
Life II Exer
ises 2.(1) [Exer
ise in notation; TKskrypt℄ By making use of the a
tuarial nota-tions show that:
s+tpx = tpx · spx+t,

f(t) = tp0 · µ(t),

fx(t) = tpx+t · µ(x + t),

tpx = exp
(

−
∫

x+t

x

µ(s) ds
)

,

tqx =
∫

t

0
spx · µ(x + s) ds.(2) (i) Suppose that s(t) = exp(−µt) , t ≥ 0 for some positive 
onstant µ.Show that µ(t) ≡ µ .(ii) Suppose that T is uniform on the interval [0, ω]. Show that µ(t) =

1/(ω − t), for 0 ≤ t < ω (and zero otherwise).(iii) Suppose that s(t) = t−α , for t ≥ 1, for some positive α. Showthat µ(t) = α/t, for t ≥ 1.(3) Show that, among positive 
ontinuous random variables, only the expo-nential distribution has the memoryless property. Also show that thememoryless property 
an be written as tps = tp0 for all s, t ≥ 1. Hint.Re
all the memoryless property says that
P (T − t > s|T > s) = P (T > t), s, t > 0. .(4) It is said that the lifetime T ful�ls hypothesis HU if its survival fun
tion

s(x) is 
ontinuous and linear in ea
h interval (n, n + 1), n = 0, 1, . . ..Show that then the for
e of mortality is
µ(n + u) =

qn

1 − uqn

, n = 0, 1, . . . , 0 ≤ u < 1.Write the for
e of mortality for Tx.(5) It is said that the lifetime T ful�ls hypothesis HCFM if
µ(x + u) = µ(x), x = 0, 1, . . . , 0 ≤ u < 1 .Show that

n+up0 = np0(pn)u, n = 0, 1 . . . , quad0 ≤ u < 1 .1



Write n+upx, for x integer. Furthermore show that The HCFM assump-tion is equivalent to
µ(n + t) = − log(1 − qn), n = 0, 1, . . . , 0 ≤ t < 1,and to

tqx = P (Tx > t) = (1 − qx)t.(6) It is said that the lifetime T ful�ls hypothesis HB if
1−uqn+u = (1 − u)qn, n = 0, 1, . . . 0 ≤ u < 1.Show that

n+up0 = np0

pn

u + (1 − u)pn

=
n+1p0

1 − (1 − u)qn

,

µ(n + u) =
qn

1 − (1 − u)qn

.Write the 
orresponding quantities for Tx(7) Dis
uss the uses of the assumptions regarding interpolation, noting thatin ea
h interval (n, n + 1): HU implies in
reasing mortality rate, HB(Baldu

i assumption): de
reasing mortality rate, HCFM: 
onstantmortality rate.(8) Consider two independent, positive, absolutely 
ontinuous random varia-bles T1 , T2 , with for
e of mortalities µ1(t) and µ2(t) respe
tively. Let
τ1 = 1, τ2 = T1 + T2 . Consider the point pro
ess {τ1, τ2}. Prove thatthe 
ompensator of its 
ounting pro
ess N(t) = 1(τ1 ≤ t) + 1(τ2 ≤ t) is

Λ(t) =
∫

t∧τ1

0

µ1(s)ds +
∫

t∧τ2

τ1

µ2(s − τ1) ds.(9)Wprowadza si� 
entralne nat�»enie ±miertelno±
i lub ro
zny wspóª
zynniknat�»enia zgonów dla wieku x wzorem
mx =

∫

1

0 l(x + t)µ(x + t), dt
∫

1

0
l(x + t) dt

=
dx

Lx

,gdzie Lx =
∫

1

0 l(x + t) dt. Udowodni¢, »e przy HU
mx =

qx

1 − qx/2
.Zauwa»y¢, »e wtedy mx = µ(x + 1/2)2


