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Abstract

We consider a Lévy-driven tandem queue with an intermediate input assuming
that its buffer content process obtained by a reflection mapping has the station-
ary distribution. For this queue, no closed form formula is known, not only for its
distribution but also for the corresponding transform. In this paper we consider
only light-tailed inputs. For the Brownian input case, we derive exact tail asymp-
totics for the marginal stationary distribution of the second buffer content, while
weaker asymptotic results are obtained for the general Lévy input case. The results
generalize those of Lieshout and Mandjes from the recent paper [16, 17] for the
corresponding tandem queue without an intermediate input.

1 Introduction

Brownian fluid networks have been studied for many years, and they are well understood
as reflected Brownian motions (see, e..g., [5, 11, 12]). They can be easily extended to
spectrally positive Lévy inputs. These extended networks are referred here to as Lévy
driven network queues. In applications of those networks, it may be interesting to look
for their stationary behavior, provided the existence of their stationary distributions are
assumed. Since it is hard to get the stationary distributions except for special cases,
asymptotic tail behavior of those distributions is interesting. However, it is still hard to
get the asymptotics such as tail decay rates from primitive modeling data even for two
node fluid networks although there are some notable results for rough asymptotics on
the two dimensional reflected Brownian motions (see, e.g., [2]). This is contrasted with
their discrete time version, which has been well studied. For example, the study on rough
asymptotics can be dated back to the work on intree networks by Chang et al. [6, 7].
Furthermore, sharper asymptotic behavior has been obtained for a two node network
which is described by a reflected random walk in a nonnegative two dimensional quadrant
(see, e.g., [4, 21] and references therein).

Recently, Lieshout and Mandjes [16, 17] study this asymptotic decay problem for a
Lévy-driven two node tandem queue when there is no intermediate input, which means
that the second queue has no exogenous input. In [16], the joint stationary distribution



function was obtained in closed form for the Brownian input case, and using these closed
form expressions, the exact tail asymptotics were obtained in all directions for the Brown-
ian input. In [17], they use the joint Laplace transform due to Debicki, Dieker and Rolski
9], which has closed form and is obtained for the general Lévy-driven n-node tandem
queue. With the help of some sample path large deviations techniques, the rough decay
rates were obtained in all directions for the general Lévy input case in [17]. Here, the
tail probability is said to have rough decay rate « if its logarithm at level x divided by =
converges to —a as x — 00, and said to have exact asymptotics h for some function h if
the ratio of the tail probability at level x and h(z) converges to one.

The results in [16, 17] are very interesting. However, following Abate and Whitt [1], a
Tauberian type arguments under the name of Heaviside operational calculus were applied
for derivations of the exact asymptotics for the general Lévy input case. Unfortunately as
long as we know, rigorously proven theorems require verification of extra conditions and
therefore in our view the exact asymptotics results for the general Lévy input case in [17]
needs additional justification. We also note that their approach Lieshout and Mandjes
used the explicit form of the Laplace transform, which is only available for a pure tandem
case. In this paper, we consider the tandem queue with an intermediate input, where up
to now there is no formulas, even in the form of a Laplace transform available.

In this paper, we consider these asymptotic decay problems mainly for the marginal
stationary distributions. Since the marginal distribution for the first node is obtained
in term of Laplace transform as the Pollaczek-Khinchine formula, our main interest is
asymptotics of the tail distribution of the second node. We have a complete answer
for the Brownian input case while weaker asymptotic results are obtained for the general
Lévy input case which extends the corresponding results in [17]. Those asymptotic results
exhibit some analogy to the discrete time counterpart, that is, the reflected random walk.
Similar exact asymptotics are also reported for hitting probabilities of two dimensional
risk processes in [3]. As a by product, we also get some asymptotics for the tail distribution
of a convex combination of the two buffer contents in the Brownian input case.

The approach of this paper is purely analytic, and exact asymptotics is studied only
for marginal distributions. This enables us to use classical results on one dimensional
distributions through their Laplace transforms. In other words, our results may not
be so informative on sample path behavior, which has been extensively studied in the
large deviations theory. Nevertheless, the results has multidimensional, precisely, two-
dimensional, feature. For example, we identify the convergence domain of the moment
generation function for the two-dimensional stationary distribution. This may be related
to the rate function in the sample path large deviations. We hope the present results
would be also useful for the large deviations theory of Levy-driven tandem networks with
intermediate input.

This paper is composed of six sections. In Section 2, we first derive stationary equation
for the moment generating function of the joint distribution of the steady state buffer
content by the use of Kella-Whitt martingale; see [13]. In Sections 3 and 4, we assume
that there is no jump input at both nodes, that is, the Brownian case. In Section 3, we
identify the domain of the moment generating function of the joint buffer contents. In
Section 4, exact asymptotics are obtained. In Section 5 we discuss how results for the
Brownian networks can be extended for the general Lévy input case. Unfortunately our



exact asymptotic results here can be considered only as conjectures. We finally discuss

consistency with existing results and possible extensions of the presented results in Section
6.

2 Stationary equation for moment generating func-
tions (MGFSs)

We now formally introduce a Lévy-driven tandem fluid queue with an intermediate input.
This tandem queue has two nodes, numbered as 1 and 2. Both nodes has exogenous
input processes, and constant processing rates. Outflow from node 1 goes to node 2, and
outflow from node 2 leaves the system. As usual, we always assume that all processes are
right-continuous and have left-hand limits.

We assume that those exogenous inputs are independent Lévy processes of the form:
for node i

Xl(t) = ait + Bi(t) + Ji(t), 1= 1, 2, (21)

where @; is a nonnegative constant, B;(t) is a Brownian motion with variance o7 and null
drift, and J;(¢) is a pure jump Levy process with positive jumps and spectral measure v;
fulfilling

/ min(z?, 1)v;(dr) < oo, i =1,2,
0

Denote the Lévy exponent of X;(t) by x;(-), i.e.
E(eexl(t)) — 615/'6,‘(9), 2 S 0.

Clearly, x;(0) is increasing and convex for all # € R as long as it is well defined. Since we
are interested in the light tail behavior, we assume now

(2-1) m(ez@) < oo for some 92@ >0 fori=1,2.

This implies that F(X;(1)) = x(0) is positive and finite. Let \; = E(X;(1)), which is the
mean input rate at node 1.

Then, according to the decomposition of X;(t), the exponent &;(-) can be decomposed
as

1
ki(0) = a0 + 50392 +r(0), =12 (2.2)
From the definitions,
Nio=a; + B(Ji(1), i=1,2,

so \; = a; if the exogenous input at queue ¢ has no jump.



Denote the processing rate at node i by ¢; > 0. Let L;(t) be buffer content at node i
at time ¢ > 0 for ¢ = 1,2, which are formally defined as

L1<t) = L1<0) + Xl(t) — Clt + Yi(t),
Ly(t) = L2(0) + Xao(t) + c1t — Yi(t) — cot + Ya(2),

where Y;(%) is a regulator at node 7, that is, a minimal nondecreasing process for L;(t) to
be nonnegative. Namely, (L(t), Lo(t)) is a generated by a reflection mapping from net
flow processes (Xi(t) — c1t, Xo(t) + c1t — cot) with reflection matrix

1 0
(4 1)
See Section 6.3 for R, and the literature [5, 11, 25] for the reflection mapping. We enrich
filtration FX adding events on L;(0) and Lo(0) to Fg¥. Then, (L;(t), Lo(t)) is adapted to

this filtration. We refer to the model described by this reflected process as a Lévy-driven
tandem queue.

It is easy to see that this tandem queue has the stationary distribution if and only if
(2-ii) A; < ¢p and Aj + Ay < co.

We assume this stability condition throughout the paper, and denote the stationary dis-
tribution by 7.

We consider two types of asymptotic tail behavior of 7, called rough and exact asymp-
totics. Let g(z) a positive valued function of z € [0, 00). If

1
a = lim ——logg(x)
Tr—00 T
exists, g(x) is said to have rough decay rate a. On the other hand, if there exists a
function h such that
i 9@ _

2o h(z)

then g(z) is said to have exact asymptotics h(z). Let (Ly, Lo) be a random vector with
distribution 7. Our main interest is to find exact asymptotics of P(dy Ly + dyLs > x) for
d = (di,ds) > 0. We are particularly interested in exact asymptotics of the marginal
distributions of L; and Lo, and denote their rough decay rates by a; and s, respectively.

Those exact asymptotics will be determined by their moment generating functions
(see, e.g., [1]). In the sequel we will use

(,0(61,92) — Eﬂ(e91L1+92L2)’

1 1
o1(0) = En( / LAY (), pa(0) = Br( / ALY, (),
0 0

where ; for i« = 1,2 are not directly related to ¢, but will be useful. It will be shown
in Proposition 2.1 that E,(Y;(1)) for i = 1,2 are finite. Using this fact, we can see that
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©i(0;)/¢i(0) is the moment generating function of L3_; under Palm distribution concerning
the random measure [, dY;(u) for B € B(R), where Y;(t) and Y(t) are extended on the
whole line R under the stationary probability measure for the reflected process generated
by the initial distribution 7 (e.g., see [20] for Palm distribution). Intuitively, it may be
considered as the conditional moment generating function of Ls_; given that L; = 0.
However, it should be noted that Y;(¢) increases on the set of Lebesgue measure 0 if the
input has a continuous component.

We start with deriving the stationary equation for the moment generating functions
of m and its certain marginals. For this, we use so called the Kella-Whitt martingale of
[13]. For row vector 8 = (61,6,) < 0, let

T()= (0.L(),  S() = (0, X(t)—tRe),  T(t) = (6, RY (1)),
where L(t) = (Li(t), La(t))", X (t) = (Xu1(t), X2(t)", Y (t) = (Yi(t),Y2(t))" and ¢ =
(c1,c9)". Here, " denotes the transpose of vector @, and (x,y) is the inner product of
vectors @, y. Then, we have, from (2.3) and (2.4),
L(t) = L(0) + S(t) + Y (t), t>0.

Since S(t) is a Lévy process and Y (t) is a continuous process of bounded variations, it
follows from Lemma 1 of [13] that

t _ _ b
M(t) = w(1) / e + MO — M0 4 / eHdY (u) (2:5)
0 0

is a local martingale, where R(s) is the Lévy exponent of S(t) given by
R(s) = K1(sb1) + Ka(sby) — c1801 — (ca — ¢1)sbs.
Denote —&(1) by (01, 65). That is,
¥(01,02) = 1601 + (ca — ¢1)02 — K1(01) — Ka(62). (2.6)

We are now ready to prove the following results.

Proposition 2.1 Under the conditions (2-i) and (2-ii),

Er(Yi(1)) = c1 — Ay, (2.7)
Er(Y2(1)) = c2 = (A1 + A2),

and, for @1, 92 < 0,

Y(01,02)p(01,02) = (61 — 02)1(02) + O24p2(61). (2.9)

Remark 2.1 One may think that (2.7) and (2.8) are immediate from (2.3) and (2.4)
by taking the expectation under w. However, this requires the finiteness of E, (L) and
E(Ls), which we cannot use at this stage.



PROOF. We first show that M(¢) is a martingale by verifying that

E, sup |M(s)| < 0.

0<s<t

Since M (t) is a local martingale, there exists an increasing sequence of stopping times
{Ta;m = 1,2,...} such that M(7, A t) is a martingale for each n and 7, T oo with

L(

probability one. Since e“(Y) < 1, by taking the expectation under T,

E (M(7, A1) = B, (M(0)) = 0. (2.10)

Hence o
Eﬂ/ "W dY (u) < 2+ F(1)t < 0o
0

and now passing with n — oo
t T —
E,r/ HWAY (u) < 24+ F(1)t < oo.
0
Furthermore, again from (2.10),

t i —
Er sup [M(s)| <E(1)t+2+ E,r/ e"WdY (u) < oo
0

0<s<t

which yields that M(t) is a martingale. Now setting ¢ = 1 and taking the expectation
of both the sides of (2.5) we obtain (2.9) since Ly(t) = 0 when Y;(¢) is increasing and
E,(e"F1®) is independent of u. Let ¢t = 1 and , = 0 in (2.9), then we have

7(01, O)cp(é’l, 0) = 91E7r(§/1(1))

Dividing both the sides of this equation by 6; < 0 and letting 6; 7 0, we have (2.7).
Similarly, letting t = 1, 6, = 65 = 0 in (2.9), we have

2(6,0)(0,0) = OE,( / 1) 1Y, (),

0

and dividing both the sides by 6 < 0 and letting 6 T 0, we have (2.8). O

In proving Proposition 2.1, we have used the Kella-Whitt martingale. Instead of this,
we can use [t0’s integration formula (see, e.g., Chapter 26 of [14]). This is more instructive
since dynamics of the reflected process is described, but it requires more computations.
Its details can be found in [22].

In general, it is hard to get the stationary distribution 7 or its moment generating
function in closed form from (2.9). There is one special case that ¢ is obtained in closed
form. This is the case that X5(t) = 0, that is, there is no intermediate input. This case
has been recently studied in [9].

Example 2.1 (Tandem queue without an intermediate input) Suppose X,(t) =
0 in the Lévy-driven tandem queue satisfying the stability condition (2-ii). We assume
that ¢; > ¢y since Ly(t) = 0 otherwise.



Since Lo(u) = 0 implies Ly(u) = 0, so Ly(u) = 0 when Y3(u) is increasing, we have
wa(01) = E.Ys(1) = co — Ay from Proposition 2.1. Hence by (2.9) (with Ay = 0, and
ka(0) = 0) we have

(6191 — (Cl — CQ)QQ — l€1(§1))§0(91, 02) = (01 - 82)g01(62) + (CQ - Al)gg. (211)

Since ¢1(0) = ¢; — Ay by (2.7), letting #2 = 0 in (2.11) implies the well known Pollaczek-
Khinchine formula:

E(eelLl) — @(91;0> _ (Cl - >\1)91

A TAVRL g <, 2.12
101 — k1(61) b= ( )

Assume that ¢;0; — k1(61) = 0 has a positive solution, which must be the rough decay
rate «;. Furthermore, it is not hard to see that P(L; > z) has exact asymptotic ce”*®
with known constant c.

We next let ¢, = 0 in (2.11), then we have
©1(02) = (c1 — ¢c2)(0,05) + co — A1 (2.13)
Substituting this into (2.11), we have
(101 — (1 — 2)0s — K1(61))p(01,02) = (1 — c2)(61 — 02)p(0,05) + (c2 — A1)b1. (2.14)
For each 0 < 0, let &(02) be the smallest solution ¢, of the equation
101 — k1(01) = (c1 — ¢2)0s,

which always exists and is negative since £;(0) = 0 and ¢; — £7(0) = ¢; — Ay > 0. Then,
letting 0 = &;(02) in (2.14) yields

(ca — A\1)&1(62)

P00 = e, @) 219
Plugging this into (2.14), we arrive at
@(91, 92> _ (CQ B /\1)(61 - 51(92»02 (2.16)

(02 — &1(62))(c16h — (1 — 2)f2 — K1 (01))

This is the formula obtained in [9]. Based on it, the asymptotic behavior of the stationary
distribution 7 is studied in [17]. This idea can be extended to the case of more than two
nodes, for which we refer to the draft [22]. O

3 Convergence domain of the MGF

We now consider the Lévy-driven tandem queue with the intermediate input. To avoid
complicated presentation, we assume in this and next sections that there are no jump
inputs at nodes 1 and 2, that is, Ji(t) = Jo(t) = 0. In this case, the tandem queue is
referred to as a Brownian tandem queue with an intermediate input. We will include those
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jump inputs in Section 5. The main purpose of this section is to identify the convergence
domain of ¢

D = {(61,0-) € R2;¢(91792) < oo}

The knowledge of this domain allows us to study asymptotic decay of some interesting
tail distributions. We first note that D is convex since ¢ is a convex function, and it
obviously includes the set {(0y,0) € R?; 0,0, < 0}.

Since there are no jump inputs here, (2.6) is simplified to
1
v(01,02) = r101 + 1205 — 5(0%9% + 0202), (3.1)
and condition (2-i) is always satisfied, where
T =c1— Al Ty =Cy — €1 — Ao
Furthermore, 7,71 + 19 > 0 by the stability condition (2-ii), but ry can be negative or

positive.

Note that the stationary equation (2.9) of Proposition 2.1 holds as long as (61, 6s),
©a(01) and pq(0s) are finite. Hence, v(z1, 22)¢(21, 22) is an analytic function of two com-
plex variables z1, zo for Rz; < 0 and Rzy < 0, and this domain is extendable as long as
wa(21) and ¢4 (27) are finite, where a complex valued function of two complex variables is
said to be analytic if it is analytic as a one variable function for each fixed other variable
(see, e.g., I1.15 of [19]). Hence, we have proved the following fact.

Lemma 3.1 If both of ¢9(0;) and ¢;(0,) are finite, then (01, 65)p(61,0s) is finite. In
particular, if v(6y,605) # 0 in this case, then (6, 6,) is finite. Conversely, if p(0;,6s) is
finite, then ¢5(0;) and ¢, (63) are finite.

Using 7 and 79, (2.7) and (2.8) of Proposition 2.1 are written as
E.(Yi(1)) =71,  E:(Y2(1)) =71+ 12 (3.2)

Since p9(0) = E,(Y2(1)), substituting ¢; = 0 in (2.9) yields

1
p1(02) = (5‘7392 —12)¢(0,02) + 11 + 72 (3.3)

Note that both sides of (3.3) are simultaneously finite or infinite due to Lemma 3.1.

Furthermore, z5 = %7%2 is a removable singular point of (0, z) since
2

©1(02) — p1(22)
0.0,) = .
SD( Y 2) %U%QQ _ Tz

Hence, we have

Lemma 3.2 ¢;(z) and ¢(0, z) have the same singularity.



We cannot get a similar direct relation between 9(6;) and ¢(6;,0), but the following
result will be sufficient. Recall that «; is the rough decay rate of L;.

Lemma 3.3 ¢,(0) is finite for 0 < oy, where a; = 20%1
1

Remark 3.1 This result will be sharpened in Corollary 3.1.

PROOF. a; = % is immediate from Example 2.1 since the first queue is unchanged by the
1

intermediate input. Let Ty = {(01,6,) € R?;v(0;1,65) > 0,0, < ay}. Since Ty is an open

convex set, we can find (6\7,6”) € T for any € > 0 such that max(0,a; —€) < 619 < a;

and 65 < 0. Substituting this (6{”,65”) into (2.9), we have
—05701(057) + (017, 057)0(617,657) = (617 — 05 ) a(617).

Since all the coefficients of cp(@f),@ég)),gol(@ée)) and g02(0§6)) are positive and gpl(«9§€)) <

©1(0) =7 < o0, @2(9§6)) must be finite. This proves the lemma since ¢5(#) is increasing

and € can be arbitrarily small. O

We next rewrite (2.9) as

Y(01,02)p(01,02) + (02 — 01)01(02) = O2002(01). (3.4)

Since both sides of (3.4) are simultaneously finite or infinite, similarly to Lemma 3.1, it
follows from Lemma 3.3 that ¢(6;,6,) and ¢;(62) must be positive and finite for (6;,62)
in the region:

Dsrl) = {(61,02) € R* 01 < ay,7(61,02) > 0,0 < 0 < 6},
Since (6, 02) = 0 is an ellipse, we let

(07, 05) = arg max {6s; (61, 62) = 0}, (67", 05™") = arg (gnien){%;%% %2) = 0

(01,02)
( max , max min , min

e ny ) = arg (gg%i{@l;v(@l,@z) =0}, (™, my"") = arg (gllliar;){&;’y(elﬁz) = 0},
B = max{0;v(0,0) = 0}.

It is easy to compute these values. For example, 07" = %al < «aq, and solving
(B, B) = 0 we have

2(ry +12)

b)
o2+ o3

g = (3-5)

where 3 > 0 by the stability condition (2-ii). However, we will not use these specific
values as long as possible for applying our arguments to more general Lévy inputs. We
next let

ay = max{fy; (01,0) € Dsrl)}.



0y =61

= 0,
A 02 - 91 (eina): eglax)
(07", 63) o
a2
4 V1
> 01
1 a1 — 6 max , max
B 2% (P, ™)
a1
(,’]maxj nmax) A > 6)1
! ? [3 éal ap — ﬂ
7(01,02) =0 7(61,02) =0
(a—) B < 2oy with r2 <0 (a+) B < Loy withry >0
Figure 1: Typical regions of D° for g < %al
b2 Oy = 6, 02 0
(9‘1“3’(7 eénax) (9‘1““", Qénax) 0y = 6, max pmax
] o (07, 63)
) N =0
Qi
I ar O (™, m5™)
(n?]ax7n§nax)
1 01
5 B /] A1 0,
lal B
2
01,02) =0
¥(61,62) (61,05) = 0
(b—) Yoy < B < ay withrs <0 (b+) Jar < B < ap with s >0 (c)ar <f

Figure 2: Typical regions of D° for %al <p

It is easy to see from the definition of D(j) that
6 < %O(l,

_J B
@2 = { 92max’ %041 S ﬁa
and ¢1(0) is finite for § < ay (see Figures 1 and 2).

(2)

Having this ay in mind, we define DY as

DY =

{(01,92) - R2;‘91 < 0617(92 < 042,7(917(92) > 0,0 < 92 < 61},

(3.6)

and consider (2.9). Since yo(61) and ¢;(6,) are finite for (61,6:) € D(f), the right-hand
side of (2.9) is finite and therefore ¢ (6, 65) must be positive and finite for (6, 6,) € Df).

Let D, = DS:) U Df). Since (61,05) € DS:) implies 0y < ap, we have
Dy = {(61,0:) € R* 0, < 1,0 <0y < g, y(61,0:) >0}
We finally rewrite (2.9) as
V(01 02)p(61, 62) — bap2(61) = (61 — 2)¢1(02),

10
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and define D_ as
D_ = {(917'92) € R2;7(91,92) > 0,0, < 0,0, < 0}-

Since 1(6s) is finite for 0y < 0, p(61,02) must be finite for (6, 0,) € D_ similarly to the
previous cases.

We are now in a position to identify D except for its boundary. Let &;(62) be the
minimal solution 6; for v(6;,6s) = 0 for each 6,, and let £(0;) be the maximal solution
0, for ~(01,05) = 0 for each 6y, as long as they exists. Clearly, for ngﬂin < 0y, < 05,
01 = 61 (02) if and only if 02 = 52(01)

Proposition 3.1 For the Brownian tandem queue with an intermediate input satisfying
the condition (2-ii), let D° be interior of D. Then,

D° = {(01,0,) € R?(0y,0,) < (6,,0)) for some (6;,0,) € D, UD_}. (3.8)

PROOF. Denote the right-hand side of (3.8) by A. We have already proved that
D, UD- C D, which implies A C D. So, we only need to prove that p(61,6,) = oo if
(01,605) ¢ A, where A is the closure of A. We consider the following three cases separately.

If g < %al, then (3, 3) € A (see Figure 1). Hence, p(6;,0:) < oo for 61,0, < 3, and

©1(02) = Bap2(61(6)) 0 <60y <p. (3.9)

0y — &1(02)
Since 3 = &1(8) < a1, ¢1(z) has a simple pole at z = . By Lemma 3.2, ¢(0, z) has the
same pole at z = 3. Hence, 0 > 5 and 6; > 0 imply (601, 6,) = oc.

If 1 < 3, then (0™, 65**) € A (see Figure 2). We rearrange (3.4) as

(02 — 01)p1(02) = —7(01,02)p(01, 02) + O209(61).

Choose any point (01, 6,) € AN {(61,05) € R% 6, < ay}, and assume that ¢(6;,0) < co.
Since ¢(67) is finite, ¢ (f2) must be finite, which is proved by partial differentiation with
respect to #;. Since the left-hand side is always finite for any 6;, we let 6; go to 65 or
increase to ay. Both leads to contradiction, and we have p(61,6,) = co. If § < %ozl, we

can similarly prove that (6, 6,) € AN {(61,05) € R% 6, < ay} implies (6, 0y) = .

Obviously, if 6; > «a; and 6y > 0, then ¢(6;,6,) = oo while, if §; < a; and 0y < 0,
then ¢(0;,60;) < oco. Furthermore, 6; < 7" and 6y < n5™* imply ¢(0;,60;) < oo from
the definition of A. Thus, it remains to prove that (61,6y) € A" N {(61,6;) € R%ay <
01, m5** < Oy < 0} implies p(0y,02) = oco. For this (0y,0:), assume that (6, 6) < oo.
From the definition of A, v(01,65) < 0, and ¢;(62) < oo for 3 < 0. Hence, rearranging
(3.4) as

—7(01,02)p(01,02) + (61 — O2)p1(02) = —0Oaip2(01),

we can see that ¢y(f;) must be finite. Let negative 6, goes to zero, then the left-hand
side must be positive while the right hand side vanishes. This implies that ¢5(6;) cannot
be finite. Thus, we have a contradiction, and the proof is completed. O
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The following corollary sharpens Lemma 3.3.
Corollary 3.1 Let a® = sup{f > 0; p2(f) < co}. Then,

max aa, nénax > 07
84 = max max 3'10

! { m Ub) < 0’ ( )

PrOOF. From (2.9), it is seen that, if 0 < ay and if (0, 6;) # 0, then (0, 6,) < oo if
and only if p4(#1) < co. Since (0y,02) € D° implies O < g, & = sup{fy; (01, 02) € D°}.

Hence, Proposition 3.1 concludes (3.10). O

We can write (3.8) in a more explicit form. For this, let

Dy = {(61,62) € R* 6 < o™, 0, < as}, (3.11)
Dy = {(61,6,) € R* 6, < 0,0, < 0., for some (6, 6,) such that v(¢;,0,) <0}, (3.12)

then it is easy to get the following corollary from Proposition 3.1 and Corollary 3.1.
Corollary 3.2 D° = D; ND,, and D° is a convex set.

The open domain D° is typical for the discrete-time two dimensional reflected process
on the quadrant, but does not cover all the cases because of the structure of a tandem
queue. In the terminology of the sample path large deviations, it is important to find the
optimal path for the rate function in each direction. For the direction to increase Lo, this
path goes up along the 2nd coordinate in Figure 1 while it straightly moves inside the
quadrant in cases (b+), (b-) and (c). So, we do not have the case that the optimal path
firstly goes along the 1st coordinate, then straightly move inside the quadrant.

4 Exact asymptotic behavior; the Brownian case

In this section, we first derive the exact asymptotics of the tail probability of L,. For
this, we will study the type of singularity of ¢(0,6) at the boundary of D. In a similar
way, we work out the exact asymptotics of the tail distribution function of dyL; + do Lo
for dy,dy > 0. Let F be the distribution function of L, and F be its complement. That
is,

F(x) = P(Ly > 1), x > 0.

It is known that F'is absolutely continuous with respect to Lebesgue measure on the real
line (see, e.g., [12]), so F'(x) is continuous in z. Let

(0) = / " F(a) dr,

and let a be the rightmost point such that (0) is finite for real number 6 < «. Clearly,
1(2) is analytic for Rz < a. In what follows, we use the same 1) for its analytic extension.
For this ¢, we will apply results in Doetsch [8], whose basic idea is to extract a principal
term of an analytic function using a counter integral around a singular point. The first
result (S1) below is for the case that the rightmost singular point is a simple pole. This
is a special case of Theorems 35.1 of Doetsch [8], but slightly relaxes the required region
of the analytic function, limiting to a single pole.
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(S1) If the following conditions are satisfied for a, positive integer k& and some p, ¢ such
that p < a < ¢:
(Sla) v(z) is analytic for p < Rz < g except for z = .
(S1b) (z) uniformly converges to 0 as z — oo for p < Rz < ¢, and the integral
1 too

i —izy i) d
i) € (g + iy)dy

uniformly converges for z > T,
(Slc) for some constant C] > 0, lim, (o — 2)F(z) = Cf,
then

PO= 1

*tem"(1 4 o(1)),

where I'(z) is the gamma function.

Remark 4.1 There are some remarks for specializing Theorem 35.1 of [8] to (S1). First,
Laplace transforms are used instead of moment generating functions in [8], so its results
should be appropriately converted. For example, we put a = —p,ayg = —a, fy = —q in
Theorem 35.1 of [8]. Secondly, 1/(z) need not to be analytic for z > ¢ since we are only
concerned with the single pole at 2z = o < ¢. Thirdly, the Fourier inversion formula on
B(F) in Theorem 35.1 is always satisfied for a > Rag, which is equivalent to p < « in
our formulation since 1(z) is the moment generating function of an absolutely integrable
function for Rz < a (see Theorem 24.4 of [§]).

Remark 4.2 In (S1), if the condition p < o < ¢ is replaced by p < ¢ < o and if (Slc) is
dropped, then F(z) = o(e~9%). This fact is easily seen from the proof of Theorem 35.1 of
8] (see pages 236 and 237). Thus, if we can find ¢ to be arbitrarily close to a, the rough
decay rate F(z) is not less than a.

If the rightmost singular point is not a simple pole, we use Theorem 37.1 of Doetsch
[8]. We specialize it in the following way.

(S2) If the following three conditions hold for some a > 0 and some § € [0, 7):

(S2a) (z) is analytic in the region:
Go(0) ={2€C;Rz >0,z # a,|arg(z — a)| > §}, where arg z is the principal
part of the argument of complex number z,

(S2b) ¥(z) — 0 as |z] — oo for z € G,(0),

(S2¢) for some constant K and non integer real number s
P(z) = K 1(s > 0) — Cy(a— 2)° + o((a — 2)?), (4.1)

for G,(0) 3 z — «,

13



then

F(x) = T_és)x_s_le_m(l +o(1)),

where K must be ¢ () if s > 0.

Remark 4.3 Constant K in (4.1) can be replaced by any analytic function on G,(0),
but we do not need this generality here. Abate and Whitt [1] refer to asymptotic results
like (S2) as “the Heaviside operational principle”, and they suggest to check the weaker
conditions than (S2a) and (S2b) from Sutton [24]. However in [1], no conditions except for
(S3c) are verified. There are corresponding results for the case of a generating function,
which are referred to as “Darboux theorem” (e.g., see [15]).

Remark 4.4 In applications of (S1) and (S2), the verification of other conditions than
(Slc) and (S2c¢) are often ignored. For a = 0, this causes no problem for (S1) since
e F(x) is ultimately monotone and Tauberian theorem can be applied. However, for
a > 0, this monotone property is hard to check.

Theorem 4.1 For the Brownian tandem queue satisfying the stability condition (2-ii),
P(Ly > z) has the exact asymptotics h(z) of the following type.

(da) If B < %Oq, then h(z) = Cre 52,
(4b) If Loy = B3, then h(z) = Coz2e %™,
(4¢) If $ay < 3, then h(z) = Cyz—3e 5™,

Constants C7, Cy and Cj are given in the proof. Hence, the rough decay rate of P(Ly > x)
is ap of (3.6).

Remark 4.5 Quantities oy, 3 and 05'** are defined in Section 3. Specifically they are
given by

27“1 2(7’1 +7“2) 1 O%
= —, = — O = — | rg+4/r2 +r2= ).
YT o2 b 0% + 03 2 o2\’ 20 g2

Remark 4.6 Chang [7] derives the rough decay rates for a more general intree network
under discrete time setting. Those results are less explicit since everything is given in
terms of rate functions, but it is not hard to see that Theorem 1.2 of [7] yields the exactly
corresponding rough decay rate for a two node tandem queue with intermediate arrivals
in discrete time.
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For the proof of Theorem 4.1, we consider /() = [~ e** P(Ly > x) dx. Since ¢(0,6) =
1+ 6¢(0), it follows from (3.3), (3.9) and Proposmon 3.1 that for Oy < g,

_ 90<Oa 92) -1
P(br) = e
pr(a) —(rit+ra) 1
02 f (62) 02
©2(£1(62)) 50302 + 12

F(0:)(0, — €1(0:))  Oaf(0a) (4.2)

where f(0) = 5030 —

We first consider the analytic extension of 1(z), which is obviously analytic for Rz <
an. In what follows, we let yo = 37 which implies that f(6) = £(6 — xo). Note that

z = 0, xo are removable singular points of ¥)(z). The proof of the theorem is preceded by
few lemmas.

Lemma 4.1 ¢(z) is analytic on the set C\ ({5} U [65*, +00)}).

PROOF. We first consider &;(z). By its definition, & (2) has the following expression for
real number 0 € [, ax],

&H(0) = i% (7"1 \/T% — o3(0262 — 27’20))

o

_ % (Tl — 100/ (05— 6)(9 — egnin)> . (4.3)

1

Hence, complex variable function &;(z) has only two singular points at z = 65 > 0 and
z = O < (, which are branch points. We choose one branch which is identical with
&1(0) for z = 6 € (0,09*) and analytic on

Gomax(0) = {2 € C;0 < R(2),2 & [0, 00) }
Denote this branch by the same notation &;(z), which is given by

(e) = 5 Z2jog - 2)(z — oy ( St | ‘2“"*) ,
where w_ = arg(z — 03") and w, = arg(Ay™ — z) (see, e.g., Chapter 1.11 of [19]). Tt
should be noticed that —7m < wy,ws < 7 for z # RNz, w_ = wy = 0 for real z satisfying
Opin < 2 < 05 and w; and w, have different signs. Thus, we have —7 < w_ +w, <,
which yields

a
RE(2) < 71 <ai,  z€Gen(0). (4.4)
Since @o(2) is analytic for Rz < «y, this implies that ¢2(&(z)) is analytic for all z €
Gomax(0). Thus, ¢(z2) is analytic for z € Ggmax(0) \ {3, X0} since the denominators in (4.2)
only vanish at z = 0, 3, xo, reminding that z = 0, xp are removable singular points of
1 (2). Hence, the lemma is obtained since 1 (z) is analytic for £z < a;. a
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Lemma 4.2 If 3 < jay, then (Sla) and (S1b) are satisfied for @ = § and k =

Otherwise, if oy < §, then (S2a) and (S2b) are satisfied for a = 5™ and § = 0.

PrOOF. We first suppose that § < %al, which implies that § < 65**. Then, (Sla)

is immediate from Lemma 4.1. For the uniform convergence of the integral in (S1b), it
suffices to verify the uniform convergence of the following two integrals

_ [ pa(&i(g +dy))e ™
L) —/_Oo (¢ + iy — x0)(q + iy — &g +iy))

+00 ; —ixy
L(z) = / (qjt‘zy—i—x(.))e dy.
oo (g +1y)(q+iy — x0)

dy,

Because ¢ < 05 q # xo and y(z, z) = 0 has only two solutions z = 0, 3, the denominator
of the integrand of I;(z) is bounded away from zero. Hence, it is not hard to see that the
integrand of I;(x) is absolutely integrable, so the convergence is uniform in z. For I5(x),

we note that
e~y __,—ixy +oo 1 +o0 —ixy 1 400 1
/ dy| = || ———— ——/ —e.dyﬁ—/ ———dy.
i | b oo T (g ) T @Y
Using similar arguments, we can see that I(x) converges to zero as x — oo. Thus, (S2b)
is verified.

We next suppose that %al < (. This and Lemma 4.1 verify (S2a) for a = 65" and
d = 0. Furthermore, (S2b) obviously holds true since p3(2) — 0 as |z| — oo for oz < %
O

Lemma 4.3 For 0, T 05,

2(052x — ¢ )
o1 — &(02) = <2,,—max2) + o(|05"* — 05]2), (4.5)
—& (07)
and, particularly if § = 65**, then
2(05% — 6 1
b= a(60) = \| "o ol — ol (4.6
where
3
" max g
5(07) = —————= <.

2 2 2 2
\/T101 + 1505

PROOF. Since &(6,) is concave from its definition and & (67"*) = 0, its Taylor expansion
at 6 = 0" yields

§2(01) = &(0") + 5”(9“‘“)(91 — 07)" + o (01 — 07)?),
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which implies, for nf" < 0y < 05% or equivalently, "t < 0; < g2

o — 6, = \/ 2(62(6_??()9;&5;(91)) T oll6r — 0. (47)

Since 0y = &,(6,) is equivalent to 6§, = & (6,) for g™ < §, < Oax this can be written as

2(05™ — 05)

e _ gmaX 1 .
. é/(ginax) +O(| 2 2 |2)

o —&i(02) =

Hence, we have (4.5). If § = 69**, then 6" = 05, so we have
Oy — &1(02) = 07 = &(02) — (05 — 02) + (|61 — O7]7).

This and (4.5) yield (4.6). It remains to compute & (67*), but this is easily done by
differentiating (6, 60") = 0 with respect to 0 at (60,0") = (07, 652*). 0

THE PROOF OF THEOREM 4.1

We prove the three cases separately. For (4a), we assume that 3 < %al, and consider
the conditions of (S1). By Lemma 4.2, (Sla) and (S1b) are already verified. It remains to
verify (Slc). However, we have already observed in the proof of Proposition 3.1 that ¢;(2)
has a simple pole at z = (3 (see (3.9)), so ¥(z) also has the same pole since the singularity
of 1(z), which is the same as (0, z), and therefore the same as ¢;(z) by Lemma 3.2.
Hence, we have (Slc) with & = 1, which leads to (4a). The constant C; is computed from
(4.2) as,

Cr = lm(8 - 2)b()

z2—p

. (B—2) zpa(&i(2)) = (r +12)(2 = &i(2))
=0 2(2 — £1(2)) f(2)

_ —1 I 202(&1(2)) — (r1 +12)(2 — &1(2))
B —&(B)) =8 f(2)

The condition § < %al is equivalent to

2 2 2
rioy —rioy — (r1 + )y > 0.

This implies that f(8) = 30308 —ry = noi=reoi S . From (A.1) of Appendix B,

2 2
o1+o5

(ry +12)(0? + 03)

2

. s>
105 —rio; — (r1 +ry)o}

§(8) =1+

Hence, we have

(rio3 — 107 — (r1 4+ 72)07)p2(0)
(ry +12)(ri03 — r90%)

Cy =

For (4b) and (4c), we verify (S2c) only for z = 65 € (0, 07*) since the other routes for
this limit can be similarly verified by putting z = 0% + (6 — 05*)e™ for w € (—m, 7).
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First consider (4b). Note that f(65*) # 0 since f(65*) = 0 and § = 05 imply the
contradiction that riof = 0. Then, we simply apply (4.6) of Lemma 4.3 to (4.2), and get

- a0 [0 _
021116’%“13"<62 —0 ) ¢<92) f(@nlqax) 2

= (.
Hence, by (S2) with s = —3, we have (4b), where C, is given by

o= G _ @) G0
2TrR) T Lozeye — i, o

For (4c), we assume that %al < [, which implies 5 # 65**. Due to Lemma 4.2, we
only need to verify (4.1). We first verify this for real z = 6, < o = 09**. From (4.2),

_ ©2(&1(02)) _ 1030+ 14
Vi) = f(02) (0 — O + 07 — &1(0)) O2f(62)
2(€1(02)) (02 — 07 — (6™ — €1(6))) 30302+ 11 (48)
f(02)((02 — 0772)2 — (07 — &1(62))?) Oaf(02) .

Since 05 — & (05*) > 0, the denominators in (4.8) do not vanish at fy = 65"**. By the

Taylor expansion of ¢y(z) at z = 07 (= Joy),

p2(£1(02)) = L2(07") + D5 (07 (€1(02) — O7") + o(|&1(62) — 67"]),

where we have used the fact that ps(2) is analytic for £z < «; by Lemma 3.3. Hence,
(4.8) can be written as

P(02) = (§1(02) — O7)K1(02) + Ka(02) + o(|€1(02) — 67]),
where K(6;) and K5(6s) are given by
0.) — P2(07) + (02 — 07) 5 (07)
0 = 50,0, — o — (o7 — &)
P2 (077) (02 — 07) 020, + 27,
F(02) (62 — 07)2 — (072 — £,(05))2) 020205 — 215)°

)
Note that K7(65) is a positive constant since f(05%) = 10205 —ry > 0 and 5> —
07** > 0. Thus, by Lemma 4.3, we have

KQ(QQ) =

2
)

Thus, we have (4.1) for real z = 0y < a = 6**. For complex number z € G,(0),
we have shown in Appendix A that & (z) can be chosen as RE(2) < 1o, so ¢a(&1(2)) is
analytic on G, (0). The other terms in ¢ (2) of (4.8) are similarly analytic on G,(0). Hence,
(4.9) can be obtained for 2 € G,(0) in place of 6y, which implies (4.1) with s = % and

2
Ch = K (09) . Thus, all the conditions of (S2) are verified, which concludes
(4c) with

D(0s) = — (05 — 0,)3 K, (65) + K(05) + o((05 — 05)2).  (4.9)

1 pa(01") + (05 — O7") 0 (07"™)

D3 Goaf™ — ra) (05 — 072/~ 2n 7).

Cs =

18



O

In principle, the rough decay rate as is known for a more general two dimensional
reflected Brownian queueing network in the framework of large deviations theory. Namely,
the rate function for the sample path large deviations is obtained in [2]. In this paper we
sharpen the rough decay rate to exact asymptotics. Nevertheless, the rough decay rate
in the present form may be also interesting since it clearly explains how the presence of
the exogenous input at node 2 decreases .

We next note exact asymptotics for L; + Lo. This case may have its own interest for
applications. Letting ; = 0, = 6 in (2.9), we have

7(07 0)@(07 0) = 0902(9)

Note that ¢(6,0) is the moment generating function of Ly + Lo. Since ¢(0) is finite for
6 < aq, the following result is immediate from (S1) and Remark 4.2.

Corollary 4.1 Under the assumptions of exact asymptotic 1, if 5 < «ay, then the exact
asymptotics of P(Ly+ Ly > x) has the form of Ce 5 for some constant C' > 0. If 3 > ay,
then the rough decay rate of P(L; + Ly > x) is ay.

Remark 4.7 The reason that we cannot state a stronger result for § > «a; as for the
other cases is that we do not know the type of the singularity of p;(z) at z = «;.

This result can be extended for any convex type combination dy Ly +ds Lo with dy, ds >
0. We give such results in Appendix B. It will be observed that a new prefactor occurs in
asymptotic functions, which corresponds to similar results in Corollary 4.4 of [21].

5 The Levy input case

We now extend the Brownian tandem queue to the Lévy-driven tandem queue, provided
X;(t) and Xo(t) are independent with positive jumps. In this case, we have to use (2.6)
for 7y instead of (3.1), but all the arguments can be straightforwardly extended with some
extra light-tail conditions except for verifying conditions in (Sla), (S1b), (S2a) and (S2b).
Unfortunately, these conditions are hard to check, so we present only weaker results and
state a conjecture for the shape of exact asymptotics.

5.1 Convergence domain

Let us outline the arguments. We first consider the convergence domain of . As men-
tioned in Example 2.1, we need the following condition for the first queue to have the
light-tailed stationary distribution.

(5-1) 10 = Kk1(0) has a positive solution «y, and k1(a; + €) < oo for some € > 0.
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Note that (5-i) implies that ¢; — £}(f#) = 0 has a unique positive solution since k(#) is
convex and increasing for § > 0, and vanishes at § = 0. This solution # is identical with
07" of Section 3, so we continue to use the same notation. From the arguments on the
domain of ¢ in Section 3, we need a positive solution 6 for the equation (67>, 0) = 0 for
the second queue to be light-tailed. So, we assume

(5-ii) (ca—c1)0—k2(0) = K1 (67"*) — 107" has a positive solution 05, and ko (05* +¢€) <
oo for some € > 0.

This 65** also corresponds with that of Section 3. Throughout this section, we assume
(5-1) and (5-ii) in addition to the stability condition (2-ii). Note that our first requirement
(2-1) is automatically satisfied under these two conditions.

We next show how to extend Lemmas 3.1, 3.2 and 3.3. Obviously, Lemmas 3.1 and
3.3 are still valid since the specific form of v is not used there. To consider Lemma 3.2,
recall that r; and r9 are:

ry=c1— A, Tg = Cy — €1 — Ag,
and let 7;(6) = k;(0) — \;0, that is,
Ri(0) = K;(0) — N, i=1,2.
Then, v of (2.6) can be written as
(01, 62) = 11601 + 1202 — Ry (601) — Ra(62).

Since #;(0) = £;(0) = 0, R;(6;) can play the same role as 10767 in (3.1). Thus, we have
(3.2), but (3.3) is replaced by

@1(02) = (%Rg(eg) — TQ)QO(O, 02) + T1 + Ta. (51)

Hence, Lemma 3.2 is still valid.

We further note that v(6y,0s) is well defined for 6; < ay,0; < 05**. Hence, we can

consider the sign of the derivative %2 as 6, 1 a; when (01, 602) moves on the curve C,

6
defined by
C = {(61,62) € R 7(61,62) = 0.6, < a0, < 05,

On this curve, we obviously have

do
¢1 — K5 (01) + (¢ — 1 — Kh(62)) == = 0. (5.2)
db,
This implies that r; + g—gf b0 0. Hence, by the stability condition (2-ii) and the
1=02=0

convexity of C, we can always find a unique positive solution of the equation (6, 60) = 0.
Denote this solution by 3. Obviously, this 3 is the natural extension of the one in Sections
3 and 4.
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Similarly, the sign of the derivative is not positive at (61, 62) = (ay,0) if and only if
(1 — Ky(ay))re >0 (5.3)
since k5(0) = A2, where £/ (aq) is defined as the left-hand derivative:

1
ki (1) = lim = (k1 (1) — K1(ag —€)).
el0 €
The condition (5.3) corresponds with cases (a-) and (b-) in Figures 1 and 2. Cases (a+),
(b+) and (c) of those figures occur if and only if (5.3) does not hold. We also define ™™
and &;(0) for i = 1,2 in the exactly same way as in Section 3. That is,

§1(0) = min{0, € R;y(61,0) =0}, &(0) = max{f, € R;v(0,0,) = 0},
as long as they are well defined. Then, for pyit < 0y < 032 0, = £(,) if and only if
0y = &(61). Furthermore, (3.9) is valid for 0 < 6y < min(53, o).

We now have all the materials to get the convergence domain of ¢, which is also
denoted by D, in the same way as in Section 3. Thus, we get the following results.

Proposition 5.1 For the Lévy driven tandem queue with an intermediate input, if con-
ditions (2-ii), (5-1) and (5-ii) are satisfied, then the interior of D is given by (3.8), that is,
D° = D; N Dy, where D; and Dy are given by (3.11) and (3.12).

Corollary 5.1 Under the same assumptions of Proposition 5.1, we have

1
limsup —P(Ls > z) < ao. (5.4)

T— 00 X

5.2 Weak asymptotics and conjecture

We next consider some weaker versions of asymptotics of the stationary distribution of
Ly. As aforementioned, it is hard to verify (S1) and (S2) for this case. However, we can
check (Slc) and (S2c) for real z = 0y € (0,05*), which is performed in a similar way to

the proof of Theorem 4.1. Those results can be restated as, for some positive constants
Clfori=1,2,3,

(hal) If G < 0" then giTm(az —0)(0) = C1.

N

(ha2) If B = 0" then girm(OJQ —0)2¢(0) = C4,.

N|=

(5a3) If B > 0" then girm(CKQ —0)72(Y(ag) — ¥(0)) = C4.

Since the analytic properties in (Sla), (S1b), (S2a) and (S2b) are hard to verify, let
us consider to apply the Tauberian theorems. To this end, let

U(z) = / e P(Ly > u)du, U(r) = / e P(Ly > u)du,
0 x



where U exists only if ¢)(ap) < oo. Then,

| e = va -0, [Tt Taar = M0

Hence, we can apply Theorem 2 in Section XIIL.5 of [10] to (5al) and (5a2) and Theorem 4
for ultimately monotone density in the same section to (5a3). Thus, we have the following
weak asymptotics.

Proposition 5.2 For the Lévy driven tandem queue satisfying the conditions (2-ii), (5-1)
and (5-ii), let 67 = & (05**), and let 5 be the unique positive solution of v(#,6) = 0.
Then we have the following exact asymptotics.

(5b1) If B < 67, then / " P(Ly > u)du ~ Cyz.
0
(5b2) If g = 67, then / "2 P(Ly > w)du ~ 20522,
0
(5b3) If B > 6> then / %™ P(Ly > u)du ~ 2C527 2.

Here, f(z) ~ g(x) if lim, . f(x)/g(x) =1, and C4, Cy and Cj are given by

C — Bea(B) o, — _BTea(00) =G (0)
(& (B) = 1)(Ra(B) — r2p)’ Fia (05°) — o051 2r
where
1(5) — RIQ(ﬁ) - TQ é/(einax) . /”%/I/(QinaX)

and
O™ (pa07™) + (5™ — )gh(07™)
(R (05) — rof5¥) (052 — 07%%) 2/ —2m &y (07)

Remark 5.1 From (5.2), it is not hard to see that § < (>)7"* holds if and only if

dos
db,

Cs =

> (<)0 on the curve C, which is equivalent to
01=0

(e1 = £1(8))(ca — 1 = K5(B)) < (>)0.

This proposition and Theorem 4.1 strongly suggest the following conjecture, which is
particularly true if P(Ly > z) ~ Cx%e™2% for some C and d.

Conjecture 5.1 Under the same assumptions of Proposition 5.2, P(L,; > x) has the
following exact asymptotics h(x).

(5cl) If 3 < 6@ then h(x) = Cre~ "=
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(5¢2) If 8 = 0™ then h(z) = Chz~ze %™,

(5¢3) If B > 0™ then h(z) = Cyz—2e %™,
This conjecture corresponds with Theorem 4.3 of [17], which considers the case that
there is no intermediate input. However, in the proof of Theorem 4.3 in [17] just (5al),

(ha2), and (5a3) were formally verified, and therefore this result needs additional justifi-
cation.

5.3 Correlated Lévy inputs

We finally note that Conjecture 5.1 can be extended to the case that the two components
X;1(t) and Xo(t) of Lévy process are not independent but with positive jumps only. In
this case, the Lévy exponent (6, 6) is defined by

E(€91X1(t)+92X2(t)) — 6tl€(91,02)'
Then, (2.9) still holds, but the v is changed to

’}/(91, 92) = 0191 + (CQ — 01)92 — li(@l, 92)

Although k1(6) in (2.12) and R2(6;) in (5.1) must be changed to x(6;,0) and (0, 6,) —
Aobo, respectively, all the arguments in Section 3 go through under the following conditions
corresponding to (5-1) and (5-ii).

(5-ii") 10 = k(60,0) has a positive solution ay, and k(a; + €,0) < oo for some € > 0.

(5-1ii") 107 + (co — ¢1)0 — K(07**,0) = 0 has a positive solution 05 where 07** is
a positive solution of %m(@l, 0)]g,—gmax = c1, and k(07,05 + €) < oo for some
e > 0.

A similar problem discussed in Section 5.2 occurs for the exact asymptotics. Thus,

Proposition 5.2 can be extended, but the exact asymptotics are just conjectured.

6 Concluding remarks

In this section, we first examine the present results to be consistent with existing results.
We then discuss possible extensions to other performance characteristics or more general
models.

6.1 Compatibility to existing results
When there is no intermediate input, the present model is studied in [17]. The rough

decay rate is obtained for P(L, > dyx, Ly > dyx) for d; > 0. Theorem 4.3 of [17] claims
that the exact asymptotics are obtained for P(Ly > x). As we discussed in Section 5.2,
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this claim has not yet been fully proved. In taking this fact into account, we compare the
notations of [17] to those of this paper to see how the results are corresponded.

We first note the correspondence:
(u,t,35,t) of [17] = (A1, =8, =07, —05)

Note that Laplace transforms are used in [17] instead of moment generating functions,
so the sign of their variables must be changed. This is the reason why the minus signs
appears in the above correspondence. In [17], t, = t and (s) = ¢15 + k1(—s) are also
used, but ¢, is always replaced by ¢. On the other hand,

0"(5) = wy(—5) = r{(61).
Since kg(0s) = R2(02) = 0, we have, by Conjecture 5.1,

0(s)

61—02.

& (o) =

Hence, letting Ay = 0 and p2(63) = co — A, we can see that Conjecture 5.1 is indeed
identical with Theorem 4.3 of [17].

6.2 Rough asymptotics of the joint tail probability

An interesting characteristic, not considered in this paper, is the joint tail distribution
P(Ly > dyz, Ly > dyz). Following Proposition 3.2 of [17], an upper bound in the Chernoff
inequality

1

limsup — log P(Ly > dyz, Ly > dox) < —sup{d 6, + d20s; (01, 65) € D°}. (6.1)
rT—00 Y

can give the right rough decay rate. Since the set D is explicitly given, it is not hard

to find the supremum, which is the maximum over the closure D°. We conjecture that

(6.1) is tight, but this seems to be a hard problem. In [17] a sample path large deviation

technique was used. This is left for future research.

6.3 The case of more general networks

Let us consider an extension of our results for the Lévy-driven fluid networks with arbi-
trary routing or/and more than two nodes, say n nodes. These are challenging problems
even for the two node case. For intree networks in discrete time, Theorem 2.1 of [7] an-
swers to their rough decay rates for marginal stationary distributions. This may be a good
sign to study such extensions, and our approach may be applied to get exact asymptotics.
We here derive the stationary equation in terms of moment generating functions, which
is a building block of our approach.

Consider n (infinite-buffer) fluid queues, with exogenous input to buffer j in the time
interval [0, ¢] given by X;(t), where X;(t) = a;t + B;(t) + J;(t) and

X(t) = (Xi(t),..., Xa(t)" = at + B(t) + J(t).
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We assume that B(t) is a n-dimensional Brownian motion with null drift, J(¢) has inde-
pendent increments which are mutually independent and independent of B(t). We denote
the Lévy exponent of X (t) by x(8).

The buffers are continuously drained at a constant rate as long as it is not empty.
These drain rates are given by a vector c; for buffer j, the rate is ¢;. The interaction
between the queues is modeled as follows. A fraction p;; of the output of station i is
immediately transferred to station j, while a fraction 1 — ) i Dij leaves the system. We
set p; = 0 for all 7, and suppose that ijij < 1. The matrix P = {p;; :4,j =1,...,n}
is called the routing matriz. Assume that

(6-1) R =1 — P" is nonsingular.
We refer to R as reflection matrix.
For ({X (t)}, ¢, P), the buffer content process L(t) is defined by
L(t)=L(0) + X (t) — tRc + RY (1),

where Y (t) is a regulator, that is, the minimal nonnegative and nondecreasing process
such that Y;(¢) can be increased only when L;(t) = 0.

Assume now
(6-ii) L(t) has a stationary distribution.

Denote this stationary distribution by 7. As in Proposition 2.1, we first need the finiteness
of E.(Y;(1)) for all i = 1,2,...,n. To verify this, define n-dimensional process U (t) as

U(t)= R 'L(t).
Then,
Ut)=U0)+R'X(t) —tc+Y(t).
By the assumption (6-ii), U(t) has the stationary distribution. Hence, we must have
R'E(X(1) <e. (6.2)

Intuitively, this condition is also sufficient for (6-ii), but its proof seems not easy. So, we
keep the assumption (6-ii).

Obviously U (t) is also stationary under 7. Then, similarly to our arguments in Section
2, we get the following lemma.

Lemma 6.1 Under conditions (6-1) and (6-ii), L(¢) has the stationary distribution 7 and,
E.(Y(1))=c—- R 'E(X(1))

is a finite and positive vector.
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Thus, E,(Y;(1)) must be finite. Let ©(@) be the moment generating function of 7. Simi-
larly, let

1
piOi0) = Ex [ 000 avi(w)
0

where 0,;[0] be the n-dimensional vector obtained from 6 by replacing 6; by 0. Denote the
column vector whose i-th entry is ;(0;[0]), that is,

#(0) = (91(010]), - - -, ¥ (6,[0]))"

Similarly to the two dimensional case, let

+(8) = (8, Re) — x(0).

Then, exactly in the same way as Proposition 2.1, we have the following result (see
[22] for its detailed proof).

Proposition 6.1 Under conditions (6-i) and (6-ii), we have, for 8 € R™,

7(0)(0) = (0, kep(8)), (6.3)

as long as ©(0), 7(0) and ¢(8) are finite, however at least for § < 0.
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A Computation of &[(5)

From (4.3) in Appendix A, we have

. 0'30 — Ty
\/T% — 03(026? — 27’29)7

&1(0)

as long as r7 —o7 (030> —2ro6) > 0. This is always the case if § < 8 < 1. From (8, 3) = 0,
we have 2r; — o33 = 033 — 2ry. Hence,

ri = 01(038° = 2raf) = 1] = 012118 — 01 3%) = (1 — 013)".

This implies that

o3 —1ry
lim & =2F = Al
01—I>I[13 51 (9) r— U%B ( )

B The asymptotics for diL + dyLs

We consider exact asymptotics for convex type combination dy Ly + dsLs with dy,dy > 0
in Brownian networks as they were considered in Section 4. Technically, they can be
obtained by the same method as exact asymptotic 1. However, results themselves may be
interesting. So, we present them as a theorem, which includes Corollary 4.1 as a special
case.

We introduce some notation first. Let §(dy, ds) be the non-zero solution 6 of (d,0, d2f) =
0. Then, we have

Z(Tldl + 7“2d2)

o(dy,ds) = )
) = (2B + 3d)
We next note that
ord
o) = 0_52'
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Theorem B.1 Under the assumptions of Theorem 4.1, for dy,dy > 0, if aydy > &o(aq)dy,
then the exact asymptotics of P(d;Li+dsLy > x) has the form of C'h(z) for some constant
C > 0, where h(z) is given by

(A1) If 3 < fay, then
LB,
e dzﬁ, Bdi < (o — B)ds,
h(z) = re 2, pdy = (a1 — B)dy,
o—0(d1,d2)e (a1 — B)dy < Bdy, & (ay)dy < ayds.

(A2) If oy = 3, then

emax
h(z) = xre % dy < dy,
e~0didz)e di = da, &a(an)dy < ards.

(A3) If 3oy < B < vy , then

_3 — x 1
T2 42 7, Gglaxdl < §Oéld2,
h(l’) = 1 795naxx 1
T 2e % s 9§laxd1 = ialdg,
g0 d2)e sondy < 05%%dy, Eo(on)dy < andsy.
(A4) If a; < (3, then
emax
-2 - 2d T emax 1
T z2e 2, D) dy < §a1d2,
gmax
= _1 22
h(:B) x 2e 42 x, eénaxdl = %Oéldg,
e—5(d1,d2)33 52(041) < Q < 29£nax
) a1 dy oy

Otherwise, that is, if ayds < & (o )dy, the rough decay rate of P(Ly + Ly > ) is oy.

Remark B.1 In (Al), (A2) and (A3), a3 < [ cannot occur if ro < 0, equivalently,
&(aq) = 0, but they are always the cases in (A4) since ay < 3 implies ro > 0. See Figures
1 and 2 for these facts.

PrROOF.  The proof is essentially the same proof as of Theorem 4.1, which uses (S1)
and (S2). For this, we utilize the condition that ajdy > & (av)d;, which will be discussed
below. Define

Va(0) = / " P(dyLy +dyLy > x)dr, 0 €R
0
as long as it exists. Then,

Val6) = 5 (pldi6 ) ~ 1),
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To apply (S1) and (S2), we need to consider analytic extension of ¥4 and to verify some
properties, but they can be similarly done to the proof of Theorem 4.1 once its behavior
around the singular point on the real line is identified. So, we here only consider the
latter.

We first note that the singularity of 14(f) is the same as that of ¢(dy0,d20). The
latter singularity occurs when (0d;,fds) across the boundary of D, which is obtained
in Corollary 3.2. To see what happens at this singular point, we consider the following
equation obtained from (2.9).

v(dlﬁ, dg@)@(dle, dg@) = (d1 — dg)@@pl(dﬁ) + dg@(pQ(dl@) (B].)

From this equation, we observe that at least one of the following conditions causes the
singularity of ¢(d;0, d20).

(F1) ~(d10,dy0) = 0,
(F2) ¢1(dq0) is singular, which is the same as (0, dybs),
(F3) 2(dy0) is singular.

Note that asymptotics of @o(6) is not known around its singular point «;. So, if
case (F3) occurs, we can only consider the rough decay rate. Because of this reason, we
separately consider the case that aydy < &(aq)dy, which causes (F3). W also note that
(F1) occurs when 0 < min(%, %) This singularity is a simple pole since the right-hand
side of (B.1) is finite for all 0 less than min(g, 2). On the other hand, if either § = 9!
or § = %2 holds, the singularity is also caused by (F2) or (F3). Taking these facts into

account “We consider each case separately.

Assume that ayds > & (aq)dy, and consider case (Al). From our discussions, the first
case is obtained from (F2) if d; # dy, and the third case is obtained from (F1). So, we
only need to consider the cases that d; = dy and d; = (ag — 3)dy. For the case that
dy = dy, we have, from (B.1),

V(dr8, d2b)p(di0, d>0)
Hence, ¢(d,0,dy0) has a simple pole at § = % since (F1) occurs there. Clearly, this case
is included in the first case of h(z) in (Al). Consider the case that Gd, = (a1 — )ds. In
this case, the singularity is caused by (F1) and (F2). From this fact and Theorem 4.1, it
is not hard to see that, for some positive constant C,

= d29§02(d19)

lim (dz0 — 65)%p(d16, d20) = C.

0
2
07 s

Hence, (S1) yields the second case of h(x) in (Al).

Case (A2) is simpler, and similarly proved. For case (A3), the first and third cases
are obtained from (F2) and (F1), respectively. Let us consider the remaining case that
05**d, = Joudy. In this case, the singularity is caused by (F1) and (F2). By Theorem 4.1,
for some positive constants K', C’,

01(0) = K' — (65 — 9)% + o((05" — 9)%), 0165
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max
92

Furthermore, the right-hand side of (B.1) at § = Z— becomes
gmax emax emax Qmax

dy — dy) 2 dy = dy = dy =

(d 2)d2¢1<2d2)+2d2902(1d2

1
-4 ((dy = da)05" o1 (65™) + d263"™ 0o (67")) = 0,

so (B.1) yields, for some positive constant C”,

lm (0 — dy6)2p(dy6, dof) = C”".

Hence, (S2) with s = —1 implies the second case of h(x) in (A3). Case (A4) is proved
similarly to (A1) and (A2). It remains to consider the case that ayds < &(aq)d;. In this
case, we can apply Remark 4.2, and get the rough decay rate. This completes the proof.
O
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