual exponential
function, called a Dunkl kernel Ej(-,-), which is defined for every y € C? and
r € R? by
Ey(w,y) = Vi(e") ().
It is clear from (1) that if k£ vanishes identically, then the Dunkl Laplacian reduces
to the classical Laplacian A. In this case the intertwining operator V}, is the identity
operator, and so E, reduces to the classical exponential function. Notice that Fy,
is symmetric and positive on R? x R? and satisfies Ej(\y, z) = Ei(y, Ax) = for
every A € C.
In all this paper we assume that

m:=d+ > k(a)>2.
a€R

Let pf be the Dunkl heat kernel, introduced in [25], defined for every ¢ > 0 and
every z,y € R? by

2
@3 piaey) = o5 [ e B (i, Buliy, uwn(©)de,
R4

where , .
ce=( [ e wp(y)dy) .
Rd

For every =,y € R, pF(z,y) > 0, pF(z,y) = pF(y,z) and

¢ (] — [y])?
(2.4) pi(w,y) < (4t)’fn/2 exp ( - 4t>.

Also, for every = € R, the function (¢,%) +— pf(z,v) solves the generalized heat
equation dyu — Agu = 0 on |0, oo[xRY. More precisely, the following holds:

0
2.5) 5P (@ y) = e (i () (@) = A (2 (@, ) (v).
For every f € Co(R%) and ¢ > 0 let

PFf(z) = [ pf(e,y)f()wly)dy, = eR™
R4

Then (PF)s~o forms a positive strongly continuous contraction semigroup on
Co(R?) of generator Ay,. This fact yields the existence of a Hunt process (X;, P%)
(see [2], Theorem 1.9.4), called the Dunkl process, with state space R% and transi-
tion kernel

P (x, dy) = pf (x, y)wi(y) dy.
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3. HARMONIC KERNELS

For every bounded open subset D of R, we denote by 7p the first exit time
from D by (X,), i.e.,
p = inf{t > 0; X} ¢ D}.

LEMMA 3.1. Let D be a bounded open set. Then, for every x € D,
P*(0<71p < 0) =1.

Proof. Let z € D. Since the Dunkl process has right continuous paths, we
immediately conclude that P*(0 < 7p) = 1. Let > 0 be such that D C B,, the
ball of center zero and radius r. Clearly,

TBy

E*rp) < E®[rp,] = E*| [ 1p,(Xy)dt]
0

<

o3

E*[1p,.(Xy)]dt =

o3

J pb(z, y)wr(y) dy dt.
By
So, to prove that P*(7p < oo) = 1, it will be sufficient to show that

¥ k

I J i, y)wi(y) dy dt < oo

0 B,

Using spherical coordinates and applying the fact that the function wy, is homoge-
neous of degree m — d, we infer from the integral representation (Z3) of p that,
for every y € RY,

52 . . _
f € ts Ek(_zx7Sg)Ek(1y7$€)wk(§)sm 10—(d§)d87
d
where o denotes the surface area measure on the unit sphere S%~! of R%. Therefore,
Tk ¢, . : 3
fpt (':Ua y)dt = 27771 f f Ek(—ZQZ', Sg)Ek(Z:% $€)wk(§)$m_ O—(dg)ds
0

0 Sd—1

Using again spherical coordinates and then applying Fubini’s theorem, we get

Offpf(x,y)wk(y) dydt= [ [ ([ pf(z,uy)dt)wp(y)u™ o (dy)du

0 B, 0 gd—1

62 r 00
- %’ { df ( [ Ex(iuy, s&)wi(y)o(dy))

Sd—1  gd-—1
X By (—iz, s6)wy,(€)s™ 3u™ Lo (d€)dsdu.

o —g
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On the other hand, we recall from [27/] that

) m — Jm (|Z)
[ Ex(iz,y)wi(y)o(dy) = 2 /2 ’fl/2m/1217
- 2

where J,,, o1 is the Bessel function of index m /2 — 1 given by

m/2—-1 ~ n,2n
(= (=1)"z
Imj2-1(2) = <2> ZZ:O 4mplT(n +m/2)

Hence

ffptznywk ) dy dt

0 B,
Z umm;; 1(f<]m/2 1(812]) Ty o1 (us)s ™ ds) du,

and so

(3.1 {Bl;pt z,y)wi(y) dy dt = — 2zum l(max |l‘|))2_mdu

o (525

To get (B), one should use a formula from [2T], p. 100. =
For every bounded open set D, we define

"D:= |J w(D) and Tp:="D\D.
weWw

That is, VD is the smallest open bounded set containing D which is invariant under
the reflection group W. In the following theorem, we show that if the process starts
from x € D then, at the first exit time from D, it should be in the compact I'p.

THEOREM 3.1. Let D be a bounded open subset of R%. Then, for every x € D,
(3.2) P*(X,, el'p)=1.
In particular, if D is W -invariant, i.e., WD =D, thenTp = 9D, and therefore
P*(X,, € 0D) =1.

Proof. Let z € D and consider the function / defined for every y, z € R?
by F (y,z) =0if z € {oay; ¢ € R} and F (y, z) = 1 otherwise. Let

Y: :Zl{XS,;éXS}F(XS—vXS)v t>0.
s<t
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It follows from Proposition 3.2 in [I1] that for every ¢t > 0, P*(Y; = 0) = 1, and
consequently

P (Lyx _zxaF (Xo, Xs) = 0; Vs > 0) =
Then, since P*(0 < 7p < 0o) = 1, we deduce that
Px(l{XTB;ﬁX-,—D}F(XTB’XTD> =0) =
On the other hand, since X - € Don {0 < 7p < oo}, we have
{Xop #Tp,0 <7 < 00} C {Lix_ax )b (X, Xop) = 1

This completes the proof. m

For every bounded open set D and every = € R?, let Hp(x, -) be the harmonic
measure relative to x and D, i.e., for every Borel set A,

Hp(z,A) .= P*(X,, € A).
For every f € By(R?), let Hp f be the function defined on R? by
Hpf(z) = [ f(y)Hp(z,dy).

Since, for z € D, the harmonic measure Hp(z, -) is supported by the compact set
I'p, it will be convenient to put again

(3.3) Hpf(z) = [ fy)Hp(z,dy), z€ D,

for every f € By(I'p).
Let *H* (R9) denote the set of all nonnegative lower semicontinuous functions
f on R? such that

Hpf < f forevery bounded open set D.

Because (R?, P?) is a Hunt process, it follows from Theorem IV.8.1 in [[] that
(Rd,W+(Rd)) is a balayage space. Hence, it follows from the general theory of
balayage spaces that for every f € B,(I'p)

(3.4) Hpf e C(D)
and

3.5) HyHpf = Hpf onV forall open sets V such that V C D.
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Furthermore, a function f € B+ (R?) belongs to *H* (R?) if and only if

sup Ptkf = f.
>0

Let us now introduce the Green function G* of the Dunkl Laplacian which
will play an important role in our approach. It is defined for every z, y € R? by

G*(z,y) = [ pf(z,y)dt.
0

For every y € RY, the function G’?‘j = G¥(-,y) € HT(R?). Indeed, by the semi-
group property,

PFGE(z) = [ pF(z,y)ds < G¥(x,y).
t

This implies that the map t — Pth’yc is decreasing on ]0, co[, and so

sup Pth]; = lim PfGlyC = Géj.
t>0 t—0

Hence G'?j €*H+(R?), which means that for every bounded open set D,
(3.6) [ G*(z,y)Hp(z,dz) < G*(z,y).

Furthermore, it is obvious that G* is positive and symmetric on R? x R?. There-
fore, it follows from Theorem VI.1.16 in [?] that for every bounded open set D and
every x,y € RY,

(3.7) ka(x,z)HD(y,dz) = ka(y,z)HD(ac,dz).

4. DIRICHLET PROBLEM

Let B be an open ball of R? of center zero and radius 7 > 0. We first introduce
the following three kinds of harmonicity on B:
A continuous function & : B — R is said to be

(i) Ap-harmonic on B if h € C?(B) and Aph(z) =0 forevery z € B.

_(ii) X-harmonic on Bif Hph(x) = h(x) for every bounded open set D such
that D C Bandevery x € D.

(iii) Ag-harmonic on B in the distributional sense if

(h, M) := [ h(z)App(z)wi(z)de =0 forall p € CX(B).
B
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LEMMA 4.1. Let f € C3(R?). For every x € R%,
@.1) J G* @ y) A f ()wi(y)dy = —f (x).
R4

In particular, for every bounded open set D and every x € D,
™

4.2) Hpf(z) = f(z) = B*[ [ Apf(Xs)ds].
0

Proof. Let x € RY. Using Fubini’s theorem and formulas (Z2) and (Z3),
we have

J GFa,y) Awf (y)wi(y) dy
R4

[ PF (@, y) At (y)wi(y) dy dt
R4

Ar(pf (2, ) (W) f () we(y) dy dt

=
a

Ar(pf () (@) f (y)we(y) dy dt

I
To o8 =8 o3

[
E
X

1=

£ f(x) — lim PEf(z) = — ().
To get limy ., PFf(x) = 0, we only use (Z4) and the fact that f has compact

support. Formula (B2) follows from (El) and the strong Markov property. In fact,
let D be a bounded open set and let z € D. Then

— f(@) = [ G y) Anf ()i (y)dy = oof [ 28 () A f () () gt
=E* [OfOAkf(Xs)dS] = E° [TfD Apf(Xs)ds] + E*[ Ofo Apf(Xs)ds]

[fAkf ds]+Ew[EXm[fAkf ds]|

[fAkf s)ds] + E* [~ f(X7p)] :Ex[LOfAkf(Xs)ds] — Hpf(z). =

LEMMA 4.2. For every bounded open set D and for every ¢, € C2(R?),

(4.3) (Hpv, App) = (Apty, Hp@) k-
Proof. Applying formula (E1) to v, we get
(Hpv, Awp)r = — [ [ [ G*(z,9) Axo(y)wi(y)dy Hp (z, dz) App(a)wy (x)da.

Then (B3) is obtained by Fubini’s theorem by using formula (B77) and formula
(ET) applied to . =
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Now, we show that the three kinds of harmonicity on B introduced at the
beginning of this section are equivalent.

THEOREM 4.1. Let h € C(B). The following three assertions are equivalent:
(i) his Ag-harmonic on B.

(i1) h is X-harmonic on B.

(iii) h is Ag-harmonic on B in the distributional sense.

Proof. (i) Assume that h is Ag-harmonic on B. Let D be a bounded open
set such that D C B and let z € D. We claim that

(4.4) Hph(x) — h(z) = E* [Tf Aph(X)ds].
0

Let V be a bounded open set such that D C V C V C B. By C*-Uryshon’s
lemma, there exists § € C°(B) such that # =1 on V. Let f := hf and ¢ :=
h — f. Obviously, h = f on V, ¢ = 0on V and f € C%(B). Then, using (Z2),
we obtain

D
(4.5) Hph(z) — h(z) = E*[ [ Apf(Xs)ds| + Hpi(z).
0

For every y € R?, let N(y, dz) be the Lévy kernel of the Dunkl process X which
is given in [IT] by the following formula:
k(o
(4.6) N(y,dz) = > (7)2(5gay(dz).

O‘GR+7<y7a>7é0 <04, y>

Since ¥ = 0 on V/, it follows from Theorem 1 in [I4] that
D

4.7) Hpy(z) = E*[ [ [(2)N(Xs,dz)ds].
0

On the other hand, by (Z) and (BE-f) we easily see that for every y € D,

(4.8) Arf(y) = Arh(y) — [¢(2)N(y, dz).

Thus formula (B-4) is obtained by combining (E3), (B7) and (E=X). Hence, by (£4),
Hph(z) = h(x), and so h is X -harmonic on B.

(ii) Assume that h is X -harmonic on B. Let p € C2°(B) andlet D C D C B
be a W-invariant bounded open set which contains the support of ¢. Let (hy,)n>1 C
C2%(B) be a sequence which converges uniformly to h on dD. Since Hpyp =0
on D, applying (E3), we obtain

(4.9) (Hphn, App)p =0, n>1.
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On the other hand,
sup [Hphy(x) — Hph(z)| = sup | [ (hn(y) = h(y)) Hp(z, dy)|
zeD zeD Hp

< sup |hn(y) —h(y)] =0 asn — oo.
yeoD

Hence, by letting n tend to infinity in (E9), we get (Hph, App)r = 0, and there-
fore (h, Axp)r = 0since h = Hph on D.
(iii) Assume that / is Ag-harmonic on B in the distributional sense. The hypo-

ellipticity of the Dunkl Laplacian A on W-invariant open sets [I2], [22] yields
h € C*°(B). Thus, by (Z2), it follows that, for every ¢ € C°(B),

{;Akh(:c)ga(x)wk(a:) dx = 0.

Hence Aph(x) = 0 for every x € B, which means that  is Ag-harmonicon B. =

It is worth noting that the equivalence established in the above theorem re-
mains valid if we replace the ball B by any W -invariant open set, for example, the
whole space R¢.

THEOREM 4.2. For every f € C(0B), the problem

4.10) {Akhzo on B,

h=f on 0B

admits one and only one solution in C*(B) which is given by Hp f.

Proof. Let f € CT(9B). By (B4) and (33), the function Hp f is continu-
ous and X -harmonic on B. We shall show that Hp f is a continuous extension of f
on B. Let z € 3B and consider V = R\ {0}, and let u be the function defined on
V by
u(z) = G*(z,0) — G¥(2,0).

Since c ,
k _
it follows that
cp '(m/2—1)
4.11 k = ——
( ) G (33', 0) 4 |l,|m—2

Then, using (B-6) and (EIT), it is easy to verify that u is a barrier of z (with respect
to B), i.e.,
(i) w is hyperharmonic on V' N B,
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(i1) w is positiveon V N B,

(iii) limeVﬂB,m—nz u(m) =0.
Hence, by Propositions VIL.3.1 and VIL.3.3 in [1], we obtain Hp(z,-) = J, and
limyep 2. Hpf(x) = f(2). Since z is arbitrary in 0B, Hpf is a continuous
extension of f on B. So, it remains to prove the uniqueness of the solution. Let h
be another continuous extension of f on B which is the solution to the problem
(BT0). Let € B and let (D,,),>1 be a sequence of nonempty bounded open sets
such that x € D,, C D,, C D,,;1 and B = Un D,,. Then (7p, ), converges to
7p almost surely. Hence, the continuity of h on B together with the quasi-left-
continuity of the Dunkl process yield Hph(z)=1im,, Hp, h(z), and consequently
Hph(z)=h(z),since Hp, h(x) = h(x) foreveryn > 1. Thus h(z) — Hpf(x) =
Hp(h— f)(xz) =0since h = f on 9B. So, h = Hg f on B and the uniqueness is
proved. =

5. GREEN OPERATORS

The Green operator G*on the whole space R? is defined, for every f € B (R%),
by the formula

GFf(z) = [ G*(z,y)f(y)wi(y)dy, = €R™
Rd

By Fatou’s lemma, for each y € R%, G¥(-,y) is lower semicontinuous on R?, and
so G* f is lower semicontinuous on R,

In the sequel, B, denotes the ball of R? of center zero and radius > 0, and
Ay, denotes the annulus of R? of center zero and radius 0 < ¢ < s < 0.

LEMMA 5.1. (1) Forevery O < r < oo,

1 (| it ;
5.1) leB (l’) _ m—o (% + r Qm > lf ’w‘ <,
' m(nlhz)rm’xp_m if x| =

(1) Forevery 0 <t < s < 00,

(5.2) 0< sup GFly, (z) <
T€AL s " ( ) m—2

s(s—t).

Proof. Formula (&) follows immediately from (BIl) because

GMp, (z) = ?j [ Pf (@, y)wiy) dy dt.
B,

Let 0 <t < s < oo. Itis clear that 0 < G*1y, , and that

G*14,, = GF1p, — G*1p,.
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Then, by (BT), it follows that for every x € A; g,

1 lz|2 5% — |z 1
G*1 = | == _
A () m—2 [ m T2 m(m — 2)

(- (5))
Sl ()55
(-7

s(s—t). m

tm‘x|2—m

//\

N

<

m — 2

An immediate consequence of the above lemma is that for each = € R? the
function G*(-, x)wy, is locally Lebesgue-integrable on R%. Thus, by Fubini’s theo-
rem, for every f € B;,(R?) with compact support, we have

G"f(x) = [ G*(z,9)f(y) =ffpt:cy wy (y)dydt
Rd 0 Rd
= [ B*[f(X E*[ [ f(Xe)dt].
0 0
PROPOSITION 5.1. Let f € By(R?) with compact support. Then G* f € Co(R?)
and
(5.3) AGEf=—f inR?

in the distributional sense, i.e., for every 1 € C°(R%),

ka o)A (@)wi(w) de = — [ f(@)d(@)wk(x) dz.
R4

Moreover, G* f is radially symmetric whenever f is.

Proof. Letr > 0 be such that the support of f is contained in B,.. Let us as-
sume first that f > 0 and put g = || f|| 15, — f. Then, applying the Green operator
G*, we obtain

(5.4) G*f+Ghg = ||f|| G"15,.

Since G* f and G*g are lower semicontinuous on R? and G¥15, € Cy(R?) (see
(51)), we immediately deduce from (54) that G¥f € Cy(R?). For f of arbitrary
sign, we write f = fT — f~, where f* = max(f,0) and f~ = max(—f,0). Then
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the same reasoning shows that G¥ f* and G* f~ are in Co(R?). Hence G*f =
GFft — GFf~ is in Co(R?), as desired. Let ¢ € C°(R?). Then, by (&), for
every y € R? we have

[ G (@, y) Aptp(z)wp(z) = —1h(y).
Rd

Hence,
ka ) A (@)wi(z) de = [ ([ GF(z,y)f(y)wr(y) dy) Ay (x)wy(z) da
Rd Rd
= [ ([ G¥(@,y) Awtb(a)wi(x) dz) f (y)wi(y) dy
RE R4
=— [ f)(y)we(y) dy.
Rd

Formula (B) justifies the transformation of the above integrals by Fubini’s the-
orem. Now, assume that f is radially symmetric. Let (f,,), be an increasing se-
quence of functions of the form

n
fa=2"ailp,,

=1

which converges pointwise to f on R%. Clearly, by formula (&), G* f, is radi-
ally symmetric. On the other hand, using the dominated convergence theorem, we
get for every x € R%, lim,, oo G* f,,(z) = G¥f(z). Thus G f is radially sym-
metric. =

For every open set D, we define the Green operator G’B on By(D) by

TD

Ghf(z) = E*[ [ f(Xs)ds], wze€D.

0

For every f € By(D), we denote by fthe extension of f on R? such that f: 0
on R?\ D. Since the Dunkl process satisfies the strong Markov property, for every
x € D we have

G* f(x) E“’[ff ds]

[ff )ds] + B[ [ f(X,)ds]

™D

Uj @yuwpﬁqjﬂ&mﬂ

E"| f f(X,)ds] + HpG* f(z).
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Therefore,
(5.5) Ghf=G*f— HpG*f onD.

Let B be an open ball of R? of center zero and radius > 0. Then it follows from
(53) that, for every f € B,(B), G% f can be represented by

Ghf(z) = £G%(w,y)f(y)wk(y) dy,

where, for every z,y € B,

(5.6) Glya.y) = GH(a.y) — [ CH(y.2)Hp(r,d2).
oB

Since, by (Z4), for every y, z € R9, we have

T(m/2 — 1)
(5.7) Gy, 2) < === 2)
W2 S Ll = o™

it is immediate to see that, for every z,y € B,

i G*(y, 2)Hp(x,dz) < M < 00.
OB 4(lyl =)

Therefore, G%(, y) introduced in (88) exists, and so the Green function G%(-, -)
is well defined from B x B into |0, oo]. In the following corollary, we collect some
properties of the Green operator G’fg.

COROLLARY 5.1. Let f € By(B). Then G% f € Co(B) and
(5.8) AGEf=—f inB

in the distributional sense.

Proof. Clearly, G%f is continuous on B since ka and H Bka are. For
every z € 0B,
lim G% f(z) =0
r—z
since lim,_,, HpG* f(z) = G¥ f(z). Thus G% f € Co(B). Formula (5R) follows
immediately from (53) and (B3). =

PROPOSITION 5.2. For every M > 0, the family {G% f, ||f|| < M} is rela-
tively compact in Co(B) endowed with the uniform norm.
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Proof. In virtue of the Arzela—Ascoli theorem, we need to show that {G%, f
IIf]] < M} is uniformly bounded and equicontinuous on B. Let r be the radius of
the ball B. Let f € By(B) be such that || || < M. Obviously, |G% f|| < M||GK1]|
< M||G*13||. Thus, using (&), we obtain

r2 M
2(m —2)

This means that the family {G% f, ||f|| < M} is uniformly bounded. Next, we
claim that the family {G%(x,-), € B} is uniformly integrable with respect to the
measure wy(y) dy. Let x € B and € > 0 be small enough. Let A; s be the annulus
of RY of center zero and radius ¢t = max(0, || — ¢) and s = |z| + e. Then, for
every Borel subset D of B, we have

IGBLIl <

[ G(z,y)wi(y)dy < [ GF (2, y)wi(y)dy
D D

= [ G'@yw)dy+ [ Ga,y)wly)dy
DﬂAns D\At s
gleAtys(a:)—i—( sup  G¥( xy)fwk dy.
yED\At s

Hence, it follows from (87) and (82) that

4r cpI'(m/2 —1)
dy.
¢ + qem—2 gwk(y) Y

fG%(a:,y)wk(y) dy <
D

Put 1y = €™~ 1. Then for every Borel subset D of B such that f pWk(y) dy < n, we

have
4r cpI'(m/2 —1)
m_2 4 “

[ G, y)wi(y) dy < (
D

Thus, the uniform integrability of the family {G%(x, ), € B} is shown. There-
fore, in virtue of Vitali’s convergence theorem, for z € B,

lim [ |G (w,y) = Gz y)|wn(y) dy = 0.
B
Hence, the family {G% f, || f|| < M} is equicontinuous on B since

lim sup |GRf(x)—GRf(2)]

2 | fl<M
<M lim [|G(z,y) — Gz y)lw(y) dy = 0. =
B
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6. SEMILINEAR DIRICHLET PROBLEM

Let B be an open ball of R of center zero. Let ¢ : [0, oo[— [0, oo[ be a non-
decreasing continuous function such that ¢(0) = 0. By a solution of

6.1) Agu=p(u) inB
we shall mean every function u € C'(B) such that

J ule) M) wy(x) dz = [ o(u()) (x) wi(x) do

B B

holds for every ¢ € C2°(B). We recall from Theorem B2 that if ¢ = 0, then Hp f
is the unique solution of (1) satisfying v = f on 0B. In all the following, we
assume that ¢ is not identically zero.

LEMMA 6.1. Let u € Ct(B). Then u is a solution of equation (61) if and
only if u + G% (¢(u)) = Hgu on B.

Proof. Letus note first that G% (o(u)) € Co(B) since the function ¢(u) is
bounded on B. Put h := u + G%(¢(u)). Clearly, h € C(B) and h = u on dB.
On the other hand, using Fubini’s theorem and formula (B8), we obtain for every

Y € CX(B),

fh VAR (z)wy(x) dx
) At (x)wy, () da + £ G% (p(w) (2) App(z)wy () da
u(x) A (x)wg(x) de — f ga(u(:c))w(x)wk(x) dzx.

B

CU% UJ%

So, Agu = ¢(u) in B if and only if Agh = 0 in B. In this case, since h = u on
0B, the uniqueness of the solution to problem (E10) yields h = Hpu on B. This
completes the proof. m

LEMMA 6.2. Let u,v € CT(B) be two solutions of equation (61). If u >
on 0B, then u > v on B.

Proof. Define w :=u — v and p := p(u) — ¢(v). By Lemma B, we have
6.2) w+ G%p=Hgw onB.

Suppose that the open set D := {z € B; w(x) < 0} is not empty. Since ¢ is
nondecreasing, it follows that p < 0 on D, and hence G% bp<0onD.Letx € D.
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It is clear that B contains the support of the measure Hp(z, -). Now integrate (B2)
with respect to Hp(x, -) to obtain

Hpw(z) + Hp(G%p)(z) = HpHpw(z) = Hpw(z).
Consequently,
(6.3) Hpw(z)=Hpw(z) — Hp(Ghp)(z)=w(z) + (Ghp(z) — HpGp(x)).

On the other hand, using the strong Markov property, we obtain

™B

64) Gpp(z) — Ghp(x) = Ex[Tf p(Xs)ds] = E* [EXTD [ { p(Xs) dS]]
= HpGlp(x).

Thus, it follows from (63) and (64) that w(z) + G% p(z) = Hpw(z). But this is
absurd since w(x) + G¥%p(z) < 0 and Hpw(x) > 0. Therefore, D is empty, and
consequently u > von B. =

THEOREM 6.1. For every f € CT(0B), the semilinear Dirichlet problem

(6.5)

Agu = p(u) in B,
u=7f on 0B

admits one and only one solution u € CT(B).

Proof. It follows from Lemma BZ that problem (B3) admits at most one
solution. To prove the existence, in virtue of Lemma B, it will be sufficient to
establish the existence of u € C*(B) such that

(6.6) u+Gi(p(u)) = Hgf onB.

Since G%1 < G*1, we immediately deduce by (5T) that sup, 5 G 1(z) < oo.
Let f € CY(0B), a = ||f|| and M = a + ¢(a)||G%1|. Let ¢ be the function de-
fined on R by

0 ift <0,
ot) =< pt) f0<t<a,
pla) ift>a

Let A := {u € C(B); ||u| < M} and consider the operator T : A — C(B) de-
fined by

Tu(x) = Hpf(x) — G%(gﬁ(u))(m), x € B.
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Since sup,c ¢(u(z)) < ¢(a), we easily deduce that
[Tul| < M

for every uw € A. This implies that T'(A) C A. Now, let (u,), be a sequence in A
converging uniformly to u € A. Let € > 0. Since ¢ is uniformly continuous on the
interval [—M, M], we immediately deduce that there exists no € N such that, for
every n = ng,

lp(un) — Pp(u)]| < e.

Then, for every n > ng and every x € B,

(Tun(z) = Tu(z)] < Gh(1¢(un) — $(u)]) () < e sup Gp1(z).

This show that (T'u,, ),, converges uniformly to T'u, and therefore 7" is continuous.
On the other hand, A is a closed bounded convex subset of C'(B) and, in virtue of
Proposition B2, T'(A) is relatively compact. Thus, the Schauder fixed point theo-
rem ensures the existence of a function u € A such that

U+ G%(d)(u)) =Hpf onB.
Clearly, u € C(B) and u(x) < Hpf(r) < a for every z € B. So, to obtain (&8),

we need to show that ¢(u) = ¢(u) on B, or equivalently, © > 0 on B. Assume
that the open set D := {z € B, u(x) < 0} is not empty. Let x € D. Then,

Hpu(w) = Hp (Hpu — Gy (6(w)) ) (2) = Hpu(x) — HoG (6(w)) (2).
The same reasoning as in (B4), based on the strong Markov property, shows that
HpGly (6(w) (2) = G (6(w)) (@) — G (9(w)) (2).
Thus, because ¢(u) = 0 on D, we get

Hpu(z) = Hpu(z) — G (d(u)) (z) + Gh(6(u)) (z)
= u(z) + G} (p(w)) (z) = u(z) < 0.

But, Hpu(x) >0 since u>0 on B\ D, which contains the support of Hp(z,-).
So D must be empty, and consequently v >0 on B. This completes the proof. =
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