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Abstract. In this paper, the problem of estimating the mean matrix
Θ of a matrix-variate normal distribution with the covariance matrix
V ⊗ Im is considered under the loss functions, ω tr((δ −X)′Q(δ −X))

+ (1− ω) tr((δ−Θ)′Q(δ−Θ)) and k[1− e− tr((δ−Θ)′Γ−1(δ−Θ))]. We
construct a class of empirical Bayes estimators which are better than the
maximum likelihood estimator under the first loss function for m > p + 1

and hence show that the maximum likelihood estimator is inadmissible. For
the case Q = V = Ip, we find a general class of minimax estimators. Also
we give a class of estimators that improve on the maximum likelihood es-
timator under the second loss function for m > p + 1 and hence show that
the maximum likelihood estimator is inadmissible.
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1. INTRODUCTION

Let X = (xi,j) be a p × m random matrix having a matrix-variate normal
distribution with mean matrix Θ = (θi,j) and covariance matrix V ⊗ Im, where
V is known, Ik is the k× k identity matrix, and⊗ indicates the Kronecker product.
This note considers estimation of Θ relative to the loss functions

L1(δ;Θ) = ω tr
(
(δ −X)′Q(δ −X)

)
(1.1)

+ (1− ω) tr
(
(δ −Θ)′Q(δ −Θ)

)
and

(1.2) L2 (δ;Θ) = k
[
1− e− tr((δ−Θ)′Γ−1(δ−Θ))],

where k > 0, 0 < ω < 1, Γ and Q are known p× p positive definite matrices, and
tr(A) and A′ denote, respectively, the trace and the transpose of a matrix A. The
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loss function (1.1) is an extension of the loss function introduced by Asgharazadeh
and Farsipour [1] to the multivariate case. It is also a multivariate extension of
Zellner’s [16] balanced loss function. See also Dey et al. [3]. It is formulated to
reflect two criteria, namely goodness of fit and precision of estimation. The loss
function (1.2) is an extension of the extended reflected normal loss function to the
multivariate case. It was introduced by Spiring [12] for the first time.

The balanced loss function takes both error of estimation and goodness of fit
into account. The classical loss function considers only error of estimation. The
problem of estimating the mean matrix of matrix-variate normal distributions un-
der balanced loss functions is important in multiple regression models. As pointed
out in Leung and Spiring [9], estimation under the loss function (1.2) is important
for the determination of optimal operating conditions for a process, the determi-
nation of average loss per unit produced and monitoring of loss associated with
a process. The loss function (1.2) is also important for evaluating manufacturing
and environmental risks (Pan [11]) and bank loan approval decisions (Majeske and
Lauer [10]).

Efron and Morris [4] extended the so-called Stein effect and proposed an em-
pirical Bayes estimator outperforming the maximum likelihood estimator, X, for
the case m > p + 1. Since then many classes of minimax estimators better than
the maximum likelihood estimator have been found for quadratic loss and general
quadratic loss functions, see Stein [13], Zhang [17], [18], Ghosh and Shieh [5] and
Tsukuma [15]. However, little is known about improving on the maximum like-
lihood estimator for other non-quadratic loss functions. This note considers this
problem under the given loss functions for the matrix-variate normal distribution.

The contents of this note are organized as follows. In Section 2, we obtain a
class of empirical Bayes estimators dominating the maximum likelihood estimator
under the loss function (1.1) for m > p+ 1, showing that the maximum likelihood
estimator is inadmissible. Also, when Q=V=Ip, we find a general class of mini-
max estimators using a technique of Stein [13]. In fact, we extend the results of
Asgharazadeh and Farsipour [1] to the multivariate case. In Section 3, we find a
class of minimax estimators better than the maximum likelihood estimator under
the loss function (1.2) for m > p + 1 and extend the results of Towhidi and Beh-
boodian [14] to the multivariate case. The minimax estimators of Sections 2 and 3
are compared by simulation in Section 4.

2. MINIMAX ESTIMATION OF THE MEAN MATRIX
UNDER THE LOSS FUNCTION (1.1)

Assume

X ∼ Np×m(Θ,V ⊗ Im),

where Np×m (Θ,V ⊗ Im) stands for the matrix-variate normal distribution with
mean matrix Θ and covariance matrix V ⊗ Im. Here, we consider the problem of
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estimating Θ under the loss function (1.1). A natural candidate for estimating Θ is
the maximum likelihood estimator X.

Lemma 2.1 shows that the maximum likelihood estimator is minimax under
the loss function (1.1).

LEMMA 2.1. The estimator X is minimax under the loss function (1.1).

P r o o f. Note that the risk function of X is

R1 (X,Θ) = EΘ [L1 (X;Θ)] = (1− ω)m tr(QV).

Now, suppose Θ has a matrix-variate normal distribution with zero mean matrix
and a covariance matrix nC ⊗ Im, i.e., Θ ∼ Np×m (0, nC⊗ Im), where C is a
p× p known positive definite matrix. Then the posterior distribution is

Θ|X ∼ Np×m

((
Ip −

(
V−1 +

C−1

n

)−1C−1
n

)
X,

(
V−1 +

C−1

n

)−1
⊗ Im

)
,

and the marginal distribution is

X ∼ Np×m

(
0, nC

(
V−1 +

C−1

n

)−1
V ⊗ Im

)
.

Thus, the Bayes estimator is

ωX+ (1− ω)EΘ [Θ|X] =

(
Ip − (1− ω)

(
V−1 +

C−1

n

)−1C−1
n

)
X.

The corresponding Bayes risk is

rn = (1− ω)m tr

(
Q

(
V−1 +

C−1

n

)−1)

+mω(1− ω) tr
(
QV

C−1

n

(
V−1 +

C−1

n

)−1)
.

Since V and C are positive definite matrices, there exist a nonsingular matrix T
and diagonal matrix Λ = diag (λ1, λ2, . . . , λp) such that

C−1 = TΛT′, V−1 = TT′,

so

rn = (1− ω)m tr

(
Z

(
Ip +

Λ

n

)−1)
+mω(1− ω) tr

(
Z
Λ

n

(
Ip +

Λ

n

)−1)
,
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where Z = T−1Q (T′)−1. If zi,j denotes the (i, j)th element of Z, then

rn = (1− ω)m
p∑

i=1

nzi,i
n+ λi

+mω(1− ω)
p∑

i=1

λizi,i
n+ λi

,

and

lim
n→∞

rn = (1− ω)m
p∑

i=1

zi,i = (1− ω)m tr(Z)

= (1− ω)m tr(QV) = sup
Θ
R(X;Θ).

Hence, by Theorem 1.12 of Lehmann and Casella [8], p. 316, and the results of
Blyth [2], X is minimax under the loss function (1.1). �

We now construct a class of empirical Bayes estimators better than X.
Assume that we have some additional information about Θ that can be written

as follows:
Θ ∼ Np×m(0p×m,A⊗ Im).

The conditional distribution of Θ given X is

Np×m

((
Ip −V(V +A)−1

)
X, (V−1 +A−1)−1 ⊗ Im

)
,

so the Bayes estimator of Θ under the loss function (1.1) is

δB,ω(X) = ωX+ (1− ω)E [Θ|X] = ωX+ (1− ω)(Ip −VΣ−1)X

=
(
Ip − (1− ω)VΣ−1

)
X,

where Σ = A + V. In an empirical Bayes scenario, Σ is unknown and is es-
timated from the marginal distribution of X. The marginal distribution of X is
Np×m (0p×m,Σ⊗ Im). Hence, S = XX′ is completely sufficient for Σ. There-
fore, an empirical Bayes estimator is

(2.1) δEB,ω(X) =
(
Ip − (1− ω)VΣ̂−1 (S)

)
X,

where Σ̂−1(S) is an estimator for Σ−1 and Σ̂−1(S) depends on X only through S.
According to Ghosh and Shieh [5], a natural candidate for the estimator Σ̂−1(S)
is (m − p − 1)S−1. Ghosh and Shieh [5] obtained the empirical Bayes estimator

δEB(X) =
(
Ip −VΣ̂−1 (S)

)
X

when the loss function was

(2.2) L3 (δ;Θ) = tr
(
(δ −Θ)′Q(δ −Θ)

)
.
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Theorem 2.1 below considers the relationship between δEB(X) and δEB,ω(X).
To continue discussion, we need the following notation borrowed from Ghosh and
Shieh [5]: let EΘ denote the expectation conditional on Θ, Ẽ the expectation over
the marginal distribution of Θ, E the expectation over the joint distribution of X
and Θ. Let Ri (δ;Θ) = EΘ [Li (δ;Θ)], i = 1, 2, 3, and D = (di,j), where

di,j =

(
1 + δi,j

2

)
∂

∂si,j

(see Ghosh and Shieh [5], the last line of p. 308), δi,j being the Kronecker deltas,
and si,j the (i, j)th element of S. Note that D is a differential operator in the form
of a matrix. If we assume that f(A) is a real-valued function of a p× p matrix A,
then Df(A) is a p× p matrix with (i, j)th element

1 + δi,j
2

∂f(A)

∂si,j
.

For example, if p = 2 and f(A) = s21,1 + s22,2, then

Df(A) =

(
2s1,1 0
0 2s2,2

)
.

Also, for any p× p matrix T, it follows that D(T) is a p× p matrix with (i, j)th
element

∑p
l=1 di,ltl,j . For example, if p = 2, then

D(S) =

(
3
2 0
0 3

2

)
.

THEOREM 2.1. The empirical Bayes estimator (2.1) is minimax under the
loss function (1.1) if δEB(X) is minimax under the quadratic loss function (2.2).
Also, the risk function of δEB,ω(X) under the loss function (1.1) is

(2.3) R1 (δEB,ω;Θ) = R1 (X;Θ) + (1− ω)2E
[
tr
(
Σ̂−1(S)Q0Σ̂

−1(S)S
)

− 4 tr
(
D
(
SΣ̂−1(S)Q0

))
− 2(m− p− 1) tr

(
Σ̂−1(S)Q0

)]
,

where Q0 = VQV.

P r o o f. We will prove this theorem using a technique applied in Ghosh and
Shieh [5]. We have

E [L1 (δEB,ω;Θ)] = E
[ m∑
k=1

ω(δkEB,ω −Xk)
′Q(δkEB,ω −Xk)

+ (1− ω) (δkEB,ω − θk)
′Q(δkEB,ω − θk)

]
,
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where δEB,ω(X) = (δ1EB,ω, δ
2
EB,ω, . . . , δ

m
EB,ω) and Θ = (θ1, . . . ,θm), with

δkEB,ω and θk being p-variate vectors. Since the conditional distribution of Θ given
X is Np×m

(
δB,ω, (V

−1 +A−1)−1 ⊗ Im
)
, we have

E [L1 (δEB,ω;Θ)] = E [L1 (δB,ω;Θ)]

+ (1− ω)2E
[
tr
((

Σ̂−1(S)−Σ−1
)
Q0

(
Σ̂−1(S)−Σ−1

)
S
)]
.

Applying the Wishart identity (Haff [6]) and E (S) = mΣ, we obtain

(2.4) Ẽ [L1 (δEB,ω;Θ)]

= m (1− ω) tr(QV) + (1− ω)2 Ẽ
[
EΘ

[
tr
(
Σ̂−1(S)Q0Σ̂

−1(S)S
)

− 4 tr
(
D
(
SΣ̂−1(S)Q0

))
− 2(m− p− 1) tr

(
Σ̂−1(S)Q0

)]]
.

The conditional distribution of S = XX′ given Θ depends on Θ only through
ΘΘ′ = Λ, say. The family of distributions of Λ being Wishart Wp (m,Λ) is com-
plete for A or Σ. Also R1 (X;Θ) = k (1− ω) tr(QV) for all Θ and

R1 (δEB,ω;Θ)−R1 (X;Θ) = (1− ω)2E [R3 (δEB;Θ)−R3 (X;Θ)].

Hence, if R3

(
δEB(X);Θ

)
¬ R3 (X;Θ), then R1

(
δEB,ω(X);Θ

)
¬ R1 (X;Θ),

and (2.3) follows immediately from (2.4). The proof is complete. �

If Σ̂−1(S) is chosen in such a way that δEB improves on X under the quadratic
loss function (2.2), then δEB,ω improves on X also under the loss function (1.1).
Let Op be the set of orthogonal matrices of order p and let Vm,p be the Stiefel man-
ifold, namely, Vm,p = {V ∈ Rm×p,V′V = Ip}. Write the singular value decom-
position of X as UL1/2V′, where U ∈ Op, V ∈ Vm,p and L=diag(l1, l2, . . . , lp)

with l1 > l2 > . . . > lp > 0. Ghosh and Shieh [5] showed that if we have Σ̂ (S) =
UL−1Ψ∗(L)U′, where Ψ∗(L) is a diagonal matrix with ith diagonal elements
equal to ψ∗i (L), i = 1, . . . , p, then δEB is minimax under the following conditions
when the loss function is (2.2).

THEOREM 2.2. Suppose that ψ∗i (L), i = 1, 2, . . . , p, satisfy:
(i) 0 < ψ∗i (L) < 2 (m− p− 1), i = 1, 2, . . . , p;

(ii) for every i = 1, 2, . . . , p, ∂ψ∗i (L)/∂li  0;

(iii) ψ∗i (L) are similarly ordered to li, that is,
(
ψ∗i (L)−ψ∗t (L)

)
(li − lt)  0

for every 1 ¬ i, t ¬ p.
Then δEB =

(
Ip −VUL−1Ψ∗(L)U′

)
X improves on X for m > p+ 1 un-

der the loss function (2.2).

P r o o f. See Ghosh and Shieh [5]. �
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By Theorem 2.1, we can conclude that

δEB,ω =
(
Ip − (1− ω)VUL−1Ψ∗(L)U′

)
X

is minimax for m > p + 1 under the conditions of Theorem 2.2 when the loss
function is (1.1). The examples (1) and (2) in Ghosh and Shieh [5] illustrated the
above result. Of course, one may obtain estimators of the form (2.1) which domi-
nate X when the conditions of Theorem 2.2 are not met. Some examples are given
in Ghosh and Shieh [5].

In the rest of this section, we consider the problem of estimating Θ under the
loss function (1.1) for the case Q = V = Ip. Let δω = X + (1 − ω)G, where
G = G(X) is a p × m matrix-valued function of X. Also, let ∇ be a p × m
matrix with the (i, j) element equal to the differential operator ∂/∂xi,j . We obtain
a general condition for minimaxity.

THEOREM 2.3. Suppose that δ = X+G is minimax under the quadratic loss
function (2.2). Then δω = X+ (1− ω)G is minimax under the loss function (1.1).
Also, an unbiased estimator of the risk of δω under the loss function (1.1) is

(1− ω)[mp+ (1− ω){tr(G′G) + 2 tr(∇G′)}].

P r o o f. We prove using a technique applied in Stein [13]. We have

R1 (δω;Θ) = EΘ [L1 (δω;Θ)]

= EΘ

[
ω tr

(
(δω −X)′ (δω −X)

)
+ (1− ω) tr

(
(δω −Θ)′ (δω −Θ)

)]
= R1 (X;Θ) + (1− ω)2EΘ

[
tr(G′G) + 2 tr

(
G′(X−Θ)

)]
.

Using Stein’s [13] identities, we can write

R1 (δω;Θ)−R1 (X;Θ) = (1− ω)2EΘ[tr(G′G) + 2 tr(∇G′)](2.5)

= (1− ω)2
(
R3 (δ;Θ)−R3 (X;Θ)

)
.

Hence, ifR3 (δ;Θ)¬R3 (X;Θ), thenR1 (δω;Θ)¬R1 (X;Θ). Also, using (2.5),
we have

R1 (δω;Θ) = (1− ω)EΘ[mp+ (1− ω){tr(G′G) + 2 tr(∇G′)}].

Hence, (1− ω) [mp+ (1− ω) {tr(G′G) + 2 tr(∇G′)}] is an unbiased estimator
of the risk of δω under the loss function (2.5). The proof is complete. �

We can conclude from Theorem 2.3 that if {tr(G′G) + 2 tr(∇G′)} ¬ 0 and
a strict inequality holds with positive probability for some Θ, then δω is minimax.
Now, consider the class of shrinkage estimators

(2.6) δω,1 =
(
Ip − (1− ω)UF−1Ψ (F)U′

)
X,

where Ψ (F) = diag (ψ1, . . . , ψp) is a diagonal matrix with ψi being functions of
F = L. We obtain the following result by applying Theorem 2.3.
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COROLLARY 2.1. Suppose that ψi satisfy:
(i) for fixed f1, . . . , fi−1, fi+1, . . . , fp, ∂ψi/∂fi  0, i = 1, . . . , p;

(ii) 0 ¬ ψp ¬ . . . ¬ ψ1 ¬ 2 (m− p− 1).
Then δω,1 in (2.6) is minimax under the loss function (1.1).

P r o o f. With the notation Φ(F) = F−1Ψ (F), Stein [13] showed that δ =(
Ip − UΦ(F)U′

)
X is minimax under the conditions (i) and (ii) when the loss

function is (2.2). Using Theorem 2.3, we conclude that δω,1 = X + (1 − ω)G,
where G = −UΦ(F)U′X, is minimax under the loss function (1.1). �

Tsukuma [15] showed that the proper Bayes estimators with respect to the
following prior

Θ ∼ Np×m
(
0p×m,Λ

−1 (Ip −Λ)⊗ Im
)
,

where Λ is a p×m random matrix with the density function

π (Λ) ∝ |Λ|a/2−1 I(0p×p < Λ < Ip),

and |Λ| is the determinant of Λ, are of the form δ=
(
Ip −UF−1Ψ (F)U′

)
X. For

certain a under the loss function (2.2), these estimators are minimax. For certain a
under the loss function (1.1), the proper Bayes estimators are of the form δω,1 =(
Ip − (1− ω)UF−1Ψ (F)U′

)
X. So, Corollary 2.1 shows that δω,1 are minimax

under the loss function (1.1).

3. MINIMAX ESTIMATION OF THE MEAN MATRIX
UNDER THE LOSS FUNCTION (1.2)

Section 2 considered estimation of the mean matrix of a matrix-variate normal
distribution. Here, we continue to discuss the problem of estimation under the loss
function (1.2).

Lemma 3.1 shows that the maximum likelihood estimator is minimax under
the loss function (1.2).

LEMMA 3.1. X is minimax under the loss function (1.2).

P r o o f. Note that the risk function of X is

R2 (X,Θ) = EΘ [L2 (X;Θ)] = k(1− |V|−m/2 |2Γ−1 +V−1|−m/2).

Now, suppose Θ has a matrix-variate normal distribution with zero mean matrix
and a covariance matrix nC ⊗ Im, i.e., Θ ∼ Np×m (0, nC⊗ Im). Then the pos-
terior distribution is

Θ|X ∼ Np×m

((
Ip −

(
V−1 +

C−1

n

)−1
C−1

n

)
X,

(
V−1 +

C−1

n

)−1
⊗ Im

)
.
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Thus, the Bayes estimator is

EΘ [Θ|X] =

(
Ip −

(
V−1 +

C−1

n

)−1
C−1

n

)
X.

The corresponding Bayes risk is

rn = k

(
1−

∣∣∣∣V−1 + C−1

n

∣∣∣∣m/2 ∣∣∣∣2Γ−1 +V−1 +
C−1

n

∣∣∣∣−m/2)
.

Since determinants are polynomial functions of entries of a matrix, they are con-
tinuous functions, so

lim
n→∞

rn = k(1− |V|−m/2 |2Γ−1 +V−1|−m/2) = sup
Θ
R2(X;Θ).

Hence, by Theorem 1.12 of Lehmann and Casella [8], p. 316, and the results of
Blyth [2], X is minimax under the loss function (1.2). �

THEOREM 3.1. If the estimators

δ2 =
(
Ip − (2Γ−1 +V−1)−1Σ̂−1(S)

)
X

are minimax under the loss function (2.2) with Q = Γ−1, then they are also mini-
max under the loss function (1.2), where Σ̂−1(S) depends on X only through S.

P r o o f. The difference of the risks of δ2 and X is

R2 (δ2;Θ)−R2 (X;Θ) = k[g (X,Θ)− g (δ2,Θ)],

where
g (δ,Θ) = EΘ

[
e− tr((δ−Θ)′Γ−1(δ−Θ))].

Using e−x  1− x, we obtain

g (δ2,Θ)  g(X,Θ)− |V|−m/2|2Γ−1 +V−1|−m/2

×
{
EΘ

[
tr
(
X′Σ̂−1(S)(2Γ−1 +V−1)−1Γ−1(2Γ−1 +V−1)−1Σ̂−1(S)X

)]
− 2EΘ

[
tr
(
X′Σ̂−1(S)(2Γ−1 +V−1)−1Γ−1(X−Θ)

)]}
,

whereEΘ is taken with respect toNp×m
(
Θ, (2Γ−1 +V−1)−1 ⊗ Im

)
. Using The-

orem 2.1 in Ghosh and Shieh [5], we can write

(3.1) g (δ2,Θ)− g(X,Θ)

 − |V|−m/2 |2Γ−1 +V−1|−m/2
(
R3 (δ2;Θ)−R3 (X;Θ)

)
.

Hence, if R3 (δ2;Θ) ¬ R3 (X;Θ), then R2 (δ2;Θ) ¬ R2 (X;Θ). �
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By Ghosh and Shieh [5], we can write (3.1) as

g(δ,Θ)− g(X,Θ)  − |V|−m/2 |2Γ−1 +V−1|−m/2EΘ[tr(Q
1/2
1 U1Q

1/2
1 )],

where Q1 = (2Γ−1 +V−1)−1Γ−1(2Γ−1 +V−1)−1 and

U1 = Σ̂−1(S)SΣ̂−1(S)− 4D
(
SΣ̂−1(S)

)
− 2(m− p− 1)Σ̂−1(S),

and g(δ,Θ)− g(X,Θ)  0 if U1 ¬ 0 has a positive probability for some Θ.
If Σ̂−1(S) is chosen in such a way that δ2 improves on X under the quadratic

loss function (2.2), then δ2 also improves on X under the loss function (1.2).
The following theorem illustrates the use of the above result.

THEOREM 3.2. Suppose that ψi(L), i = 1, 2, . . . , p, satisfy:
(i) 0 < ψi(L) < 2 (m− p− 1), i = 1, 2, . . . , p;

(ii) for every i = 1, 2, . . . , p, ∂ψi(L)/∂li  0;

(iii) ψi(L) are similarly ordered to li, that is,
(
ψi(L)− ψt(L)

)
(li − lt)  0

for every 1 ¬ i, t ¬ p.
Then δ∗2(X) =

(
Ip− (2Γ−1 +V−1)−1UL−1Ψ (L)U′

)
X improves on X for

m > p+ 1 under the loss function (1.2).

P r o o f. We use the proof of Theorem 2 in Ghosh and Shieh [5]. Note that if
Σ̂−1 (S) = UΦ (L)U′, where Φ (L) = L−1Ψ (L), we have

U1 = U [Φ (L)LΦ (L)]U′ − 4D[UΦ (L)LU′]− 2(m− p− 1)UΦ(L)U′.

By Haff [7], we have

D[UΨ (L)U′] = UΨ(1) (L)U′,

where Ψ(1) (L) is a diagonal matrix with ith diagonal element equal to

ψ
(1)
i (L) =

1

2

∑
t̸=i

ψi (L)− ψt (L)

li − lt
+
∂ψi (L)

∂li
.

Therefore, U1 ¬ 0 is equivalent to m(L) ¬ 0, where m(L) is a diagonal matrix
with ith diagonal element equal to

mi(L) = ψ2
i (L) l

−1
i − 4ψ

(1)
i (L)− 2(m− p− 1)ψi (L) l

−1
i .

Now, by the assumptions (ii) and (iii), we have

ψ
(1)
i (L)  0, i = 1, . . . , p.

Therefore,
mi(L) ¬ ψ2

i (L) l
−1
i − 2(m− p− 1)ψi (L) l

−1
i ,

and by the assumption (i), we obtainmi(L) < 0. Hence, by Theorem 3.1, δ∗2(X) =(
Ip − (2Γ−1 +V−1)−1UL−1Ψ (L)U′

)
X improves on X for m > p + 1 under

the loss function (1.2) and it is minimax. �
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One can extend Theorem 3.1 as follows:

THEOREM 3.3. The estimator

δ3 = X+G(X),

where G (X) is a p ×m matrix-valued function of X, is minimax under the loss
function (1.2) if it is minimax under the loss function (2.2).

P r o o f. The proof is similar to that of Theorem 3.1. �

For the case Q = V = Ip, Stein [13] showed that the estimator

(3.2) δ =
(
Ip −UF−1Ψ (F)U′

)
X

is minimax under the loss function (2.2). Using Theorem 3.3, we can see that the
estimator (3.2) is minimax under the loss function (1.2).

4. A SIMULATION STUDY

Here, we compare the performances of the estimators given by Theorems 2.1
and 3.1. The performance was based on a simulation study and was assessed with
respect to bias and mean squared error.

We simulated ten thousand samples each of size m = 5, 6, . . . , 100 from a
matrix-variate normal distribution with zero means and covariance matrixV⊗ Im.
We computed the biases and mean squared errors for the estimators given by The-
orems 2.1 and 3.1 for each m. Figure 1 plots the biases versus m. Figure 2 plots
the mean squared errors versus m.

We can see that there is not much to choose between the estimators with re-
spect to bias. The estimator given by Theorem 2.1 has consistently smaller mean
squared error for every m. However, both estimators behave as expected: their bi-
ases approach zero with increasing m and their mean squared errors decrease to
zero with increasing m. Hence, either of the two estimators can be chosen if bias
is important. The estimator given by Theorem 2.1 should be preferred if mean
squared error is important.

For the simulations in Figures 1 and 2, we took Q = Ip, V = Ip, Γ = Ip
and Σ̂−1(S) = (m − p − 1)S−1. The simulation results were similar for a wide
range of other choices for Q, V and Γ. In particular, there was not much to choose
between the estimators with respect to bias, the estimator given by Theorem 2.1
always had consistently smaller mean squared error for every m, the biases of both
estimators always approached zero with increasing m and the mean squared errors
of both estimators always decreased to zero with increasing m.

The fact that the estimator in Theorem 3.1 does not perform well does not mean
that there is no need to study the estimation of mean under the loss function (1.2).



198 S. Zinodiny et al.

20 40 60 80 100

-0
.0

1
0

-0
.0

0
5

0
.0

0
0

0
.0

0
5

0
.0

1
0

m

B
ia

s

20 40 60 80 100

-0
.0

1
0

-0
.0

0
5

0
.0

0
0

0
.0

0
5

0
.0

1
0

using Theorem 2.1

using Theorem 3.1

Figure 1. Biases of the estimators given by Theorems 2.1 and 3.1 versus m

We could not have known that the estimator in Theorem 3.1 does not perform
well without first deriving the estimators of the mean under the two loss functions.
Besides, there may be other parameters or parameters of other matrix-variate dis-
tributions for which the loss function (1.2) may provide better estimators.

The derivations given in Sections 2 and 3 are illustrations on how estimators
of a parameter of a particular matrix-variate distribution can be derived under the
two loss functions. The derivations can help the reader to derive estimators (under
the two loss functions) for other parameters or parameters of other matrix-variate
distributions.

Finally, we would like to say that both Theorems 2.1 and 3.1 give estimators
better than the maximum likelihood estimator of the mean. The fact that Theo-
rem 3.1 gives a better estimator can be proved as follows: by Ghosh and Shieh [5],
it follows that if Σ̂−1 (S) = (m− p− 1)bS−1 + S/ tr(S2), then

ψi (L) = m− p− 1 +
bl2i∑p
j=1 l

2
j

.

It is easy to verify conditions (i)–(iii) of Theorem 3.2 for this particular choice of
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Figure 2. Mean squared errors of the estimators given by Theorems 2.1 and 3.1 versus m

Ψ for b ∈ [0,m− p− 1). Thus,
(
Ip − (2Γ−1 +V−1)−1Σ̂−1 (S)

)
X dominates X

for the loss function (1.2), so it is minimax. Hence, the proof.
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