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ON.THE CENTRAL LIMIT THEOREM FOR INDEPENDENT
RANDOM VARIABLES WITH ALMOST SURE CONVERGENCE

BY

BEATA RODZIK anp ZDZISEAW RYCHLIK (LuBLiN)

Abstract. We obtain an almost sure convergence limit theorem
for independent nonidentically distributed random variables. Let S,
n 2 1, be the partial sums of independent random variables with zero
means and finite variances and let a(x) be a real function. We present
sufficient conditions under which in logarithmic means a(S,/(ES2)*/?)
converges almost surely to §” a(x)d®(x).

1. Introduction. Let {X,, n > 1} be a sequence of independent random
variables, defined on some probability space (Q, <7, P), such that EX, = 0 and
EX2=062<w,n>1.

Let us put

S=0, S,=X,+...+X Vi=ES?.

n?

It is well known that under some additional assumption

S/V,5® asn- o,

where @ denotes the standard normal distribution. But for mathematical statis-
tics it may be of some interest whether assertions are possible for almost every
realization of the random variables X,, n > 1. Namely, for xe R we denote by
0, the probability measure on R which assigns its total mass to x. Let us
observe that the distribution function of S,/V, is just the average of the random
measure Os, v, With respect to P, ie., for every Ae#(R)

P(S,/V,€ A) = | b5, wyv.(4)dP (w).

Of course, for every weQ, {05, wyv,, 1 = 1} is a sequence of probability mea-
sures on the space (R, 2 (R)). Moreover, under the assumptions of Theorem 2
of Rodzik and Rychlik [8], P-a.s.

n

(1.1) (log V)™t > (67+1/V) Osuwrymic 20 asn- 0,

k=1
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where 5 denotes the weak convergence of measures on (R, 2 (R)). Thus we
form time averages with respect to a logarithmic scale and prove almost sure
convergence for the resulting random measures.

In this paper we present sufficient conditions under which P-a.s.

(12)  (ogV)™' Y (o¥/VDa(Sy@)V)~ | a(x)dd(x) as n- oo
k=1 ]

for a real function a() which is almost everywhere continuous and |a (x)|

< exp(yx?) for some y < 1/4. Of course from (1.2) we easily get (1.1).

" The almost sure version of the central limit theorem has been studied by
many authors in the case where {X,, n > 1} is a sequence of independent or
weakly dependent and identically distributed random variables. In this case,
(1.1) and some extensions of (1.1) have been considered by Schatte [9], Bro-
samler [3], Lacey and Philipp [5], Atlagh and Weber [1], Berkes and Dehling
[2], Peligrad and Shao [6]. The assertion (1.2), in the case of independent and
identically distributed random variables, has been considered by Schatte [10].
Thus the main result presented in this paper extends Theorem 1 of [10] to the
case of nonidentically distributed random variables. In the proofs we shall also
follow the ideas of [10].

2. Results. We shall now state the main results of the paper.

THEOREM 1. Let {X,, n > 1} be a sequence of independent random variables,
defined on (Q, o, P), with EX, =0 and 0 < EX? = 62 < 00, n > 1. Define,
forn=1, S,=X,+...+X,, V2 =ES2. Let a(x) be a real function which
is a.e. continuous and for which |a(x)| < exp(yx?) for some y < 1/4. Assume

(2.1) (max ¢?)/V:2-0 as n— oo,
1<k<n

- and for some positive, nondecreasing real function f on R™, such that the

function f(x)/x is nonmincreasing on R™,
22 sup (log V2) (f(V2)/V3)" < co,

n

23)  lim(log V™! Y. (/VA(f (VA/VE " (log VAP 20+1 =0,

k=1
and
04 S (fVA) EXZI(XE > f(V3) < co.
n=1
Then

@5 P(lim(ogV) ™! Y @YVDaW) = | a(x)dde)—1.

k=1
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Let us observe that, in general, (2.2) does not imply (2.3). For example, if
y>0 and VZ=n, n>2, f(x) =x/(logx)*, then (2.2) holds. But

N N n\13
(logN)™* ¥ n~'(logn)® = (logN)™* ¥ N‘l(n/N)1{10g<NN>}
n=2

n=2

1
< (logN)™* | x~'(logNx)*"dx = 3y+1)"" (log N)** ! (log N) "' — o0
1/N
as N — o0.

On the otherv hand, in general, (2.3) does not imply (2.2) either. For exam-
ple, if —4<y<0 and Vi=n, n>2, f(x) = x(logx)~*77, then

(logn)(f(my/n)""* = (logn) "> 0  as n— oo,

and
N logN
(logN)—l Z n—1(10gn)7v/8 < (log N)—l j‘ %778 dx
n=3 log2

= (7y/8+1)"!((log N)""8** — (log 2)""®*!)(logN) ' >0 as N - o0.
We also note that if y < 0, then (2.2) implies (2.3). This is a consequence of

the Toeplitz lemma.
Now let us observe that if (2.2) and (2.4) hold, then

(2.6) X,(2loglog V3)'?/V, >0 as. as n— o0.

Namely, we have

Y P(V;!|X,|(2loglog V2)'? > (2loglog V2)!2(f(V2)V2)"?)
n=1

Z, P(Xz=f(V) < Z (f(V3) EX2I(X2 2 f(VD) < co.
Since, by (2.2), (2loglog V'2)1/2 (f(vyy/ V,f)”2 — 0 as n — oo, it follows that

(2.6) holds.
On the other hand, by (2.4) and Kronecker’s lemma

2.7 | ( Vz)) i ( Fi Zf(V,%)) -0 as n—o co.
Let us put

L) = V;2 Y EXEI(Xi| > eV,

k=1

Then, taking into account the assumptions concerning the function f,
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we get

Lu(e) = (f(VZ)/Vz)(f(Vz)) Z EXZI(X? > £2f(Vk)(V )

< (f@Ved(f72) " Y, BXEI(XE > 1(VE)(eol/f(oD).

Hence, by (2.7), there exists an ¢ > 0 such that L, (¢) » 0 as n — oo; in fact,
for every e=f (al)/a'l

(28) , ' L,ee—=0 as n—00.

Thus, by (2.6), (2.8) and Lemma 2 (ii), every sequence {X,, n > 1} satisfying
the assumptions of Theorem 1 satisfies also the central limit theorem.

CoRrOLLARY 1. Under the assumptions of Theorem 1 wzth some 0 <y < 1/4,
for every g >0

P(lim (log V3)™* Y. (o} S3¢/V3@* V) = 2¢ (1) T @ +3) =
n—wo k=1
and .

P(lim (log V3)™" Y, (02 83/V8)=1) = 1.

k=1
THEOREM 2. Let {X,, n > 1} be a sequence of independent random variables,

defined on (Q, o/, P), with EX, =0, 0 < EX? =62 < o0, n > 1. If, for some
O<r<l,

(29) ' 2 n~"EX2I(X, = o'n’?) < o,

n=1
then for every real function a(x) which is a.e. continuous and |a(x)| < exp (yx?),
y < 1/4,

(2.10) P(lim (logn)™t Y k~ta(Si/ok'?) = | a(x)d®(x)) =
n—>w k=1 —w .

COROLLARY 2. Let {X,, n > 1} be a sequence of independent random varia-
bles, defined on (Q, o/, P), with EX,=0, 0<EX2=0% and E|X,**®
= f,45< 00, n=1, for some 6 >0. If a(x) is a real function which is a.e.
continuous and |a(x)| < exp(yx?) for some y < 1/4, then (2.10) holds and
for every g >0

P (lim (logn)~* z": k~e~1S8ie = (207 (m) " 1*T'(g+3) =

k=1
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3. Auxiliary lemmas. The proof of Theorem 1 is based on a martingale
form of the Skorokhod representation theorem and on the Tomkins law of the
iterated logarithm.

We present these results for the convenience of the reader.

Lemma 1 (Strassen [11], Theorem 4.4). Let {X,, n 1} be a sequence
of random variables such that, for all n, E(XZIX 15 eeey Xn—1) is defined and
E(X,|Xs,..., X;,-1) =0 P-as. Put

S, = in , and V,= ZE(XiZ|X1a---,Xi—1),

where, in order to avoid trivial complications, we assume V; = EX? > 0. Let f be
a positive, nondecreasing real function f on R™ such that the function f (x)/x is
nonincreasing on R*. Assume that V,—» oo P-a.s. as n— oo and

o

Gl Y (UW)' | xMP(X,<x|Xy, ... Xpy) < 0 P-as.

n=1 *x2> f(Vn)

Let S be the (random) function on R* U {0} obtained by interpolating S, at
V, in such a way that S(0)=0 and S is constant in each (V,, V,+1)
(or, alternatively, is linear in each {V,, V,,1)). Then without loss of generality
there is a Brownian motion {W(t),t >0} such that, as t - oo,

(3.2) S(t) = W@)+o(logt(tf (1)) P-as.

LeEmMMA 2 (Tomkms [12], Theorem 3.1). Let {X,, n > 1} be a sequence of
independent random variables such that EX, = 0 and EX? < 0, n > 1. Define,
fornz=18,=X+...+X,, V?=ES2, t,? = 2loglog V,%, and the Lindeberg
Junction '

L =V;2Y EX2I(X>eW), &>0.

k=1
Suppose that .
(3.3) t,X,/Vo,>0as. and V,—» o0 asn— .
@) The Sunctions .
L_(¢) =liminfL,(e) and L, (¢)=IlimsupL,(e)

are both constant functions, and
(1—-»L+({-:))1/2 < limsup S,/(Vita) < (1—L- ())1/2 as. for every > 0.
@) If lim,. , L,(g) =0 for some ¢ >0, then the CLT holds.
_ {iii) Let EXZ = o(V2). If the CLT holds, then
(3.4) limsup S, /(t,V,) =1 P-as.
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4. Proofs of theorems. The symbol C, with or without subscripts, denotes
a positive generic constant.

! Proof of Theorem 1. Assume that a(x) = I_,,(x) is the indicator
i function of the interval (— oo, u). Let {X,, n > 1} be a sequence of independent
~ and normally distributed random variables with zero means and variance o2,
n = 1. Then S,/V, is normally distributed with zero mean and variance one.

Let, for j<n, S;,=8,—S; and

@) gn=E{l0uni/V)— ) I—nuw S/ V) — 2 W)}

where, and in what follows, @ (u) = ®((— oo, u)). Then S;, is independent of
S; and normally distributed with zero mean and variance V3, = V2—V?. Fur-

thermore,
“2) S V= S+ S3u/Vid) Vil Vo),
and so, by (4.1) and (4.2),

' @.3) Gin = BI_ .0y S5/ V) = . (Sn/ Vi) — D ()

= P(S; < uV; (S,,,/V,,.)<(uV S3)/Vin)— P ()

= (2r)~1/? j exp (—x2/2) {@(uV,— xV)/V;.)— @ (u)} dx.

— o

~On the other hand, by the inequalities (3.3) and (3.4) of Petrov [7], p. 161,
| for every x and u we get

@4)  |@(uV,—xV)/Vn)— P )|
< (2re) 12 (Vo Vin— 1)+ 2m) ™ 2 x](V/ V) < Q)12 (1+ ) (Vi/ V)
since V,/V;.—1 < V;/V,,. Hence, by (4.3) and (4.4),

@5 gl <@V | (+Ix)exp(—x2/2)dx < C(V/V,),

wherée C is an absolute constant.
It.is evident that Igj,,l < 1. Hence, by (4.5)

E{Z @/ V- oou)(S/V) o)) <2 Z Z (o f/VfV?)IgjnI

n=1j=1

<2C z @V % {o3/(ViaV)}

+2 z (02/V?) 25‘ {2/V2},

where A, = {j: V? < V2/2} and B,={j<n: V] > V3/2}.

5
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Note also that
I

V?--{/Vi VE(1—1)

G VIVi-VIIV <

for every j such that V? < V2/2. Hence
1/2 n

2 V <
Jgn {oi/(ViaV))} < I \/(T—T

Now,

i (@}/V3) <2

JjeBn

Consequently, combining the results from (4.3) down, we get

N
46) E{logV)™ Z @V~ 0 (Sa Vi) — 2 @)}

Vivi

< Ci(logV%)~2 Z (a',%/Vz) Cl(logV) 2(1+ Z § (1/x)dx)

= © oa=2Vio vk

=Cy(log V¥~ 2(1+ j (1/x)dx) = C;(log V3)~*(1—log 61 +log V3)

a3V

< Cy(log V).

Define an increasing sequence of integers {N,, k>1} by V3, <2¥
< Vy+1. Since o7 = 0(V3), as n— oo, entails V2., ~ V2, necessarily

Vi1 = VNk+°'Nk+1 = VNk+0(VNk)

and so V3 ~2¥ as k— o0.
‘Hence we infer by combining Chebyshev’s inequality, (4.6) and the Borel-
Cantelli lemma that P-as.

‘ ‘ . R _
@7 (ogVi) ' Y 0V (- 0uw(Sa/V)—PM) -0 as k— oo.

n=1
On the other hand, for N, < N < Ny+; we have (log V3)™! < (logV3,) ! and

N

(logVH™'| X (aa/ Vz)(I( o) (Su/ Vo) — ¢(u))|
n=Nr+1
Nics 1 Nis1  ValVioes
<@ogVi)™' Y (@/VH<(ogVi)™' X o (/x)dx
n=Nr+1 n=Ni+1 Vy2|—1/V12vk+1

= (log V%) '{logV%,.,—logV%} <Ck ' >0 as k— 0.
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Consequently, by (4.7), we get P-a.s.

48)  (0gVA) ' Y @/VD (-0 (Sy/V)—B@) >0 as n— oo,

n=1

Thus the case where a(x) = I~ 4,4, (x) and X,, n > 1, are normally dis-
tributed is considered.
If X,, n>1, are not normally distributed, then by Lemma 1

49)  S,—W(V?) = eu(@)(VEf(VD)"* (log V?) P-as. as n— oo,

where {W(t), t = 0} is a standard Brownian motion and &, (w) —» 0 as n — oo for
almost all weQ.

Let
° fla = 1a(@) = sup ey @)l Qog VA (FVBYVE)'".
Then, by (4.9) and (2.2),
(410) I(— 0,4 —tn) (W(V,%)/V;,) g I(— o0, 1) (Sn/Vn) "<~. I(—- oo,u+11..)(W(Vr%)/Vn)'

Let ¢ > 0 be given. Using (4.10) and (4.8), it is easy to see that

GogVh) ™ ¥ @V I 0.0y (Sa/ Vi)

< (log V)™ Z (GZ/VZ) Z @2/ V(- wusnaey WV V2)}

=M+1
(1+logVM—logal)(logVN) Ly dutn)+e< d)+2e

for sufficiently large N and suitable M = M (N). Similarly, the left-hand sum

~ can be bounded below, so that (4.8) is established for X,, n > 1, not necéssary

normally distributed, too.

Let now a(x) = exp(yx?), y < 1/4, and let {X,,n>1} be a sequence of
independent and normally distributed random variables with zero means and
variance ¢2, n> 1. Then

Ea(S,/V,) = (1-2y)7 1.
We set :

hjn =E {(a(SJ/V,)— (1—2),)—1/2)((1(51"/1/;)_ (1_2},)—1/2)}_

Then, taking into account (4.2), we conclude that

(411) hy=(2m)~? T }) exp {yx*>+y [xVj+ yV; */VZE— (x* + y*)/2} dxdy

=00 — 00

—(1=2y71
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=Q2n)~! j j" exp{Vz(x V2+2xij =V VH+ (—H (x? +y2)}dxdy
—(1=2p7*
=@2n)~t | | I:exp{Vz(x V2+2xyVV,,—y2V})}—1:|
x exp {(y—3) (x* + y*)} dxdy.
Since (xV;,—yV;)* =0, we have
| X2V 2xyViVin— V3 < XV |
On the other hand, |exp(x)—1| < |x|(exp x+1). Hence, for j<n

a0

bl < @0)" | J’('“)(xzv2+2|xym YY)

x exp {2y — 1/2)(x* +y*)} dxdy
< C(V3VELVV,./V2),

so that for every 1 <j < m,n > 1, |h;,| < C. Furthermore, by the same inequali-
ty we get |kl < C(Vi/Vja). |
Thus, as in the case a(x) = I(— 0,y (x) we get P-as

(log VNk) ! Z (GZ/V") {exp(3S2/VH)— (1-2y)"?} >0 as k> o0,
where {N,, k > 1} is the sequence defined above. Morcover, by the law of the
iterated logarithm, Theorem 1.106 of Freedman [4], we have P-as.

4.12) , exp (yS2/V?) < (log V214

for sufficiently large n. Hence for N, <N <Ny, we have (logV3)*
< (logV%,)™" and

Ni+1

logV%)™' Y (a2/V3)lexp(Si/Va)—(1— 2)’)"’ZI

n=Nr+1
Ni+1
< ClogVE)y ™3 ¥ (o2/V2)
n=Ni+1

< C(log V3~ %*(log V3., ,—log V&) < C k27112,
Thus P-as. '

(log V)~ i (@2/V2) {exp(yS/V3)— (1-2y)" "} 50 as N— .
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If X,, n>1, are random variables not normally distributed, then
4.13)  lexp(ySZ/V)—exp(yW> (V2 Va)|
< 2WI/VR)ISa—W(V ) max {|S,| exp (yS3/V3), IW(V) exp (W (V2)/V3)}.

‘But, under the assumptions of Theorem 1, (2.6) and (2.8) hold, so that by
Lemma 2 (ii) and (iii)

: |5
. I —1 Pas.
@ e g log V2 s

~ Thus, by (4.9), Theorem 1.106 of Freedman [4] and (4.14), the right-hand
side of inequality (4.13) can be bounded by

4 |')’8,.| (f(V,%)/V'%)lM (log V,%)(STV 29)+1

for sufficiently large n. Since (2.3) holds and &, — 0 P-ass., as n — o0, so that (2.5)
also holds for a(x) = exp(yx?), y < 1/4.

Let now a(x) be a function satisfying the assumptions of Theorem 1. Then,
similarly to Schatte [10], we introduce an auxiliary function a, (x) which van-
ishes for |x| > K and is in each of the intervals

—K+2K/L<x < —K+2@G+1)K/L, i=0,1,2,..., L—1,

equal to the supremum of a(x)—exp(yx?) in these intervals. Let
a,(x) = a, (x)+exp(yx?) and choose first K and then L large enough so that

aj) a, (x)d®(x) < Oj? a(x)d®(x)+¢/2.

This is possible since a(x) is continuous a.e. and, therefore, Riemann-Stieltjes
integrable with respect to @ (x). Obviously, a(x) < a, (x) for every real number x.

- The function a, (x) is a finite linear combination of the special functions already
considered in the proof. Thus

(og V3 3 @/V2)a(SyV) < (ogVA)' Y (62/V2)as(S/7)
) n=1 . n=1

< [ a;(x)dP(x)+82< [ a(x)dd(x)+e
for sufficiently large N and almost all . Replacing a(x) by —a(x) we obtain
the assertion of Theorem 1.

Proof of Theorem 2. Let us observe that, under assumptions of Theo-
rem 2, V2 = ¢?n, n > 1. On the other hand, for every 0 < r < 1, the function
f(x) = |x|" satisfies the assumptions of Theorem 1. Thus Theorem 2 is a con-
sequence of Theorem 1.
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Proof of Corollary 2. Let us observe that for every § > O there exists
an r such that 0 <r <1 and (2.9) holds. In fact, for every n > 1

EX2I(X,| > o' ) <o "n "2 B, 5

Thus it is enough to take 2/(2+3J) < r < 1, so that Corollary 2 is a consequence
of Theorem 2.
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