Life IT Exercises 2.

(1) [Exercise in notation; TKskrypt| By making use of the actuarial nota-
tions show that:

s+tPx = tPz * sPx+t,
f@) = po-p(t),
fx(t) = tPx+t- /L(ZE + t)7

T+t
tPe = €XPp (_/ M(S) dS) )

t
tde = /Ospo($+8)d8

(2) (i) Suppose that s(t) = exp(—ut) , t > 0 for some positive constant p.
Show that u(t) = p .
(ii) Suppose that T is uniform on the interval [0, w]. Show that u(t) =
1/(w—t), for 0 <t < w (and zero otherwise).
(iii) Suppose that s(t) = ¢t~ , for ¢ > 1, for some positive o. Show
that pu(t) = a/t, for t > 1.

(3) Show that, among positive continuous random variables, only the expo-
nential distribution has the memoryless property. Also show that the
memoryless property can be written as ;ps = ¢po for all s,¢ > 1. Hint.
Recall the memoryless property says that

P(T—t>s|T>s)=P(T>t1), s,t>0..

(4) Tt is said that the lifetime T fulfils hypothesis HU if its survival function
s(x) is continuous and linear in each interval (n,n + 1), n =0,1,....
Show that then the force of mortality is

4n
1- UJQn’

puln 4 u) = n=0,1,..., 0<u<l.

Write the force of mortality for 7.
(5) It is said that the lifetime 7" fulfils hypothesis HCFM if
p(z+u) = p(x), r=0,1,..., 0<u<l.
Show that
ntuPo = nPo(Pn)", n=0,1...,quad0 <u<1.

1



Write ,, 1, ps, for x integer. Furthermore show that The HCFM assump-
tion is equivalent to

p(n+t) = —log(l — qy,), n=0,1,..., 0<t<1,
and to
1q: = P(T: > t) = (1 — q.)t.
(6) Tt is said that the lifetime T fulfils hypothesis HB if

1—wGniw = (1 — u)qy, n=0,1,... 0<u<l.
Show that
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Write the corresponding quantities for 7T,

(7) Discuss the uses of the assumptions regarding interpolation, noting that
in each interval (n,n + 1): HU implies increasing mortality rate, HB
(Balducci assumption): decreasing mortality rate, HCFM: constant
mortality rate.

(8) Consider two independent, positive, absolutely continuous random varia-
bles Ty , Ty , with force of mortalities p;(t) and us(t) respectively. Let
71 = 1,75 =T + Ty . Consider the point process {7y, »}. Prove that
the compensator of its counting process N(t) = 1(ry <1t)+1(m2 <1)is

tATL tAT2
At) = /0 pa(s)ds +/ po(s — 1) ds.
T1

(9) Wprowadza sie centralne natezenie $miertelnoscilub roczny wspétczynnik
natezenia zgonow dla wieku r wzorem

fllz+tu(r+t),dt d,

T () dt L.’
gdzie L, = [y I(x +t) dt. Udowodni¢, 7e przy HU
m. = d=
Yol—q./2°

Zauwazy¢, ze wtedy m, = pu(x +1/2)



