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Probability Distributions

2.1 Random Variables and Their Characteristics

By X we denote a random variable and by F(x) = P(X < x) its distribution
function. The tail of F(z) we denote by F(z) = 1 — F(x). We say that X is
discrete if there exists a denumerable subset E = {zg,%1,...} of R such that
P(X € E) = 1. In this case, we define the probability function p : E — [0,1]
by p(xr) = P(X = z). The most important subclass of nonnegative discrete
random variables is the lattice case, in which E C hlN, i.e. y = hk for some
h > 0, where IN = {0,1,...}. We then simply write p(z)) = pr and say that
X is a lattice random variable. On the other hand, we say that X is absolutely
continuous if there exists a measurable function f : R — Ry such that
J f(x)dz =1 and P(X € B) fB z) dzx for each B € B(R), where B(IR)
denotes the o-algebra of Borel sets in ]R We call f(z) the density function of
X.

An important characteristic of the random variable X is its expectation
¢ =IE X which is given by

Yrxep(zr) if X is discrete
EX =
7 xf(z)dz if X is absolutely continuous

provided that >, [zx[p(zx) < 0o and [%_|z[f(z)dz < oo, respectively. In
general, for each measurable function g : ]R — IR, the expectation E g(X) is
given by the Lebesgue- Stieltjes integral ' E g(X) = ffooo g(x) dF (z) provided
that [ |g(z)|dF(z) <

The expectatlon E(X ") is denoted by u(™ and called the n-th moment
of X. The variance of X is VarX = 02 = E(X — p)? and 0 = Vo? is
the standard deviation. The coefficient of variation is given by cvx = o/u,
the index of dispersion by Ix = o2/u. For two random variables X,Y the

T'g or F cannot be discontinuous at the same time, because then Stieltjes integral cannot
be defined.
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covariance Cov(X,Y) is defined by Cov(X,Y) = E((X — EX)(Y — EY))
provided that E (X?2),E (Y2) < co. We say that X,Y are positively correlated
if Cov(X,Y) > 0, uncorrelated if Cov(X,Y) = 0, negatively correlated if
Cov(X,Y) < 0.

A median of the random variable X is any number (; /, such that

P(X <) >3, P(X > () >3

Let I = {s € R : Ee*®¥ < oo}. Note that I is an interval which can
be the whole real line R, a halfline or even the singleton {0}. The moment
generating function 1 : I — R of X is defined by i (s) = Ee*X. We also use
the following transforms.

e The Laplace-Stieltjes transform I(s) = Ee X = [Z e dF(z) of X.
Distinguish i(s) from the Laplace transform L(s) = 7 e *¢(z)dz of a
function ¢: R — R;..

e For lattice random variables on IN with probability function {p;, k € IN}
we define the probability generating function § : [-1,1] — R defined by
9(s) = 252y prs™.

e For X being an arbitrary real-valued random variable with distribution F',
the characteristic function ¢ : R — C of X is given by ¢(s) = Eel*X.

The n-th derivative of a function h(s) will be denoted by h{™(s), the one-
sided n-th derivatives by h(") (s—) and h(™ (s+) respectively.

Let X1,...,X, be an arbitrary sequence of random variables defined on
the same probability space. For n fixed and for all & = 1,2,...,n and
w € Q, let X()(w) denote the k-th smallest value of Xi(w),...,Xn(w).
The components of the random vector (X(y,...,X(n)) are called the order
statistics of (X1,...,Xp)-

Exercises

2.1.1 Show that

E(Xn) — /Oo z" dF(IE) = n/ooo xn_1F($) dz —’I’L/O xn_lF(m) dz

—0o0 —0o0
for alln =1,2,..., provided [*_|z|"dF(z) < oo .
2.1.2 Prove that if X is IN-valued with probability function {py}, then

E(X") =) k'p=Y (k" —(k—1)")rs

k=1
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for all n =1,2,..., provided Y ;- k"py, < oo, where r, = P(X > k) is
given by

oo
re =Y pi, kelN. (2.1.1)
i=k

2.1.3 Show that if IE|X| < oo and (;/ is a median of X then
E|X-Gpl<E|X-3s|, scR.

Formulate and prove a similar property for the expectation IE X. [Hint.
For the second part consider the function E (X — z)?.]

2.1.4 Show that for the Cauchy distribution with density function

1 1

alrez el

flz) =
the moment generating function ri(s) is finite only at s = 0.

2.1.5 Suppose that F'(z) is the distribution function of a nonnegative random
variable X, i.e. F(0—) = 0. Show that

in(s) = /0 T et dR(z) =1+ 5 /0 ” e () do

for all s € R with 7iu(s) < co. Derive a similar formula for the Laplace-
Stieltjes transform [(s) of X.

2.1.6 Let F'(z) be the distribution function of a nonnegative random variable
X. Show that m(sg) < oo for some sg > 0 if and only if for some
a,b > 0 the inequality F(z) < ae~® holds for all z > 0. Conclude from
this that X has all moments finite if 7(so) < oo for some sq > 0. Give
an example of a distribution F' of a nonnegative random variable such
that 7 (s) = oo for all s > 0.

2.1.7 Prove that, if 1i2(s) and {(s) are well-defined only on (—oo0, 0] and [0, c0),
respectively, then

EX" =m™(0-) = (-1)"I™(0+).

. Show that, if X takes its values in a subset of IN and if E X™ < oo,
then

E(X(X-1)...(X —n+1)=3™01-).
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2.1.8 Let X be an IN-valued random variable with probability function {ps}
such that Y po prs® < oo for all s € [0, so], where so > 1. Show that
then

oo
(1-5)> reps" =1-gx(s),  |s| <so,
k=0

where the 7y are given by (2.1.1).

2.1.9 Let Xy,...,X, be independent and uniformly distributed on [0, ¢]. Show
that the density f(t1,...,t,) of the order statistics (X(y),...,X(n)) is
given by

it f0<t <...<t, <t

Fltoootn) = { 0 otherwise. (2.1.2)

Solutions

2.1.1 The first equality can be seen as a definition of IE(X™). The
decomposition

oo 0 oo
/ 2" dF(z) = / 2" dF(z) + / 2" dF(x)
—00 —o0 0
and integration by parts give the second equality.

2.1.2 The first equality is just the definition of IE (X™) for the discrete random
variable X . Furthermore, for each j € IN we have

SE =k =1)")re = kp,
k=1

k=1

which gives the second equality.

2.1.3 We have
E|X -z = /:x’ |y—x|dF<y)=/f (w—y)dF(y)+/°°<y—x)dF(y)
= 2mF(m)—x+]EX—2/w ydF(y)

2/ Fly)dy—z+EX,

where we used integration by parts in the last equality. We now see
that the function g(z) = 2 [°_ F(y)dy — z is nonincreasing for = €
(=00, (1/2] and nondecreasing for = € [(;/2,00). In order to prove that

E((X - EX)?) <E((X —2)?)
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for all z € R, we consider the function E ((X —z)?) of z € R, and find
the global minimum. The first derivative is 2(z — IE X), which has the
unique root at t = E X.

2.1.4 Let s,t > 0. Then

[e3) 1 t es%
/ e”f(:c)da:Z;/O 1+$2d$—>t—>oo00,

since lim,_, €% /(1 + 2?) = co. The case s < 0 follows analogously.

2.1.5 The first equality immediately follows from the definition of m(s),
whereas integration by parts gives the second equality. For the Laplace-
Stieltjes transform [(s) of F' we have

I(s) = /000 e *?dF(z) =1- 8/000 e *?F(z)dx

for all s € R with i(s) < oo.

2.1.6 Suppose that M (sg) < oo for some so > 0. Then

o0

e F(z) < / €Y dF(y) 400 0.

T

Thus there exists a constant a > 0 such that F/(z) < ae™% forall z > 0.
On the other hand, if for some a,b > 0 the inequality F(z) < ae™®*
holds for all z > 0, then by Exercise 2.1.5

oo oo _
/ edF(z) < 1+ s/ e’ F(z)dx
0 o
< 1+ sa/ e*e™b 4y
OOO
< 1+ sa/ e~ =) 4y < o0
0

for all n € IN. Consider the density

2

-——— ifz>0
flz) =< m1+a? e

0 ifr <0

and use the result of Exercise 2.1.4 to show that then m(s) = oo for all
s> 0.
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2.1.8 Observe that

Then we have

oo oo
1-—gx(s) = Z (1—s") l—sz + 5871
k=1 k=1
o
= l—s)ZrkHs
k=0
2.1.9 Let xzg,1,...,%, be arbitrary real numbers such that 0 < zg <
1 < ... < =z, < t. Then, the distribution of the random vector

(X(1),--+,X(n)) is uniquely determined by the following probabilities:

P(oo < Xy <21 < X9y 22 < ... < Xy < )
= Z Plzo < Xi, <1 <X, <32 <... < X5, <zp)

(il,...,in)
= P <Xi <t <Xo<@m <. <X, <zp)

n

= nlt™" H(zk — Ty 1)

/ / f(t, - tn)dty ... dty,

where the summation >, .. is taken over all permutations
(i1,--.,4,) of the set {1,...,n}. Thus, (Xq),..., X)) is absolutely
continuous with density f(t¢1,...,t,) given in (2.1.2).

Il

2.2 Parametrized Families of Distributions

We use the following symbols for parametrized families of distributions:

0o — degenerate distribution,

Ber(p) — Bernoulli distribution,

Bin(n,p) — Binomial distribution,

Poi(\) — Poisson distribution,

Geo(p) — geometric distribution,

NB(a, p) — negative binomial distribution or Pascal distribution,
Del(A, a, p) — Delaporte distribution,

Log(p) — logarithmic distribution,

UD(n) — (discrete) uniform distribution,

Si(#, A, a) — Sichel distribution
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Eng(6,a) — Engen distribution,

N(p,0?) — normal distribution,

Exp(A) — exponential distribution,

Erl(n, A) — Erlang distribution distribution,
x2(n) — x2-distribution,

I'(a,\) — gamma distribution,

U(a, b) — uniform distribution,

Beta(a, b,n) — beta distribution,

IG(u, \) — inverse Gaussian distribution,

EV(v) — extreme value distribution,

LN(a,b) — logarithmic normal (or lognormal) distribution,
W(r, c) — Weibull distribution,

Par(a, ¢) — Pareto distribution,

PME(a) — Pareto mixtures of exponentials,
LT'(a,A) — loggamma, distribution,

Benl(a, b, ¢) — Benktander type I distribution,
BenlII(a, b, ¢) — Benktander type II distribution.

The convolution F x G of two distribution functions F, G is defined by
F+G(z) = / Flz—w)dGw), scR. (2.2.1)

If both F' and G have densities f and g, respectively, then the density of
F %@ is given by the (density) convolution f*g(z) = ffooo f(x—u)g(u) du for
z € IR. The (discrete) convolution of two probability functions {py, k € IN}
and {p},, k € IN} is given by

pxp)= >,  pp;, kelN.
i,j€INi+j=k

The n-fold convolution of F'; denoted by F*™ is defined iteratively: for n = 0,
F*0(z) = 6o(x) with do(x) = 1 if z > 0 and Jo(z) = 0 if 2 < 0 while for
n>1, F* = F*(=1 « F = Fx ... % F (n times). The n-fold convolution of
other functions is similarly defined and denoted. For the tail of F*" we write
F*n(z) =1 — F*(x).

Consider a sequence F, Fs, ... of distributions on B(R) and a probability
function {pi, n =1,2,...}. Then, the distribution F = )_;° | ppF} is called a
mizture of Fy, Fy, ... with weights p1, pa, ... We can also have an uncountable
family of distributions Fy parametrized by 6, where 6 is chosen from a certain
subset © of R according to a distribution G concentrated on ©. Formally, the
mixture F'(z) of the family {Fy, 6 € ©} with mizing distribution G is given
by F(z) = [ Fo(x) dG(0), z € R.

Let X be a random variable with distribution F and let C € B(IR)
be a certain subset of IR. The truncated distribution Fo is the conditional
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distribution of X given that the values of X are restricted to the set
C*=R\C,ie. Fc(B) =P(X € B| X ¢ C), B € B(R). For example,
if X is discrete with probability function {pg,k = 0,1,2,...}, then the zero
truncation Fygy is given by the probability function {P(X =k | X > 1),k =

2,...}. In particular, if X is Geo(p)-distributed, then the zero truncation is
given by P(X = k| X > 1) = (1 —p)pF~! for k = 1,2,.... We refer to this
distribution as the truncated geometric distribution and use the abbreviation

TG(p).

Exercises

2.2.1 Prove that

(a) Bin(ni,p) * Bin(ns,p) = Bin(ny + na, p),
(b) Poi(A1) * Poi(A2) = Poi(A; + Ag),

(C) NB ((1]_, ) * NB(CM2, ) NB(al + (12,p);
(d) F** = Erl(n, ) if F = Exp(A),

(e) (ala ) * F(a27 A) F(al + az, /\)
[Hint. Use a transform.]

2.2.2 Let F = Exp(A). Prove that

Fo(z) = e (1+ ’\l—f o+ Eiﬁnl—;) : (2.2.2)

[Hint. Differentiate both sides of (2.2.2).]

2.2.3 Let the random variable N be Poisson distributed with parameter A > 0.
Show that (A —k)P(N <k—1) <kP(N =k) for all k € {1,2,...}.

2.2.4 Suppose that Fy = Poi(d), § > 0 and G = T'(a,\). Show that the
mixture F' = [ Fp dG(6) is NB(a, 1/(1 + })).

2.2.5 (Continuation) Let the random variables N and A have the distributions
F and G of Exercise 2.2.4, respectively. Show that, for each n € IN, the
conditional (posterior) distribution of A given N = n is I'(a +n, A+ 1).

2.2.6 Show that, for a tending to 0, the zero truncation of NB(«, p) converges
to Log(p), i.e. if X is NB(a, p)-distributed, then

1
log(1 — p)

[Hint. Use that I'(z) = T'(z + 1)/z for > 0 and that the gamma
function is continuous.]

k
lim P(X =k| X >1)=— P k=12....
a—0+ k
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2.2.7 Consider the mixture F = [° FydG(9), where Fy = Poi(f) and G
is a mixing distribution, which is concentrated on [0, 00). Prove that
02 > pr. Furthermore, show that cvp > 1if pp < 1.

2.2.8 Show that the tail F(z) of the mixture F = fooo Fy dG(9) with Fy =
Exp(f) and G =T(a,A) is F(z) = (A tz +1) 2.

2.2.9 Suppose that the duration T of a fire is a random variable with
distribution Exp(A). The loss w(t) associated with a fire of a fixed
duration t is assumed to be given by w(t) = ae for some a,b > 0. Show
that the random variable w(T') has the Pareto distribution Par(A/b, a).

2.2.10 Let Y be a LI'(a, A)-distributed random variable. Determine the n-th
moment of Y for n < A. Show that IE (Y™) = oo for n > A. Furthermore,
conclude from this that the moment generating function of Y is infinite
on (0,00). [Comment. The distribution of a random variable with the
latter property is called heavy-tailed; see Section 2.5.]

2.2.11 Discuss whether or not for the Pareto, lognormal or Weibull (0 < r < 1)
distributions, their moment generating functions are finite on (0, 00).

2.2.12 Show by examples that the following cases are possible for the moment
generating function 7(s):

(a) m(s) < oo for all s € R
(b) there exists so > 0 such that 7m(s) < oo for s < sp and M (s) = oo for
§ 2 S0,
(c) there exists sop > 0 such that 7(s) < oo for s < 59 and m(s) = oo for
s > So.
[Hint. Use the inverse Gaussian distribution as an example for (c).]
Solutions

2.2.1 Recall that for arbitrary distributions F,G on IR; we have

~

mr«q(s) = mp(s)mag(s)

for all s < 0. Furthermore, mBin(
Thus,

n,p) (s) = (ps + @)™ where g =1—p.
mBin(nl +ny,p) (s) = (ps+q)mtne
- mBln(nl ) p) (s)mBln(n2 , p) (S) -

Statement (a) now follows from the one-to-one correspondence between
distributions and their moment generating functions. Statements (b) to
(e) can be proved analogously.
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2.2.2 Differentiating both sides of (2.2.2) we get for the density f*™ of F*™:

(Az)nt

f*"((E) — Aesz (n - 1)'

which is the density of the Erlang distribution Erl(n, A). The statement
now follows from the result of Exercise 2.2.1d.

2.2.3 The asserted inequality can be proved by induction with respect to k.
For k = 1 we obviously have (A — 1)P(N < 0) = (A — 1)e * < de ™
Suppose now that the inequality holds for some k£ > 1. Then,
A=(k+1))P(N<Ek) < ()\—k)( (N<k-1)+P(N )

< KP(N=k)+(A=-kPN = ) AP(N = k)

AP(N =k)=(k+1)P(N +1).

2.2.4 Notice that -~
i (s) = / iy () AG(6) -
0

Furthermore, for Fy =Poi(), we have gg,(s) = exp(6(s — 1)). Thus,

1

gr(s) = () /000 exp(f(s — 1))A26% te= dg

( A )a_(l—(l-i-)\)_l)a
1+x—s/  \1—s(14+X"1/ "
which is the generating function of NB(a,1/(1+4 X)). The statement now

follows from the one-to-one correspondence between distributions on IN
and their probability generating functions.

2.2.5 We have
P(A<z,N =n)
P(N =n)
A2 [ eTv Lyt~ le™ M ol (a)nl(A + 1)2H+n
T(a)A*T(a + n)

()\ + 1)a+n /’Z ,Un—i-a, 1 —(A-}—l)v dv.
Tla+n) J,

PALz|N=n) =

2.2.6 For £k =1,2,... we have

Lo+ k)1 - p)p*

rucesixz - D
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Since the gamma function is continuous, I'(1) = 1 and I'(a+1) /T'(a) = «
for a > 0, this gives

k

e
ali>r(r)1+]P(X BlX>1 k algngl—(l—p)a
k
- 2 lim «
k a—0+ 1 — exp(alog(l —p))
_ L
~ log(l-p) K
2.2.7 Notice that
o0 (o) o0 9 ek
UF = kpr = / e '——dG(6)
g ; * kz::l 0 (k—1)!

In the same way we get that ug) = g + ,ug). Thus,

o3 = ul) — (ur)? = pe + 0% > pe = k-

This implies that cvp = op/pp > 1if pp < 1.

2.2.8 We have

il _ A? oo —fzxpa—1_—X0
F(z) = —F(a)/o e "0 e db

DU | © 1
= 2 - | pletyt=—" |
[(a) (z + M) /0 (ATt +1)e
where the substitution ¢ = (z + \)é is used in the second equality.
2.2.9 We have
Pw(T)>z) = A / P(w(t) > o)e dt
0

= )\/ I(t > b~ log(z/a))e dt
0

_ {(;)A/b if > a,
1

if z < a.
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2.2.10 Let X =logY. For n < XA we have

E(yn) :E(enlogY) ZEenX _ ()\in)a

Since mx(s) is infinite for all s > A, we get that E(Y™) = oo for
n > A. Furthermore, using the result of Exercise 2.1.6, this implies that
my(s) = oo for all s > 0.

2.2.11 Let s > 0. If F =Par(a, ¢), then for all sufficiently large ¢’ > 0 we have

o0 a+1 [ee)
mp(s):/ exp(sx)%(g) dmZaca/ ldz =00.

If F =LN(a,b), then

1 Bl | (logz — a)?
- - sT — S = R B |
mr) = e /0 e pep(— g ) do
1 = tb+a t? —
E[mexp(se —5)dx—oo,
where the substitution ¢ = b~ ! (logz — a) is used in the second equality.
If F = W(r,c), then

oo
mp(s) = / e*rcx™ ! exp(—cz”) dx
0

= / cexp(stt/T — ct)dz = oo,
0

where the substitution ¢ = z" is used in the second equality.

2.2.12 (a) Let the random variable X be bounded, i.e. |X| < ¢ for some
¢ < o0. For instance, let X have the uniform distribution U(a,b). Then,
obviously, m(s) < oo for all s € R. Notice, however, that boundedness
is not necessary. For instance, for the generating function of the Poisson
distribution Poi(A) we have ri(s) = exp(A(s — 1)) < oo for all s € R.
(b) Consider the exponential distribution Exp()). Then, F(z) =
exp(—Az) and

i(s) = P if s <A,

0 ifs> A

(c) Consider the inverse Gaussian distribution IG(u, A). Then,

eizq/zu) I 2
m(s) = 4 SP(VNp?—2X) /;
00 if s > ﬁ .
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2.3 Associated Distributions

Let s, = inf{s < 0: mp(s) < oo} and s = sup{s > 0 : 7mp(s) < oo}
be the lower and upper abscissa of convergence, respectively, of the moment
generating function 7 (s). Clearly sp < 0 < sh. Whenever s < s}, an
infinite family of related distributions can be associated with F'. For each

te (s},s})

- 1 -
Fy(z) = @ /_OO e dF(y), z €R

defines a proper distribution on IR called an associated distribution to F. The

distribution F, is also called an Esscher transform of F. The whole family
{Fy;8p <t < s}} is called the class of distributions associated to F.

Exercises

2.3.1 Show: if mp(s;) < oo and mhp(ss) < oo for some s; < so, then
mp(s) < oo for all s € (s1,82).

23.2 Let sp <t < s}. Show that the moment generating function of F} is

. B mp(s+1t)

mg, (s) = r () (2.3.1)

for sz —t < s < s} —t. Moreover, show that all absolute moments
of F; are finite; in particular, the expectation pp of the associated
distribution F’t is given by

2.3.3 Let A > 0 and let G be an arbitrary distribution on IR such that
sg < s&. For the distribution F(z) = > re (k!) "t AkFe~*G*¥(z), show
that Fy(z) = S0, (k) tA\re AGik (z) for all t € (sg5,s8), where A =
Mg (t). [Hint. Use that the moment generating function of F is given
by 7 (s) = exp(A(hg(s) — 1)), which will be shown in Exercise 4.2.2.]

2.3.4 For many classical distributions the associated distributions are of the
same type. Show that this is true for the binomial, Poisson, negative-
binomial, gamma and even normal distribution.
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Solutions

2.3.1 Let s; < 89 and s € (s1,82). Then

mp(s) = /0 e’ dF(:z:)+/OooeM dF(z)

—00

< / esl‘”dF(:c)-i-/ e”? dF (x)

—00 — 00

= mF(Sl) + ThF(Sz) < 00,.

2.3.2 Let s <t < s} and s € (S —t,s5 —t). Then

o () = L [ wret g = P E 1)
mFt()_mF(t) /—ooe et dF( )_ mp(t) '

In order to prove that ffooo |z|* dFy(z) < oo for all n € IN, we can
use the result of Exercise 2.1.6. If F' is concentrated on R4 or on
IR_, then the finiteness of all absolute moments of F; follows directly
from Exercise 2.1.6. Otherwise, we first represent F' as the mixture
F =F(0)F~ + F(0)F*, where

F() = LBOR) (@?0];‘—) ,

and use then Exercise 2.1.6 for ﬁ‘[ and ﬁ't+ respectively. Furthermore,

S - (1)
R 1 tr _ Mg (t)
B, = oy /_oo ze”® dF(x) = e (h)

and

00 ~(2)
(_2) — 1 2 tx dF — mF (t)
ME = (D /,m”” T dF) = Gt

2.3.3 Using (2.3.1) and the fact that g (s) = exp(A(mg(s) — 1)), we have

. exp(A(hg(s +t) — 1))
g, (s) = -
exp(A(ha(t) — 1))
. ma(s +t)
= exp(wna(n (M) _yY),
(® ma(t)

where the last expression is the generating function of the compound
distribution Y5 (k) “! A\ke=*Gy¥ (z) with A = Mg (t). The statement
now follows from the one-to-one correspondence between distributions
and their moment generating functions.
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2.3.4 We use (2.3.1) and the one-to-one correspondence between distributions
and their moment generating functions. If F' is the binomial distribution
Bin(n, p), then

. e+ ™ e e
Mz (8) = ——— = (p'e® + ,
7 (8) prAT (p q)
where p' = pet(pet + ¢q)~! and ¢’ = 1 — p/. Thus, F; is the binomial
distribution Bin(n,p'). If F is the Poisson distribution Poi(}\), then

X s+t _
i, () = S =) = e (e - 1),

where X' = Xe!. Thus, F; =Poi(X). If F is the negative binomial
distribution NB(r, p), then

N _ qT(l _pes+t)77‘ _ N\R / S\—T

g, (s) = W =(¢)"1—pe) ",

where p' = pet and ¢’ = 1 —p'. Thus, F, =NB(r,p'). If F is the gamma
distribution I'(a, A), then

(ﬁ)“ A \e
i, (5) = 5\9 a = < - s) ’
Gz

where X' = A — ¢. Thus, F; = [(a,\'). If F is the normal distribution
N(u,0?), then

_exp(p(s +1t) + 50°(s + 1)?)
— exp(u(t) + 30%(t)?)

1
= exp(u's + —0232) ,

g, (s) 5

where p/ = pu + 02t. Thus, F; =N(i', 02).

2.4 Distributions with Monotone Hazard Rates

Let {pr} be the probability function of an IN-valued random variable X.
Consider the tail probabilities r,, = P(X > n) = p, + pnt1 + ... and define,
for all n € IN such that r, > 0,

mp=PX=n| X>n)==—. (2.4.1)

Tn
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The quotient m,, in (2.4.1) is called the hazard rate of {py} in the n-th period.
The probability function {py} or, alternatively, the corresponding distribution
is THRy4 if the sequence {m,} is increasing, and DHRy if the sequence {m,} is
decreasing. If X is a nonnegative random variable with absolutely continuous
distribution F' and density function f, then we define the hazard rate function

m(t) by o
mt) =1 "Fg

We say that the distribution F' is IHR if m(t) is increasing, and DHR if m(t)
is decreasing.

Define the residual hazard distribution F; at t by Fy(z) = P(X —t < z |
X >t)if F(t) < 1. Since up, = E(X —t | X > t), the function pr(t) = ur,,
t > 0 is called the mean residual hazard function.

A distribution F is called stochastically smaller (larger) than a distribution
G if F(z) < (>)G(z) for all z € R. In this case, we write F <5 G
and F' >4 G, respectively. Furthermore, we write X <g Y if X,Y have
distributions F, G respectively such that F <q G.

if F(t) <1. (2.4.2)

Exercises

2.4.1 Show that the geometric distribution has the lack-of-memory property
(discrete version), which says that a geometrically distributed X satisfies

P(X>i+j|X>j)=PX >4 (2.4.3)

for all ¢,j € IN. Furthermore, show that the exponential distribution
satisfies the following continuous version of the lack-of-memory
property (2.4.3): if X is exponentially distributed, then

P(X >t+5]|X>s)=P(X >1) (2.4.4)

for all s,t > 0. Conclude that for these two types of distributions hazard
rates are constant.

2.4.2 Show that the geometric distribution is the only distribution on IN with
constant hazard rates and that the exponential distribution is the only
absolutely continuous distribution on IR, with constant hazard rate
function.

2.4.3 Show that the sequence a;, = k!, (k = 1,2,...) is logconvex and conclude

that the sequence b, = (}) (k =0,...,n) is logconvex too.

2.4.4 Show that the probability functions of the binomial distribution
Bin(n, p) and the Poisson distribution Poi()\) are logconcave. Conclude
from this that the distributions Bin(n,p) and Poi()\) are IHR4.
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24.5

2.4.6

2.4.7

24.8

249

Let {pr} be a probability function and consider the corresponding tail
probabilities ry = pr + pr+1 + - ... Show that {r;} fulfils

Tip1 < ThTh42 (2.4.5)

for all k € IN if and only if {ps} is DHRq and py > 0 for infinitely many
k € IN. State and prove an analogous property for IHRq4. [Hint. The
inequality (2.4.5) means that ry41 /7y is increasing. Now use rg41 /1 =

1= (pr/rx) ]

Show that any mixture of DHRg-distributions on IN is again a DHR4-
distribution on IN.

Let F' be an absolutely continuous distribution on IR} with continuous
density f. Show that

Fla)=e Jo m0) (2.4.6)

for > 0. The function M(z) = —logF(z) = [, m(v)dv is called
hazard function. Show that the hazard function M(z) is differentiable
and

dM(z)/dz = —dlog F(x)/dz = m(z) (2.4.7)

for all z > 0 such that F(z) < 1, where m(x) = f(x)/F(z) is the hazard
rate function.

Show that for each Borel-measurable function m : [0, 00) — [0, 00) with
Jy m(t)dt < oo for all z € (0,00) and [ m(t)dt = oo there exists
exactly one absolutely continuous distribution on IRy such that m(¢) is

its hazard rate function.

Show that, for the Pareto distribution Par(a, ¢), the hazard rate function
m(t) is given by m(t) = a/t for all t > c.

2.4.10 Compute the hazard rate functions for the uniform distribution U(a, b),

the exponential distribution Exp(A), Erlang distribution Erl(n,\) and
the Weibull distribution W(r,¢). Find out when these functions are
increasing or decreasing.

2.4.11 Consider two independent absolutely continuous risks X; and X,

with hazard rate functions my(¢t) and mao(t), respectively. Show that
the hazard rate function of min{X;, Xs} is my(t) + ma(t). Find an
interpretation for the distribution (so-called Makeham’s law) defined
by the hazard rate function A + Cc®. [Comment. In life insurance the
distribution with A = 0 is called Gompertz’ law.]
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2.4.12 Let X be an absolutely continuous risk with distribution F'. Show that
F(z) is logconvex if and only if F is from DHR. Derive a similar result
for THR.

2.4.13 Let F = (1 — 0)dp + 0G for some 6 € (0,1), where G is an absolute
continuous distribution from DHR. Show that F;, < Fi, for t1 < ta.

2.4.14 Let F,G be two distributions on IR whose the first order absolute
moments are finite. Show that ur < pg if F < G.

2.4.15 Let F be an absolutely continuous distribution on R.. Show that
the mean residual hazard function pp(t) is decreasing (increasing) if
the hazard rate function m(t) is increasing (decreasing). [Hint. Use
Theorem 2.4.2 from RSST and the result of Exercise 2.4.14.]

2.4.16 Let F be the Weibull distribution W(r, ¢). Show that the mean residual
hazard function pr(t) is decreasing if r > 1, increasing if 0 < r < 1, and
constant if r = 1.

2.4.17 Let F' be a distribution on R with 0 < pr < co. Prove the following
relationship between the tail function F'(x) and the corresponding mean
residual hazard function pp(t):

_ u = 9
F(z) = ,UFZU) exp(— /0 e dt), £>0. (2.4.8)

2.4.18 (Continuation) Show that F' is an exponential distribution if and only
if the mean residual hazard function pp(t) is constant. [Hint. Use the
result of Exercise 2.4.17 for the sufficiency part.]

2.4.19 (Continuation) Assume that sup{ur(z) : z > 0} < co. Show that then
mp(to) < oo for some to > 0.

2.4.20 Show that for the Benktander distribution Benl(a,b,c) the mean
residual hazard function is given by pr(t) = t/(a + 2blogt) for ¢t > 1
while, for the Benktander distribution BenII(a, b, c), ur(t) = t17°/a for
t>1.

Solutions

2.4.1 Let X have the geometric distribution Geo(p), i.e. P(X = k) = gp* for
k=0,1,..., where ¢ =1 — p. Then,

imin " _ Y bt

Sk Yk

gy pF=P(X >i).
k=1

PX>i+j|X>j) =
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24.2

24.3

244

Furthermore, (2.4.1) gives m,, = ¢. Let now X have the exponential
distribution Exp(}), i.e. P(X > z) = exp(—Az) for 2 > 0. Then,
e At+s)

]P(X>t+s|X>s):W:e’“:]P(X>t).

Furthermore, (2.4.2) gives m(t) = A.

Let {pr} be a probability function such that m,, = ¢ for some ¢ € (0,1)
and for all n € IN. Then, from (2.4.1) we immediately get that py = ¢
and p; = c(1 — ¢). Suppose now that p, = ¢(1 — ¢)* holds for all
k=0,1,...,n. Then, (2.4.1) gives

Prtl = c(l - Zn:pk) = c(l - i c(1 - c)k) =c(l—c)"t.
k=1

Let now F' be an absolutely continuous distribution on R with density
f such that m(t) = X for some A > 0 and for all ¢ > 0. Then, (2.4.2) gives
1—-F(t) >0and f(t) = A1 — F(t)) for all ¢ > 0, which means that the

density f is continuous. Hence, F is differentiable with 7 (t) = —f(2).
Thus, 7(1)(75) /F(t) = —) and consequently

< 1os(F (1) = ~»

for all ¢ > 0. Since log(F(0)) = 0, this gives log(F(t)) = —At and
therefore F'(t) = exp(—At) for all ¢ > 0.

The logconvexity of ay, (that is agagis > ai +1) holds because obviously
(B)2(k+ 1) < (E)*(k+1)(E+2).

The logconvexity of by can be deduced from the logconvexity of ay.

Let {pr} be the probability function of Bin(n,p). Then, for k¥ =
0,1,...,n—2,
2 _ n k+101 _ \n—k—1 2
Phy1 = (<k+1)p (1-p) )
n k4201 \n—k—2 N\ ke \n—k
((k+2)p (1-p) )((k)p (1-p) )
=  DPk+2Pk -

By e.g. Theorem 2.4.1 from RSST, since logconcavity implies THRg,
hence Bin(n,p) is IHRq. If {pi} be the probability function of Poi(A),

then
Piys = ("'A(kA ]:)!)2 2 ("’A(kA I-c:;)!) (e*”k—f) = Pi+2Pr
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2.4.5

24.6

for all k € IN. Thus Poi()) is IHR4.

Suppose that (2.4.5) holds for all ¥ € IN. This means that r, > 0
for all k¥ € IN and that rg41 /7y is increasing. Thus, using the identity
rr1/me = 1 — (pr/rr), we get that my = pi /7y, is decreasing. Suppose
now that {pr} is DHRq and py > 0 for infinitely many k € IN. Then,
rr > 0 for all £ € IN and the above used arguments can be reversed.
This gives (2.4.5). If {pi} is a probability function such that p; > 0 for
infinitely many k£ € IN, then it can be shown by similar arguments that
{pr} is IHRq if and only if 7}, | > rgry for all k € IN.

For each i, let {p;n, n =0,1,...} be a probability function, and let the
mixing distribution be {g¢;}. Each probability function is DHRq and we
want to show that {p,,n =0,1,...} defined by p, = ", ¢ipin is DHRq
too. For this it suffices to demonstrate that, for i # i’

qipij + q; py;

aj =
T g Dhej Pik + 4y Dps Pk
is decreasing. Let
Ty = quPvj, Yv = QvPrj+1, 2y = Qv Z Dvk -
k=j+2
for v = 4,4 . Due to our assumption we have
oy B
Ty +Y» + Ty Yo + 20
which is equivalent to
:c 2
v > (y—> + 2 (2.4.9)
2y 2y 2y
Notice that a; > aj4; is equivalent to
zi +xy S Yi + Yy

Tityit+zitry tys 2y T yitzitys 2z
Using (2.4.9) the above will follow from

Ti | TS oYl | Vi Ui
Zi Z;! 2 2y Zi Z;

However adding inequalities (2.4.9) for v = i,i we obtain

zi oz 2 2 zi oz zizy % 2y
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2.4.7 Since f is continuous, the tail function F(z) = [ f(t)dt is
differentiable with F(l)(a:) = —f(t). Thus, M(z) = —logF(z) is
differentiable and M) (z) = f(z)/F(z) for all z > 0 such that
F(z) < 1.

2.4.8 Let M be the equivalence class of all non-negative functions fulfilling
conditions of the exercise, and A be the class of all absolute continuous
distributions on IR . The mapping

M>3>m(z) = F(z) € A

given by (2.4.6) establishes the one to one correspondence. The validity
of (2.4.6) for a general F' € A now follows from the fact that in this
case a differentiation rule similar to (2.4.7) holds; see, for example,
Theorem A4.12 in Last and Brandt (1995).

2.4.9 Let m(t) be the hazard rate function of Par(a,c). Then, for ¢ > ¢,

iy = @/ _a

(c/t) t

2.4.10 If F is the uniform distribution U(a, b) with 0 < a < b, then the hazard
rate function m(t) is increasing and given by

0 if0<t<a,

m(t) =

ﬁ ifa<t<b.

If F is Erlang distribution Erl(n, \), then

)\kmk—le—)\m
m(t) = Az)n—1.
e M (l+ Az +...+ W)

which can be rewritten as

1

an—3

A 1
a"*1+a"*2—|— a1 ++m

?

where a = (Az) 1. The above function is decreasing in a so increasing
in z. If F is the Weibull distribution W(r, ¢), then m(t) = rca"! for
z > 0, which is increasing if r > 1, constant if r = 1, and decreasing if
r<l.
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2.4.11 Let F;(z) and f;(z) denote distribution function and density of X;
respectively. Then, the distribution function F(z) and the density f(z)
of X = min{X;,X,} are given by F(z) = 1 — Fi(z)F2(z) and
f(@) = fi(x)Fa(x) + fo(z)Fi(z). Thus, for the hazard rate function
m(t) of F we have

m(t) = f (.’E)Fz(m) + fo(z)Fy(z)
Fl (.CL')F2 (,’L’)

fi(t) + f2(t)

Fi(t)  Fa(t)

for all t € R with F (t)F3(t) > 0. In view of this result, we can interpret
Makeham’s law as the distribution of the minimum of an exponentially
distributed random variable and another independent THR-distributed
random variable.

= my (t) + ma(t)

2.4.12 j;From the result of Exercise 2.4.8 (see formula (2.4.6)) we have

log F(z / m(t

Thus, the function log F(x) is convex if F is DHR and concave if F is
THR.

2.4.13 For each t > 0 such that G(t) < 1 we have

G(t+z)
G(t)
We now use that G is DHR, if and only if for each z, G¢() is decreasing

function of ¢ > 0 (see e.g. Theorem 2.4.2 in RSST).

Fy(z) = = Gi(x)-

2.4.14 From the result of Exercise 2.1.1 we have

up:/ooof(m)dm—/_oooF(:c)dx
ug=Am6(m)dm—[0wG($)dm

Thus, F <g G implies that ur < pg-

and analogously

2.4.15 Suppose that m(t) is increasing. Then (e.g. by by Theorem 2.4.2 from
RSST) we have Fy, >4 Fi, if t1 < t5. Thus, using the result of
Exercise 2.4.14, we find that the function pr(t) = pp, is decreasing.
The case where m(t) is decreasing follows analogously.
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2.4.16 The statement immediately follows from the results of Exercises 2.4.10
and 2.4.15.

2.4.17 Notice that (2.4.8) is equivalent to

1 [ v
— [ F@)dt=exp(- [ ——=dt), z>0.
pr Jy ) Xp( /o pr(t) ) -

Furthermore, in order to prove the latter equality, notice that 1/pp(t) is
the hazard rate function corresponding to the (integrated) tail function
F5(z) = pp" [ F(t) dt. Then, the statement follows from the result of
Exercise 2.4.8.

2.4.18 If pp(t) is constant, then up(t) = pp for all ¢ > 0. Thus, the
sufficiency part immediately follows from (2.4.8). If F' is an exponential
distribution, then the lack-of-memory property (2.4.4) implies that
ur(t) = pr for all ¢ > 0.

2.4.19 Using (2.4.8) one can easily show that for some a,b > 0 we have
F(z) < ae™ b for all z > 0. Thus, the statement follows from the result
of Exercise 2.1.6.

2.5 Heavy-Tailed Distributions

In this section we consider distributions on R, fulfilling F(0—) = 0. Such
a distribution F is called heavy-tailed if hp(s) = oo for all s > 0. Let
ap = limsup,_,., M(z)/z, where M (z) = —log F(x) is the hazard function
of F. A distribution F on R is said to be subexponential if

. 1—F*(x)
L T

Let S denote the class of all subexponential distributions. For a distribution F’
of a nonnegative random variable with finite expectation p > 0, the integrated
tail distribution F*® is given by

0 ifx <0,

s _ T
F(w) = ,u_l/ F(y)dy ifz>0.
0

We say that F' belongs to the class S* if F' has finite expectation y and

o [ Fe—-y)5
lim [ ~=—"F(y)dy =2u.
R ) (y)dy = 24
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Two distributions F and G on Ry are said to be tail-equivalent if
lim, 00 G(z)/F(z) = ¢ for some 0 < ¢ < oo. This will be denoted by
G ~' F. In particular, the asymptotic equivalence lim, oo g1(z)/g2(x) = 1
of two functions g1 (z) and g2(z) we denote by gi(x) ~ g2(z). We say that
F belongs to L if for all y € R fixed we have F(z —y) ~ F(z) as z — oc.
Furthermore, we say that a positive function L : Ry — (0,00) is a slowly
varying function of x at oo if for all y > 0, L(zy) ~ L(z) as x — oo. A
distribution F is called Pareto-type with exponent a > 0 if F(x) ~ L(z)z~%
as £ — oo for a slowly varying function L(x). Pareto-type distributions are

also called distributions with regular varying tails.

Exercises

2.5.1 Show that for F' being the distribution function of a bounded random
variables, or being Erlang Erl(n, c) 2

im (@) =
zlaoo F(z’)

2.5.2 Show that |log? z|, log(log(1 + z)), functions with positive and finite
limits are slowly varying functions. Show that 2 + sin z is not a slowly
varying function.

2.5.3 Show that the following distribution functions are Pareto-type:

e Pareto Par(q,¢),
e loggamma with density function

f(@) = S~ (logz)*~'a™*7, 2 >1,

T'(a)

e Burr distribution with

F(z) = (bf$>a, x> 0.

2.5.4 Show that F' with the first finite moment is heavey tailed if and only if
the corresponding integrated tail distribution F*® is heavy tailed.

2.5.5 Let F be heavy-tailed. Show that lim sup,,_, ., e**F(z) = oo for all s > 0.
2.5.6 Let F be an arbitrary distribution of R.. Show that

— e T
lim inf F_ (2) >2 and liminf MF(@/) dy > 2ur.

21 guess this must be true for any light tailed distr., perhaps with lim chanded to limsup.
TR
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2.5.7 Let X; and X3 be two independent nonnegative random variables such
that lim,_, Fx; (z)/F(z) = ¢; for some F € S and ¢; € [0,00), where
either ¢; > 0 or ¢z > 0. Show that P(X; + X5 > z)/F(x) tends to
c1+ e as T — oo.

2.5.8 Suppose that F' € S. Show that if X1,..., X, are independent random
variables with common distribution F', then

n
P(;Xi>$)NP<1?%XnXi>m)’ T — 00.
2.5.9 Consider the nonnegative random variables X, ..., X,, with distribu-

tions Fi,..., F, respectively. Assume that F; satisfies F;(z) ~ ¢;F(x)
for some Pareto-type distribution F' and ¢; € [0,00); i = 1,...,n. Show
that if P(X; > x,X; > x) = o(F (z)) for all pairs ¢ # j, then

P(zj: X; > a:) ~ (zj: c,)F(m) .

Notice that we do not need any assumption on the independence nor
identical distribution of the random variables X1, ..., X,.

2.5.10 Consider the mean residual hazard function pr(t) of F' and assume
that pr(t) — oo as t = 0o. Show that then F' is heavy-tailed.

2.5.11 Let F, G be two distributions on IR with finite positive expectations.
Show that F*® ~* G® whenever F ~! G.

2.5.12 (Continuation) Let F' ~' G. Show that G® € S implies F® € S.

2.5.13 Let F be an absolutely continuous distribution on Ry with hazard
rate function m(z). Show that F' € £ if lim,_,o m(z) = 0. [Hint. Use
(2.4.6).]

2.5.14 Show that the lognormal distribution LN(a,b) belongs to S*. [Hint.
Show first that the hazard rate function m(z) of LN(a,b) is ultimately
decreasing to 0 as © — 0o and use then Theorem 2.5.7 from RSST.]

2.5.15 Let F be the discrete distribution on IN\ {0} with atoms of mass 3-4—"
at the points 2" for n € IN \ {0}. Show that 4 = 3 and F*® € S, but
F¢s.

2.5.16 Let F be the distribution on R defined by

F(z) = (#) a, x>0, (2.5.1)
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where a,b,r > 0. Show that F' € § and, if ar > 1, F® € S. [Comment.
The distribution F given in (2.5.1) is called a Burr distribution. Notice
that this distribution is Pareto-type.]

2.5.17 Let o > 2 and let F, be the Pareto mixture of exponentials with
density function f, given by

fa(z) = / o le 7 (O‘ — 1) g+ g9
(

a—1)/a a

Show that Fo(2) = aq fa—1(aaz) and, for a > 3,

Faw) = [ " Faly)dy = bafas(cas),

where

aa:a(a—2) by =

(@—1)*"

(a—1)(a—3) o = ala —3)
(=22 7 7 (a=1)(a=2)"

2.5.18 Let F, be the Pareto mixture of exponentials PME(«), where a > 1,
and let F? be the corresponding integrated tail distribution. Show that
as ¢ — 0o,

a

Fila) ~ (@) (5 1)alw<a” .

2.5.19 Let a > 2. Show that the squared coefficient of variation cv? = o2 /u?
of PME(a) is cv? = 1+ 2/(a(a — 2)).

2.5.20 Show that for the tail function Fy(z) and the density function fo(z)

of PME(2),
— 1 o
Fy(z) = 5.7 (1—(1+2z)e?")
and )
fo(z) = o (1—(1+2z+22%)e %) .
Solutions

2.5.1 For F being Erlangian use the result of Exercise 2.2.2.

2.5.2 Forz >1and zy > 1

(logzy)r _ (, . logy P
(logz)p '
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2.5.3

2.5.4

2.5.5

2.5.6

Hence for all y, passing with z — oo, the RHS tends to 1. To show that
2 + sinz is not a slowly varying function, let z, = 27n and y = 1/4.
Then

. 2 +sin(zny) 3 .. 22+sin(zpy) 1
limsup ———= = = liminf ——% = — .
z—oo 2+ sin(zy) 2 z—oo 2+ sin(xy,) 2

For the Pareto we write

where ( )a
_ 2 for0<z <1
L(m)_{l forx>1

The loggamma, case is immediately implied by Exercise 2.5.1.
Notice that from Exercise 2.1.5

mp(s) =1+ supmp=(s),
which shows that F*® is heavy tailed if and only if F is.

Suppose that lim sup,_, ., € F(z) < oo for some b > 0. Then, for some
a € (0,00), the inequality F(z) < aexp(—bz) holds for all z > 0. The
result of Exercise 2.1.6 now implies that m(sg) < oo for some sq > 0.
Thus, F' cannot be heavy-tailed.

From definition (2.2.1) of the convolution F*? we immediately get the

identity
—%*2

@ | [ Fe-y)
o = TG )

Since F(x —y)/F(z) > 1, this identity can be used to see that for each
e > 0 there exists xg > 0 such that

—%*2

for all x > xy. This means that

liminf &) 5 9.

In order to prove the second inequality, we can use the following identity

/:%F(y)dy:/Ow/2...+/;...:2/0”2%F(y)dy,
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since

/“”/2 Flz—y)
0

z/2
F(y)dy > Fy)dy =200 UF -
@) (v) y_/o () dy = o00 pF

2.5.7 Let F; and F5 denote the distributions of X; and X, respectively.
Suppose without loss of generality that ¢; > 0. Then, by Lemma, 2.5.4,
we have F; € S. Moreover, using Lemma 2.5.2 we can conclude that

]P(Xl + X5 > .'L') _ Fi x FQ(.CU)
F(x) B

as x — 00, since

Fi(z) e\
Fl(x) F(:L‘) — <1+a)cl—61 + c2

Fy(z) Fs(z) F(z) 1
Fi(r)  Flo) Fal@) 7 %e

2.5.8 We have to show that F*7(z) ~ 1 — (F(z))" as 2 — oo. Indeed, using

Theorem 2.5.3 from RSST we have
F*n(z)

1= (F(=)))"

as x — 00, since

@) F) 1
T P 1-FE@)

n

% 14+ F@) + ..+ (F@)"" =psn

2.5.9 Let F(z) = 2~ *L(x). for n = 2 use that for € < 1/2
{X1+X2 > .’L'} C {Xl > (1—€)$}U{X2 > (1—6).’L‘}U{X1 > ex, Xo > 6.’L'},
from which we have

P(X: + Xo > x)

Fi((1—€)x) + Fo((1 — €)x) + P(X; > ex, Xo > €x)
B F(z)

We now have for i = 1,2

Fi(l-ez) Fi((l-ez),. | Ll-¢z)
Fz)  F(l-ea) 1=¢) @ ald-9

Furthermore, by our assumption,

]P(Xl > GIL',XQ > 633)
— —0.
F(z)
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Hence

lim su — <c+eco.
:c—)oop F(.Z‘) = >

To prove that

use that
{Xl >.CL'}U{X2 >£U} C {X1+X2 >$L'}

from which we have

Fl(.'L') +FQ(JE) —]P(X1 >, X > .CE) < ]P(Xl + X5 > ZU) .

2.5.10 Let B
F(z)

0= T F

By the assumption §(z) — 0 for z — oo. Now notice that

—o(z) = % log (uiF / CFw) dv) .

Thus oo
1 Fv)dv=e" J5 sy,
HBF Jg
Clearly
" 8(v)d
Jo 6w} dv (;}) Yo

Now we can use e.g. Theorem 2.5.1 from RSST to conclude that F' is
heavy tailed or notice that for all € > 0, there exists xo such that

M(z) < ex, x> xg

or F(z) > exp(—ez). Since € is arbitrary, the function exp(sz)F(z)
cannot be integrable for any s > 0, and therefore F' is heavy-tailed.

2.5.11 Suppose that lim, o, F(z)/G(x) = c for some ¢ € (0,00). Then, for
each £ > 0 there exists 2¢g > 0 such that
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for all z > xo. Thus,

“F(y)d
limsupwgc.

In the same way we can show that

2.5.12 By the result of Exercise 2.5.11 we have F*® ~* G5. The statement now
follows from Lemma 2.5.4.

2.5.13 Let y € R be fixed. Without loss of generality we can assume that
y > 0. Then, using formula (2.4.6) we have

F(z) exp (— Jo m(t) dt)

where the last expression converges to 1 as * — oo provided that

Fa—y) o(-Jy “m)a) _ exp(/w m(t)dt),

2.5.14 Let X be N(a,b)-distributed, i.e. the random variable ¥ = eX is
LN(a, b)-distributed. Then, Y = e?ZV? where Z = exp((X —a)/VD) is
LN(0, 1)-distributed. Thus,

¢(log(a:e_“)1/‘/5)
z(1 — ®(log(ze=2)1/V?))

’

Fy(z) = 1-8(log(we™)'/V?),  my(2) =

where ®(z) is the standard normal distribution function with density
¢(x). Since ¢(x) ~ £(1—P(x)) as x — 00, this shows that the hazard rate
function my (x) is ultimately decreasing to 0 as x — oo. Furthermore,
in the same way as in the case of the standard lognormal distribution
LN(0,1) we can show (see Example 2 in Section 2.5.3) that

/000 exp(zmy (z))Fy(z)dz < oo.

Thus, by Theorem 2.5.7 from RSST we have LN(a, b) € S*.
2.5.15 We have



PROBABILITY DISTRIBUTIONS 31

Furthermore, F\(2") = 27 ., (3/4%) = 4™ Thus, F(2" —1)/F(2") =
4 for all n = 2,3, ... and therefore F' ¢ S by the result of Lemma 2.5.1.
On the other hand, for all n € IN and z € [27,2"+!) we have for the tail

of F*® o
— 12" —g 1
F@ =37 *)

3
and for the hazard rate function
1

mFS(.fL') = 72”4»1 . +2n .
This gives

Fs(z/2 Fs(an—t

lim sup _(x/ ) < limsup ¥ =
z—oo F® (.Z‘) n—oo FS (2”"‘1)

and lim,_, o, mps(z) = 0. Thus, by the result of Exercise 2.5.13, F* € L.
Consequently, using the identity

F2) . [ Fo(a—y)
() ‘2/0 ()

the bounded convergence theorem gives lim,_,o, (F%)*2(z)/F5(z) = 2.

2.5.16 Notice that (2.5.1) can be written in the form F(z) = L(z)z~"® for all

z > 0, where -
x€x o
L) = (b + wT)

is a slowly varying function. This means that F is a Pareto-type
distribution. Hence, by Theorem 2.5.5 from RSTT, F' € S. Assume
now that ar > 1. Then pr < oo and, by Karamata’s theorem
(see e.g. Theorem 2.5.8 in RSST), F*® is Pareto-type too. Thus, using
Theorem 2.5.5 from RSST anew, we find that F® € S. However, there
still is another way to show that F* € S. Notice that the hazard rate
function mp(z) of the Burr distribution F' is given by

.QJT_l

mp(z) = arg

Thus, limsup,_,. 2mr(z) < oo and, by Corollary 2.5.1 from RSST,
FseS.

2.5.17

Fo(z) =/ ([,_1 P (a;1> 9("+2)e9_1yd0> dy =

> a—1 @ _ - 0y p—1
— / a 0 (a 1)+2)e 0"z de .
a—1 o
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Susbtituting § = (a,) s the above equal to

(@) [ a(a_l) g (DD (ams™ g5 =

o
a—1

0 a—2 a—1 B
B a"‘/ (a_l)( 1) e

Hence

Fsa(m) = /0 Fa(y) dy = a/o fafl(aay) dy = aaflfa72(aaaa71m)-

Now aq—1 = by and aqta—1 = Cqo-

2.5.18 In the remark at the end of Section 2.5.4 in RSST it was shown that
_ a—1\" _
Fa(x)NF(a+1)( N ) ¢

as ¢ — oo. Thus, using Theorems 2.5.8 and 2.5.9a from RSST, we get
that pp, =1 and

Ta+1) (%)am_(a_l) N F(a)(a — l)ailm—(a—l) ,
a

a—1

since I'(a+1) = aI'(a). We can also get the result directly from Exercise
2.5.17. Thus

folw) = °‘<a_1) /a—le—”‘lo*a“’ de

a

o
_ a—1\* _; [*® wb-lpaf T
= —a<7>w /a_le 9 (—0—2)010.
(6]

Substituting s = z/6, the above equals to:

a

—-1\¢ T
a (a ) :1:_1/ a-1 7% ’s%ds =
« 0

- (0‘; 1>a T(a + 1)z~ @ L(z), (2.5.2)

where L(z) /1.
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2.5.19 Use formula (see e.g. RSST, Theorem 2.5.9a)

1 _ n
(an) _ n: a(a 1) )
a—n o

2.5.20 From (2.5.2)

Now from Exercise 2.2.2

2z
/ sPe ®ds = 2(1 — e 2*(1 + 22 + 227)) .
0

2.6 Quantile Plots

3 4 For an increasing and right-continuous function F(z), we define the
generalized inverse function F~'(y) by F~'(y) = inf{z: F(z) >y}.If Fisa
distribution function, then function Qr defined by Qr(y) = F~1(y) is called
the quantile function of F. For a sequence of sample variables {U;,1 < i < n},
the empirical distribution F, is defined by

Fp(z) =n "max {i: Uy < =z}

for all z € R. Consider the quantile function @, (y) = QF, (y) of the empirical
distribution F,,. Then, for the ordered sample Uy < Uy < ... < Uy we
have

{Qny) =Uw} ={(k—)n"' <y <kn~'}

and a continuity-corrected quantil plot will graph the points

{(Qr(k/(n+1)),Unw),1 <k <n}.

Exercises
2.6.1 Show that the continuity-corrected quantile plot of the exponential
distribution F' = Exp(}) is given by

_ k

3 Should we add some further exercises to this section? (VS) We have no exercises on heavy
tailed distributions. TR
4 Add solutions.
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2.6.2 Consider the model of Exercise 2.6.1 and the least-squares statistic A1
for A, which minimizes >>p_; (U + A tlog(1—k/(n+ 1)))2. Show
that A\~1 is given by

A = 3 U Qalk/ i+ 1)/ 3 (Qak/n+ 1)),
k=1 k=1

where G(z) = 1 —exp(—=) is the distribution function of the (standard)
exponential distribution.

2.6.3 Show that the normal distribution N(u,0?) has the quantile function
Qy) = u+ c® (y), where ®~1(y) is the quantile function of the
standard normal distribution N(0, 1).

2.6.4 Show how the parameters p and o of the normal distribution N(u,o?)
can be estimated from the quantil plot

{(@7"(k/(n+1)),Ux)), 1 <k<n}.
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Premiums and Ordering of
Risks

3.1 Premium Calculation Principles

In actuarial applications, a nonnegative random variable X is frequently called
a risk. Consider a certain family of risks X. A premium calculation principle
is a rule that determines the premium as a functional, assigning a value
II(Fx) € R U {£oo} to the risk distribution Fx. Following our notational
convention we usually write II(X) instead of II( Flx ). For example, the simplest
premium principle is the (pure) net premium principle II{X) = IE X provided
that E X < oo. In general, however, the difference II(X) — E X is called the
safety loading.

For somea > 0,p > 1and 0 < € < 1, further premium calculation principles
are the

e expected value principle
IX)=1+aEX, (3.1.1)

e variance principle
II(X)=EX +aVar X, (3.1.2)

e standard deviation principle
I(X)=EX +avVar X, (3.1.3)
o modified variance principle

[ EX+aVarX/EX ifEX >0,
I(X) —{ 0 FEXZ0 (3.1.4)

e exponential principle
I(X) =a 'logEe™*, (3.1.5)



36
o risk-adjusted principle
e = [ (1= () da, (3.1.6)
0

e c-quantile principle
II(X)=Fy'(1-¢), (3.1.7)

e absolute deviation principle
I(X)=EX +akx, (3.1.8)

where kx = E|X — F5'(1/2)| is the expected absolute deviation from the
median Fy'(1/2) of X.

Let X,Y, Z be arbitrary risks for which the premiums below are well-defined
and finite. We have the following list of desirable properties:

no unjustified safety loading if, for all constants a > 0, II(a) = a,
proportionality if, for all constants a > 0, [I(aX) = all(X),
subadditivity if II(X +Y) <II(X) +II(Y),

additivity if II(X +Y) = II(X) + II(Y),

consistency if, for all a > 0, II(X + a) = II(X) + a,

monotonicity under stochastic order if X <g Y implies II(X) < II(Y),
compatibility under mizing if, for all p € [0,1] and for all Z, II(X) =
implies Il(pFx + (1 — p)Fz) = U(pFy + (1 — p)Fz).

n(y)

A function v : (b1,b2) = R which is increasing and concave on a certain
interval (b1,b2) C R is called a wtility function. A function w : (b1,b2) > R
which is increasing and convex on (b1, bs) is called a loss function.

Exercises

3.1.1 Show that for the variance principle, II(X +Y") < II(X) + II(Y") holds if
X and Y are negatively correlated, where the equality holds if and only
if X and Y are uncorrelated.

3.1.2 Show that the standard deviation principle and the modified variance
principle are proportional. Moreover, show that these two principles are
subadditive provided that Cov(X,Y) <0.

3.1.3 Find an example which shows that for the premium calculation prin-
ciples given by (3.1.2)—(3.1.4), the inequality II(X) < II(Y) does not
always follow from Fx <g Fy.

3.1.4 Let the risk X be I'(b, A)-distributed. Determine the premium II(X)
using the premium calculation principles given by (3.1.1)—(3.1.5) and
(3.1.8), respectively.
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3.1.5 Show that for the expected absolute deviation from the median, kx v <
kx + ky for all nonnegative random variables X,Y such that E X < oo
and EY < oo. Conclude from this that the absolute deviation principle
is subadditive. [Hint. Use the result of Exercise 2.1.3.]

3.1.6 Show that the absolute deviation principle is proportional and consist-
ent.

3.1.7 Show that the risk-adjusted principle has nonnegative safety loading,
but no unjustified safety loading. Moreover, show that this principle is
proportional, consistent, and monotone with respect to stochastic or-
dering of risks.

3.1.8 Let a > 0 and let X be a nonnegative random variable such that
Ee®™ < oo. Show that for the exponential utility function v(z) =
(1 —e ") /a, the solution to the equation

E (v(II(X) — X)) = v(0) (3.1.9)
is given by II(X) = a ! log Ee®X.
3.1.9 Show that the exponential principle is additive for independent risks.

3.1.10 Show that the solution to (3.1.9), i.e. the zero utility premium, does not
change if, instead of v(x), the linear transform av(x) + b is considered;
a>0andbeR.

3.1.11 Consider a premium calculation principle IT which is compatible under
mixing. Show that

1($nr) = (S0
i=1 =1

holds provided that II(Fx,) = I(Fy,), 0 < p; < lforalli=1,...,n
and Z?:l pi = 1.

Solutions

3.1.1 Recall that
EX+Y)=EX+EY (3.1.10)

and
Var (X +Y) = Var X 4+ VarY + 2Cov(X,Y). (3.1.11)

Thus, Var (X +Y) < Var X 4+ VarY if and only if Cov(X,Y) < 0, and
Var (X +Y) =Var X + VarY if and only if Cov(X,Y) = 0.
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3.1.2 Proportionality is easily obtained, since E (cX) = ¢E X and Var (cX) =
c?Var X for all ¢ € R. Suppose now that Cov(X,Y) < 0. Then, using
(3.1.10) and (3.1.11), we have for the standard deviation principle

E(X+Y)+ay/Var (X +Y)
EX+EY +avVarX + VarY

(EX +aVVarX) + (EY + aVVarY)
II(X) + II(Y),

(X +)

INIA

and for the modified variance principle

Var (X +7)

E(X+Y)

Var X + VarY
EX+EY

)+ (BY +a

(X +7)

E(X+Y)+a

< EX+EY +a

Var X
(EX+aEX
= I(X)+ (V)

IA

)

provided that EXEY > 0. f EX = 0 or EY = 0, then obviously
(X +Y) =1(X) + II(Y).

3.1.3 Let X have the uniform distribution U(0, b) for some b > 0 andlet Y = ¢
for some constant ¢ > 0. Then X < Y if b < ¢. But the inequality

II(X) < II(Y) (3.1.12)

does not hold for the premium calculation principles given by (3.1.2)-
(3.1.4) provided that the constants a,b, ¢ > 0 are appropriately chosen.
Indeed, (3.1.12) does not hold for the variance principle if a > 6(2¢ —
b)b~2, for the standard deviation principle if a > v/12(2¢ — b)/(2b), and
for the modified variance principle if a > 3(2¢ — b)b~1.

3.1.4 We have EX = bA~!, Var X = bA~2, EeX = (A/(A —a))’ for a < A,
and kx = E|X — Fx'(1/2)] = ... ! Thus, I(X) = (1 + a)b/X for the
expected value principle, IT(X) = (A+a)bA~?2 for the variance principle,
I(X) = (b+ avb)A~! for the standard deviation principle, II(X) =
(b+a)A~! for the modified variance principle, II(X) = a=! (A/(A — a))b
for the exponential principle, II(X) = ... 2 for the absolute deviation
principle.

T Complete the solution.
2 Complete the solution.
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3.1.5

3.1.6

3.1.7

Suppose that EX < oo and EY < oo. Then, by the result of
Exercise 2.1.3, we have
kxty = E[X+Y —Fyi,(1/2)
E|X +Y - Fy'(1/2) - Fy' (1/2)]
E|X - F{'(1/2)| + E|Y — F7'(1/2)|

Kx + Ky .

IA A

Using (3.1.10), this shows that the absolute deviation principle is
subadditive.

For a > 0 we have E (aX) = ¢E X and
koex = ElaX —F,}(1/2)| =E|aX —aFyx'(1/2)]
= aE|X - Fx'(1/2)| = akx -

Thus, the absolute deviation principle is proportional. The proof of
consistency is analogous.

Notice that for p > 1

/00(1 —FX(w))l/pd:L' > /00(1 — Fx(z))dz =EX,
0 0

which means that the risk-adjusted principle has nonnegative safety

loading. If X = ¢ for some constant ¢ > 0, then [;~ (1 - Fx(z)) Py =
¢. Thus, there is no unjustified safety loading. Moreover, for each a > 0,
we have

M(aX)

/oo(l—FaX(a:))l/pdx = /00(1 —FX(x/a))l/pdw
0 0

— a/oo(1 — Fx(y))"? dy = aTI(X),
0

which shows proportionality. In order to show consistency, notice that

/oo (1-— FX_a(ac))l/p dx
0

= a+/00(1—FX_a(w))l/pdx=a+H(X).

(X +a)

Let now X,Y be two nonnegative random variables such that X <g Y.
Then, obviously,

T(X) = /000(1 — Fx(z))/"dz < /000(1 — Fy(2))/Pde =TI(Y) .
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3.1.8 For v(z) = (1 — e~**)/a, equation (3.1.9) takes the form
E (a1 (1 - exp(~a(II(X) - X))) =0,
which is equivalent to II(X) = a~! log Ee®X.

3.1.9 Let the random variables X,Y be nonnegative, independent and such
that IE e*X+Y) < oo for some a > 0. Then,

Eea(X+Y) -k (eaXan) — EeaXEan .
Thus,

a 'log EeXX+Y)

= allogEe™® +allogEe® =II(X) +I(Y).

(X +)

3.1.10 From the linearity properties of the expectation we get that (3.1.9) is
equivalent to E (av(II(X) — X) + b) = av(0) + b.

3.1.11 We have

H(ipiFX,-) = H((l _pn)(l jpn nzlpiFXi) +pnFX")
i=1 =1
n—1

= m(-p)(2 - SonFx) +pF,)
™ i=1

1 n—2
= (- g (CnF 4 5B ) + o, )
1

1 —Pn-1 i—
1 n—2
= H((l —Pn—l)l_ipl(ZPin,- +pnFYn) +pn—1FYn_1)
T =1

" (i piFyi) .
=1

3.2 Ordering of Distributions

The notion of stochastic order mentioned in Section 2.4 is equivalent to the
following integral version of stochastic ordering. Besides this, we consider two
further integral orderings.
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Let X,Y be two real-valued random variables. We say that X is
stochastically dominated by (or stochastically smaller than) ¥ and we write
X <4 Y if for all increasing functions g : IR — R

Eg(X)<Eg(Y), (3.2.1)

provided the expectations E g(X),E g(Y) exist and are finite.

Assume that EX,EY, < oo, where z; = max{0,z}. We say that X
is smaller than Y in stop-loss order and we write X <g Y if (3.2.1) holds
for all increasing convex functions g : R — IR provided the expectations
Eg(X),Eg(Y) exist and are finite.

Assume that E(—X);,E(-Y); < oo. We say that X is smaller than
Y in increasing-concave order and we write X <jev Y if (3.2.1) holds for
all increasing concave functions ¢ : IR — IR provided the expectations
Eg(X),Eg(Y) exist and are finite.

Exercises

3.2.1 Show that the absolute deviation principle is monotone with respect to
stochastic ordering of risks.

3.2.2 Let the random variables X,V be stochastically ordered, i.e. X < Y.
Show that Fx(z) < Fy(z) on an interval of positive length provided
that FX 75 Fy.

3.2.3 Let F and F' be two distributions on IN with probability functions
{pr,k € IN} and {p), k € IN} respectively. Show that F' <g F' if and

only if
o oo
d.pi<) Py keN
=k =k

and also if and only if, for each increasing sequence g = (g1, g2, - - -),
oo oo
> pigi <) _¥ig-
=0 =0

3.2.4 Let b € (0,00) be fixed. Show that for each distribution F on [0, )]
there exist two sequences of discrete distributions {F; } and {F,}'} with
finitely many atoms such that F, <g F <g F,;} and

lim ( / b c(z) AFF (z) — / b c(z) dF; (a:)) =0,
0

n—oQ 0

where the function ¢ : [0,b] = R} is continuous and increasing.



42

3.2.5 Show that the following statements are equivalent:
(a‘) X SSI Y;
(b) [F*Fx(y)dy < [“Fy(y)dy forallzeR,
(¢) Emax{X,z} <E max{Y,z} forallz € R.

3.2.6 All orderings considered in Section 3.2 belong to the class of integral
orderings. That is, for some class H of functions A : R — R, we say
that F' <4 G holds for two distributions F' and G if

/ T h) dFE) < / ~ hdc)

for all h € H provided the integrals in this inequality exist. Assume
that the functions belonging to H are increasing and have the following
invariance property: if h € H, then the shifted function h(-) =
h(- + t) also belongs to H for each ¢ € R. (Note that the classes
of increasing, increasing and convex, increasing and concave functions
considered in the definition of the orderings <g;, <g and <., possess
these monotonicity and invariance properties.) Show that the following
properties (a) and (b) hold for each integral ordering:

(a) 0z <91 6y if and only if 2 < y.

(b) If X; is independent of X, Y; is independent of Y, X; <% Y1 and
Xo <4 Ys then X1 + Xo <y Y1 + Ys.

3.2.7 Let X,Y have the distributions Bin(n, p) and Poi(np) respectively. Show
that X <sl Y.

3.2.8 Let X,Y have the distributions Poi(A) and NB(a, A/(a + A)), where
a € IN. Show that X <y Y.

3.2.9 For each t > 0, let X; have the ditribution I'(¢,A/t). Show that
X <g1 Xiqp forall A > 0.

3.2.10 Let X and Y be absolutely continuous random variables with px < py.
Assume that the difference fy (¢t) — fx () of the densities fx(t), fy (¢)
changes the sign twice, say at t1,t2 € R with ¢; < t3, where
fy(t) — fx(t) > 0 for all ¢ > t5. Show that then X <y Y. Moreover,
show that X <g; Y does not hold unless F'x = Fy.

3.2.11 Let X and Y be normally distributed random variables with ux < py
and 0% < o%. Show that X <q Y.

3.2.12 Let X and Y have the distributions LN(ax,bx) and LN(ay,by)
respectively, where ax < ay and bx < by. Show that X <4 Y.

3.2.13 Let X and Y have the distributions W(rx,cx) and W(ry,cy) with
rx >ry,and let EX <EY. Show that X <4 Y.
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3.2.14 Let a > 0 and consider the utility function v(z) = 1 —e~%*. Show that
there exists an increasing and right-continuous function 7(t) such that

oo

v(z) = v(400) — / (t — )3 dn(t), z>0
— 00

and [ t*dn(t) < oo, where (t —z)3 = ((t — z)4)?. [Comment. An

utility function whith this property is called 2-concave.]

Solutions

3.2.1 Let X <4 Y. Then, by Theorem 3.2.1, there exists a probability space
and nonnegative random variables X', Z' on it such that X £ X’ and

Y £ X' + Z'. This implies that EX < EY and, using the result of
Exercise 3.1.5, kx < ky. Thus, II(X) <II(Y) holds.

3.2.2 Recall that, by Theorem 3.2.1, X < Y means that Fx(z) < Fy(z)
for all z € R. Suppose now that the set B = {z : Fx(z) = Fy(z)}
is everywhere dense in IR. Then, for each zg € IR there exists a
decreasing sequence {z,} C B such that zy = lim, ,c Zn. Thus,
Fx(zo) = limy o0 Fx (%) = limy o0 Fy(zn) = Fy(20), which is a
contradiction to the assumption that Fxy # Fy.

3.2.3 The assertions immediately follow from Theorem 3.2.1.
3.2.4 Define the distributions {F,,; } and {F,J} by F,; (z) = F((k+1)/n) and

Fi(z) = F(k/n) if x € [k/n,(k + 1)/n). Then, by Theorem 3.2.1, we
have F,; <4 F <g F,f. Furthermore,

b b
/ o(z) dFF (2) - / o(z) dF; (2)
0 0
lbn]+1

= > ck/n)(F(k/n) = F((k = 1)/n)) + ¢(0)F(0)
k=1
[bn]
= c(k/n)(F((k +1)/n) = F(k)/n)) + c(0)F(1/n)
k=1

Lbn)

= > (e((k+1)/n) — clk/n)) (F((k + 1)/n) — F(k)/n))
k=1

< Osrglsaflch (c((k +1)/n) — c(k/n)) ,

where the last expression converges to zero as n — 00, since the function
¢(z) is uniformly continuous on the interval [0, b].
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3.2.5 The equivalence of statements (a) and (b) is shown in Theorem 3.2.2.
In order to prove that (b) and (c) are equivalent, notice that

0 ift<z

and, by the result of Exercise 2.1.1,

e8] 0
E max{X,z} = / Fnax{x,2}(t) dt — / Frrax{x,z}(t) dt.
0 —0o0
Thus,
© J—
E max{X,z} = z + / Fx () dt
for all z € R, which shows that (b) and (c) are equivalent.

3.2.6 Let h € H and z € IR. Then h(z) = fix;o h(t) dd,(t). Since h(z) is an
arbitrary increasing function, this shows that d, <4 d, if and only if
z < y. Assume now that the conditions of statement (b) are fulfilled.
Then, for each h € H,

/ h(t) dFx, x, (1) = / nee) / d,Fx, (t — v) dFx, (v))

— / / h(t +v) dFx, (£) dFx, (v)

< // (t +v)dFy, (t)dFx, (v // (t+v) dFx, (v) dFy, (t)

//h (t +v) dFy, (v) dFy, (t) /h ) dFy, 4y, () .

IA

3.2.7 By the results of Exercises 2.2.1 and 3.2.6, it suffices to consider the case
n = 1. In this case we have 1 — p < e P and therefore Fx (t) < Fy (t) for
all t <1 and Fx(t) > Fy(t) for all ¢ > 1. Furthermore, EX = EY. By
the one-cut criterion given in Theorem 3.2.4, this implies that X <g Y.

3.2.8 Let us first consider the case @ = 1. Then, we have to compare the
distributions Poi(A) and NB(1,A/(1 4+ X)) = Geo(A/(1 — X)). Since the
function g : IN — IR given by

A Ak
glk) = e g - (/\—H) 1+
changes the sign twice, where g(k) < 0 for all sufficiently large k, we
get that there exists to > 0 such that Fix(t) < Fy(¢) for all ¢ < ¢y and
Fx(t) > Fy(t) for all t > to. Thus, by Theorem 3.2.4, we have X < Y.
Using the results of Exercises 2.2.1 and 3.2.6, we conclude that X < Y
holds for all o € IN'\ {0}.
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3.2.9 Notice that by the result of Exercise 2.2.1 we have
T+ h,A/(t+h)) =T#A/(t+h)*xT(h,A/(t+h)). (3.2.2)

Using the one-cut criterion given in Theorem 3.2.4, it is easily seen that
L(t,A/(t + h)) is larger than I'(¢,A\/t) in stop-loss order. Furthermore,
it is obvious that I'(h, A/(t + h)) is larger than &y. Thus, using (3.2.2)
and the result of Exercise 3.2.6, we get that I'(¢ + h, \/(t + h)) is larger
than I'(¢, A/t) in stop-loss order.

3.2.10 From our assumptions we have Fx(t) — Fy(t) < 0 for ¢t < t; and
Fx(t) — Fy(t) > 0 for t¢ > to. Since the function Fx(t) — Fy (¢) is
continuous, there exists a smallest tg € [t1,t2] such that Fx (o) =
Fy (to). Hence, Fx(t) < Fy(t) for all t < to and Fx(t) > Fy(t) for
all t > ty. By Theorem 3.2.4, this implies that X <g Y. Furthermore,
by the result of Exercise 2.1.1, the inequality px < py implies that
Fx(t) = Fy(t) for all t > tg if Fix(t) = Fy(t) for all ¢t < to. Suppose
now that Fx (t') < Fy(t') for some ¢’ < to. Since distribution functions
are right-continuous, there exists e > 0 such that Fx(t) < Fy(t) for all
t e [tt' +¢). By ux < py, this implies that Fx(t) > Fy(t) for some
t > to. Thus X <4 Y does not hold.

3.2.11 The inequalities px < py or o% < o¥ imply that, for densities fx(t)
and fy(t) of X and Y, there exist ¢1,t2 € IR such that ¢, < t2 and
f)((t) < fy(t) ifte (—OO,tl) U (tQ,OO), and fx(t) > fy(t) ift e (tl,tQ).
Thus, by the result of Exercise 3.2.10, we get that X <q Y.

3.2.12 Recall that X = X and Y = e¥', where X’ and V' have the normal
distributions N(ax,bx) and N(ay, by ) respectively. Furthermore, notice
that the function g(t) = e’ is increasing and convex and that the
superposition of increasing and convex functions is an increasing and
convex function. Thus, by the result of Exercise 3.2.11, we have X <4 Y.

3.2.13 Since F'x(t) = exp(—cxt™) and Fy () = exp(—cyt™ ), there exists
to € IR such that Fx(t) < Fy(t) for all ¢t < to and Fx(t) > Fy(t) for
all ¢t > tg. By the one-cut criterion given in Theorem 3.2.4, this implies
that X <sl Y.

3.2.14 We show that there exists a differentiable function f : Ry — IR such
that

607 — /oo(t )2 f () dt

holds for all z > 0. Notice that this equation is equivalent to

1 =/ eVt f(t + ) dt, z>0. (3.2.3)
0
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Differentiating both sides of (3.2.3) with respect to z, we arrive at the
differential eugation

af®)+ @) =0, t>0.

This means that f(t) = exp(—at + ¢) for some ¢ € R. Inserting this
solution into (3.2.3), we see that ¢ = log2 — 3loga.

3.3 Some Aspects of Reinsurance

A reinsurance contract specifies the part X — h(X) of the claim amount X
which has to be compensated by the reinsurer, after taking off the retained
amount h(X). Here h : Ry — IR, the retention function, is assumed to have
the following properties:

e h(z) and z — h(z) are increasing,
e 0 < h(z) < z and in particular h(0) = 0.

It is reasonable to suppose that both the retention function h(z) and the
compensation function k(z) = z — h(z) are increasing, i.e. with the growing
claim amount, both parts contribute more. Possible choices of retention
functions h(zx) are

e h(z) = ax for the proportional contract, where 0 < a < 1,
e h(z) = min{a,z} for the stop-loss contract, where a > 0.

For a given risk X, a reinsurance contract with retention function h(z) is said
to be compatible with respect to a premium calculation principle IT if

TI(X) = (A(X)) + II(X — h(X)).

Consider risks of the form X = Efil Ui, where N is an IN-valued random
variable and where the nonnegative random variables U; are interpreted as
local risks. We can model local reinsurance with local retention functions h;(x)
as follows: for the i-th claim of size U; the part U; — h;(U;) is carried by the
reinsurer. The local retention functions h;(z) are assumed to have the same
properties as their global alternatives h(x). Consider the corresponding local
compensation functions k;(z) = x — h;(z) and define the function k(z) by

k(z) = E (i ki(Us) | X = x) (3.3.1)

It would be useful if k(z) would be a (global) compensation function; see
Theorem 3.3.1. Unfortunately, there exist examples, which show that this is



PREMIUMS AND ORDERING OF RISKS 47

not always the case. In Theorem 3.3.2 we showed that the function k(z) defined
in (3.3.1) is a compensation function if the local risks U; have absolutely
continuous distributions with PFy densities. Here a function f : R — Ry is
said to be a Pdlya frequency function of order 2, or PFy for short, if

fxr—y1) flz1—y2)
det ( f(.CL’Q B y1) f(IIIQ B yz) ) >0 (3.3.2)

whenever 1 < x5 and y; < yo.

Exercises

3.3.1 Assume that the claim amount X is I'(2, A)-distributed and partially
compensated by an reinsurer via a stop-loss contract with retention level
a, where a = 60000 and A = 0.00007. Compute

(a) the conditional expectation of X given that the claim is not reported
to the reinsurer,

(b) the expected claim amount compensated by the reinsurer, given that
the claim is reported to the reinsurer.

3.3.2 Let X be a nonnegative random variable. Consider two continuous
retention functions hj(x) and ho(z), where h;(x) is strictly increasing
for x € (0,z;) and constant for z € (z;,00); 0 < z; < 0. Assume
Ehi(X) < Ehy(X) and there exists o € [0,00) such that hy(z) >
ha(z) for x € (0,20) and hi(z) < ho(z) for € (x9,00). Show that
h1(X) <g h2(X). [Hint. Use Theorem 3.2.4.]

3.3.3 Let X be an arbitrary nonnegative random variable. For 8 > 0, n > 2
and for fixed numbers z1,z2,...,2, with 0 < ;1 < ... < x,, consider
the family of retention functions h(z) such that EA(X) = 8 and
h(z) = Y1, ai(z;—(z;—x)4) for some ay, . .., a, > 0with 37 a; < 1.
Show that, for any loss function w : R — IR, the retention function

h(x) = azr — (2 — 2)4) + (1 = a)(@h41 — (@rp1 — 2)4)

minimizes the expected loss Ew(h(X)), where k = min{i : z;41 > b}
with b > 0 being the solution to § = E(X — b); and a € (0,1) such
that E h*(X) = . [Hint. Use the result of Exercise 3.3.2.]

3.3.4 Show that the proportional contract is compatible with respect to the
expected value and standard deviation principles.

3.3.5 Assume that the function f : IR — R, is PFy. Show that f(z) is either
everywhere 0 or has the following properties:
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(a) f(z) is strictly positive on a (finite or infinite) interval I C R and 0
on I°.
(b) f(z+1t)/f(z) is decreasing in z on the interval I, for each ¢ > 0.

Moreover, show that each function f : IR — R4, which has the
properties (a) and (b), is PFs.

3.3.6 Show that the densities of the following distributions are PFa:

(a) the density of the gamma distribution I'(a, A) for a > 1,
(b) the density of the uniform distribution Uf(a, b) for a < b,
(c) the density of the Weibull distribution W(r, ¢) for r > 1.

[Hint. Use the result of Exercise 3.3.5.]

3.3.7 Let F be an absolutely continuous distribution on IRy with density
f. Show: if F' is PF, then F' is IHR. [Hint. Show that the reciprocal
hazard rate function (m(z))~! = F(x)/f(x) is decreasing on the interval

I={z:f(z)>0}]

3.3.8 If the tail function F(z) of a nonnegative random variable X is PFs,
then F is IHR. [Hint. Use Theorem 2.4.2 and the result of Exercise 3.3.5.]

Solutions

3.3.1 For the expected claim amount E (X | X < a) given that the claim is
not reported to the reinsurer, we have

a
/ e M dy
J0 0000000
= .
/ ze M dx
0

a
/ 22e” M dz = 2073(1 —e79) — 20" 2ge7 M — \"lgZe A
0

E(X|X<a)=

Integration by parts gives

and u
/ re M dz = A72(1 —e M) — —A"lge7 e,
0

Thus, inserting a = 60000 and A = 0.00007, we find that E (X | X <
a) =~ 24473. Furthermore,

E(X|X>aq= EX"EXIX <o) 27— Jy ale " do
N 1-P(X <a) B 1— [y ze=?*dx

This yields the value E (X | X > a) ~ 17033.
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3.3.2

3.3.3

3.3.4

Let z; > 0 be the smallest number such that hi(z) > ha(z) for
z € (0,z4) and hi(z) < ha(z) for z € (x),00). Notice that zo > xj.
Put tg = ha(z{)- Then, for each t € (0,t,) there exists z € (0, ;) such
that ¢t = hy(z) and

P(hy(X) <t) =P (hy(X) < ha(z))
> P(ha(X) < ho(z)) =P(X < z) = P(h(X) < ()
= P(h(X) <t

Furthermore, put t2 = ha(x2). Then, for each ¢ € (to,t2) there exists
z € (4, z2) such that ¢t = ho(z) and
P(h2(X) > t) = P(h2(X) > ha(z))
= PX >2z) =P(hi(X) > hi(2))
> P(hi(X) > ha(z)) = P(h(X) > 1).
Notice also that P(ha(X) > t) = P(hi(X) > t) = 0 for t € (t2,00).
Thus, the one-cut criterion of Theorem 3.2.4 is fulfilled.

We have to show that h*(z) <g h(X). Notice that the retention
functions h(z) and h*(z) are continuous and piecewise differentiable
with
D i G if ¢ < xq,
h(l)(w) = Z?:j-f-l a; if T; < T < Tjtl,
0 if £ > x,,
and
1 if x < xy,
D)=L 1—a ifz, <2z <Tpyr,
0 ifx>xp.
Thus, it is enough to show that hq(z) = h*(z) and hao(z) = h(z) satisfy
the assumptions of Exercise 3.3.2. 3

Consider the retention function h(z) = ax, where 0 < a < 1. Then, for
the expected value principle II(X) = (1 + b)E X with b > 0, we have

(X)) + (X — k(X)) = (1+b)(E@X)+E(X —aX))
(1+b)EX =II(X).

Moreover, for the standard deviation principle II(X) = IE X + bv/Var X
with b > 0, we have

II(h(X)) + II{(X — h(X))

= E(aX)+by/Var(aX)+ E(X —aX) + by/Var (X —aX)
= EX+bv/Var X =1I(X).

3 Complete the solution.
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3.3.5

3.3.6

3.3.7

3.3.8

Let f be PF,. Suppose that f(x) > 0 for some z € IR and f(z') = 0 for
some ' < x. Without loss of generality we can assume that z = 0. Let
22 = y; and 1 — y1 = 2’ < 0. Then, (3.3.2) implies that

f(@) f(z2 —y2) > f(2")f(0)

for all " < z'. Thus, f(z") = 0 for all "' < z'. In other words, if
FW)f") > 0 for some y' < y”, then f(y) > 0 for all y € [y',y"]. This
shows that f(y) is strictly positive on some interval and 0 otherwise.
Furthermore, if we put 20 —y2s = x +t, 21—y = ¢, T2 —y1 = ' + 1,
x1 —y1 = ' for x < ', then (3.3.2) implies that

f@)f@+t) > f(@)f(a" +1). (3.3.3)
This means that f(z + t)/f(z) is decreasing in = on the interval
I = {x : f(z) > 0}. Suppose now that f : R — R, is a function
with properties (a) and (b). Then, (3.3.3) holds for z,z' + ¢t € I. Notice
that, otherwise, (3.3.3) is obviously fulfilled since the right-hand side
vanishes in this case. Thus, (3.3.2) holds.

Let a > 1 and

[ Xezo~le=?®/T(a) ifz >0,
f(=) = { 0 otherwise.

Then, for ¢,z > 0, we have

flx+t) <:17 + t)a—le,”
flz) V2
which is decreasing in £ > 0. Thus, by the result of Exercise 3.3.5, the

density of T'(a, A) is PFs. In the same way we get that the densities of
U(a,b) and W(r,c) are PF,.

Notice that

-1 _ flz+1)
(m(z))™ = /{t:f(t)>0} I(x < t) @) dt.

For each t fixed, the integrand is decreasing in x by the result of
Exercise 3.3.5. Thus, (m(z))~! is decreasing.

Let F(z) be PF,. Consider the residual hazard distribution function
Fi(z) =P(X —t <z | X >t)for t >0 such that F(t) < 1. Notice that
_F(t+x)

F(t)

Thus, by the result of Exercise 3.3.5, Fy(x) is decreasing in ¢ for each
z > 0. By Theorem 2.4.2, this implies that F' is THR.

Ft(a:) =1
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Distributions of Aggregate
Claim Amount

4.1 Individual and Collective Model

Two models are considered:

o Individual model. Consider a portfolio consisting of n policies with
individual risks Uy,...,U,. We assume that the nonnegative random
variables Uj,...,U, are independent, but not necessarily identically
distributed. Let the distribution Fy, of U; be the mixture Fy, = (1—0;)d0+
0;Fy,, where 0 < 6; < 1 and where Fy, is the distribution of a (strictly)

positive random variable V;, i = 1,...,n. The aggregate claim amount in
this model, is X' = Y7 | U; with distribution Fy, ... Fy,. A portfolio
is called homogeneous if Fy, = ... = Fy, .

e Collective model. A portfolio consists of a number of anonymous policies
which we do not observe separately. The total number N of claims occurring
in a given period is random, where we assume that P(N > 0) > 0. Further,
the claim sizes U; are (strictly) positive and are assumed to form a sequence
Uy,Us,,... of independent and identically distributed random variables.
We also assume that the sequence Up,Us,... of individual claim sizes is
independent of the claim number N. The aggregate claim amount is the
random variable X! = Efil U;. Here and throughout the whole Teacher’s

Manual we use the convention that 2?21 U; =0.
Exercises
4.1.1 Show that for the individual model
E Xnd = i OEV;, Var Xnd = i 0,~Varv,-+i 0;(1—6,)(EV;)?.
i=1 i=1 i=1
4.1.2 Show that for the collective model
EX® =ENEU, Var X! = Var N(EU)? + ENVar U,
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1
CV§(001 = CV%V + —ENCV?].

4.1.3 Consider the aggregate claim amount X! = Efil U; in the collective
model. Assume that N has the Poisson distribution Poi()\) and Uj; is
Exp(d)-distributed. Determine the premium IT(X°°!) using the premium
calculation principles given by (3.1.1)—(3.1.4).

4.1.4 Assume that the aggregate claim amount per year for a certain class
of motorists can be modelled by the random variable X! = Efil Us,
where N is Poi()\)-distributed and U; is LN(ay, by)-distributed with
A = 03, ay = 6.8, by = 1.8. An insurance company offers to
insure the motorists subject to a local stop-loss contract with retention
level a = 1000. Compute expectation and variance of the claim
amount compensated per year by the insurer. [Hint. Use the result of
Exercise 4.1.2.]

4.1.5 Let Uy,Us,... and Uj{,Uj,... be two sequences of independent and
identically distributed nonnegative random variables. Show that the
following comparability properties hold:

(a) if U <o U’ then 3°7_, U; <g >-;_, U; for each n > 1,
(b) If U <q U’ then 27:1 U; <a Z?:l U; for each n > 1.

4.1.6 (Continuation) Consider the function f(n) = E (3i_, U; —z), for
some z > 0 and assume that EU < oo. Show that f(0), f(1),... is
a convex sequence, that is f(n +m) > f(n) + f(m) and f(n) > nf(1)
for all n,m > 0.

4.1.7 Consider the aggregate claim amount X! = Efil U; in the collective
model. Show that B (Y~ U; — ), > ENE (U — z), for all 2 > 0.

Solutions

4.1.1 The first formula immediately follows from (3.1.10) and from the
definition of the expectation given in Section 2.1. In order to prove
the second formula we use (3.1.11) to get Var X'*d = Y"""  Var U;, since
Ui,...,U, are independent. Notice now that

VarU; = EU? - (EU;)? = ,EV? - 62(EV;)?
0;VarV; + 0,'(1 — 61)(E Vz)2 .

4.1.2 The first formula easily follows from the law of total probability. Indeed,

o0
EX® = Y E(X“|N=nPN =n)

n=0
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i E (i U,-)]P(N =n)

EUY nP(N=n)=ENEU.
n=0

Similarly,
o> n 2
Var X = Y E (Z U,-) P(N = n) — (ENEU)?
n=0 i=1
= Y (nEU? +n(n-1)(EV)*)P(N =n) - (ENEU)?
n=0

= VarN(EU)’+ENVarU.
The formula for the squared coefficient of variation follows immediately.

4.1.3 By the result of Exercise 4.1.2, we have IE X = )\/§ and Var X' =
2)/6%. Thus, TI(X!) = (1 + a)A/d for the expected value principle,
(X = X/d + 2a)/§? for the variance principle, I[(X) = (X +
av/2)) /6 for the standard deviation principle, TI(X ') = (X + 2a)/ for
the modified variance principle.

4.1.4 Notice that the claim amount X compensated per year by the insurer is
given by X = Eé\;l(Ui —a)+. Let f(t) denote the density of U. Then,

E(U—a), = /Oo(t _ a) f(t) dt ~ 3875.13

a

and
o0

E (U —a)} = / (t—a)? f(t)dt ~ 5.17242 - 108.

a

Moreover, EN = Var N = A. Thus, by the result of Exercise 4.1.2
EX =)ME (U —a)4 =~ 1162.54

and
Var X = AE (U — a)} ~ 1.55173-10°.

4.1.5 We use induction with respect to n. For n = 1, statement (a) is obviously
true. Let now U <y U’ and suppose that (a) holds for some n > 1. Then,
for each increasing function g : R —+ R

n+1

Bo( ) = [ wo(L i) ar.)
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< /wEg(ZU{H)dFUHH(t)
0 i=1
< [ Eg(i:zlvﬁt)dFv;ﬂ(t)
n+1

= Eg(;Ui’),

since the functions g1(z) = g(z +t) and g2(z) = Eg(Xj_, U} + ) are
increasing. The proof of (b) is analogous.

4.1.6 Notice that (a +b—2)4+ > (a —z)4 + (b —z)4 for all a,b,z > 0. Thus,
the linearity of expectation implies that

n+m
fln+m) = E ZU,-—;E)+

i=1

(
> ]E(ZUi—a:)++]E( i Uz-—a:)+

i=1 i=n+1
= fn)+ f(m)
for arbitrary n,m > 1. The inequality f(n) > nf(1) now follows by

induction.

4.1.7 By the result of Exercise 4.1.6, the law of total probability gives

N [e’s) n
E(;Ui—w)Jr - ;E(;Ui—w)JrP(N:n)

> E(U—x)+in]P(N:n)
n=1

= ENEU -1),.

4.2 Compound Distributions

Let N be a nonnegative integer-valued random variable and Uj,Us,... a
sequence of nonnegative random variables. Then the random variable X =
Zf;l U; is called a compound. We assume throughout this chapter that the
random variables V,U;,Us,,... are independent. If not stated otherwise, we
also assume that Uy, Us,, ... are identically distributed. We say that X has a
compound distribution determined by the (compounding) probability function
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{pr, k € IN} of N and by the distribution Fyy of U; if the distribution of X
is given by

[+
o (12.)
k=0

where F* denotes the k-fold convolution of Fy.
In actuarial applications three cases are of special interest:

e Poisson compounds where N has a Poisson distribution; in this case
the distribution of the compound, determined by A = EN and by
the distribution Fy, is called a compound Poisson distribution with
characteristics (A, Fyy).

e Pascal (or negative binomial) compounds with compounding distribution
NB(a, p).

o Geometric compounds where N has a geometric distribution; in this case
the distribution of the compound is determined by p =1 —P(N = 0) and
by the distribution Fy and is called a compound geometric distribution with
characteristics (p, Fyr).

Exercises

4.2.1 Consider the compound X = Zszl Uy. Show that the characteristic
function ¢x (s) can be computed from the formula

@X(s) = gN((,bU(S)) ) s € R7 (422)

where gn(z) is the generating function of N and $y(s) is the
characteristic function of U;. [Hint. Use the same arguments as in the
proof of Theorem 4.2.1.]

4.2.2 Show that mean and variance of a Poisson compound X with character-
istics (A, F') are given by ux = A\ur, 0% = )\ug), the Laplace-Stieltjes
transform and the moment generating function by

iX(S) = e_)‘(l_iF(s)) , mX(S) — e)\(‘an(S)—l) .

4.2.3 (Continuation) Use the exponential principle given by (3.1.5) to
determine the premium II(X) for the Poisson compound X of
Exercise 4.2.2.

4.2.4 Show that for a geometric compound X with characteristics (p, F')

_ DPbF

MX_l_an,%(:

P (12 +(1—p)od), Ix(s) = ——F
o+ W =p)ob), Ix(e) = =
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4.2.5 Show that the compound geometric distribution Y- (1 — p)p* F**, for
some 0 < p < 1, is equal to the pointwise limit lim,, ,o, F},, where F}, is
defined by the recursion

Fp = (1-p)do +pF * Fr_y (4.2.3)

for all n > 1 and Fj is an arbitrary (initial) distribution on R. [Hint.
Prove that Fy, = Y070 (1 — p)pF F*F 4 p" F** % Fy ]

4.2.6 Show that the distribution of a zero-truncated geometric compound with
characteristics (p, F') is exponential with parameter 6(1 — p) provided
that F' is the exponential distribution with parameter §.

4.2.7 Show that if N is NB(a, p)-distributed and U; has distribution Fy, then
the distribution Fix of X = Zf\il U; can be represented as

Fx = Fe—AF*’“, (4.2.4)
k=0 "
where A = —a/log(1l — p) and
~ 1 > pk
F=—"_ —Fk.
—log(1—p) ; kY

Conclude that the negative binomial distribution can be represented as
compound Poisson distribution with characteristics (A, F') where F' is
the logarithmic distribution Log(p).

4.2.8 Consider the tail Fx(x) of the compound X = Zf\;l U;, where N has
the negative binomial distribution NB(2,p) and U is Exp(d)-distributed.
Show that for all z > 0

Fx(z) =e P21 — (1 —p)? + p*(1 — p)ox). (4.2.5)

429 Let X = Zil U; be a compound with characteristics ({px}, Fv). Show
that for the tail Fx(z) = P(X > z),

o0
Fx(z) =Y ppFiF@), >0
k=1

and

/oo e~ Fy(z)dz = M , s>0. (4.2.6)
0 s
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4.2.10 (Continuation) Assume that gn(so) < oo for some sg > 1. Show that

then
Z k+1E (N> (1 —Fu)*k(.’ll').
k=1
Solutions

4.2.1 Using the law of total probability and our independence assumptions,
the same arguments as in the proof of Theorem 4.2.1 lead to (4.2.2).

4.2.2 Let N be Poi(A)-distributed. Then EN = Var N = \. Thus, ux = A\ur
and 0% = )\ug) by the result of Exercise 4.1.2; see also Corollary 4.2.1.
The Laplace—Stieltjes transform of X is immediately obtained from
Theorem 4.2.1, since gn(s) = exp(A(s — 1)). The formula for mx(s)
follows analogously.

4.2.3 By the result of Exercise 4.2.2, we have II(X) = a~!logrmx(a) =
Aat(p(a) — 1).

4.2.4 Recall that EN = p/(1 — p), VarN = p/(1 — p)® and gn(s) =
(1 —p)/(1 — ps) if N is Geo(p)-distributed. The statements are then
obtained in the same way as in Exercise 4.2.2, using the result of
Exercise 4.1.2 and Theorem 4.2.1.

4.2.5 Consider the distributions F), defined recursively by (4.2.3). Notice that
F = (1 —p)p°F*® + p° F*0 x Fy. Suppose now that

n—1
Fo=Y (1—pp*F* +p"F*"  Fy (4.2.7)
k=0
for some n > 1. Then,
Fn+1 = (1 —p)(SO +pF*Fn

n
D (L =p)ptF* 4 ptHF Dy
k=0

Thus, (4.2.7) holds for all n > 1. Since F*™ % Fy(t) < 1 for all ¢ > 0 and
p" — 0 as n — 00, this shows that

o0
k *k
lim Fo(t) 1; F*R (), t>0.
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4.2.6 Let F = Exp(d). Then, ir(s) = 6/(6 + s) and the Laplace-Stieltjes
transform of the compound distribution Y, (1 — p)p*~' F** is given

by
ad i 5(1 = p) = 5 \k
So-m-teof - 25
6(1-p)
5(1—p)+s’

which is the Laplace-Stieltjes transform of Exp(§(1—p)). The statement
now follows from the one-to-one correspondence between distributions
on R, and their Laplace—Stieltjes transforms.

4.2.7 We show that the Laplace-Stieltjes transforms of both sides of (4.2.4)
coincide. Let N be NB(q, p)-distributed. Then, jn(s) = (1 —p)*/(1 —
ps)® and, by Theorem 4.2.1,

ix(s) = (%)a. (4.2.8)

On the other hand,

_log(1 = ply(s))
lr() = log(1 —[;)

>

since Jrog(p)(s) = log(1 — ps)/log(1l — p). Thus, using Theorem 4.2.1
anew, the Laplace-Stieltjes transform of the compound Poisson
distribution Y po o (A¥/kle™*F*F with A = —alog(1 — p) is given by

exp(A(iz(s) = 1)) = exp(—alog(l— ply(s)) + alog(l —p))
(i)

1—plu(s)/
which coincides with the right-hand side of (4.2.8). In particular, if
Fy = 61, then X is NB(q,p)-distributed and F = Log(p). Thus,
(4.2.4) shows that NB(a,p) can be represented as compound Poisson
distribution with characteristics (A, F'), where A = —alog(l — p) and

F' = Log(p).

4.2.8 We have jn(s) = (1 — p)2/(1 — ps)? and Iy (s) = 6/(8 + s). Thus, by

Theorem 4.2.1,
~ 1 —_— p 2
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We show that this function coincides with the Laplace—Stieltjes
transform of the distribution given in (4.2.5). By the result of
Exercise 2.2.2, formula (4.2.5) is equivalent to

Fx() = - p5a(e) + 02— p) (2T @) + 72 F2).

where F' = Exp((1 — p)d). Moreover, this is equivalent t; ’
() = (=420 -n) g C B (Y
= (-p?(1+ %)2
= —p)z((li)%)Z),

where the last expression coincides with the right-hand side of (4.2.9).
4.2.9 We have

Fx(z) = 1= mFF(a)

Y ope(1- Ff(@) =D pFiF(a)

Moreover, in Exercise 2.1.5 we showed that ix(s) = 1 —
sf ~52Fx () dz. Thus, by Theorem 4.2.1,

[ e Txty e = 1=dn(lu(s)
0

S

4.2.10 By Taylor series expansion, (4.2.6) takes the form

oo
/ efstX ( _ —1 g 1)
0

Thus, using the results Exercises 2.1.5 and 2.1.7, we have

/Ooo e Fx(x st Z FHIE (N) (s /000 e **Fy(x) da:)k

and consequently

l—iX(s):i(—l)k“]E N (1—iy(s)".
k

k=1

1

T Complete the solution
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4.3 Claim Number Distributions

In this section we study properties of IN-valued random variables, denoted
by N, which are used to model the number of claims incurred in a given
time period. Furthermore, let A be a (strictly) positive random variable with
distribution F). We say that N has a mized Poisson distribution with mizing
distribution F) if

oo yk

A
P(N=k) = “_e MNAFA(N)
o K
for each k£ € IN. Then we can write

P(N = k) =E (e"*A*) /k!

for each k € IN, where A is called the mizing Uariable

Recall that the gamma function is given by T'(z) = [~ t*~'e~tdt, z > 0.
In particular, I'(n) = (n — 1)! for n € IN'\ {0}.
Exercises

4.3.1 Show that

(a) f EN™ < oo for some n € IN, then

Z C(J) (J)

for all k = 1,...,n, where ¢/’

kind defined by

are the Stirling numbers of the second

k
Z z(z—1)...(x—j+1), zeR (4.3.1)
=1

[Hint. Use the result of Exercise 2.1.7.],
(b) for k>1

(c) forke Nandk+2z >0

N! 1 !
E(mo——IN>k)) = o [ o515 (1 - ) dv.
(s m I > D) = mggy | WA=
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4.3.2 Assume that gn(so) < oo for some sp > 1. Show that

~N(1+ s) ZskE< ) 0<s<so—1.

[Hint. Use the result of Exercise 2.1.7.]

4.3.3 Show that for the Poisson, negative-binomial, binomial and logarithmic
distribution, the probability function {px,k € IN} has the following
property: There exist constants a,b € IR such that

b
Pk = (a + E)pkfl (432)
for all k = 1,2,... in case of the Poisson, negative-binomial, binomial
distribution, and for all ¥ = 2,3,... in case of the logarithmic

distribution. Find the constants a, b for these distributions.

4.3.4 Let {pr,k € IN} be a probability function which satisfies (4.3.2) for
k=1,2,.... Show that then

_fe® ifa=0
Po=a-a)tt/e ifa#o0.

4.3.5 Let the probability function {pg,k € IN} of N satisfy (4.3.2) for
k=1,2,.... Show that the generating function gy (s) of N fulfils

a+b
1—as

9y (s) =

Conclude from (4.3.3) that the distribution of N is either Poisson,
negative-binomial or binomial provided that a + b > 0.

gn(s), 0<s<1. (4.3.3)

4.3.6 Let N have a mixed Poisson distribution with mixing variable A. Show

that forn =1,2,...
N 1
E( ) ~Llpan
n n!

4.3.1 Using (4.3.1) and the result of Exercise 2.1.7, we have

Solutions

k
EN* = chj)E(N(N—n...(N—jH))

_ Z @) (1-
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In order to prove (b), notice that for £ > 1 and s € (0,1)
=Y piiG-1)...(G—k+1)s"

and therefore

1
/ vkilg](\’,“)(l —v)dv
0

> 1

- ijj(j—l)...(j_k+1)/ (L w)
j=k 0

= ijj(j—1)"'(j_k+1)B(k,j—k+1)

=k

where B(k,j — k+ 1) = (k — 1)}(j — k)!/j!. Statement (c) follows
analogously, since

1
/,Uk+w71gj(\lfc)(1_v)dv
0
= ijj(j—l)---(j—k+1)/ V11— o)k dy
j=k 0
= Y piii-1...G0-k+1)Bk+az,j—k+1),

where B(k+2,j —k+1) =T(k+2)T(j — k+ 1)/T(j + = + 1).

4.3.2 By Taylor series expansion we have for s € [0,s59 — 1)

gn(1+3) :iﬁl(v 5 —ZskE< )

where we used the result of Exercise 2.1.7 in the last equality.

4.3.3 If p, = e"*\¥/k! for all k € IN and some A > 0, then (4.3.2) holds for
allk>1witha=0and b=\ If

Lo+ k)1 —p)op*
T(a)k!

Pk =
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4.3.4
4.3.5

for all £ € IN and some o > 0, p € (0,1), then (4.3.2) holds for all
k> 1 with a = pand b = p(a — 1). If p;, = (})p*(1 — p)"* for all
k=0,1,...,n and some n € IN, p € (0,1), then (4.3.2) holds for all
k>1witha=p/(p—1)and b= (n+1)p/(1 —p). If

_ -t
klog(1l —p)

for all ¥k > 1 and some p € (0,1), then (4.3.2) holds for all £ > 2 with
a=pand b= —p.

Dk

For a solution, see the proof of Theorem 4.3.1.
Let s € (0,1). Then
oo o
(1- as)gg)(s) = kaksk_l - Zakpksk
k=1 k=1

= Z((k + 1)prt1 — akpg)s*
k=0

(a+b)prs® = (a+b)jn(s),

I
NE

k

Il
o

where we used (4.3.2) in the last but one equality. Thus, (4.3.3) holds.
Let now a+ b > 0. If a = 0, then (4.3.3) gives loggn(s) = b(s — 1).
Thus, gn(s) = exp(b(s — 1)), which means that N is Poi(b)-distributed.
If 0 < a < 1, then (4.3.3) gives

a+b [° —a
- 1
. /0 1_(wdv+ ogc

log gn (s)

b
= —a: log(1 — as) +loge

for some constant ¢ > 0. Since gn(1) = 0, we have ¢ = (1 — a)(etb)/a,
Thus,

i) = (22"

’

which means that N is NB((a + b)/a, a)-distributed. If a < 0, then

ot = ()
= (ails 1ia)_(a+b)/a’
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where —(a+b)/a > 0. Suppose now that —(a+b)/a ¢ IN. Then, § G\ )(0) <

0 for some k € IN, which is a contradiction to g(k)( 0) = klpr, > 0. Thus,
—(a+b)/a e IN and therefore N is Bin(—(a+b)/a, a/(a—1))-distributed.

4.3.6 By the result of Exercise 2.1.7 we have

N _ 1.m _1dn /°° B
E (n) = 9N (1-) = T den exp(A(s — 1)) dEA(N) o
- _/ A" dFy () = —]EA"

4.4 Recursive Computation Methods

2

The following individual model describes a portfolio of n independent
(not necessarily identically distributed) insurance policies. Suppose that each
policy is related with a risk. The claim amount generated by this risk is
a random integer multiple of some monetary unit. The portfolio can be
divided into a number of classes by gathering all policies with the same
claim probability and the same claim amount distribution. Let n;; be the
number of policies with claim probability §; < 1 and with claim amount
probabilities p() cees pgn) This means that the individual claim amount
distribution Fj; generated by each policy of this class is given by the mixture
F;; = (1-6;)d00+96; Zk 1 pk)ék The generating function g(s) of the aggregate
claim amount X ind § in this model is

H H (1 — 8, +6 pr 'f) (4.4.1)

i=1j=1

where a is the number of possible conditional claim amount distributions and
b is the number of different claim probabilities. In Theorem 4.4.1 we showed
that the probability function {p;} of X" can be computed recursively by

a b
bo = H H X=6)", k= % 30> nijuis(k) (4.4.2)
i= 1] 1 i=1 j:l

b . .
for k = 1,...,m, where m = > ¢ | 2 j—1 ijm; is the maximal aggregate
claim amount,

v (k 0 ZP(Z) (Ipk—1 —vij(k = 1)) (4.4.3)

7=

2 Should we add some further exercises to this section?



DISTRIBUTIONS OF AGGREGATE CLAIM AMOUNT 65

for k=1,...,m and v;;(k) = 0 otherwise.
In the special case of an individual model which describes a portfolio of
independent life insurance policies, i.e. pgz) =1foralli=1,...,a, then
0; . )
vij (k) = 7= g (iPr—i = vij (k = 4)). (4.4.4)
J

Formulae (4.4.2) and (4.4.4) yield an efficient reformulation of another
recursive scheme. Let pgz) = 1 for all ¢ = 1,...,a. Then we showed in
Corollary 4.4.2 that, besides (4.4.2) and (4.4.4), the probability function {ps}
of Xind gatisfies the following recursion formula, which is called De Pril’s
algorithm:

1 min{a,k} [k/1]

Pk =7 Z Z CilPk—1i » (4.4.5)

i=1 =1

where |z| = max{n € IN : n < z} and

b l
. 0;
cil = (_1)l+ll E Tij <ﬁ) . (44:6)
=1 !

If the coefficients c¢;; can be neglected for [ > r, then the following r-th order
approzimation py ,» to py is obtained:

min{a,k} min{r,|k/i|}

a b
por =TI -6)™,  per= - > > cubk—iir- (44.7)

i=1j=1 i=1 =1

The following recursive method, called Pangjer’s algorithm, can be used to
calculate the probabilities pf = P(X = k) of the compound X = Zfil U;
provided that (4.3.2) holds for £ = 1,2,... and Uy, Us,... are (discrete)
independent and identically distributed random variables taking their values
in IN. Thus if we denote the probability function of U; by {qx, k € IN}, then

x _ [ 9n(20), , for j =0,
J (1-ago) t>7_, (a+bkj™?) qkpj.‘_k, for j=1,2,....

(4.4.8)

If the distribution Fy is not discrete but, for instance, absolutely continuous
with density f(x), then we cannot directly apply Panjer’s algorithm (4.4.8).
However, for each h > 0, we can consider the discrete approximation

Uih,Usp, ... of the random variables Uy, Us, .. ., where
(k+1)h
P(Usn = kh) = / (@) ds. (4.4.9)
kh
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Then, we can apply (4.4.8) to calculate the probabilities pif n =P (X, =k) of
the discretized compound X, = Zf\;l Ui p-

In Theorems 4.4.3 and 4.4.4 we derived continuous versions of (4.4.8) for
the case of an arbitrary (not necessarily discrete) distribution Fy. If the
compounding probability function {py} is governed by (4.3.2) with parameters
a and b and Fy(0) = 0, then the compound distribution Fx = Y o, prFoF
satisfies the integral equation

dfj_(;/) dFy(v), x>0.
(4.4.10)

If Fy(0) = a > 0, then Fx(0) = ((1—a)/(1—aa))®*"", where this
expression is interpreted as e(®~? if g = 0. If F, is absolutely continuous with
bounded density f(z), then the density fx () of the absolutely continuous
part of the compound distribution Fx = Y7, prF;* satisfies

Fx(.'L'):p0+aFU*Fx(.'L')+b/ ’U/
0 0

fx(z) — i /Ow(am + ) fuw)fx(@ —y)dy =pifu(z), =>0. (4.4.11)

Exercises

4.4.1 Let h > 0. Consider the compounds Zgzl Uy and 22\121 Uk, n, where the
distribution of the random variables Uy, is given by (4.4.9). Show that
for each z € R

E(iUk,h —a:) gE(iUk —:c) gE(iUk,h—m) +HEN.
k=1 + k=1 + k=1 +

4.4.2 Consider the compound X = Ef;l U;. Let the compounding probability
function {pp} satisfy (4.3.2) for some parameters a and b and let
Fy(0) = 0. Show that the stop-loss transformIl(z) = [ (1— Fx (v)) dv
satisfies the integral equation

M) = all(0) + (a +) | "1 - Fy()) dv + a Fiy + TI(z)

T

—bm/oz/mmvﬁ—bx/mm/omﬁdﬂ(w)dﬂj(v).

[Hint. Prove the following auxiliary results:
(a) Show first that Fix(o0) = (1 —po — a)/b.
(b) Show then that II(z) = a A(z) + b B(x) where A(z) = [°(1 — Fy *
Fx(v))dv and B(z) = [°(F%(c0) — F (v)) dv.
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(¢) Show that

A@) =10 + [ (1= Fue) do+ Fy +T1(0).
(d) Find a similar expression for B(z).
(e) Check that II(0) = (a + b)pu /(1 —a).]

4.4.3 Let the functions g : (0,00) = R and f : (0,00) = R be integrable and
bounded respectively. For arbitrary a,b € R let the mapping g — Ag
be defined by

(49)@) = [ @+ )@l -n)dy, >0,

Complete the proof of Theorem 4.4.4, i.e. show that for all x > 0 and
n=12...

xn—l
(n—1)!

where ¢; = [° |g(z)|dz and ¢; = sup,s, f(z). [Hint. Use induction
with respect to n.]

[(A"g) (z)| < crey(lal +[b))" (4.4.12)

Solutions

4.4.1 Notice that Uy <s Ug. Thus, by the result of Exercise 4.1.5b, we
have Zszl Uk,n <st Zszl Uy. This gives the first inequality since the
function g(t) = (t — z)4 is increasing, for each z € IR. The second
inequality is obtained in the same way, noticing that Uy <g U,n + h.

4.4.2 3

4.4.3 Notice that 5
<ol + 1o

for all y € [0, z]. Thus, (4.4.12) is obviously satisfied for n = 1. Suppose
now that (4.4.12) holds for some n > 1. Then,

IN

(A™g)@)| < (la] + bl)es / *|(Amg)|(z — y) dy

IN

n+1 n 1 N n—
(o + )™ et 2y, [ e =0

+1 "
= (|a| =+ |b|)n CIC;IJ’_IH .

Thus, for each x > 0, we have lim,,_,(A"g)(z) = 0.

3 Add a solution.
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4.5 Lundberg Bounds

A two-sided Lundberg-type bound for the tail Fx(z) = P(X > z) of the
compound X = Efil U; is given if we can show that there exist constants
v>0and 0 <a_ <a; < oo such that

a_e " < Fx(x) < aye™?, x> 0. (4.5.1)

It is clear that the case when a_ > 0 is of particular interest. In Theorem 4.5.1
we showed that the following is true. If X is a geometric compound with
characteristics (p, Fiy) such that the equation

mu(y) =p ! (4.5.2)
admits a positive solution +, then (4.5.1) holds, where

7 Fy (2) R o 1)

inf - = — = 4.5.3
z€[0,z0) fm ey dFU(y) z€[0,z0) fz ey dFU(y) ( )

a_ =

and zo = sup{z : Fy(z) < 1}. Notice that ay < 1. The solution v > 0 to
(4.5.2) is usually called the adjustment coefficient.

Similar Lundberg bounds can be derived for more general compounding
distributions. For instance, let the probability function {p} be logconcave, i.e.
Dii1 > Pryapr for all k € IN. If po+p1 < 1, then we showed in Corollary 4.5.2
that

are 7, x>0, (4.5.4)
where a4 is defined as in (4.5.3) and v > 0 is the solution to the equation

. 1—po
(-

(4.5.5)

Suppose that we have a sample Uy, Us,...,U, of n independent claim sizes
with common distribution Fyy. How do we get an estimate for the unknown
solution v > 0 to

my(s) =c>1 (4.5.6)

based on this sample? A rather natural procedure is to replace the
moment generating function 7y (s) by its empirical analogue, the empirical
moment generating function Thp,(s), which is obtained as the moment
generating function of the empirical distribution F,,, where F,(z) =
n~tmax {i: Uy <z}

Exercises
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4.5.1 Consider the tail Fx () of the compound X = Zi\il Ui, where N has
the negative binomial distribution NB(2, p) and U is Exp(d)-distributed.
Show that if v > 0 is computed from (4.5.5), then

2(1 —p)?s
= 1-— .
v 5=y < (1-p)o
Conclude that in this case the Lundberg bound (4.5.4) is not optimal.
[Hint. Use the result of Exercise 4.2.8.]

4.5.2 Consider the stop-loss transform II(z) = E (X — z)4 of the compound
X = Ef;l U; and assume that the distribution of the compounding
variable IV is IHRg4. Show that

E(X — 1), < %*e—W, >0,

where a; is given in (4.5.3) and 7 > 0 is the root of

1 .
L+ £ = mw(y). (4.5.7)

4.5.3 (Continuation) Assume that N is NB(2, p)-distributed and U is Exp()-
distributed as in Exercise 4.5.1. Compute the solution vy to (4.5.7)
and compare it with the solution to (4.5.5). [Hint. Recall that the
probability function of N is logconcave; see the proof of Corollary 2.4.2.
Furthermore, note that N <gi N’ if N’ has the distribution
Geo(EN/(14+ E N)) and use the result of the Exercise 4.5.1.]

4.5.4 Consider the tail Fx () of the compound X = Zf;l U; and let N have
the binomial distribution Bin(n,p). Show that if v > 0 is the unique
solution to

1-(1-p"

T1-A-p)—mp(l—pt’

mFU (’7)

then

il (1 — (1 _p)n)2 —yz
FX(x)S1_(1_p)n_np(1_p)n_1a+e 3 :L'ZO;

where a; is defined as in (4.5.3).

4.5.5 Let N be Poisson-distributed with parameter A and let v > 0 be the
solution to
. -1
mFU(’Y)_e)\_]__)\‘
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Show that, for the tail Fx(z) of the Poisson compound X = Zi\il Ui,

e r—14+2A

Fxcv)s(uiek_l_A

) are 17, z>0,

where ay is defined as in (4.5.3).
4.5.6 Let ay > 0 and iy (ay) = oo, where ayy = limsup,,_, ., —log Fy(z)/ .
Show that for any closed interval I C (—oo,ay) and any k € IN
lim sup [l (s) — i ()| = 0. (4.5.8)

n—oo sel

4.5.7 Define the estimator 4, for the adjustment coefficient v > 0 by the
equation

. 1~ -0,
mr, () = n Ze”"U’ =c, (4.5.9)
i=1

where v > 0 is the solution to (4.5.6). Show that the estimator 4, is
strongly consistent, i.e. 4, — 7 with probability 1 as n — oco. [Hint. Use
the result of Exercise 4.5.6.]

Solutions

4.5.1 Recall that for the probability function {py} of the distribution NB(2, p)
we have py = (k+ 1)(1 — p)?p* for all k € IN. Furthermore, in the proof
of Corollary 2.4.2 we showed that {py} is logconcave. Thus, (4.5.4) holds
and (4.5.5) takes the form

o 2—p
§—s 2—p—-2(1-p)2’

which has the solution
2(1 —p)24s
2—p
However, by the result of Exercise 4.2.8, the tail of X can be
exponentially bounded with v/ = (1 — p)d > 7.

452 4

4535

4.5.4 By the result of Exercise 2.4.4, the probability function of Bin(n,p) is
logconcave. Thus, (4.5.4) holds and the statement follows noticing that
po=(1—p)" and p; = np(1—p)" .

% Add a solution.
5 Add a solution.
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4.5.5 By the result of Exercise 2.4.4, the probability function of Poi(n,p) is
logconcave. Thus, (4.5.4) holds and the statement follows noticing that
po =e > and p; = de™ .

456 6
457 7

4.6 Approximation by Compound Distributions

Consider the aggregate claim amount X" = 2?21 U; in the individual model,
where the risks Uy, ...,U, are independent, but not necessarily identically
distributed. As in Section 4.1, let the distribution Fy, of U; be the mixture
Fy, = (1 —6;)60 + 6;Fy,, where 0 < 6; < 1 and Fy, is the distribution of
some (strictly) positive random variable V;. We will approximate X'*¢ by a
collective model with the aggregate claim amount X! = Zf;l U}, where the
probability function of N satisfies (4.3.2) and the U7, Us, ... are independent
and identically distributed. Thus, by the results of Section 4.4, we can consider
the following three cases:

o the compound Poisson approximation, which relies on the approximation of
each random variable U; by a Poisson compound Y; with characteristics
(0;,Fy,). This yields EU; = EY;. Furthermore, taking Yi,...,Y,
independent, Theorem 4.2.2 implies that Y = Y; + ... + Y}, is a Poisson
compound with characteristics (A, F) given by

A=) "6, F:Z%FVH (4.6.1)

e the compound binomial approximation, where the compounding variable N
is Bin(n, p)-distributed with p = A/n, U] has the distribution F’, and A, F
are as in the compound Poisson approximation.

e the compound negative binomial approximation, where the compounding
variable N is NB(n,p/(1 + p))-distributed with p = A/n, U has the
distribution F', and A, F are as in the compound Poisson approximation.

Let F and G be two distributions on IR. The total variation distance between
F and G is defined by

drv(F,G) = o |F(B) — G(B)|. (4.6.2)

6 Add a solution.
7 Add a solution.
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Analogously, the total variation distance drv(X,Y) between two random
variables X and Y on the same probability space (2, F,P), is defined by

drv(X,Y)= sup [P(X €B)—P(Y € B)|. (4.6.3)
BeB(IR)

Let F' and G be the distributions of X and Y respectively. Then, obviously,
drv(X,Y) = drv(F,G).

A (finite) signed measure M is a o-additive set function M : B(IR) — R for
which [M(B)| < oo for all Borel sets B € B(IR). Let M1, M> : B(R) — IR be
two signed measures. The convolution M; * M of M; and M, is the signed
measure given by

My + My(B) = // Ip(z +y)dMi(2)dMa(y), B € B(R).

The n-fold convolution M*™ of a signed measure M is defined recursively
by M*® = §y, and M** = M*("~1) « M, n > 1. It is well known that each
signed measure M can be represented as the difference M = M, — M_ of
two (nonnegative) measures M, M_, called the Hahn—Jordan decomposition
of M. The total variation of M is given by ||[M| = M,i(R) + M_(R).
The characteristic function @p(s) of the signed measure M is given by
Gar(s) = [ & dM(2).

Exercises

4.6.1 Let X' = " U, have the distribution Fy, = ... Fy, with Fy, =
(1 —6:)00 + 0;Fy,, where 0 < 6; < 1 and Fy, is the distribution of
some (strictly) positive random variable V;; i = 1,...,n. Show that
for the approximation by the collective model with Poisson-distributed
compounding variable N specified by (4.6.1), we have IE X"d = Jg X!
and Var X4 < Var X!,

4.6.2 (Continuation) Show that the result of Exercise 4.6.1 remains true if,
alternatively, the (above specified) compound binomial approximation
with n > 2 or the compound negative binomial approximation are
considered.

4.6.3 (Continuation) Consider three approximations to a certain individual
model by the following collective models. In all these collective
models let U{,U),... be an arbitrary sequence of independent and
identically distributed random variables. Let the (above specified)
compounding variable N be (a) binomial, (b) Poisson, (¢) negative
binomial distributed and denote the corresponding aggregate claim
amounts by Xf°l X$§° and X§°!, respectively. Show that X <y
X0l < X$°! and hence Var X£°! < Var X§°! < Var X§°.
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4.6.4

4.6.5

4.6.6

4.6.7

4.6.8

4.6.9

Let F and G be two arbitrary distributions on IR. Show that the
mapping (F,G) — drv(F,G) is a metric, i.e. drv(F,G) = 0 if and only
if I =G, drv(F,G) = drv(G,F) and drv(F1, F2) < drv(F1, Fs) +
drv (F3, F) for arbitrary distributions Fy, F», F3 on R.

Show that the inequality drv(X,Y) < P(X # Y) holds for arbitrary
random variables X,Y defined on the same probability space (22, F, P).

Let the random variables X; and X» have Poisson distributions with
parameters A; and Ay respectively. Show that

drv (X1, X2) <A — A2

[Hint. Use the result of Exercise 4.6.5. Assume that A; < A2 and put
Xy = X + Z, where Z is Poi(Ay — A1)-distributed and independent of
X ]

Let Ii,...,I, be independent Bernoulli distributed random variables
(assuming the values 0 and 1) with IP(I; = 1) = 6; and, for some \ > 0,
let N be a Poi(A)-distributed random variable, which is independent of
Ii,...,I,. Show that

dTV(NN)<m1n{Z(9 (202/20)}4-"” i

where N’ = 3"  I;. [Hint/Comment. Let N” be Poi(} ., 6;)-
distributed. Use the inequality drv(N,N') < drv(N,N") +
drv(N",N') and the result of Exercise 4.6.6. Notice that, by the result
of Exercise 4.6.7, the bound derived in Theorem 4.6.2 can be slightly
improved.]

Show that the exponential set function exp(M) = Y .2 M**/k! of a
signed measure M is a well-defined signed measure.

Let M, M;, M5 be arbitrary signed measures on IR. Then
(a) exp(pm(s)) is the characteristic function of exp(M),
(b) exp(M; + Ms) = exp(M;) * exp(M>),

(c) [ My = Ma|| < ||My]] || M|,

(d) || exp(M) — bo|| < el —1.

Solutions

4.6.1

Recall that EX'»d = Y 6, EV; by the result of Exercise 4.1.1. On
the other hand, using (4.6.1) and the result of Exercise 4.1.2, we have

n
0. .
EXC =ENEU =AY —“EV,=EX",
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4.6.2

4.6.3

In the same way we find that

Var X' = VarN(EU)?+ENVarU

- (S ) (S e - (£ 4

7=

= zn:ﬂi]EVf
i=1

> aneiEW—iG?(EVi)?
i=1 =1

= VarXnd,

Let N be Bin(n, p)-distributed with p = A/n. Then EN = np = A
and Var N = np(1 — p) = A(1 — A/n). Thus, in the same way as in
Exercise 4.6.1, we find that IE X'"d = |E X°°! and

Var X = ane-]EVLA—Q(En:@EV-)z
ar = D OBV - () TEV
i=1 i=1
n n
> D _OEBVZ =) 6(EV)?
i=1 i=1
— \/a‘r)(ind7
since n(a? +...+a2) >a? +...+a for alln > 2 and a4, ...,a, > 0.

Let now N be NB(n, p/(1 + p))-distributed with p = A/n. Then, EN =
np = X and Var N = np(1 + p) = A(1 + A/n). Thus, E X" = [E X!
and

Va.rXC"l — ielEv;z + )\2 (i %]EV;)2

n

=1 i=1

> Y 6EV =) 6(EV:)’
=1 i=1

= VarXxnd,

Let N1, N3, N3 denote the binomial, Poisson and negative binomial
distributed compounding variables respectively. By the results of
Exercises 3.2.7 and 3.2.8 we have N; <g Ns <4 N3. By Theorem 4.2.3b,
this implies that X' <g X$°! <g X$°! and in particular IE (X{°!)? <
E (X5°)? < E(X$°)2. Furthermore, notice that E X{! = E X! =
E X$°!. Hence, Var X{°! < Var X§°! < Var X§°L
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4.6.4 Definition 4.6.2 immediately gives that drv(F,G) = 0 if and only
if F = @G. The fact that drv(F,G) = drv(G,F) is also obvious.

Furthermore,
drv(F1,F2) = sup |Fi(B)— F>(B)|

BeB(IR)

< sup (|Fi(B)— F3(B)| + |F5(B) — F5(B)|)
BeB(IR)

<  sup |Fi(B)—F3(B)|+ sup |F3(B)—-Fz(B)|
BeB(R) BeB(R)

= drv(F1,F3) +drv(Fs, F) .

46.5 8

4.6.6 Without loss of generality we can assume that A\; < As. Let now X;
and Z be two independent random variables with distributions Poi(A;)
and Poi()z) respectively, which are given on the same probability space.
The construction of such a (product) space is always possible since X3
and Z are independent. Then, Xs = X; + Z is also defined on the
same probability space and, by the result of Exercise 2.2.1b, the random
variable X is Poi(A2)-distributed. Thus, by the result of Exercise 4.6.5,
we have

drv(X1,X2) < P(X: #Xo)
P(X, # X1 + Z) = P(Z > 0)
= 1- ei()‘zi)‘l) S }\2 — )\1 .

4.6.7 By the inequality drv(N,N') < drv(N,N") + dry(N",N') and the
result of Exercise 4.6.6, it suffices to show that for A = Y7, 6;

dry(N,N') < min{i 02, (iw/io)} .

However, this inequality is an immediate consequence of the arguments
given in the proof of Theorem 4.6.2.

4.6.8 Since |M**(B)| < ||M||* for each B € (R) and Y, || M||*/k! < oo,
the bounded convergence theorem implies that exp(M) is a well-defined
(finite) signed measure.

4.6.9 For each s € IR we have

is - 1 is *
/]Re dexp(M)(t) = ZH/]RQ EaM (1)

k=0

8 Add a solution.
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This proves statement (a). Thus, for the characteristic function of
exp(My + M) we have

exp(Pan+m(5)) = exp(Pm, (s) + P, (s))
exp (@ (5)) exp (P (5))
(ibexp(Ml)(s) : @exp(Mg) (s)
= QDexp(M;)xexp(Ms)(8) -

Statement (b) now follows from the one-to-one correspondence between
signed measures and their characteristic functions. In order to prove (c),
notice that

(My + M) (R) = (M1)4(R)(M:)+ (R)

and
(M1 * Mz)—(R) = (M1)-(R)(M2)—(R).
Thus,
[|My* My|| = (M) (R)(M2)4(R) + (M) (R) (M) (R)
<[ My||| Mzl] -
This gives
lesp(M) ~doll <3 Il
k=1~
< Y b=

=~
Il
-

4.7 Inverting the Fourier Transform

Recall that the characteristic function of an IN-valued random variable with
probability function {py} is given by the Fourier transform

o

p(s) = ZeiSkpk , seR. (4.7.1)
k=0

Suppose now that we know the Fourier transform ¢(s) = > o, €'**pj, of the
probability function {py}. Then it is possible to obtain an approximation
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to the first n terms pg,...,p,—1 of the sequence pg,pi1,... by sampling the
Fourier transform ¢(s) at the points s; = 2mj/n, j =0,1,...,n — 1. Since for
each k = 1,2,... the function {e!** s> 0} has the period 27, we obtain

o] oo n—1
)= Yo pke = Y03 pene 40 = zpkew
k=0 £=0 k=0

where Py = 3,2 Phtne for k=0,1,...,n—1. The values po,p1, - - ., Pn—1 can
be calculated from {¢(s;),j =0,1,...,n — 1} by the following formula:

I ~ —isjk
= Z P(sj)e™ "% (4.7.2)
j=0
Note that py approximates py for each £ = 0,...,n — 1, since the error

Pk — Pk = 21 Pk+ne Decomes arbitrarily small if n tends to infinity. When
bounds on the tail of {p; } are available, we can even estimate the error pp —py.

Consider the compound X = Zszl Uy, where Uy, Us, ... are independent
and identically distributed IN-valued random variables. Assume that the
generating function gn(z) of N and the values {¢y(s;),5 =0,1,...,n—1} of
the characteristic function ¢y (s) are known. Then the values {¢x(s;), j =
0,1,...,n — 1} of the characteristic function $x(s) can be computed from
formula (4.2.2) in Exercise 4.2.1. Thus, the probability function {px} of X
can be calculated or, at least, approximated in the way given above.
Exercises

4.7.1 Consider Gerber’s portfolio given in Table 4.7.1. Compute A and F
defined in (4.6.1) for the compound Poisson approximation. Compute
also p needed for the compound binomial and negative binomial
approximations to the aggregate claim amount in this portfolio.

4.7.2 Write a program which computes the p, for the portfolio given in
Table 4.7.1 (using the Fourier transform method) and the compound
Poisson, binomial and negative binomial approximations as shown in
Figure 4.7.1 (using Panjer’s algorithm).

4.7.3 Write a program (using the Fourier transform method) which computes
the stop-loss transform II(n) = I (X'"d — n), for Gerber’s portfolio
given in Table 4.7.1. Compute also the stop-loss transforms for the
compound Poisson, binomial and negative binomial approximations.

4.7.4 Consider a Poisson compound X = Egzl U; specified by (\, F'), where
F is the geometric distribution Geo(1/2). Suppose that we want to
compute the probability function {p;} of X for ¥ = 0,...,10. In how
many points one has to sample the characteristic function @x (s) to have
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an error less than 10~2. Show the calculations for A = 1 and A = 10.
[Hint. Use inequality (4.5.4).]



5
Risk Processes

5.1 Time-Dependent Risk Models

Consecutive claim sizes X, Xs,..., are assumed to be independent and
identically distributed, taking values in IN. The common probability function
is {pr} = {P(X, = k)}. The random variables {R,,, n € IN}, where

n
Rn=u+n—ZX,~,
i=1

describe the evolution of a risk reserve at the end of a sequence of time periods.
For simplicity we take the premium per period equal to 1 and suppose that
the initial reserve is equal to u € IN. We will call the sequence {R,,, n € IN}
a discrete-time risk reserve process.

If po+p1 < 1, then the risk reserve R,, can be negative for some n € IN. The
event {R; < 0} U{R2 < 0}U...is called the (technical) ruin of the portfolio.
Formally, the probability of ruin is defined in the following way. The epoch
Ta(w) = min{n > 1: R, < 0} when the risk reserve process becomes negative
for the first time is called the time of ruin (or ruin time) (we set 7q(u) = oo
if R, > 0 for all n € IN). Furthermore,

PY(u) =P{R; <0} U{R2 <0} U...) =P(14(u) < c0)

is called the (infinite-horizon) ruin probability for the initial reserve u € IN.
If 4 (u) is seen as a function of the variable u, then 1 (u) is called the ruin
function.

Instead of the risk reserve process, it is sometimes preferable to consider
the claim surplus process {S,} defined by

n
Sn:ZXi—n, n € IN.
i=1

A more general risk reserve model in continuous time is defined as follows.
We are given
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e random epochs o1,02,... with 0 < 01 < 02 < ... at which the claims
occur, where the random variables o, can be discrete or continuous;
Ty =0n—0n1,

e the corresponding positive (individual or aggregate) claim sizes Uy, Us, - . .,
which can also be arbitrary nonnegative random variables,

e the initial risk reserve v > 0, and

e the premiums which are collected at a constant rate § > 0, so that the
premium income is a linear function of time.

The random sequence {0, } is called a point process and {(op,Uy,)} a marked
point process. Another approach is based on the cumulative arrival process
{X(¢),t > 0}, which is given by

N()

X(t) = iUk][(ak <t)=> U, (5.1.1)
k=1

k=1

where X (t) is the aggregate amount of all claims arriving in the interval (0, ¢]
and the counting process {N(t),t > 0} is given by N(t) = > po, L(oy, < t).
The risk reserve process {R(t), t > 0} is then given by

N(t)

R(t)=u+pBt— Y Ui,

i=1

while the claim surplus process {S(t), t > 0} is S(t) = Zé\;(f) U; — pt.

The time of ruin 7(u) = min{t : R(t) < 0} = min{t : S(¢) > u} is the
first epoch when the risk reserve process becomes negative or, equivalently,
when the claim surplus process crosses the level u. We are interested in the
(infinite-horizon) ruin probabilities ¥(u) = P(7(u) < 00). We further need the
notion of the survival probability 1(u) = 1 — 1 (u).

The largest value M = max;>o S(t) of the claim surplus process can be
given by

M= rﬁlga(;(Uk — BT}) (5.1.2)
and consequently 1 (u) = P(M > u).

Exercises

5.1.1 Consider the risk model in discrete time. Show that the set {w :
Ta(u,w) = k} is measurable, i.e. {w : q(u,w) =k} € F for all k € IN.

5.1.2 Consider the risk model in discrete time. Show that if IEX < 1 then
¥(u) < 1 for all u € IN. [Hint. Note that M = max{0,S1,S2,...} is
finite with probability 1. Thus, it suffices to show that P(M = 0) > 0.]
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5.1.3

5.1.4

5.1.5

5.1.6

5.1.7

Consider the risk model in discrete time. Show that the solution to the
recurrence equation

L,=(Lp-1+X,—1)4
is given by
L, =max{0,Y,,Y, 1+Y,,...,Lo+ Y1 +...+ Y.},
where Y; = X; — 1 and Ly is an arbitrary (initial) random variable.

Consider the risk model in discrete time. Assume that X, only can
assume two values: 0 with probability ¢ and 2 with probability p = 1—gq,
where p < ¢. Show that 1) (u) = (p/q)**!. [Comment: In this case also
Y, = X,, — 1 only assumes two values: —1 with probability ¢ and 1
with probability p as in the classical gambler’s ruin problem, i.e. in each
game the gambler can win one currency unit with probability p and lose
one currency unit (that is to win -1 currency unit) with probability g,
p > q. Assume that initially the gambler has u currency units and that
the game is against an infinitely rich player. If by being ruined we mean
that the gambler’s capital reaches the level —1, then the probability of
ruin is (¢/p)**1.]

Consider a discrete-time stochastic process {S,,n € IN} defined by the
sums S, = Y., Y; of arbitrary independent and identically distributed
(not necessarily integer-valued) random variables Y7,Y5,..., which is
called a random walk. Show that S;, & coif EY > 0 and that §,, - —o0
if EY <0, i.e. the maximum max{S;, Sz, ...} is finite with probability
1 in the latter case. [Hint. Use the strong law of large numbers.]

Let ..., Y_1,%5,Y31,Y5, ... be a sequence of independent and identically
distributed random variables with EY < 0. Let Lo be independent of
{Y,.} and define recursively

L, = (Ln—l + Yn)+7
forn =0,1,.... Show that

L, max{0,Y,, Y, 1+ Y, ..., Lo+ Y1 +...+ Y}

max{O,Y,l,Y,l +Y o,...,Lo+Y 1 +...+ Y,n} .

1

[Hint. Use a similar argument as in the proof of Lemma 5.1.1.]

Consider the model of Exercise 5.1.6. Show that F(z) = limg o, P(L, <
x) is a proper distribution function and

lim P(L, <z)=P(M < z)

T—>00
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where M = max{0,Y1,Y7 + Ya,...}. [Hint. Use the result of
Exercise 5.1.6.]

5.1.8 Consider the risk model in continuous time. Let the inter-occurrence
times T}, be independent and identically distributed with distribution
TG(p) and let the claim sizes U,, be positive IN-valued random variables
which are independent and identically distributed with probability
function {px}, independent of the inter-occurrence times. We also
assume that the premium rate § is equal to 1 and that ) > np, <
1/(1 — p). Compute the generating function §pr(s) of the random
variables M given in (5.1.2). [Hint. Represent this model as risk model
in discrete time and use Theorem 5.1.1a.]

5.2 Poisson Arrival Processes

We now consider the special case of the continuous-time risk model where the
claim sizes {U,} are independent and identically distributed with distribution
Fy and independent of the sequence {o,} of claim occurrence epochs.
Furthermore, we assume that the sequence {o,,} forms a Poisson point process.
By this we mean that the inter-occurrence times 7, = o, — op,—1 are
independent and (identically) exponentially distributed. These assumptions
lead to the classical compound Poisson model of risk theory.

If {T},} is a sequence of independent random variables with exponential
distribution Exp(\), then the counting process {N(¢)} is called a
(homogeneous) Poisson process with intensity A. The cumulative arrival
process {X (¢), t > 0} defined in (5.1.1) is called a compound Poisson process
with characteristics (A, Fy).

A real-valued stochastic process {X (¢),t > 0} is said to have

o independent incrementsifforalln =1,2,...and 0 <ty < t; < ... < t,, the
random variables X (0), X (¢t1) — X (to), X (t2) — X (t1),. .., X (tn) = X (tn—1)
are independent,

o stationary increments if for allm = 1,2,..., 0 < tg < t; < ... < t, and
h > 0, the distribution of (X (t;+h)— X (to+h), ..., X (tn+h)— X (tp_1+h))
does not depend on h.

Exercises

5.2.1 Assume that {X(¢),t > 0} is a process with independent increments
and for each ¢ > 0 the distribution of X (¢ + h) — X (h) does not depend
on h > 0. Show that then the process {X (¢)} has stationary increments.
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5.2.2 Let {N(t),t > 0} be a stochastic process which has stationary and
independent increments and satisfies as h | 0,

P(N(h)=0)=1—Mv+o(h), P(N(h)=1)=h+o(h)

for some X\ > 0. Show that then the probability p,(t) = P(N(t) = n) is
given by
n
(At) Y
n!

pn(t) =
for all ¢t > 0 and n € IN.

5.2.3 Let {N(t),t > 0} be a Poisson process with intensity A and let ¢ > 0
be some constant. Show that {N(ct),t > 0} is a Poisson process and
determine its intensity.

5.2.4 Let {X (t)} be a compound Poisson process with characteristics (A, F).
Show that for all ¢ > 0

x(p(s) = ety (5)—1)

and consequently IE X (t) = Muy,
Var X(1) = Mul?,  E((X(t) —EX(t)%) = —Atpl? .

[Hint. Notice that the random variable X (¢) has a compound Poisson
distribution and use the result of Exercise 4.2.2.]

5.2.5 Let {X;1(¢t)} and {X2(¢)} be two independent compound Poisson pro-
cesses with characteristics (A1, F1), (A2, F»). Show that {X(t)} =
{X1(t) + X2(t)} is a compound Poisson process and determine its
characteristics.

5.2.6 Consider a compound Poisson process with claim occurrence times o,
and claim sizes U,. Define, for some fixed u > 0,

o0

X1(t) =) UpI(Uy < u)l(o < 1)
k=1
and -
Xo(t) =Y UpI(Uy > u)I(op < t).
k=1

Show that {X;(¢),t > 0} and {X2(¢),t > 0} are two independent

compound Poisson processes. Determine their characteristics.
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5.2.7 Assume that there is a delay in claim settlement modelled by
the sequence Dp,Da,... of nonnegative independent and identically
distributed random variables which are independent of {(oy,, Uy)}. Show
that the process {X (t),t > 0} defined by X (¢) = > i, Upl(ox+Dy, < t)
has independent increments. Determine the distribution of X (¢ + h) —
X (h) for t,h > 0.

5.2.8 Let {(on,Uy,)} and {D,} be the same as in Exercise 5.2.7 and consider
the following model of gradual claim settlement. Let g : R x ]Ri - Ry
be a measurable function. Then {X(¢)} with X(¢t) = Y 72, g(ox —
t,Dy,Uyg) is called a shot-noise process with response function g.
Determine the Laplace—Stieltjes transform of X ().

5.3 Ruin Probabilities: The Compound Poisson Model

In the sequel of this chapter we consider the continuous-time risk model
introduced in Section 5.1, where we assume that the claim arrival process
is modelled by a compound Poisson process with characteristics (A, Fyy). We
also assume that 8 > Aup, which is called the net proft condition.

We study the ruin function 9¥(u) = P(M > wu) and the survival
function 9(u) = 1 — ¢(u), which fulfils the integro-differential equation (see
Theorem 5.3.1)

558 ) = AT - [ B aru)). (531)

where M is given by (5.1.2). !
If the claim sizes U, are Exp(d)-distributed, then (5.3.1) can be solved
analytically with the solution

A
= 2 o= (6=2/Bu 3.9
i) = g5 (532)
Notice that integrating (5.3.1) yields the integral equation (see Theorem 5.3.2)
Bi(u) = /\(/ Fy(z)dz + / Y(u — z)Fy(x) dm) . (5.3.3)
u 0

The Laplace transforms IA/E(S) and Ly (s) are given by (see Theorem 5.3.3)

P (s) = B =
Lrgs) Bs — A1 —=1Iy(s))’

T Did we introduc notations for derivatives, righ hand derivatives, etc.

s>0,
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and

~ 1 —
Ly(s) == B = Au s>0.

s Bs—A1-ly(s)’

Taking Laplace transforms on both the sides of (5.3.3) gives the Pollaczek—
Khinchin formula

oo

v = (1- ) ¥ () @) 7w (53.4)

for each u > 0; see Theorem 5.3.4.
We also consider the multivariate ruin function ¥ (u,z,y) given by

P(u,z,y) = P(7(u) < 00, X*(u) < z,YT(u) >y)
for u,z,y > 0, and its dual
p(u,z,y) = P(7(u) < 00, XF(u) >, Y (u) >y),

where X (u) = R(7(u)—) and Y, (u) = —R(7(u)) is the surplus just before
and at the ruin time 7(u) respectively.

Exercises
5.3.1 Let the claim sizes U, be Erl(2, §)-distributed. Show, that
Y(u) =ae " —be Y, (5.3.5)
where 11 < 72 are the solutions to the equation
Br® — (268 = A\)r + (68 —2)\) =0

and

 A(2X = B0 +20r2) - A(BS —2X —2pr)
N BZ(S(TQ - T1) ’ N ,32(5(7‘2 - 7‘1)
[Hint. Differentiate (5.3.1) twice.]

5.3.2 Let the claim sizes U, be Erl(2,d)-distributed. Determine the Laplace
transforms of ¢(u) and ¢(u). Invert the Laplace transforms in order to
verify (5.3.5).

5.3.3 Let f =X =1and Fy(z) =1— 1(e™" + e~ 27 + ¢~%). Show that
¢(U) — 0_5507906—0.485131u+0_04369796—1.72235u+0_0166231e—2.79252u_

[Hint. Calculate the Laplace transform Ly (s) and invert it.]
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5.3.4 Put p = AuB~L. Let p = 0.75, 8 = 1 and let the claim sizes have the
distribution Fyy = pExp(a1) + (1 — p)Exp(a2), where p = 2/3, a1 = 2
and az = 1/2. Show that the ruin function (u) is given by

w(u) =0.75 (0_935194e—0.15693u 4 0.06480598—1.593071,&) .

5.3.5 Let the distribution Fy of claims sizes U,, be the exponential distribution
Exp(6) with parameter § > 0. Determine the integrated tail distribution
F§. Use this result to recover formula (5.3.2) for +(u) using the
Pollaczek-Khinchin formula (5.3.4).

5.3.6 Let the claims sizes U, be exponentially distributed with parameter
4 > 0. Find the multivariate ruin function ¢(u,0,y).

5.4 Bounds, Asymptotics and Approximations

Let 0(s) = A(rhy(s) — 1) — Bs and assume that the equation
0(s) =0 (5.4.1)

has a positive solution which is called the adjustment coefficient or the
Lundberg exponent and denoted by ~y. Then, we have the two-sided Lundberg
bound

a_e " <YP(u) <ape™ ™™ (5.4.2)
for all u > 0, see Theorem 5.4.1, where
e’ [ Fu(y) dy e [ Fuly)dy

a_ = ay = sup

zel0,20) J, €WFu(y)dy

Furthermore, in Theorem 5.4.2 we showed that

e = )

inf :
veloeo) [ e Fy(y)dy

(5.4.3)

This asymptotic result gives rise to the so-called Cramér—Lundberg
approximation
B—Au o

Mgy () — B
for the ruin probability ¢ (u). In the case of heavy-tailed claim sizes, the

asymptotic behaviour of ¥ (u) is very different from that in (5.4.3). Indeed, if
the integrated tail distribution Fj; is subexponential, then

T CO B
umoo 1 —Ff(u) 1—p

Yapp (W) (5.4.4)

(5.4.5)
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where p = AuS~!; see Theorem 5.4.3.

Exercises

5.4.1

5.4.2

5.4.3

5.4.4

5.4.5

5.4.6

Show that an easy application of integral equation (5.3.3) leads to
(5.4.2).

Show that it follows from the definition of the adjustement coefficient ~
that

/ M Fy(z) e de =1
0

and that the mean value of the integrating distribution dF(z) =
A3~ Fy(z)er® dx is

| o3 Fule)er do = X () - 5/(57).
0
Show that the function
A g
) = 5o / Fo(w)dz
can be factored in the following way: z(x) = z1(x)z2(x), where the

function z; : Ry — (0,00) is increasing and z2 : Ry — Ry is
decreasing, such that

/00 z1(z)z2(z) dz < o0
0

and limp,osup{z1(z +y)/z1(z) : 2 >0,0<y < h}=1.

Show that

/0 Be”/u Fy(z)dzdu = e

Let B = A = 1and Fy(z) = 1 — 3(e7® + e 2* + e %), Show
that the mean value of claim sizes is ¢ = 0.611111 and that
the Cramér-Lundberg approximation (5.4.4) to ¢¥(u) is Yapp(u) =
0.550790e~0-485131%  Compare this approximation to the exact formula
obtained in Exercise 5.3.3.

Let the claim sizes U, have distribution Erl(2,d). Determine the
adjustment coefficient v and the Cramér-Lundberg approximation
(5.4.4). Compare this result to the exact formula for the ruin proba-
bility 4(u) obtained in Exercise 5.3.1.
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5.4.7 Find the asymptotic behaviour of the ruin function ¥ (u) as u — oo if
the claim sizes U,, have a Pareto-type distribution. Show in particular
that the ruin function v (u) has the asymptotics
(a) ¥(u) ~ 3u! as u — oo if the claim sizes are PME(2)-distributed
and p = 0.75,

(b) Y(u) ~ 9(1 +u) " asu — c0if B = 1, A\ = 9 and Fy(z) =
1- (1 + m)_lla

(c) P(u) ~ pla(l = p))~H(u/c)~(®=Y as u = oo if the claim sizes are
Par(a, ¢)-distributed with a > 1.

5.4.8 Consider the distribution function F(z) = 1 — ¢(z)/(Ap), which is
used in the Beekman—Bowers approximation of ¢(u). Show that

R 3 B B(B—Au) 5
mp(s) =1- oV + A Bs—Arhp(s) — 1)

[Hint. Use integration by parts.]

5.4.9 Consider the ruin functions 9 (u) and ¥'(u) of two compound Poisson
models with arrival rates A and X', premium rates 8 and ', and claim
size distributions Fy and Fy, respectively. Assume that

)‘S)‘I7 MUS,U’UU /BZ/BI

and
Fp <o Fp -

Show that ¥(u) < ¢'(u) for all v > 0. [Hint. Recall that the right-
hand side of (5.3.4) is the tail function of a geometric compound with
characteristics (p, Ff;) and use Theorem 4.2.3a.]

5.5 Numerical Evaluation of Ruin Functions

2 The Laplace transform of a function c(u) is

i) = /0 ~ e ue(u) du. (5.5.1)

In this section we assume that c¢(u) is a bounded continuous function on IRy
with locally bounded variation such that 0 < ¢(u) < 1. Let @ > 0 be an
arbitrary but fixed real number. The function ¢(u) can then be expressed in

2 Should we add a few further exercises to this section?
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terms of its Laplace transform L(z) by the formula

a/2 , > . i2km
clw) = S (RL(m) —2 ) (-nrmE (L)
0o k=1 (5.5.2)
- Z e~ %c((2k + 1)u)
k=1

for all u > 0; see Theorem 5.5.2. Using Euler transformation, the right-hand
side of (5.5.2) can be approximated by

C(u,m,n) & i (m) 27 M, (), (5.5.3)

where m,n € IN and

aj/2 M

sn(u) = e’l? RL(o-) + eu Z(—l)km(%) _

2u 2
k=1

Exercises

5.5.1 Consider the compound Poisson model with A = 1, § = 3 and the
claim size distribution Fyy = Erl(2,1). Use the approximation formula
(5.5.3) with m =11, n = 15 and a = 18,5 in order to compute the ruin
function ¢ (u) numerically for v = 0.1, 0.3, 0.5, 1.0, 2.0, 3.0. Compare
the obtained values to those obtained by the exact formula for v (u)
given in Exercise 5.3.1 [Hint. Use the result of Exercise 5.3.2.]

5.5.2 Let {ax} be an arbitrary sequence of real numbers such that s, =
> rh—o(—=1)*a) converges to s € R as n — oo. Complete the proof of
(5.5.3), i.e. show that

m—1 m
T PRGN o ( m ) 2 s
k=0 k=0
for all m,n € IN, where
Aa, = ap — Any1, Aka, = A(AFta,), A, = a, .

[Hint. Use induction.]
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5.6 Finite-Horizon Ruin Probabilities

In this section we consider the finite-horizon ruin probabilities (u;x) =

P(7(u) < z) and the finite-horizon survival probabilities Y (u; x) = 1 —(u; z).
Formulae (5.6.1) and (5.6.2) below are known in actuarial mathematics as

Seal’s formulae. Assume that P(U > 0) = 1. Then, see Theorem 5.6.2,

e for initial risk reserve u = 0,

1 [P

" B Jo

B(0;2) = BixE (R(2)4) Fxm@dy,  (56.1)

e if u > 0 and U has density fu(y),

D) = Py (u+ ) = 8 [ 50,0 )fxop(ut By, (5:62)

We introduce the auxiliary function

oo
zn

J(z) = Z il = L(2Vx) .
n=0
where - @/2) i
x/2)?
Io(z) = R

is the modified Bessel function.
Assume that Fyr(z) =1 —e %% for all z > 0. Then, see Theorem 5.6.3,

Y(usz) =1 — e 0u"0+Ne (50 4 Az, Az) (5.6.3)
where ¢ = 63/ and

z cl
9(z,0) = J(02) + 0J1) (62) +/ e*~ " J(6v) dv — % / eV J(ze w) dv.
0 0
(5.6.4)
Exercises

5.6.1 Show that v(u;z) and (u; ) satisfy the integro-differential equations

oY(u;x)  OP(u;) .
8’LL - 6.’13 - )ﬂﬁ(%u’ﬂ)

TN / " (u — g 2) dFy (y) + AFy(u) = 0

B

B (i) = 2 0wi) + A [ B = y30) dPuy) = Nlwia) = 0.
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5.6.2 Let {X ()} = {Zf\;(lt) U;} be a compound Poisson process such that
P(U > 0) =1 and let y € R;. Complete the proof of Seal’s formula
(5.6.1), i.e. show that for each z > 0,

P(N{x® <t} | X@=y)=(1- %) -

t<z ﬂt

[Hint. Assume first that there exists a natural number m € {1,2,...}
such that P (U2™(8t)~! € IN) = 1. Let j > m and consider the random
variables )

97
- B
Use now the result of Exercise 5.6.3 below. Do not forget to verify that
the limit 7 — oo yields the desired result. For an arbitrary distribution
of U use an appropriate discretization.]

Y; (X(277iz) — X(277(i — 1)2)) .

5.6.3 Let n > 1 be an arbitrary integer. Let {Y; : 1 < i < n} be a sequence of
independent random variables such that P(Y; € {1,2,...}) =1 for all
i=1,...,n and let X,;, = Z:LYZ for m = 1,...,n. Prove that for all
k,ne{l,2,...}

P(Q{Xi <) ‘ Xp=k) = (1- E)+'
[Hint. The result is trivial for n = 1 and k& > n. Use induction with

respect to n.]

5.6.4 Prove the following identity for binomial coefficients which is used in
the proof of Lemma 5.6.2:

(1) =, l)

for 0 < k <n and t € RR. [Hint. First prove the formula for ¢+ = 0. Then
generalize by employing the classical identity

ng(;)(kfm) = (*37)

5.6.5 Consider the function g¢(z,0) defined in (5.6.4) and introduce the
notation g.(z) = cg(£,z/c). > Show that g.(z) can be written in the

31 do not understand the meaning of £. I guess that this is a typo in formula (5.6.19) of
our book. Any idea how to correct it? (VS)
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following power series with respect to z:

9:(2) =Y _Crl) 2", (5.6.5)
=0
where
c ifr =0,
1— m—1 _
ct—m (c=1)c™ .
fr=2 0
Co(e) = { miml ;0 nli(2m —n)! pr=2am>t

cm i (c=1)c™
mi(m+1)! * = nl(2m —n +1)!

ifr=2m+1.

5.6.6 Show that for the coefficients C,(c) in the power series (5.6.5), the
following identity holds:

¢ -
202r+1()\) 1 (g(i :_)f h 1)!)\T = N1

for £ € IN and A € IR. Conclude from this that

0 11])\ 26+2

G o (=1)"AZ L (9r 4+ 4 1)) s
ZCZT-H()\)T;] nl(2r 4+ 2n + 2)! Zo 20+ 2)!

5.6.7 Let s > A. Show that

[e’s) 1 A
—(s+As™ v (y—Av)/s — .
/0 e e gr(Aw) dv T

[Hint. Use the result of Lemma 5.6.2b by taking Laplace transforms.]

5.6.8 Put ¢(u;z) = e 0utA20+9) (x4 + Bz). Prove that w(0,y) = €% and
that w(x,y) satisfies the partial differential equation

0 5 Y
%w(x,y)—)\ ﬁzw(w,z)dz.

5.6.9 Let Z(t) be the amount of work at time ¢ in a single-server queueing
system having a compound Poisson arrival process with characteristics
(M, Fy) such that Z(0) = 0. Furthermore, let ¢ (u;z) be the finite-
horizon ruin probability in the compound Poisson risk model with the
same characteristics. Show that ¢ (u;z) = P(Z(z) > u). [Hint. Proceed
as in the proof of Theorem 5.1.2, see also Exercise 5.1.6.]
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Renewal Processes and
Random Walks

6.1 Renewal Processes

Exercises

6.1.1 Show that if F' is defective, then lim; o, N(t) < oo with probability
1 and on() is a geometric compound specified by p = F(o0) and

6.1.2 Show that if P(T' = a) = p and P(T' = 0) = 1 — p for some a > 0,
0<p<1,then for k>n

k-1

P(N(an) =k) = (k—n

)p"Gr—pﬁ‘”-

6.1.3 Assume F is the Erlang distribution with density f(z) = xe~? for z > 0.
Show that 4H (t) = 2t + e 2t — 1 for t > 0.

6.1.4 (Continuation) Let F' be an arbitrary Erlang distribution, i.e. a gamma
distribution with lg(s) = (1 + As)™™ where A > 0 and n € IN. Show
that the renewal function H () is given by

n—1
H(t) = (n)\)flt — Z an,m (1 —exp(—(b™ — 1)t/ (nX)))
m=1
where b = 2™/ and
. -1
a"’m:(l_b)2 H pr —pm’

1<r<n
r#£m
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6.1.5 Show that if F(z) = 1 — pe > — ge *'* is a mixture of exponential
distributions, where 0 < p=1—-¢ < 1,0 < A < X, then

AN pg(A — \')? Y
H(t) = 1 — e~ PN+t
®) PN+ g t (P + gX)? ( ¢ )

6.1.6 Show that if Ir(s) = (1 + s/A)~/2, which means that F is a gamma
distribution, then g = 1/(2X) and

0 22 ™

2 _ 2 —At 00 —xt
HEy =1 4 T F VAe / Ve
o (A+z)?

where o2 denotes the variance of F.

6.1.7 Show that if Fl(x) =1 — e=" for some b > 0, then

=3 'r((bk)+af) o

where {ar,k > 1} satisfies any1 = Cng1 — D op_q Ck Gnti1—k With
cn =T(bn+1)/nl.

6.1.8 Show that if T" is an IN-valued random variable with probability function
{pr}, then for the renewal sequence {h,}

o0

R
D hns" = TS
n—0 k=0 Pk

6.1.9 Let {N(t)} be a renewal process with inter-occurrence time distribution
F and let x > 0 be fixed.
(a) Show that the function g(t) = F'r() () where T(t) denotes the excess
T(t) = on()+1 — t at time ¢, satisfies the following renewal equation:

t
FT(t)($)=F(t+$)+/ Fr_y(z)dF(y), t,z>0.
0
(b) Assume that F is nonlattice and g < oo. Show that
t—o0

lim P(T(t) >2) = p~* /oo F(y)dy.

[Hint. Use the result of part (a) and Theorem 6.1.11.]
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6.1.10 Let F be a distribution on Ry. Show that for H(t) = Y 7 F*"(t)
and for each h > 0 the following renewal equation holds:

t
15?(15)—11(75—@Z(F(t)—F(t—h))Jr/0 (H(t—y)—H(t—h—-y))dF(y).

6.1.11 (a) Show that for a distribution F on R, W1th den51ty f() the
renewal function H(t) has density h(t) (i.e. H(t fo (called
the renewal denszty function) which fulfils the renewal equatlon h( ) =

) + fo (t — v)f(v) dv. Deduce that lim; o h(t) — 1/p if f(t) is
d1rect1y Riemann integrable.
(b) (Difficult) Show that lim; ,o h(t) — f(t) = 1/pr if the density f(t)
is bounded. [Hint. See Feller (1971), Theorem XI.3.2.]

6.1.12 Assume that F is nonlattice and u(?) < co. Show that for h > 0
tli}r&(Var N(t+h) —VarN(t)) = ch
for some constant ¢ > 0 if and only if
Jim #(H(t+ h) — H(t) — pth) =0.
6.1.13 Consider the renewal triad (T'(t),U(t), Z(t)) where T'(t) = Tn)41 — 1,

U(t) =t — Ty and Z(t) = Tn(t)+1- Show that
(a) for B € B(R?) and t >0

P((T(t),U(t), Z(t)) € B)

¢
/ P(T+v—t,t—v,T)eB,T>t—uv)dH(v),
0
(b) if g : R% — R is Borel measurable, then

Eg(T(t),U(t), 2(t)) = / h / g(v+z — t,t —v,2)dH (@) dF(z).

(c¢) Find lim; 0 E g(T'(t),U(t), Z(t)) if F is nonlattice and p < oo.

6.1.14 Let U(t) and Z(t) be defined as in Exercise 6.1.13.
(a) Show: if y < ¢, then

P(Z(t) <y) =PU®) <y) - (1 -F@)(H(#) - H(E-y)).

(b) Using (a), prove that Z(t) >4 T for each ¢t > 0.

(¢) The result of part (b) is sometimes called the renewal paradoz. Find
a plausible explanation of this inequality.

d) Show: if F(z) =1— e™*7, then EZ(t) = A~! (2 — (1 + At) e™ ™).
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6.1.15 The Stirling numbers of the second kind {7} are defined by the relation
3" =0 {¥}ik) where jy = j(j —1)...(j — k +1). Show that for
kelN

E Nt () = Xk: m!{’Z}H*m(t).

m=1
6.1.16 Show that k! IE (NOTF) = Hz* (1) for k € IN.
6.1.17 Assume that F' is NBU or NWU respectively. Prove that

P(I(t) > 2) < (>) 1-F(z),  H(t+s)> (<) H(t) + H(s).

6.1.18 Assume that the distribution F has density f(¢t) and hazard rate
function m(t). Show: if a < m(t) < b for some constants a,b > 0,
then (ub)~! < Ho(t) — p~ 't < (pa)~! where for the lower bound one
needs that for all ¢ sufficiently small, f(¢) is bounded away from 0.

6.1.19 Let {X(¢)} denote the renewal reward process considered in Sec-
tion 6.1.5 with generic inter-occurrence time T and generic claim size
U. Assume that 0 < up = ET < oo and E|U| < oo. Show that
limy o t TEX(t) = uz'EU.

6.1.20 Use the same notation as in Exercise 6.1.19. Prove that the current
claim Upn )41 satisfies the renewal equation

An(t) = PUxyan < 7) = ap(t) + Ay + F(1)
Show that if E(|U|T) < oo then lim; oo E(Unp41) = EU +
(ET) Cov (U,T).

Bibliographical Notes. For Exercise 6.1.20, see Wilson (1983).

6.2 Extensions and Actuarial Applications

Exercises

6.2.1 Take ug < oo and 0 < d < 1 and assume that a,, ~ cn~? for some
constant ¢ > 0. Show that for z — oo

o0 z/1 Nd_l
Z anG*"(z) ~ c/ yPdy ~c e,
— 1 1-b
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6.2.2 Let ay = (1 —p)"(a’Lllj_l) and by, = (k + 1)ajy1 — kay where a > 0 and
0 < p < 1. Show that by = aay.

6.2.3 Let ar, = c['(k—0)/k! ~ c k=% where ¢ = §((1 — (1 —a)?)['(1 — )71,
0<6<1and0 < a< 1. Show that by = (k+1)ags1 — kar = (1 —0)ay.

6.3 Random Walks

Exercises

6.3.1 Assume that the random walk {S,} has a negative drift and v+ < oo.

Show that the new random walk S,+.1 — S,+,S,+42 — Sy+,... is an
identically distributed copy of the original random walk {S,} which is
independent of the sequence S1,Ss,...,S5,+.

6.3.2 Show that, for the random walk without drift (EY = 0), the ascending
ladder heights {S”++1 —S,+, n € IN} and the descending ladder heights

{SV—+1 —Sy;, n € IN} form two sequences of independent and identically

distributed random variables. Formulate and prove similar statements
in the presence of a drift.

6.3.3 Show that M is finite with probability 1 if and only if the ladder height
distribution G is defective.

6.3.4 Assume EY < 0. Show that E(¢v~)EY = E(S,-). [Hint. Verify first
that

G méwm ) (5 gly’“) -1 EY

and use the law of large numbers.]

6.4 The Wiener-Hopf Factorization

Exercises

6.4.1 Let Hf = Y22 ,(G*)** and define the pre-occupation measure 7 by
yH(B) =E Y_,' 1(S,, € B) for B € B(R). Show that v+ = H;".

6.4.2 Assume that mp(s) < oo for some s > 0. Show that then Mg+ (s) < occ.
[Hint. Use Corollary 6.4.1 and (6.4.3) showing first that

o0 0

/oo e*Hy (dy) = Z(/ eSyG_(dy))lc <oo. |

— k=0 ¥ =0
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6.4.3 Suppose that for some ¢ > 0 the function 1 — gr(z) is well-defined
inl—¢ < |z] £ 1+e. Prove that 1 — gr(z) = d*(z)d (z) for
1—¢ < |z] £ 1+ ¢ where d*(2),d (2) are defined in (6.4.27) and
(6.4.28).

6.4.4 Consider a random walk with the integer-valued generic increment Y.
Assume that the probability function {p;} of Y fulfils p, = 0 for
k# —1,0,1. Compute G and ¢ (u) for p_; =2/3 and p; = 1/3.

6.4.5 Consider the Sparre Andersen model with premium rate 8 = 2,3,....
Suppose that the inter-occurrence times T}, are geometrically distributed
with parameter p = 2/3 and that all claim sizes U, are equal to 2.
Compute the ruin function ¢ (u).

6.4.6 Suppose Y is Z-valued and such that (6.4.16) holds. Assume the roots
are different and arranged so that 1 < |z1]| < ... < |25|. Show that 2; is
real and the only solution to 1 = gr(s) in s > 1. Conclude

b
P(M >n) ~ [0 -2 2z "0 — 0.
pe l—z1

[Hint. Show first that there is s > 1 such that §r(s) = 1 (check the sign

of the derivative g( )( ) at s = 1) or equivalently gg+(s) = 1. Assume
next that there is z such that 1 < |z| < s and jg+(2) = 1 and show that
this is impossible because |gg+(2)| < 1.]

6.4.7 Show that if F;r = Exp(\) and Fy = T'(n, §) for some n = 2,3,..., then
Go=n 'SR T(n — k,9).

6.4.8 Assume that Fy = Exp(\) and Fy = Y7 , pp Exp(d;) for some
n =2,3,... and some probability function {pi,...,p,}. Show that

xp 5k

<>z|*@

where ¢, = [[1, 6,~(Z]T.‘:1 6j)_1.

6.4.9 Let Fr = T'(2, 2/\) and Fyy = Exp(d), where p = A(68)~! < 1. Show
that then p = £(1 4 p — /T + 2p). [Hint. Show first that (6.4.37) leads
to a cubic equatlon with root s = 1.]

6.4.10 Assume that Fr = Zizl pr Exp(Ax) and Fy = Exp(d) for some
probability function {p;,p>} such that §8(p1 A" + p2A;') > 1. Show
that 63(1 — p) is a solution to the quadratic equation

z? + ()\1 + Ao — (5ﬂ).’1) + A1 Ag — (5,3(/\1(]- _pl) + )\2(1 —Pz)) =0.
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[Hint. Proceed in the same way as in Exercise 6.4.9.]

6.4.11 Show that, for the compound Poisson model,

A = Ny (—s) + s
s(A—Bs — Bslu(—s))’

[Hint. Show first that the Laplace-Stieltjes transform [p-(s) of the
integrated tail distribution F*® corresponding to the distribution F
of a nonnegative random variable can be given by Ilp:(s) = (1 —
Ip(s))(spr)~" for all s > 0; see also Exercise 2.1.8.]

s> 0.

/000 e "Y(u)du =

6.5 Ruin Probabilities: Sparre Andersen Model

Exercises

6.5.1 Show that the ruin function ¢(u) in the Sparre Andersen model satisfies
the defective renewal equation

vl) = G (00) = G + | " - v) dG (v).
0

6.5.2 Show that the multivariate ruin function ¢ (u,z,y,z) satisfies the
defective renewal equation (6.5.19).

6.5.3 Show how (6.5.20) specifies in the case of the compound Poisson model.
[Hint. Use (6.5.15) and the fact that a compound Poisson process has
independent increments.]

6.5.4 Show that in the compound Poisson model the distribution of the
maximum deficit Z* (u) during the first time in the red is given by

P(u) = Y(u+2)
1-9(z)

[Hint. Use the fact that a compound Poisson process has independent
increments and, consequently,

W (u) =4 (u, 00,0, 2) = (1=(u))+P(7(u) < 00, Z* (u) < 2)(1-9(2)). ]

P(r(u) < 00, Z%(u) < 2) = u,z > 0.

6.5.5 Conclude from the result of Exercise 6.5.4 that, for the compound
Poisson model,

u+2) — Y(w)i(2)

k)

E(Z% W] () <o) = o [
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6.5.6 Consider the multivariate ruin functions 9 (u, c0,y) and 9'(u, co,y) of
two compound Poisson models with arrival rates A and ), premium
rates 8 and ', and claim size distributions Fyy and Fyr, respectively.
(a) Show that ¥ (u,00,y) < ¥'(u,00,y) holds for all u,y > 0 provided
that the conditions (5.4.30) and (5.4.31) are fulfilled. [Hint. Use (6.5.17).]
(b) Find conditions on Fy;, Fyr, in addition to (5.4.30) and (5.4.31) such
that ¥(u,z,y) < 9¥'(u,z,y) holds for all u,z,y > 0.

6.5.7 Consider two Sparre Andersen models with premium rates 3, ', generic
inter-occurrence times T, 7" and claim sizes U, U’, respectively, and let
Y =U-8T,Y' =U'— B'T'. Assume that, for both models, equation
(6.5.21) has the positive solution vy and ~y:, respectively. Show that
then Fy Ssl Fyi 1mphes YY Z Yy!-

6.5.8 Assume that the distribution Fy of the increments of a random
walk is nonlattice. Show that then the ladder height distribution GT
corresponding to Fy is nonlattice, too.

6.5.9 Prove a version of the Cramér-Lundberg approximation to the multi-
variate ruin functions ¥ (u, z,y) and ¥ (u, z,y, ), respectively.

6.5.10 Show that, for the constant ¢(h) in (6.5.38) limy_,¢ c¢(h) = ¢, where ¢ is
the constant appearing in the original Cramér-Lundberg approximation
(6.5.29) for the corresponding compound Poisson model with permanent
inspection of risk reserve.

6.5.11 Consider the risk reserve process in a compound Poisson model
inspected at the instants of,a%, ... of an independent renewal process
{o!}. In this model ruin can occur at the inspection times ¢!, only (a
special case is when o, = nh). Show that the adjustment coefficient in
the corresponding versions of the Cramér-Lundberg approximation and
Lundberg’s inequality is the same as in the original compound Poisson
model.

6.5.12 Let Fy € S be the Pareto distribution with density

ap—(atl) if 2>
_ Jactz ifz>e,
fU(x)_{O if z < c,

with @ > 1,¢ > 0. Show that u = ac/(a — 1), Ff, € S and

Ylu) ~ BET(« i 1) —ac (g)ail

as u — oo. [Hint. Show that the condition of Corollary 2.5.1 is fulfilled
and use Theorem 6.5.11, see also Exercise 2.4.9.]
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6.5.13 Let Fyy € S be the lognormal distribution LN(a, b) with —co < a < o0,
b > 0. Show that F{; € S and

Ry
v~ e (<) e

where ¢ = b*(v/2n(BEt — exp(a + b?/2)))~!. [Hint. Show first that

— b® exp(—b2/2) x (logz — a)?
Fo(@) ~ o or (g —a)? P (_T) '

and that the right-hand side belongs to S. Conclude then F} € S.]

Bibliographical Notes. Exercises 6.5.4 and 6.5.5 are taken from Pi-
card (1994). Exercise 6.5.8 is from Bergmann and Stoyan (1976).

®

—— End of forwarded message from Volker Schmidt —
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7

Markov Chains

7.1 Definition and Basic Properties

Exercises

7.1.1 Let {X,} be a Markov chain on E. Show that for any integers n,m > 1
and any states i,40,...,%m—1,J1,++-,Jm € E

]P(Xn+1 :jly---an—l—m:jm|X0:7:07---7Xn:7:)
= ]P(Xn-f-l :jla---;Xn+m :Jm | X": )
= PXi=j1,-. -, Xm = jm | Xo=1)

whenever P(Xy = 4g,...,X, =) > 0 and P(X, =14) > 0.

_(1-p p
P_( Y 1—p')

with 0 < p,p' < 1. Show that for n > 1

prn_ 1 PP +(1—p—p’)"< p —p)
- , ! ; _ / / .
p+p \ P p p+p P p

7.1.3 Let {Y,,,n > 1} be a sequence of independent and identically distributed
random variables with values in IN; pr = PP(Y,, = k). For some fixed
£,0 > 1 with ¢/ < 4, let

7.1.2 Let E = {1,2} and

X, = (anl +1- Yn)+ if 0 S anl S Ela
" (Xn1 — Yoy if < X, 1<,

where X is independent of {Y;,} and takes values in E = {1,...,4}.
Show that {X,} is a Markov chain and determine its transition matrix.
(Note that this definition of the sequence {X,} has an interpretation
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as a discrete-time risk process with state-dependent increments: the
premiums are added to the portfolio only when the risk reserve process
is below the critical level £'. Besides this, any downcrossing below the
zero level is compensated instantaneously.)

7.1.4 Let Y1,Y5,... be independent random variables with P(Y,, = 1) =

P(Y,=-1)=1foralln>1,and S, = Y1 +...+ ¥,,S =0.1Is

-2

{X,} with X,, = max{Sy, S1,...,Sn} a Markov chain?

7.1.5 Consider the Finnish bonus-malus system. There are 13 bonus classes

labeled from 1 to 13; new policies are placed in class 3. The bonus
rules and the premium scale are given in Table 1. Model this sys-

7.1.6

Class | Premium scale | Class after one year (per no. of claims)
0] 1]2|3]4 5,6,...
13 140 11113131313 13
12 120 11 11313 13|13 13
11 100 10 112 | 13 |13 | 13 13
10 100 9 | 11|12 |13 |13 13
9 80 8§ | 11|12 |13 |13 13
8 70 7 (10|11 |12 | 13 13
7 60 6 | 9111213 13
6 50 5| 8 | 10|11 12 13
5 50 4 | 8 |10|11] 12 13
4 50 3|8 |10|11]12 13
3 50 2 | 8101112 13
2 50 1|8 (10]11 |12 13
1 40 11719 11|12 13

Table 1 Finnish bonus-malus system

tem by a Markov chain and determine the corresponding transition
matrix provided that the number of yearly reported claims is Poisson
distributed with parameter .

The Danish bonus-malus system has four classes labeled from 1 to 4,
where 1 means superbonus and 4 supermalus. New policies are placed
in class 3. For every claim-free year the policy holder goes up one class.
After one claim the policy holder will be moved from classes 1 and 2 to
class 3. If a policy holder being in class 3 reports one claim in a year, but
no claim in the year before, then he remains in class 3. After two or more
claims during one year or after one claim during both of two consecutive
years the new class will be 4. Model the Danish bonus-malus system by
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7.2

a Markov chain. [Hint. Define the states as (tariff group, indicator),
where the indicator is 0 or 1 depending on whether there was a claim
reported in the year before or not; thus possible states are (1,0), (2,0),

(3,0), (3,1), (4,1) ]

Stationary Markov Chains

Exercises

7.2.1

7.2.2

7.2.3

7.24

7.2.5

7.2.6

7.2.7

Show that a Markov chain is irreducible and aperiodic if its transition
matrix P is regular.

Give an example of a (nonergodic) Markov chain which has more than
one stationary initial distribution [Hint. Consider the 4 x 4 matrix P
having the block structure

(P, O
P‘(o Pg)

where P;, P, are as in the example given in Section 7.2.3, and let
7, = (3,3):m> = (3, 3). Show by inspection that, for each 0 < 6 < 1,
the probability function © = (614, (1 — 8)n,) fulfils (7.2.15).]

Show that a Markov chain with stationary initial distribution is
stationary in the sense of Definition 7.2.2.

Let 6 be an eigenvalue of the matrix A. Show that then Y}, cx6* is
an eigenvalue of the matrix Y j_, cx A*.

Prove the following statements. If in a nonnegative matrix A the sums
over all rows are strictly less than 1, then I — A is nonsingular. In
particular, if P is a stochastic matrix, then for 0 < v < 1 the matrix
I — v P is nonsingular. Using Exercise 7.2.4 show that all eigenvectors
of I —vP are in the complex circle {z: |z — 1| < v}.

Let P be a regular stochastic matrix. Show that II?> = IT and IIP =
PII =II. [Hint. Use that P" — IT as n — o0.]

Let P(X\) = (pij(A))s,j=1,...,c be the transition matrix of a bonus-malus
system given in (7.1.27), i.e. pij(A) = Yo (k)71 A*e=2¢;; (k). Show
that P(A) is regular if there is a natural number n such that, for each
i,j =1,...,4, there is a sequence (i1,k1),..., (in-1,kn—1) With

t’l’ll (kl)tzlzz (k2) oo tin—lj (kn_l) = ]..
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7.2.8

7.2.9

Assume that the matrix P(X) = (p;;(A)) given in (7.1.27) is regular for
some A > 0. Show that then P()) is regular for all A > 0.

Consider the following bonus-malus system. There are n + 1 classes
labeled by 0,1,...,n. Assume now that 0 is the superbonus and n the
supermalus. For every claim-free year a policy holder advances from 7 one
class down to max(i—1,0). If he reports one claim, the class is unchanged
and for k claims the policy is moved from class i to max(i+k—1,n). Let
{pr} be the probability function of the yearly reported number of claims
and assume that 0 < pp < 1. Model the process of consecutive policy
classes by a Markov chain. Show that this Markov chain is ergodic and
its stationary initial distribution @ = (m,...,m,) can be determined
from m; = a;/ay for i = 0,1,...,n — 1, where aqg, ay,.. ., a, satisfy the
recursive equations poaji1 = aj — Y 1_q G iDit1-

Bibliographical Notes. Exercise 7.2.8 is from Dufresne (1984).

7.3

Markov Chains with Rewards

Exercises

7.3.1

7.3.2

7.3.3

Let {X,} be a Markov chain with regular transition matrix P.
Furthermore, let 7 denote its stationary distribution and R} (o) the
undiscounted reward for visits at times 0,...,n — 1 when {X,} has the
(arbitrary) initial distribution a. Show that lim, ,,, n 'Ri(a) =
with probability 1, where 3 = 73 ". [Hint. The proof of this statement
is based on the law of large numbers for sums of independent random
variables, see e.g. Section 2.3 in Tijms (1994).]

Show that under the assumptions of Exercise 7.3.1 for any initial
distribution @ lim, . n~!(Var (R (a)) — Var (RY(w))) = 0. [Hint.
Represent RY as a sum of independent random variables and use
Theorem 7.2.1.]

Consider the following modified reward model. Assume that each time
the Markov chain {X,,} with regular transition matrix P changes from
state ¢ to state j, a reward g(i,j) is obtained. Determine the long-run
reward rate

n—1
. -1
lim n I§]E 9( Xk, Xpt1)- (7.3.1)

Show that, as n — oo, the random variables n~! EZ;S 9( X, Xk+1)
converge to the long-run reward rate considered in (7.3.1).
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7.3.4 Define by n¢(A) = (nf(N),...,n¢())) the efficiency in the case of
discounting, where nd(\) = (dﬁd( )/dX) / (BE(A)/A) fori=1,...,¢, and
BN = e;(I —vP(X\)~'8" is the expected total discounted premium,
see (7.3.3). Show that

1dP(Y)
dA

') _ - P

" CRIVE

7.4 Monotonicity and Stochastic Ordering

Exercises

7.4.1 Let Xo, X3,... be a stationary and ergodic Markov chain with state
space £ = Z and with a stochastically monotone transition matrix
P. Show that for each increasing function f : E — IR the covariance
Yn = Cov (f(Xo), f(Xr)) is monotonously decreasing to 0 as n — oo.

7.4.2 Show that the following Z x £ matrix

1-p 1—-p

S =

1—-p 1-p

p_| -1 ? 1
1-p 1-p
£—1 ¢-1

is stochastically monotone if p > 1/£. Find the stationary initial
distribution and the covariance function of the stationary Markov chain
with transition matrix P. [Hint. Find all eigenvalues and eigenvectors
of P and show that P* = eTr + ¢5(I —eT ), where £ = fp—1/£ —1].

7.4.3 Let Y7,Y5,... be a sequence of independent and identically distributed
random variables and let ¢(i,y) : IN x R — IN be nondecreasing with
respect to 4. Define the sequence Xg, Xi,... recursively by X, 1 =
¢(Xn,Y,). Show that, if X¢ <g X; then X,, <g X, 41 for all n € IN.

7.4.4 Let {Yn;n > 1} be a sequence of independent and identically distributed
random variables with values in Z. For some fixed k, £’ € Z let

X = (Xn—l + k- Yn)+ if X1 < 8’,
"I Knr = Ya)y i < X1,

where X is independent of {Y,,} and takes values in Z. Show that the
transition matrix of the Markov chain {X,} is stochastically monotone
if and only if £ < 1.
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7.4.5 Let P,P' be two regular transition matrices such that P <y P'.
Show that then w <g 7' for the stationary probability functions 7,7’
corresponding to P, P’, respectively.

7.4.6 For A > 0, let Y(A\) be Poisson distributed with mean A. Show that
Y(A) <s Y(XN) for A < X'. [Hint. Use the results of Exercise 3.2.11.]

7.4.7 Show that the Finnish bonus-malus system fulfils conditions (A), (B)
and (C) of Section 7.4.3.

7.4.8 Consider a regular bonus-malus system with transition matrix P())
given in (7.1.27) for A > 0 and such that conditions (A), (B), and
(C) of Section 7.4.3 are fulfilled. Putting P(0) = T'(0), show that the
mapping A — P(}) is continuous for A > 0. Moreover, for A > 0, let
() denote the stationary probability function corresponding to P(\).
Putting w(0) = ey, show that the mapping A — 7()\) is continuous for
A>0.

Bibliographical Notes. The result of Exercise 7.4.1 is from Daley (1968),
and that of Exercise 7.4.2 from Szekli, Disney and Hur (1994).

7.5 An Actuarial Application of Branching Processes

Exercises

7.5.1 Show that the branching process {X,} defined in (7.5.1) is a Markov
chain with state space IN and transition matrix P = (p;;) where

pij = ({Pe}*);-
7.5.2 Prove Corollary 7.5.1.
7.5.3 Show P(X, =0)=FE (pg(”‘l) for the branching process (7.5.1).

7.5.4 Find lim, ,o P(X,, = 0). [Hint. Show first that P(X,, = 0) =
dr(P(X,—1 = 0)). Verify that the solution fulfils s = gr(s). Show,
that in the case ug < 1 the only solution is 1 and that there exists a
non-trivial solution in the case pug > 1.]

®
—— End of forwarded message from Volker Schmidt —



8

Continuous-Time Markov
Models

8.1 Homogeneous Markov Processes

Exercises

8.1.1 Show in the case of a finite state space that the uniform continuity of
P(h) for h > 0 follows from (8.1.1) and (8.1.2).

8.1.2 Show that, for a > 0,

lz+yl < llell+lyl, [A+BI < [lA]+][Bl,
Az < [lAlll=l, lAB|| < |lAlllBI,
llaz|l = allzf], ledll = allA]l.

8.1.3 Let A,A1,A>,A3... be a sequence of ¢ x £ matrices such that
limn_y00 |[An — Al = 0. Show that lim, e [ed — eA|| = 0.

8.1.4 Prove that exp(A + A") = exp(A) exp(A'), provided that AA"' = A'A.
Show that in particular exp(h(I + A)) = exp(h)exp(hA), where I is
the identity matrix.

8.1.5 Let A be an arbitrary matrix such that a;; > 0 fori # j, and (Ae"); <0
for each i = 1,...,£. Show that all entries of exp(A) are nonnegative.
[Hint. Use a similar argument as in the proof of Lemma 8.1.3.]

8.1.6 Suppose that the eigenvalues 0y, ...,0; of A are distinct. Show that
etA = Bdiag(e”?, ... )@
where @ is the matrix consisting of the right (column) eigenvectors.

8.1.7 Show that for each fixed pair ¢, j € E the function h — p;;(h) vanishes
either everywhere or nowhere in (0, 00).
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8.1.8 Show that each IN-valued stochastic process with independent and
stationary increments is a homogeneous Markov process.

8.1.9 Let {P(h),h > 0} be a matrix transition function on E = {1,2} with
the matrix of transition intensities

Q=<_ab _Z), 0<a,b< oo
Show that
1 b+ aef(a+b)h a— aef(a+b)h
P(r) = a+b ( b—be~(athh g 4 pe=(atb)h

[Hint. By differentiation check that @ is the matrix of transition
intensities corresponding to {P(h), h > 0}.]

8.1.10 Assume that E has no absorbing state. Show that, with probability 1,
the sequence o1, 09, . . . of jump epochs increases unboundedly to infinity.

8.1.11 Let @ be a stochastically monotone intensity matrix and consider
the transition matrices P(h) = exp(hQ); h > 0. Show that P(h) is
stochastically monotone for each h > 0.

8.1.12 Let Q = (g;;) be an intensity matrix and « an initial distribution
on E = {1,...,4}. Let {N(¢)} be a Poisson process with intensity a
and let {X,} be a Markov chain with transition matrix P and initial
distribution a. Assume that {N(¢)} and {X,} are independent. Show
that the stochastic process {X(t)} with X(t) = Xy is a Markov
process with intensity matrix @ and initial distribution c.

8.1.13 Show that each birth-and-death process is stochastically monotone.

8.1.14 Let ay,...a¢ € Ry and a > 0 where a = Zle a;. Show that the
intensity matrix @ = (g;;) given by
o a; ifi#j,
Gi=\ =y, ifi=j,
is stochastically monotone and that moreover © = (a1/a, . ..a¢/a) is the
stationary initial distribution corresponding to Q.

8.1.15 Show that a Markov process with intensity matrix Q is irreducible if
and only if for each pair i,j € E with ¢ # j there exists a sequence
i1,...,in € E (i, # 4;) such that ¢, irip---¢i,_,; > 0. [Hint. Use
(8.1.37).]

8.1.16 Show that the stationary initial distribution of an irreducible homo-
geneous Markov process with finite state space is uniquely determined
and satisfies 71Q = 0.
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8.2 Phase-Type Distributions

Exercises

8.2.1 Let A' = aA + bI for some constants a,b € R. Show that

0:(A) = ab;(A)+b, i=1,...,L

8.2.2 Let A(t) and A'(t) be two differentiable matrix functions. Show that

d d d

= (Ana'®) = (aA(t))A’(t) + AW ZA®).

8.2.3 Show that, for all i € E and h > 0, the sum

Gi = Z Z Pij (h)pju'z (h) .- -Pj,.o(h)
nIOjl,...,jneE

converges, is independent of A and 0 < ¢; < 1.

8.2.4 Let @ be an intensity matrix of the form

0 o
o= (5 %)

where b' = (b1,...,b))T = —Be' is an (-dimensional vector with
nonnegative components, and B a subintensity matrix. Show that

1 0
exp(tQ) = ( e’ —exp(tB)e' exp(tB) ) ’ £20.

[Hint. Show first that

n_ (0 0
@=(u 5)

for each n = 1,2,..., where the x,, are suitable vectors.]
8.2.5 Prove (8.2.28).

8.2.6 Let ap = 0, and B a nonsingular subintensity matrix. Show that the
moment generating function 7i(s) of the distribution PH (e, B) is well-
defined for all s < min{—by; : i € E} where 1i(s) = —a(sI + B)~'b".
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8.2.7 Show that {P(t),t > 0} given by

(Pl (t)),’k if i, ke El,
t
[ (Pu(t = )i i) (@ (Pata)en da
(P(t))ix = { WeB,#€B "0
ifi € Er,k € E; U {0},
(P2(t)) ik ifi,k e EyU {0},
0 ifi € E,U{0},k € E;.

is a matrix transition function on the state space E' = E; U E» U {0}
such that its intensity matrix A has the form (8.2.14) where B is given
by (8.2.30).

8.2.8 Prove Theorem 8.2.7.

8.2.9 Show that the family of Erlang distributions {Erl(n,n),n > 1} possesses
the following optimality property: among all phase-type distributions
such that their state space E has n elements, Erl(n,n) is the best
approximation to d; (in the sense of the Lo-norm). Furthermore, show
that Erl(n,n) converges to d; as n — oo.

8.2.10 Let n; and 7 be independent random variables with distribution
PH(e, B1, E1) and PH(as, Bs, E,), respectively. Show that the ran-
dom variables min{n;,72} and max{n, 72} are phase-type distributed.
Find their characteristics.

8.3 Risk Processes with Phase-Type Distributions

Exercises

8.3.1 Redo Exercise 5.3.1 using the phase-type representation of the claim
size distribution function.

8.3.2 Redo Exercise 5.3.3 using the phase-type representation of the claim
size distribution function.

8.4 Nonhomogeneous Markov Processes

Exercises

8.4.1 Consider the stochastic process {X(t),t > 0} defined in (8.4.1) where
P(T > z) = exp (- J; m(y)dy) and m(t) is an arbitrary hazard rate
function. Show that {X (¢)} fulfils the Markov property (8.4.2).



CONTINUOUS-TIME MARKOV MODELS 113

8.4.2 Show that either o, = oo for some n € IN, or the sequence oy, 02,... of
jump epochs increases unboundedly to infinity.

8.4.3 Let {P(t,t'), t < t'} be a matrix transition function with the matrix
intensity function {Q(t),t > 0}. Show that the entries p;;(t,t') of P(t,t')
satisfy

9 —qi(t) ifi=j

=pij(t,t =gq;(t) = o PR

6tp”( 1) £—0 ¢i; (t) {qi(t)pij(t) ifi#j.
for all ¢ > 0 with the exception of a set of Lebesgue measure zero. [Hint.
Use similar arguments like in the proof of Corollary 8.1.3.]

8.4.4 Consider the following insurance model with three states: l-active, 2-
disabled and 3-dead with possible transitions depicted on Figure 1,
where the matrix intensity function {Q(¢)} is given by ¢12(t) = a(t) and

Figure 1 Transition graph

q13(t) = ¢23(t) = b(t) for some nonnegative and continuous functions
a(t), b(t). Show that the corresponding matrix transition function
{P(t,t')} has the following entries:

pu(t) = exp(— /t tl(a(y)+b(y))dy)
po(t) = exp(- tt'b<y)dy)(1—exp(— /tt'a@)dy))
pa(t) = eXP(—/tt’b(y)dy)-

8.4.5 Show that if §(z) is a Riemann integrable function on [0,1] and if
J,m — oo so that 0 < j/n —t <1, then

nh_)néoH(1+ (J/n /(5 d;c
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8.4.6 Show that the net prospective premium reserve defined in (8.4.23)
satisfies Thiele’s differential equation (8.4.24).

8.4.7 A married couple buys a combined life insurance and widow’s pension
policy specifying that premiums are to be paid at rate 8 as long as both
husband and wife are alive, pensions are to be paid at rate b as long as
the wife is widowed and a life assurance of amount c is paid immediately
upon the death of the husband if the wife is already dead (as a benefit
to their dependant). Assuming that the interest rate is constant equal
to d, write down the system of Thiele’s differential equations for the net
prospective premium reserves p;(t).

8.5 Mixed Poisson Processes

Exercises

8.5.1 Let {X(t)} be a Pélya process with parameters a,b > 0. Show that the
probabilities a;(t) = P(X(t) =i | X(0) = 0) are given by

ai(t)=<a+j_1)(t+Lb)a(t+Lb)i, i1 €IN.

8.5.2 Let {X(t)} be a Pélya process with parameters a,b > 0. Show that

EX() =%, wxog:@, £> 0.

8.5.3 Let {X ()} be a Pdlya process with parameters a,b > 0. Show: if
a/b— X asa,b— oo, then
. . (A ,
lim P(X(#)=i¢| X(0)=0)=-—=e", i€IN, t>0.

a,b—o00 3!

8.5.4 Let {N(t)} be a mixed Poisson process with mixing random variable A.
Show that for allm > 1, ky,...,kp € Nand 0 =29 <21 <--- <z,

P(N(z1) =ki,...,N(zp) = ki + -+ kn)
n _ k;r
e TS
r=1

where ag(t) = la(t).

8.5.5 Show that the transition probabilities p;;(¢,t') of a mixed Poisson
process given by (8.5.3) and (8.5.22) satisfy Kolmogorov’s forward
equations (8.4.10).
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8.5.6 Prove Theorem 8.5.5.
8.5.7 Derive (8.5.34) and (8.5.35) in the setting of mixed Poisson processes.

8.5.8 Let {N1(t)} and {N2(t)} be independent counting processes where
{N1(t)} is a Poisson process and {N»(t)} is a Pdlya process. Show that
the process {N(t)} with N(t) = Ni(t) + Na(t) is a Delaporte process.
[Hint. Recall that a mixed Poisson process is uniquely determined by
the function ag(t).]

8.5.9 Let {N(t), t > 0} be a Poisson process with intensity 1 and A > 0 a
random variable. Show that the process {N'(t)}, where N'(t) = N(At),
is a mixed Poisson process and that all mixed Poisson processes can be
represented in this way. Conclude that if {N'(t)} is a mixed Poisson
process with mixing random variable A, then lim;_ ., t "1 N'(t)t = A.

8.5.10 Let the random variable A have the distribution Beta(a, b,7). Then the
corresponding mixed Poisson process is called a beta-Poisson process.
Show that for the beta-Poisson process:

(nt)"B(n + a,b)

= M ._
on(t) = T M+ an b —)

where M (y,z;x) is the confluent hypergeometric function defined in
(2.2.3).

8.5.11 Consider a uniform-Poisson process, that is a mixed Poisson process
with the uniform mixing distribution U(0,7n). Show that the transition
intensities g;(t) are given by

[ gitte=nz g
z/tle x
i(t) = L
%) fon zle " dx

and then conclude that

w(®) =

2 — (202 + 2ty + 2)e 1"
q1 (t) = —t
t(1— (tn + 1)e )

8.5.12 Consider a double-Poisson process which is a discrete mixture of
Poisson processes with a two-point mixing distribution with atoms at
Ao and Ay whose weights are p and ¢ = 1 — p respectively. Show that

J pA.g)efAOt + qA{ef)qt

®
—— End of forwarded message from Volker Schmidt —
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9
Martingale Techniques I

9.1 Discrete-Time Martingales

Exercises

9.1.1 Let {X,,} be adapted to a filtration {F,,} and 7 be an {F,}-stopping
time. Show that

Fr={A:{r=n}nAeF,, foralnelN},

the family of all events prior to stopping time 7, is a o-algebra. Moreover,
show that 7 and X, are F,-measurable.

9.1.2 Show that the last exit time 7 of a process { X, } from B € B(IR), where
sup{n: X, € B} if X,, € B for some n € IN
T { 0 otherwise,
is not an {FX}-stopping time.

9.1.3 Let 71 and 7» be stopping times with respect to a filtration {F,}. Show
that min{m,}, max{m, ™}, 11 + 7 are stopping times, too.

9.1.4 Show that the ascending ladder epochs v;", 3, ... and the descending

ladder epochs vy ,v, ,... of a random walk {S,} are {F2}-stopping
times.

9.1.5 Show that every increasing sequence {X,} adapted to a filtration {F,}
is a submartingale.

9.1.6 Show that if the random variable Z is measurable with respect to Fy for
some filtration {F,}, and if E|Z| < oo, then the sequence {X,,} defined
by X, = Z is an {F,}-martingale. Show also that if {X,} is another
{Fn}-martingale which is independent of Z, then {ZX,,, n € IN} is an
{Fn}-martingale, too.
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9.1.7 Let {X,} be a martingale with increments Y,, = X,, — X,,_; having
finite second moments IE X2 < co. Show that

EY, =0, Cov(Yy,Ynir) =0
and consequently,

Var (X,,) = 2": Var (V7).
i=0

9.1.8 Suppose that {X,} is a submartingale, ¢ : R — IR is convex and
nondecreasing, and E |p(X,,)| < oo for all n € IN. Show that then {X]}
with X] = ¢(X,) is an submartingale. [Hint. Use Jensen’s inequality
for conditional expectation.]

9.1.9 Let {X,} be a martingale and let 7 be a stopping time. Show that then
{X]} with X] = X, A, is a martingale.

9.1.10 Show that the stopping time 7 considered in the example of Sec-
tion 9.1.6 fulfils the conditions of Theorem 9.1.5. [Hint: Use the
inequality "¢+ (1 = k) < e"@+Ye+) (7 = k) and the fact that
EN < c0.]

9.1.11 Prove part (b) of Theorem 9.1.8.

9.1.12 Show: if {X,,} is a supermartingale with respect to a filtration {F,},
then there exists an {F,}-martingale {M,,} and an {F,}-predictable
sequence {V,,} which is decreasing from zero such that X, = Xo +
M, +V, (for all n € IN), where this decomposition is unique modulo
indistinguishability. [Hint: Use the fact that {—X,} is a submartingale
when {X,} is a supermartingale.]

9.2 Change of the Probability Measure

Exercises

9.2.1 Show that the sequence {X,,n € IN} defined in (9.2.14) with
X, = exp(—'yZYi), n €N
i=1

is an {FY }-martingale on (R*, B(R™), P).

9.2.2 Let {X,} be a martingale and 7 a stopping time. Show that then
E (X, | Fr) = X ap for each n € IN, and equivalently

EX,;An{r<n}=E[X;An{r<n}], AeF.
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9.2.3 Let s € R such that mp(s) < 0.

(a) Show that {X,} with

X, = exp(—s Z Y, + nlogmp(s))
i=1
is an {ZFY }-martingale on (R, B(R*°), P{*)).
(b) Let 74(u) be the ruin time defined in (9.2.16). Show that, for each
A€ FY ., such that A C {rq(u) < oo},

7a(u)
P(A) =E® [exp(—s Z Yi + 1a(w) long(s));A]

i=1

provided that P (r4(u) < 00) = 1.

9.2.4 Assume that there exists a positive solution v to mp(s) = 1. Show

that then there exist s’ € R such that 0 < s’ < v and mg) (s) = 0.
Furthermore, prove that P(*) (74(u) < c0) = 1 for all s > s'. [Hint. Show
first that E©Y = mY (s)(rr(s) L]

9.2.5 Let x(s) = logrp(s). Show that x(s) is convex on R.
9.2.6 Consider the random walk {S,}, S, = >, V;, defined by a sequence

X

{Y,.} of independent and identically distributed random variables.
(a) Suppose there exists a positive solution v to 7p(s) = 1. Using
(9.2.22) prove the Lundberg inequality

P(max{0, S1,52,...} > u) <e 7, u > 0.

(b) Prove a version of Lundberg’s inequality with v = max{s > 0 :
mp(s) < 1} using Doob’s inequality (9.1.41). [Hint. For (b) use the
martingale {X,} with

eSS"
Xp=
(hp(s))"
and notice that
P(max{0,S1,...,S,} >u) = P (max{1,e*",... e""} >e™)
esSk
S ]P( max ————5 > esu)
0<k<n [ (s)]*

for s <.

—— End of forwarded message from Volker Schmidt —
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10
Martingale Techniques II

10.1 Continuous-Time Martingales

Exercises

10.1.1 Let 7 is an arbitrary set of parameters. Show that the intersection
Nier Fi of any family of o-algebras {F;,t € T} is a o-algebra.

10.1.2 Consider the claim surplus process {S(¢)} on its canonical probability
space, i.e. restrict Q2 = D(IR.) to the set Qg C Q of those functions from
 which have only finitely many jumps in each bounded interval and
which decrease linearly between the jumps. Show that on this probability
space, the ruin time 7(u) = min {¢t > 0: S(t) > u} is an {F;”}-stopping
time.

10.1.3 Let {S(t)} be the claim surplus process in the compound Poisson
model. Show that P(7*(u) < z) = P(r(u) < z) and consequently
P(r*(u) < 00) = P(7(u) < o0) for all u,z > 0.

10.1.4 Let {Y(¢)} be a process with stationary and independent increments
such that IE|Y (1)| < co. Show that the process {X (¢)} with

Xt =Y@t)-EY(1), t>0

is a martingale with respect to the filtration {Z}Y }. [Hint. It suffices
to show that IE (X (t) | X(s1),...,X(sn), X (s)) = X(s) whenever
0<s1<82<...<s, <s<t]

10.1.5 (a) Let {F;} be an arbitrary filtration and {7,} a sequence of {F;}-
stopping times such that 7, 1 7. Show that 7 is an {F;}-stopping time.
(b) Assume that the filtration {F;} is right-continuous and let {7,} be
a sequence of {F;}-stopping times such that 7, | 7. Show that 7 is an
{F;}-stopping time. [Hint. If 7,, 1+ 7, then {7 < ¢t} = No_{m < t}.
Similarly, if 7,, | 7, then {7 <t} = s, {mn < t}.]
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10.1.6 Let f: IRy — IR be bounded and {X(¢), t > 0} a cadlag process such
that, with probability 1, the trajectories of {X (¢)} have locally bounded
variation. For fixed ¢t > s > 0, show that the sequence

S A () -x(FY) e

[ns+1]<i<|nt]

is uniformly integrable.

10.1.7 For two {F;}-martingales {X(¢)} and {Y(¢)}, show that the process
{X(t)+Y(t)} is also an {F;}-martingale.

10.1.8 Show that if the random variable Z is measurable with respect to Fy for
some filtration {F;,t > 0}, and if E|Z| < oo, then the process {X(¢)}
defined by X (t) = Z is an {F;}-martingale. Show also that if {X(¢)}
is another {F;}-martingale which is independent of Z, then the process
{ZX(t), t > 0} is an {F;}-martingale provided E (X (0)Z) < oc.

10.1.9 Let {R(t)} be a classical risk model such that ,ug) < co. Show that

2
(R(t) - Apg’t) —atpl?
is a martingale.

10.1.10 Let {W(t)} be a standard Brownian motion. Show that the distri-
bution of the random vector (W (t1),...,W(t,)) is normal with mean
vector zero and covariance matrix (IE (W (¢;)W(t;))) = (t; A t;), for all
0<t1 <t <...<tp,andn=1,2,....

10.1.11 Let {W(t)} be a stochastic process fulfilling:
e W(0) =0,
e the distribution of the random vector (W (t1),...,W(t,)) is normal
with EW (t;) = 0 and E (W (t;)W (t;)) =t; At;, for all 0 <ty <ty <
. <tp,andn=1,2,...,
o the sample paths of {W (¢)} are continuous.

Show that {W(t)} is a standard Brownian motion.

10.2 Some Fundamental Results

Exercises
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10.2.1 Suppose that {X (¢)} is a submartingale, ¢ : R — IR is convex and
nondecreasing, and E |p(X(t))] < oo for all ¢ > 0. Show that then
{X'(t)} with X'(¢t) = ¢(X(t)) is a submartingale. [Hint. Use Jensen’s
inequality for conditional expectation.]

10.2.2 Show: if 7 is a stopping time, then the random variable tAT = min{¢, 7}
is a stopping time, too, for each ¢ > 0.

10.2.3 Let 7 be a stopping time. Show that the family of events F, consisting
of those A € F for which AN{r <t} € F; for every t > 0 is a o-algebra.

10.2.4 Let 7(™ be the stopping time defined in (10.2.9). Show that F, C F, ().

10.2.5 Let 7 be a stopping time and assume that there exist nonnegative
numbers {t1, s, ...} such that P(7 € {t1,t2,...}) = 1. Show that

E(X(@) | Fr)=X(TAL).
[Hint. See also Exercise 9.2.2.]

10.2.6 Let {X (¢),t > 0} be a stochastic process with left-continuous trajec-
tories. Assume that {X (¢)} has stationary and independent increments
such that IE|X (1)] < co. Show that

lim E (X (sp) | X(t)) = E(X(s) | X(¢)) (10.2.1)

n—oo
for all s,t > 0 with s <t and for each sequence s1, $2, ... of nonnegative
real numbers such that s, < s and s, 1 s. [Hint. Use the fact that
{X'(t),t > 0} with X'(t) = X(t) — tEX(1) is a martingale. Then,
proceeding similarly as in the proof of Lemma 10.2.1, show that the
sequence X (s1), X (s2), ... is uniformly integrable. Now, (10.2.1) follows
from a well-known convergence theorem for conditional expectations,
see e.g. the corollary on p.16 in Liptser and Shiryayev (1977).]

10.2.7 Let {X (t)} be a right-continuous submartingale. Show: if {X (¢)} is a
martingale or if {X (¢)} is bounded from below, then {X (¢)} belongs to
the class DL.

10.3 Ruin Probabilities and Martingales

Exercises

10.3.1 Let {X(¢)} be an additive process. Show that the function h,(t) =
Ee™X® is continuous for all ¢ > 0.
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10.3.2 Show that (10.3.3) and (10.3.4) hold if if { X (¢)} is the (i, 0%)-Brownian
motion.

10.3.3 Let {X(¢)} be the (—u,0?)-Brownian motion with negative drift and
7(u) = inf{t > 0, X(t) > u}. Show that

P(r(u) > ) = @(w) - exp(i—l;u)é(w), x>0

033'1/2 (J',Q;'l/2
and that
d u (u — pz)?
—P < = - >
i (t(u) < x) o exp( Dy ), z>0

where ®(z) denotes the distribution function of the standard normal
distribution. [Hint. Use the fact that the Laplace transform of

k k?
h(.’L‘) = —2 ’_7-‘-;[:3 exp(—ﬂ)
is given by

/00 e *"h(z) dx = exp(—k+/s)
0

for all s > 0; see e.g. the table of Laplace transforms in Korn and
Korn (1968).]

10.3.4 Show that for each additive process {X (¢)}, the following equality is
true:
E [erX(T()=m(Wa(): 7(y) < 00] =1,

where 7(u) = inf{t > 0: X(¢) > u} and ¢(r) is given by (10.3.1).

10.3.5 Consider the compound Poisson model with arrival rate A, premium
rate 8 and exponentially distributed claim sizes with parameter 6. Show

that

(a) ¥ 25\5(1 — A/(68)),

(b) P(u) = %e*””, u>0,

(c) Ee W, 7(u) < 00] = (1 — @)e‘“g_l(s), s>0,
where

1 s+ X=B8) + /(s +X— B2 +4B6
9 '(s) = 2 :

[Hint. Use the result of Exercise 10.3.4 substituting X (7(u)) = V (u) 4+,
where V(u) = X (7(u)) — u is the exponentially distributed overshoot
which is independent of 7.]
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10.3.6 Prove (10.3.29), i.e. show that for the Poisson compound model with
arrival rate A, premium rate § and claim size distribution Fy,

$(032) =1-E (1- Yﬂ(;))+,

where {Y(¢)} is the left-continuous compound Poisson process defined
by (10.3.27).

10.3.7 Consider the setting of Exercise 10.3.6 and assume that the claim size
distribution is exponential, i.e. Fy = Exp(d) for some ¢ > 0. Show that

1 [ (/\ZL')k _/\ /u-‘rﬂz s k—1 ((S’l))i
;) <1-— E e —e E .
PY(u;z) <1 wt o W e | (1—e 2 ) dv

10.3.8 Consider the setting of Exercise 10.3.6 and assume that AEUS ! < 1.
Show that

dv

_AEU Y (v) u
¢<u)———E/T& Y e o,

B

where 79 is the last time the risk reserve process {S(t)} is above u;
79 =0if S(t) <wuforall t > 0.
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11

Piecewise Deterministic Markov
Processes

In this chapter E is a normed space with Borel o-algebra B(E) and norm
|| - ||- By Mp(E) we denote the space of all bounded measurable real-valued
functions on E. This space is endowed with the supremum norm. The
collection of all probability measures on B(E) is denoted by P(E). {X(¢)}
denotes a cadlag stochastic process. If nothing else is mentioned we assume
that E is the state space of {X (¢)}.

11.1 Markov Processes with Continuous State Space

A function P : R4 x E x B(E) — [0,1] is called a transition kernel if for all
h,hl,hz >0,z € F and B € B(E)
(

P(h,z,-) € P(E),
P0,z,{z})=1,
P(-,-,B) € M(Ry x E),

P(hy + hoyz, B) = / P(hg,y, B)P(hy, z,dy).
FE

A Markov process is called homogeneous if there exists a transition kernel P
such that P[X (t+h) € B | F{X] = P(h,X(t), B) forallt,h > 0 and B € B(E).

Let M C My(E) be a subspace. A semigroup {T'(h)} on M is a family
of linear mappings from M to M such that T(0) = I and T(hy + hs) =
T(hy)T (hs) for hi,hy > 0. The semigroup is called contraction semigroup
if | T(h)gll] < |lg|| for all h > 0 and ¢ € M. A semigroup is called
stronglycontinuous if limy, o T (h)g = g for all g € M. There is a contraction
semigroup {T'(h)} connected to a homogeneous Markov process {X (¢)} with
transition kernel P,

T(h)g(z) = / 9(y)P(h,z,dy) = E (¢(X (h)) | X(0) = z).

E
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The infinitesimal generator A connected to a semigroup is the linear operator
Ag =limp o A= (bfT(h) — I)g. It is defined for all g € M for which the limit
exists. The collection of functions g for which Ag exists is denoted by D(A)
and called the domain of the generator.

Exercises

11.1.1 Let {F;} be a filtration such that {X (¢)} is adapted and {P(h,z, B)}
be a transition kernel. Show that the following are equivalent.
(a) For all t,h > 0, B € B(E),
P(X(t+h) € B|F) =P(h,X(t),B).

(b) For all t,h > 0 and g € M, (E),
E(g(X(t+ 1) | F) = [E o(y)P(h, X (¢), dy) .

11.1.2 Show that each FE-valued process with independent and stationary
increments is a homogeneous Markov process.

11.1.3 Let {T'(h),h > 0} be a strongly continuous contraction semigroup.
Show that the mapping ¢ — T'(t)g is continuous in ¢.

11.1.4 Let {T'(h),h > 0} be a strongly continuous contraction semigroup.
Show that the Riemann integral fot T (v + h)gdv exists for all t,h > 0.

11.1.5 Let {T(¢t)} be a strongly continuous contraction semigroup with
generator A. Let g € D(A) and ¢t > 0. Show that
d—_T(t) =T@HA
dr 9= g

where d~ /d¢ denotes the derivative from the left.

11.1.6 Let a < b. Assume that g : [a,b) = M is a continuous function with a
continuous derivative from the right d*/dtg(t).
(a) Show that if d* /dtg(t) = 0 then g(t) = g(a).
(b) Show that [* d*+/dvg(v) dv = g(t) — g(a).

11.1.7 Let {X(¢t)} be a homogeneous continuous time Markov chain on
{1,2,...,£}. Find its generator and the domain of the generator.

11.1.8 Suppose {W (t)} is a standard Brownian motion and X () = X (0) +
W (t). Let g be a bounded, twice continuously differentiable function
such that g® € My (IR). Show that g € D(A) and Ag = 1g‘® where A
is the infinitesimal generator of {X (¢)}. [Hint. Use that
9(@ +y) = g(«) + yg™M (@) + 3579 (2) + y7e(y)

where £(y) is a continuous bounded function converging to 0 as y — 0.]
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11.1.9 Let {T'(t)} be a strongly continuous contraction semigroup with
generator A. Show that the set

{(9,Ag) : g € D(A)}
is closed.

11.1.10 Let {T'(t)} be a strongly continuous contraction semigroup on M with
generator A. Show that D(A) is dense in M.

11.1.11 Let {T'(t)} be a strongly continuous contraction semigroup on M with
generator A. Let A >0, g € M and ¢' = [;" e MT(t)g dt.
(a) Show that ¢’ is well-defined.
(b) Show that g’ € D(A) and Ag' = \g' — g.

Solutions

11.1.1 Assume (a) and let M C M, (E) be the class of functions satisfying
the condition in (b). Clearly M is linear. By (a) all indicator functions
g(z) = I(z € B) belong to M. Let g1 < g» < ... be an increasing
sequence of functions with g, € M. Assume {g,} converges pointwise
to a function g € My(E), i.e. lim, oo gn(z) = g(z) for all z € E. By
bounded convergence g € M. By the monotone class theorem we have
My (E) C M. That (a) follows from (b) is trivial.

11.1.2 This follows with the transition kernel
P(h,z,B) =P(X, —z € B| Xg=2).
11.1.3 Let h,t > 0. Then
T(h+t)g—T(t)g =T ()T (h)g—T(t)g =T ) (T(h)g—9g)-
Thus because {T'(h)} is a contraction semigroup
IT(h+t)g —T(t)gll <[|T(h)g — gll-

The latter tends to zero because {T'(h)} is strongly continuous. Thus
{T(h)} is right continuous. Similarly, for 0 < h <t

IT(t - h)g —T(t)gll < [IT(h)g — gl
and also left continuity follows.

11.1.4 Recall that by Exercise 11.1.3 the mapping v — T(v + h)g is
continuous and therefore uniformly continuous on [0,¢]. Start with a
special partition of the interval [0, ¢], ¢,,; = 27 "it. Let € > 0. Then there
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is ng such that ||T'(v+h)g—T(v' + h)g|| < € for |[v—v'| < 27"0¢t. Hence
for m > n > ng

om

2"
HtT’” S Tt +h)g— 1273 Tt + h)g“ < te.
i=1 =1

This shows that {t27" Ef:l T(tn,; + h)g} is a Cauchy sequence and
therefore convergent. Let now ¢, = 0 < t} < ... < t, = t and
vi € [ti_q,t;]. Assume that sup{t; —t;_;} < 2™ where n; = ng + L.
Let tg =0 < t{ < ... <! =t such that {tj,t],...,¢"} contains {t}}
and {t;, }. Choose v; = ty,, ) for t}' | < t, p < t! and v} = v}, for
t <t <t/ Then

am1 m
127" T(tn, i +h)g =Y (# —t{_)T(v; + h)g
i=1 i=1
and . -
Z(t; —t;i_ )T (v; +h)g = Z(tél —t )T (! +h)g.
i=1 i=1

From |v]' — v;| < 27" we claim that

2m1 n
Ht2_”1 S Tty i+ h)g = 3 T} + h)g(t] - t;._l)H <te.
=1 i=1

This show that the Riemann integral exists.

11.1.6 (a) This follows from ||g(¢t + h) — g(t)|| > |llg(t + R)|| — |lg(?)||| and
therefore d* /dt||g(t)|| = 0 for all .
(b) It follows readily that d*/d¢ f; d*/dvg(v) dv = d*/dtg(t). Thus the
right derivative of g(t) — fj d*/dwvg(v) dv is zero. The result follows now
from (a).

11.1.7 Let Q = (gij)i,j=1,...,¢ be the intensity matrix of the Markov chain. Let
P; be the conditional measure if X (0) = i. Then for g € M, ({1,...,4})
1-P;(X(h)=1) ,. P;(X(h)=j) ,.

LB g (X () ~g(0) = : .

J#i
and it follows that g € D(A) with

£
Ag(i) = Zqijg(j)-

Thus D(A) = My({1,...,0}).
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11.1.8 It follows that
E,g(X (h))—g(z) = E (W (h)g™" (2)+1W?2(h)g®) (z)+ W (h)e(W (h)))

where P, be the measure conditioned on X (0) = z. Because EW (h) = 0
and EW?2(h) = h it remains to show that h 1 IE (W2(h)e(W (h))) tends
to zero. But this follows by bounded convergence.

11.1.9 Let {gn} be a sequence of functions from D(A) such that {g,}
converges to a function g and {Ag,} converges to a function g'. Then

Tt)gn — gn = f(f T(v)Agn(v)dv. Letting n — oo gives T(t)g — g =
ng(v)g’(v) dv. Dividing by ¢ and letting ¢ — 0 shows that g € D(A)
and Ag =¢'.

11.1.10 Let ¢ € M. We have fot T(v)gdv € D(A) and therefore also
t! fot T(v)gdv € D(A). Letting ¢t — 0 the latter converges to to T'(0)g,
ie. g € D(A).

11.1.11 (a) We have
|[* e T@gan] < lghate.
t

Thus lim;—eo f(f e MT(v)gdv exists.
(b) For h > 0 we have

T(h)g' —g  Jy e MT(t+h)gdt— [ e MT(t)gdt
h - h
LM X MHNT( 4 h)gdt — [ e MT(t)gdt
= h
erh 1

1 b
= g'—e)‘h—/ e MT(t)gdt.
h A

Letting t — 0 gives the result.

11.2 Construction and Properties of PDMP

Let I be a finite set and C, be an open subset of R% for v € I and some
number d, € IN. The state space is E = {(v,z) : v € I,z € C,} endowed
with the usual topology. A piecewise deterministic Markov process (PDMP)
{X(t)} on E is of the form X(t) = (J(t), Z(t)). Between jumps its paths are
determined by a vector field X . Let ¢t — ¢, (¢, 2) be the corresponding integral
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curves. We normalize the integral curves such that ¢, (0,2) = z. We assume
that through every point (v, z) there is exactly one integral curve. By

t*(v,z) = sup{t > 0: p,(t, 2) exists and ¢, (t,2) € C,}

we denote the maximal time for which the integral curve is defined. The active
boundary I is defined from

0*C, = {2€0C,:2=yp,(tz) for some (t,2) € RT x C},
I = {(vy,2) €0E:vel,zed*C,}.

We assume that ¢, (t*(v,2),2) € T if t*(v,2) < o0o. We use the natural
filtration of {X (¢)}, i.e. F; = FX.

Let o9 = 0. The path of {X (¢)} is constructed recursively. If for some n € IN
the path is constructed until o,, and X (0,) = (v, 2) then

t
Plopy1 >on+t| Fy,) = exp(—/0 A, oy (v, 2)) dv) I(t < t*(v, 2))

for some measurable integrable function A : E — IRy For 0, <t < opy1 We
have X (t) = ¢, (t — on, 2). Finally

]P(X(Un+1) € - | f0n70n+1) = Q(QOV(UH+1 - Unaz): )

for some transition measure @ : (EU7) x B(E) — [0,1]. Let N(¢t) =
Yoo, I(o; < t) denote the number of jumps in (0,t]. We assume that
EN(t) < oo for all t > 0. The PDMP {X(t)} is a strong Markov process. Let
A be the corresponding (full) generator.

Exercises

11.2.1 Show that EN(t) < oo holds if the jump intensity A(z) is bounded
and if one of the following conditions is fulfilled: (by) t*(z) = oo for each
x € E, or (by) for some £ > 0 we have Q(z,B;) = 1 for all z € T, where
B.={z € E:t"(z) >¢}.

11.2.2 Show from the construction of the PDMP {X (¢)} that {X(¢)} is a
Markov process.

11.2.3 Assume EN(t) < oo. Let g* : EUT — R be a bounded function.
Show that
E (Y 19"(X(0:) - g"(X(@:-))]) < o0
i:0; <t
for all £ > 0.

11.2.4 Let {X(¢)} be a PDMP with full generator A. Let g € D(A). Show
that g is absolutely continuous along integral paths.
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11.2.5 Let {X(¢)} be a PDMP with full generator A. Suppose I # () and let
2" € T. Let v and z such that 2’ = ¢, (t*(v, 2),2). Let g € D(A). Show
that

1t (v,z)

lim gl (t,2)) = /E 9)Q( dy)

11.2.6 Show that the risk process { R(t)} and the claim surplus process {S(¢)}
in the compound Poisson model are PDMP. Determine the state space
E, the vector fields {¢,,v € I}, the jump intensity A\(z) and the
transition kernel () of these PDMP.

11.2.7 Let {X (¢)} be a nonhomogeneous Markov chain with matrix intensity

function {Q(t) = (Qij (t))i,jEE}- Assume that ||Q(t)|| = maX;cE |Qii(t)|
is integrable on finite intervals. Show that IEN(t) < oo, where N(t)
denotes the number of jumps in the interval (0, ¢].

11.2.8 Let {X (¢)} be a nonhomogeneous Markov chain with matrix intensity
function {Q(t) = (gi;(t))ijer}- The process {X(t)} is then a PDMP.
Assume that ||Q(t)|| = max;ck |¢:i(t)| is integrable on finite intervals.
Therefore IE N (t) < oo by Exercise 11.2.7. Let N;;(t) be the number of
transitions from 4 to j in the interval (0,¢]. We denote by p;;(t,t') =
P(X(t") = j | X(t) = i). The process {M;;(t)} defined by M;;(t) =

- f(f I(X (v) =4)gij(v) dv is then a martingale. Show that

¢

t,
E([ aw)dVy@ | X0) =k) = [ a@pult o) do (1.2.)
¢ ¢
for any locally integrable real function a.

11.2.9 Let {X(t)} be a PDMP with I = {1,2,...,¢}. Let g, : C, —» R
be a real measurable function for each v € I. Let 7 = inf{t > 0 :
9(#)(Z(t)) < 0}. Consider the process {X'(t)} with X'(t) = (J(t)I(T >
t), Z(t)). Show that {X'(t)} is a PDMP and find its characteristics.

11.2.10 Let {X (¢)} be a nonhomogeneous Markov chain on {1, 2, 3}, where 3
is an absorbing state. Let {o;} be the jump times, o9 = 0 and {Y (¢)}
be defined as Y (t) =t — oy if N(t) # 0 where N(t) is the number of
jumps in (0, ¢]. If N(t) = 0 we allow more generally Y (t) = Y(0) +¢. Let
to > 0 be fixed. Define the functions ¢9(t) = ¢9(t) = 0 and recursively,

grtHt) = E(g5(o Ate,0)I(J(0) =2) | J(t
95t (t,y) = E((0Vyo—yVyo)+gi(oAto)
xL(J(o)=1) | J(t) =2,Y(t) =

)=1), (11.2.2)

y) (11.2.3)
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where 0 = on ;)41 is the time of the next jump. Show that

sty = ([ 106 =270 2w | 10 = 1,80 =0)
and

g (t,y) = E (/tanMO I(J(v) = 2,Y(v) > yo) dv ‘

J(t) =2,Y(t) =y, N(t) = o) .

11.2.11 Let g7*(t) and ¢%(t) be the functions defined in (11.2.2) and (11.2.3)
of Exercise 11.2.10. Show that for n € IN these functions fulfil

d
Eg?“(t) + Mi2(8)g5 (1) — (M2 (t) + Ais(8)g ™+ (8) = 0,
6g;l+1 agg+1 .

— (a1 (t,y) + Aas(t,9))g5 ™+ (t,y) + Ly > yo) =0,

where A;;(t) are the transition intensities.
Solutions

11.2.1 Let A = sup,cp A(z).
(b1) Let {N'(t)} be a Poisson process with rate A and {0/} be the
corresponding jump times. Then by construction of the PDMP P(o!, >
t) < P(o, > t) and therefore P(N'(t) < n) > P(N(t) < n). Thus
EN(t) < EN'(¢) < oo.
(b2) Let T, = 0y — op—1. Let {T},} be independent random variables
with P(T), > t) = 1(t < e)e . If X(0y,_1) € B. then

P(T, >t)<P(T,>t| X(on-1) € B.).

Let {N'(t)} be a renewal process with interarrival times {77, }. Because
Q(z,B;) =1for z € T we find

EN(t) <2EN'(t) < oo.

11.2.2 First we note that ¢, (h,.(t,2)) = @(t + h,z) and therefore we
have t*(v,¢,(t,2)) = t*(v,2) —t. Let t > 0. Define o' = on() and
" = oN(t) + 1. Then for (v,2) = X(t) and (v, 2') = X(¢') we find

Plo" >t+v|F)=P" —d' >t—o' +v|Fp,0" —0' >t—0")
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exp(— [T AW, pl(w, 2)) dw) I(t — o' +v < (1, 2"))
exp(— % AW, p(w, 1)) dw)

= exp( /t—a’+v Ay, p(w, 2")) dw) I(t — o' +v < t*(v,2))

= exp / A(v dw) (v <t*(v,2)).
By this fact and the construction of the PDMP we have

P(X(t+v) € B|F)=E(P(X(t+v) € B|o",X(c"),F) | Fe)
EP(X(t+v) € B|o",X(0"),X(c") | F)

= EMP(X(t+v)eB|o",X (") |F)

E(P(X(t+v) € B| X(t) | F)

P(X(t+v) € B| X(t)).

Therefore {X (¢)} is a Markov process.

11.2.4 Let (v,2) € E and X(0) = (v,2). Choose t < t*(v, z). For simplicity
write A(v) = Av,p,(v,2)) and z(v) = (v,¢,(v,2)). Then by the
martingale property

9(v.2) = B (9(X (01 A D)) - / " Agta) ).

The first term on the right hand side can be written as

T t))exp(— /Ot)\(v) dv)
+/0t)\(v)exp(_/0”)\(w) dU))/Eg(y)Q(;U(’U),dy)drU_

The second term is

/Ag dvexp /)\ dv)
/)\ V) exp /)\ dw /Ag )) dw dv.

Putting these integrals together shows that the function

t— g(z(t)) exp /)\ dv

is absolutely continuous. Thus ¢ — g(x(t)) is absolutely continuous.
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11.2.5 For simplicity write A(t) = A(v,¢.(t,2)), z(t) = (v,9,(t,2)) and
t* = t*(x(0)). Let 0 < t < t*. Then by the martingale property and
noting that oy < t*

o(a(t) = B (s(X(e0) ~ [ Aglate)du | > ).

The right hand side can be expressed similarly as in Exercise 11.2.4.
Letting ¢t 1 t* gives the result.

11.2.6 The state space is E = {0} x R and the jump intensity is A(z) = A
where A is the claim arrival intensity. For {R(¢)} the vector field is
X = Bd/dz where § is the premium rate. And the transition kernel is
given by Q(z,B) = P(x — U € B) where U is a generic variable for
the claims sizes. For {S(t)} the vector field is X = —fd/dz and the
transition kernel is given by Q(z,B) = P(z + U € B).

11.2.7 Denote the jump times of {X(¢)} by {or}. Let {N'(¢)} be a non-
homogeneous Poisson process with intensity function [|Q(t)|| and jump
times {0}, }. Assume X (o) = 4. Then

i
]P(Uk+1—0k>t|.7:gk) = exp(—/ qiz'(O'k+1))dU)
0

zem@AWm%+mw0.

In particular, ]P( o1 < t) < P(of < t). By induction it follows that

P(o, <t) <P(o}, <1). This means P(N(t) >n) <P(N'(t) > n) and
EN(t) <EN'(t) / Q)| dv < oo

11.2.8 Assume first that a is an indicator function. It is no loss of generality
to assume a(v) = I(t" < a < ¢') for some t" € [t,t'). The case t"' =t
follows readily from the martingale property of {M;;(v)}. For ¢ > ¢ one
gets

I (Ni(t) — Nij (¢") | X(8) = k)

= Y EW;(t) - Ny(t") | X(t") = OP(X (") = £ | X(t) = k)
(eE

= (", 0)qij(v) dv pre(t, 1)
; /t pa(t" v)a P

"

= /t Pri(t,v)gi(v) dv.
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It is clear that the space of all functions fulfilling (11.2.1) is linear. Let
{a,(v)} be an increasing sequence of bounded measurable functions such
that the pointwise limit a(v) = lim;,,_ o a,(v) is a bounded function. By
bounded convergence (11.2.1) holds for a(v). Thus by the monotone class
theorem, (11.2.1) holds for all bounded measurable functions. If a is a
locally integrable positive function and a,(v) = a(v) A n then it follows
by monotone convergence that (11.2.1) holds. For an arbitrary locally
integrable function the result follows from a(v) = (a(v))4+ — (a(v))-—.

11.2.10 The result is trivial for n = 0. Let now n € IN and assume the result
holds for n. Then

g1 () = E (g5 (01 Ato,0) I(J(01) = 2) | J(t) =1, N(t) = 0)

B (B (/ T(J(0) =2,¥(0) 2 yo) o |

o1 \to

J(01) = 2, N(t) = 0) ‘ J(t) = 1,N(t) = 0)

_E /U"“Ato 1(J(v) = 2,Y(v) > yo) dv ‘ ) = LN

1\to

)
0)

- K /t T @) = 2,Y(0) > o) do |76 = 1,N()

and the result for g5t (t,y) follows analogously.

11.2.11 Consider the PDMP with I = {1,2,3} x {0,1,...,n+1}, C;;; = {0}
itj#2,Co5 =Ry. J'(0) =n+1and J' (o) =n+1—k, J(t) = X(¢),
where {X (¢)} is the Markov chain of Exercise 11.2.10. If J(t) = 2 then
Z(t) = Y (t), as defined in Exercise 11.2.10, and Z(t) = 0 otherwise. The
quantity to find is

E (/OU"HMO 1(J(0) =2, Y (0) > yo)dv | N () = 0).

The result is now a direct application of Theorem 11.2.3.

11.3 The Compound Poisson Model Revisited

In this section we consider the compound Poisson model {R(¢)} with initial
capital u, premium rate 3, claim intensity A and claim size distribution Fy
with mean p = py. By 7(u) we denote the ruin time and by 4 (u) the ruin
probability. Letting 6(s) = A(rhy (s) — 1) — Bs we get the martingales {M (¢)}
with

M(t) = exp(—s(R(t) —u) = 0(s)t)
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provided my(s) < co. We define the new measures
PO (A) = E[M(t); 4], AeZF.

The measure P can be extended to a measure on F and {R(t)} is a
compound Poisson model under P(®). The claim intensity is A®) = Arquy(s)
and the claim size distribution is F[(]s) (z) = [y €V dFy(y)/mu(s). A possible
solution v > 0 to (s) = 0 is called the adjustment coefficient. If nothing else
is said we assume the net profit condition g > Ap.

Exercises

11.3.1 Suppose g(u) is absolutely continuous, g(0) = 0 and fulfils

Bg™ (u) + /\(/y g(u—y)dF(y) - g(w)) =0 (11.3.1)

0

where F' is a distribution function with F(0) = 0 and 8, A > 0. We do
not assume a net profit condition or finite mean. Show that g(y) = 0.
[Hint. Integrate (11.3.1) first.]

11.3.2 Let {L(t)} be a martingale with IEL(0) = 1. Let IP be the measure
with P(A) = E[L(t); A] for A € F; and assume that P can be extended
to a measure on F. Show that {L~'(¢)} is a martingale under PP with
EL () =1.

11.3.3 Show that for each s € IR such that /iy (s) < co we have
¢(u) —E (s) [esR(T(u))—i-G(s)r(u); T(u) < Oo]e—su

and
Y(us ) = B O[T 7(y) < gle

11.3.4 Assume ¢ < Mg and w = 0. Let X, = R(r—) and Y, = —R(7).
Consider the solution vy < 0 to §(s) = 0. Show that g exists and

o

A —
]P(X+>£L',Y+>y)zz/ FU(z—l—y)e'*OZdz.

T

11.3.5 Let I,(s) be the Laplace transform of 7 and 7, = E Jy e ¥ dv. Show
that for v > 0 and w > 0 we have ,, = w (1 — [, (w)).

11.3.6 Let F be a distribution function with F(0) = 0 and w > 0. Consider
the integro-differential equation

BgW (u) + )\(/Ou g(u —v)dF(v) — g(u)) —wg(u) +1=0, (11.3.2)
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where g : Ry — R, and the derivative is in the sense of an absolutely
continuous function. Show that there is at most one solution to (11.3.2)
with ¢g(0) = go for each go € R.

11.3.7 Let F' be a distribution function with F(0) = 0 and w > 0. Show that
there is at most one bounded solution to (11.3.2).

(2)

11.3.8 Assume p;’ = co. Show that E[7(u); 7(u) < 00] = co.

11.3.9 Consider the compound Poisson model with exponential claim size
distribution Exp(d). Show that

B+ Au

E(7r(u) | 7(u) < o0) = BB —N

Solutions

11.3.1 Integration of (11.3.1) yields

By(u) = A / " glu—y)Fy) dy,

see also the proof of Theorem 5.3.2. Choose ug > 0 such that 8 >
A [y F(y) dy. Assume g(v) = 0 for v € [0, kuo] for some k € IN. Then

u—kuo
Bg(u) = A /0 g(u—y)F(y)dy.

Let u € [kuo, (k + 1)uo] such that |g(u)| = sup,eo,(k+1)u,] [9(v)|- Then

u—kug uo
Blg(u)| < /\/0 lg(u —)[F(y) dy < Ig(u)lx\/0 F(y)dy,

yielding |g(u)| = 0. This gives g(v) = 0 for v € [0,(k + 1)ug]. By
induction, g(v) =0 for all v > 0.
11.3.2 Let t > v > 0. Then

E (L7 () L()F)
L(v)

E(L7'(t) | F) = =L 1(v).

That IE L~1(t) = 1 follows analogously.

11.3.4 Because 7y (s) < oo for all s < 0, 8()(0) > 0 and lim,_, o, 0(s) = oo
it follows that o exists. Under the measure P(°) the process {R(t)} has
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a positive drift. Indeed, 8 _)\(’YO)MU(‘VO) = —0M (5) > 0. The probability
we are looking for can be expressed as

P(X, >2,Y, >y)=E00[enl. 7 < oo X, >,V >y].

We know that

/\(’YO) Rl o)
PO (7 < 00, Xy > 2,V >¢) = 5 / F(z)dz.
z+y

This yields

)\(’Yo 0 oo (
P(Xy >z,Yy >y) = 5 / / _'m‘FAY0 (' +dy') dz’
Y
_ A(r0) /oo /oo e dF(%)(y') dz’
ﬂ T y+a’

which is the desired result.

11.3.6 Let ¢’'(u) and g"(u) be two solutions. Then g(u) = ¢'(u) — g"' (u) solves

B (w) + )\(/ g(u —v)dF(v) — g(u)) —wg(u) =0 (11.3.3)
0
with g(0) = 0. Integrating the above equation yields

/\/ (u —v)F dv+w/ g(v)dv.
0

Choose ug > 0 such that 8 > A f v)dv + wug. The problem can
now be solved similarly to Exercise 11. 3 1

11.3.7 Let ¢'(u) and g"(u) be two bounded solutions. Then g(u) = g¢'(u) —

g"(u) solves (11.3.3). We can assume g(0) > 0. The case g(0) is
considered in Exercise 11.3.6. We show first that g™ (u) > wg(0)u/B.
Let ug = inf{u : g(l)(u) < 0} and assume uy < o0. Because
gD (u) —w/Bg(0) > 0 it follows that ug > 0. Then g(u) is increasing on
[0, ug], in particular

ug
glun) ~ | glun — v) AF() > glun)  g(un) F(uo) > 0.
0
Thus Bg(uo) > w [, g(v) dv > wueg(0) > 0, which is a contradiction.

Thus ¢ is increasing. The above calculation shows that ¢g()(u) >
wg(0)u/B. Thus g(u) cannot be bounded.
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11.3.8 This follows directly from the proof of Theorem 11.3.5.

11.3.9 For exponentially distributed claims we know t(u) = A\/(Bd)e fv
where R = 0 — A/c. It follows that

_ A —Ru —Ru
/ Y(u—y)Y(y)dy = B&R(l e %Rue )
From Theorem 11.3.5 we obtain after a straightforward calculation
)\()\U + /8) —Ru
€ .
B>6(86 — A)

The desired formula follows now readily.

E[7(u); 7(u) < oo] =

11.4 Compound Poisson Model in an Economic
Environment

In an economic environment the effect of interest and inflation can be
expressed by an economic factor {e(t)}, that we model to be a continuous
deterministic function with e(0) = 1. The surplus process {R(¢)} in an
economic environment is modelled as

N(#)

_u+ﬂ/ dv—ZUeJ,

where {o;} are the claim occurrence times, and {N(¢)} is a Poisson process
with rate \. We denote by ¢ (u) the ruin probability. As in the classical case
we let 6(s) = A(hy(s) — 1) — Bs. Recall that 6(s) is a strictly convex function.
If nothing else is said we assume that there exists s > 0 such that 6(s) < co. If
s € R is chosen such that 6(se(t)) < oo for all ¢ > 0 then the process {M (t)}
given by

M(t) = exp(~s(R(H) — u) - / “b(se(v) av)

is a martingale. We define the measures P® on F, via the Radon- Nikodym
derivative dIP*) /dIP = M (t). We define

¢
v = sup{s >0: sup/ O(se(v))dv < oo} .
t>0 Jo

For any € > 0 one has lim,_, ¢(u)e(?"=)* = 0. In many cases v is the
adjustment coefficient. By s we denote the upper abscissa of convergence of

My (8) .
Exercises
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11.4.1 Let g(u) > 0 be a real function and v € R. Show that the following
are equivalent.
(a) For all £ > 0 one has

, (v—e)u _ : (r+e)u _
ulgr;og(u)e =0, ull)moog(u)e 00 .

(b) ~ is the Lyapunov exponent, i.e.

log g(u)

lim ——=22

uU— 00 u

11.4.2 Consider the compound Poisson model (without economic environ-
ment, i.e. e(t) = 1). Assume my(s) = oo for all s > 0. Show that

lim _08%W) _

u—00 u

11.4.3 Consider the compound Poisson model (without economic environ-
ment, i.e. e(t) = 1). Suppose that there exists v > 0 satisfying
8(y) < 0 and 6(s) = oo for s > ~. Suppose () (y) < 0. Show that
lim,, 00 ¥(u) exp(yu) = 0.

11.4.4 Consider the compound Poisson model in an economic environment
with e(t) = e7%; § > 0. Show that F(u + 3/9) < ¥(u) < F(u), where
Fu) =P} 2, Uie %% <u).

11.4.5 Consider a compound Poisson model in an economic environment.
Assume that {e(t)} is decreasing. Show that at least one of (a) v = s™,
and (b) 8(ye(o0)) = 0, holds.

11.4.6 Consider a compound Poisson model with decreasing economic factor
{e(t)} such that e(oco) > 0. Assume that v = st. Show that
limy,—s o0 Y (u)e®™ = oo for all s > +.

11.4.7 Consider a compound Poisson model with decreasing economic factor
{e(t)} such that e(c0) > 0. Assume that v < s*. Let s € (,st). Show
that A(my (se(o0)) — 1) — Be(t)s > 0 for ¢ large enough. Conclude that
limy, s o0 ¥ (u)e®™ = oo for all s > +.

11.4.8 Consider a compound Poisson model in an economic environment.
Let s € IR be chosen such that 8(se(t)) < oo for all ¢ > 0. Show
that under the measure P(*) the process {R(t)} has the following law.
The claim occurrence times o1,02,... are the occurrence times of a
nonhomogeneous Poisson process (see the definition in Chapter 12) with
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intensity function {7y (se(t))}. Given o, = ¢ the random variable U;
has distribution

£y fow exp(se(t)y) dFy (y)
Fyla) = o (se(D)

That is the jump size at o; is e(0;)U;, where U; has the conditional
distribution function F{(y) given o;.

11.4.9 Consider a compound Poisson model in an economic environment. Let
s € R be chosen such that 8(se(t)) < oo for all ¢ > 0. Show that under
the measure P the formula

t
E@RM) —u = — / e(v)0) (se(v)) dv
0

holds. Conclude that for v > ¢
EO(R@) - BE) | 7) =~ [ ew)s® (se(w) dw,
t

that means the drift at ¢ is —e(t)6") (se(t)).

11.4.10 Consider a compound Poisson model with decreasing economic factor
{e(t)} such that e(oco) > 0. Assume that v < st. Show that
limy o P(r(u) < ¢t | 7(u) < o0) = 0 for all ¢ > 0. Conclude that
limy oo E (7(u) | 7(u) < 00) = o0.

Solutions

11.4.1 Assume (a). Choose € > 0. Then there exists a constant C' > 0 and ug
such that for u > ug the inequality g(u) < Ce~(7=9)% holds. Thus

_logg(u) S _logC by
w u

—£.

Thus

liminf —
U— 00

log g(u)
— L >y —€.
U =7=e

Analogously it follows that

1
lim sup — 28 9(u)
uU—00 u

<vy+e.

Because ¢ is arbitrary, (b) follows.
Assume (b). Let £ > 0. There exists ug such that for all u > wug

1
7—5/25—%(“)5%%/2.
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This is equivalent to

o=/ < () < o (1D

Thus
g(u)e(fy—s)u — g(u)e(7—5/2)ue—su/2 < e—su/2

which tends to zero as u — 00. The other limit follows similarly.
11.4.2 Tt is clear that limy_c0 9(u)e®™ = 0 for all s < 0. From iy (s) = oo it
follows that lim, o G(u)e** = oo for all s > 0. Using
A [ — A [ A
Yu)=— [ Plu—y)Gly)dy>— [ Gly)dy>_Glu+l)
0 u
it follows that lim, o 1 (u)e’® = oo for all s > 0. The result follows
now from Exercise 11.4.1

11.4.3 By change of measure
Pu)e™ = E N[N0, 1 « o] < PO (7 < ).

Under the measure P() the net profit condition is fulfilled, and therefore
P (r < ) tends to zero as u — co.

11.4.4 Consider the claim surplus process

N(t)

t
S(t) = Z Use %7 — ﬂ/o e % dv.
i=1

Then
N(t) 5 N (&)
Z Uieiédi -3 <S(t) < Z U,'eiéai .
=1 =1

This shows

F(u+pB/d) < P(igg S(t) > u) =1(u) < F(u).

11.4.5 Suppose v < sT. Assume first 8(ye(oco)) > 0. Then there is so < 7y
such that for any 8(sge(o0)) > 0. For any s € [so,7] we have 0(se(t)) >
f(se(00)) > B(spe(o0)). Thus [;°6(se(t))dt = oo contradicting the
definition of v. Thus 6(ye(c0)) < 0. Assume now 8(ye(o0)) < 0. Then
there is s > « such that (se(oo)) < 0. Therefore there exists vy such
that 6(se(vp)) < 0. But then fooo O(se(t)) dt = —oo < oo contradicting
the definition of 7. Therefore (ye(o0)) = 0.
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11.4.6 Consider the compound Poisson model {R'(¢)} with claim sizes
e(00)U;, claim arrival process {N(t)} and premium rate 8. Then R'(t) >
R(t) and therefore 9'(u) < (u). Because the moment generating
function of the claim sizes of {R'(u)} does not exist at s, we have
9! (u)e®™ tends to infinity as u — oo. Hence the same holds for 1(u).

11.4.7 Clearly 8(se(c0)) > 6(ye(o0)) = 0 by Exercise 11.4.5. Because e(t) —
e(00) the existence of tg such that A(riy(se(o0)) — 1) — Be(to)s > 0
follows. Consider the compound Poisson model {R'(t)} with claim sizes
e(o0)U;, claim arrival process {N(¢)} and premium rate Se(to). Then
R'(to +t) — R'(to) > R(to +t) — R(to). Thus

to
o (u+ /3/ e(v)dv) < V' (R(to AT)) < (u).
0
It follows from the Cramér-Lundberg approximation to %'(u) that
1 (u)e’™ tends to infinity.

11.4.8 Recall that given N(t) = n the occurrence times have under PP the
same distribution as the order statistics of n independent uniformly on
(0,t) distributed points. This gives forn € IN, 0 < t; < ... < t, < t,
and Borel sets Ay, As,..., A,
PO(N(t) =n,0: < t;,U; € A;,1 < i <n)

= Bt RO-L 0N Ny o o<t U € A1 < <

o Onu (e -1 av QD" n' " / ’ / )
!

n:
/ ese(v)y dFU(y).../ e* Y 4Fy (y) dvy, ... doy
B, By

(A Sy (e (@) d0)" [ g (se(o)) s

7:,:[ t1 . tn A
(fot i (se(0)) o) my(se(v1))... /vn_l my(se(vy))
se(v1)y ese(vn)

This is the proposed distribution.

11.4.9 Tt follows from the martingale property that

i
Ee sRBH—w) — exp (/ O(se(v)) dU) -
0
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Hence

]E(S)R(t) —u = E ((R(t) _ u)efs(R(t)—u)) e—f;) O(se(v))dv

— e fot O(se(v)) dv gEe—S(R(t)_u)
0s

t t t
= e fo 9(86(0))(1’0/ e(v)e(l) (se(v)) dv efo 0(se(v))dv
0

= —/te(v)e(l)(se(v))dv.
0

The rest of the assertion follows from the independent increments
property, see Exercise 11.4.8

11.4.10 Let s € (7, sT). Note that since §(ve(oc)) = 0 by Exercise 11.4.5 we

have
O(se(t)) > O(se(0)) > 8(ye(0)) =0.

This implies 8V (se(t)) > 8V (se(c0)) > 0. Expressing P(r <t | 7 <
00) under the measure P one finds
E® [esR(T)-l-j: 0(se(v)) dv; r< t]

E® (eSR(T)+j;JT 0(se(v)) d'v)

P(r<t|7<o0)=

The numerator is bounded and, because P¥(r < o0) = 1 (see
Exercise 11.4.9), it tends to zero. The denominator is ¥ (u)e®* and tends
to infinity by Exercise 11.4.7. Finally

E(T|T<oo)=/ P(r> 1|7 < oc0)dt
0

tends to infinity as u — oo by Fatou’s lemma.

11.5 Exponential Martingales: the Sparre Andersen Model

In this section we consider the renewal risk model

N(t)

R(t)=u+pBt— ) Ui
i=1

where {N(t)} is a renewal process. The claim sizes {U;} are positive,
independent and identically distributed, independent of {N(¢)}. The occur-
rence times are denoted by {o;} (00 = 0) and the inter-occurrence times
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by {Z;}. For simplicity we consider the ordinary case only, i.e. all {T;} have
the same distribution. We assume that not both the claim sizes and the inter-
occurrence times are deterministic. The function 6(s) is defined as the solution
to my(s)ir(Bs + 8) = 1, provided such a solution exists. Throughout this
section we assume the net profit condition 8 > Auy where A = (ur)~ 1,
interpreted as zero if ur = oco. The function 6(s) is then strictly convex with
derivative 9V (0) = —(8 — Auy) in zero. A possible positive solution v to
0(v) = 0 is called the adjustment coefficient.

We define the time T"(t) = t — on(4) since the last occurrence and the
time T'(t) = on()41 till the next occurrence. We consider the processes
{(R(t),T'(t),t)} and {(R(t),T(t),t)}. We use the natural filtrations {F;}
and {F]}, respectively, of these two processes according to which process
we are considering. If we consider {(R(t),T'(t),t)} we assume that T; has
an absolutely continuous distribution with density fr(y). We denote the
generator of {(R(t),T"(t),t)} by A’ and the generator of {(R(t),T(t),t)} by
A.

If 6(s) exists then the process {M'(t)} defined as

M'(t) = g (s) _

O(s s)T'(t)—s(R(t)—u)—0(s o
Fr(T'(t))

T'(t)
is a {F/}-martingale, and the process {M (¢)} defined as

M(t) = my(s) e~ O+ T(0)=s(R(t) —u)=8(s)t

is a {F;}-martingale.
Exercises

11.5.1 Show that Ea™® < oo for all a > 0 and all ¢ > 0.

11.5.2 Show that 6(s) + 8s > 0 is equivalent to s > 0. Show, moreover, that
equality only holds if s = 0.

11.5.3 Find the characteristics of the PDMP (R(t),T'(t), t).

11.5.4 Let

g(ya w, t) = e_(g(s)+BS)va(U) dv.

e(9(8)+ﬁ8)w—sy—9(s)t /oo
FT (w) w

Show that g(y,w,t) is in the domain D(A’) of the generator A’.

11.5.5 Show that EM'(t) = 1. For s € IR such that 6(s) exists define the
measure P'®) such that for A € F} we have P'®)(4) = E[M'(t); A].



148

Show that under the measure P'®) the process {(R(t),T"(t),t) is a
Sparre Andersen model with premium rate 3, claim size distribution

Fu(z) = Ir(Bs + 0(s)) / eV dFy (y) (11.5.1)
0
and inter-occurrence time distribution
t
Fr(t) = my(s) / e~ BsH00))v g (v) . (11.5.2)
0

Verify the the net profit condition is fulfilled if and only if #V)(s) < 0.

11.5.6 Assume the adjustment coefficient 7 exists. Prove Lundberg’s inequali-
ty ¥(u) < e7 7 and the Cramér-Lundberg approximation for the Sparre
Andersen model using the change of measure technique. Use the measure
P’ defined in Exercise 11.5.5. In order to prove the Cramér-Lundberg

approximation assume mg}) (7) < .

11.5.7 Assume the adjustment coefficient 7 exists. Assume mg” (7) = oo.
Show that 1 (u)ef™ tends to zero as u — oo.

11.5.8 Find the characteristics of the PDMP (R(t),T'(t), t).
11.5.9 Let g(y, w,t) = exp(—(6(s) + Bs)w — sy — 8(s)t). Show that g € D(A).

11.5.10 Show that EM(¢) = 1. For s € IR such that 6(s) exists define the
measure P(*) such that for A € F; we have P (4) = E[M(t); A.
Show that under the measure P(*) the process {(R(t), T(t),t) is a Sparre
Andersen model with the distributions given by (11.5.1) and (11.5.2)

11.5.11 Assume the adjustment coefficient 7 exists. Prove Lundberg’s inequal-
ity ¥(u) < e~ 7 and the Cramér-Lundberg approximation for the Sparre
Andersen model using the change of measure technique. Use the measure
P defined in Exercise 11.5.10. In order to prove the Cramér-Lundberg
approximation assume mg}) (7) < .

Solutions

11.5.1 We can assume a > 1. The result is trivial if Fr(¢t) = 0 for some ¢ > 0.
We therefore assume Fr(t) > 0 for all ¢ > 0. Using F3"(t) < (Fr(t))"
we find

o o0

S aPN() =) < 30 a"P(NE) < 1) < Y- (aPr ()"
n=0

n=0 n=0
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and the result is proved for ¢ < to where t5 > 0 such that Fr(to) < a™!.
Assume the result is proved for ¢t < ktg for some k € IN. Then

EoN((k+Dt)  — g gN0to)+1+N((k+1)t0)~ N (on (keg) 1)

< aEaVFo) EV®) < 0.
The assertion follows now by induction.
11.5.2 The following are equivalent
$>0 < my(s) >1 <= Ip(8(s) + fs) <1 <= 6(s) +Bs > 0.
Analogously,

s=0 < my(s) =1 <= Ip(8(s) + fs) =1 < 6(s) +Bs=0.

11.5.3 The state space is R x R4 x IRy. The vector field at the point (y,w,?)
is given by
0 0 7]
X =fo + — + —.
’Bay + ow + ot
This implies in particular that the active boundary I' = (. The jump
intensity is A(y,w,t) = A(w) = fr(w)/Fr(w). Finally, the transition
kernel is Q((y,w,t),B1 x By x B3) = Fy(y — B1)1(0 € Ba,t € B3).

11.5.4 We verify the conditions of Theorem 11.2.2. Because g(y,w,t) is
absolutely continuous it is absolutely continuous along integral paths.
The boundary condition is trivial because I' = ). It remains to show the
integrability condition

Note that o; and T; are bounded by ¢. If s < 0 then because R(v) < u+p3t
the above expected value is obviously finite. Assume therefore s > 0.
Then the expected value is bounded by

for some constant ¢. The result follows now analogously to the compound
Poisson case, using that Ea¥® < oo for all ¢ > 0.
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11.5.5 Fix n € IN and Borel sets B; and B} for 1 < i < m. Note that
T'(op) = 0. Then

P')(U; € B;,T; € B},1<i<n)
= E[e *EBlon)-)=0)om 17, ¢ B; Ty € B!, 1 <i <n

L NY-77. . T U 1
E [exp(;(sU, (Bs + 0(3))T1)), UieB;,T;€ Bl,1<i< n]
[1ir(8s + 6(s)E[e*V:;Us € Byt (s)E[e=#*+09)%, 1 € BY

i=1

from which the result follows. The net profit condition is

12 (Bs +6()iniy (5)
I (Bs +6(s) s (s)

B8 >

which is equivalent to () (s) < 0.
11.5.6 Note that T'(r) = 0. Thus
zp(u) — ]EI('y) [esR(-r); r< OO] e—Ru — EI(’y)esR(T)e—Ru .

The last equality follows from P (r < o0) = 1. Lundberg’s
inequality follows immediately. In order to proof the Cramér-Lundberg
approximation let g(u) = EM(e*E() | R(0) = 0) and G~ (z) =
P (X, > —z | R(0) = 0). Then g(u) fulfils the renewal equation

ou) = / " glu—y)dG(y) + / e R 4G (y)

By the key renewal theorem g(u) converges to a constant c. Since Uj;
has finite mean mg’ (v) /M (7), it follows that G~ (y) is a distribution
function of a random variable with finite mean, see Feller (1971).
Therefore, ¢ > 0.

11.5.7 The result follows as in Exercise 11.5.6 noting that G~ (y) is a
distribution function with an infinite mean value.

11.5.8 The state space is R x (0,00) x Ry. The vector field at the point

(y,w, 1) is
0 0 0
X=0F——-—+=.
oy " T
This gives that T' = {(y,0,t¢) : y € R,t > 0}. The jump intensity is
Ay, w,t) = 0. Finally, the jump measure needs only to be given on T,
and is Q((y,0,t), B1 x By x Bs) = Fy(y — B1)Fr(B2)1(t € Bs).
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11.5.9 We verify the conditions of Theorem 11.2.2. Clearly, g(y,w,t) is
absolutely continuous along integral curves. Moreover,

/om/omg(y — z,w,t) dFp(w) dFy (2) = e~V 0Ol (s)iy (Bs + 6(s))

= g(y,0,t)

and therefore the boundary condition is fulfilled. It remains to verify the
integrability condition. Consider first the case s > 0. Then 8s+6(s) > 0
and therefore e~ (8s+0(s)T(¥)=0(s)v is hounded for v € [0,#]. It remains

to show that
N(t)

E Z e 5B (01 « .
i=1

This follows in the same way as in Exercise 11.5.4. Assume now s < 0.
Then Bs+6(s) < 0. Now e~*E(¥) is bounded. Moreover, T (v) is bounded
by t for all v < op(;. Because E N(t) < oo it remains to prove that

Ee Bst06)Trw+1 < 00. We can assume that Fr(v) < 1 for all v > 0.
Otherwise, the statement is trivial. Thus we have to show that

0 o= (Bs+0(s)w 4
e w
sup J, 7 ( )<OO

0<v<t Fr(v)

But now the assertion follows from I7(8s + 6(s)) < oo.

11.5.10 That IE M (t) = 1 follows from T'(0) = T;. Fix n € IN and Borel sets
B; and Bj for 1 <4 < n. Note that T'(05,) = Tp41. Then
P¥)(U; € B;,T; € B!, 1<i<n)
— gy (5 [~ BT (@) =s(Rlon)—w)=0(s)o,
U; € B;,T; € B:,]. SZSTL]
= E[e *Eon)-W-0G)om 17 ¢ B, T; € B},1<i<n

[1i(8s + 6(s))E[e*Y; Ui € Bi] iy (s)E [e~P+=NT5 T, € BY].
i=1

This are the desired distributions.
11.5.11 Under the measure P the ruin probability can be expressed as
P (u) = Ir(By)E ) exp(ByT (1) + YR(T))

where we used that P (7 < co) = 1. T(7) is the time till the next claim
after ruin and therefore independent of R(7) and has distribution Fr.
A simple calculation gives I (Ve Tt = giyy;(y). Thus

¥(u) = ED exp(yR(7)).
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This gives immediately Lundberg’s inequality. The Cramér-Lundberg
approximation follows as in Exercise 11.5.10.
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Point Processes

12.1 Stationary Point Processes

Exercises

12.1.1 For an ergodic point process {on} show that for every fixed €, €’ there
exists ¢ > 0 such that P(Np>1{on <n(A™' +e)+¢}) >1-¢"

12.2 Mixtures and Compounds of Point Processes

Exercises

12.2.1 Let {o,,} be a cluster process with cluster centres {o],} and clusters
{N,}. Let X' be the intensity of the cluster center process. Show
A= XNEN,(R).

12.3 The Markov-Modulated Risk Model via PDMP

Exercises

12.3.1 Consider the Markov-modulated risk model. Show that the stochastic
process {(J(t), R(t))} is a PDMP and determine its characteristics.

12.3.2 Assume that Q is irreducible and let V;(t) = f(f I(J(v) = i) dv denote
the amount of time in (0,%] which the Markov process {J(t)} spends
in state i. Show that ¢t 'V(¢) tends to m; where m = (m;)i=1,...¢ is
the stationary initial distribution of {J(¢)}. [Hint. Consider the cycles
between two consecutive visits to state ¢ and use the law of large
numbers.]

12.3.3 Let X be an arbitrary real-valued random variable. Assume that the
generating function 7 x (s) exists in a certain interval I different from the
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singleton {0}. Show that 7 x(s) is convex on I, and strictly convex on
I provided X is not determlnlstlc [Hint. Consider the random variable
Y with distribution Fy (y) = [7_ Y e dFx(z)/mx(s) and determine its
variance.]

12.3.4 Consider the Markov-modulated risk model and let 74 = inf{t > 0 :
J(t) = 1}. Show that lim,_,o, PO (r(u) < 71) = 0.

12.4 Periodic Risk Models

Exercises
12.4.1 In the periodic model specified by (A(¢), F;(x), 8) show that the process
{X(t)}, where X (t) = (R(t), N(¢),t) is a PDMP with generator
Ag(y,n,t) = g( nt)+,3£( n,t)
g y7 7 - atg y’ y ayg y, )

20([ g+ 1y - 2,0 dRE) - glom,1).
0
provided g : R x IN x Ry — IR fulfils conditions of Theorem 11.2.2.

12.4.2 Consider the periodic model specified by (A\(t), Fy,3(t)), where the
premium rate 3(t) > 0 depends on time and is a periodic function with
period 1. Show that by the change of time this model can be reduced to
a periodic model with constant premium rate g* = fol B(s)ds

12.5 The Bjork-Grandell Model via PDMP

Exercises

12.5.1 Let {R(t),A(t), A(t)} be a Bjork-Grandell model with an arbitrary
distribution of (A, S1). Assume that the distribution of S is nonlattice.
Show that

Jim P(N®) € A,A() € B) = g5

/]PAQEAS2>S)

[Hint. Use the key renewal theorem.]
12.5.2 Prove Theorem 12.5.5.

12.5.3 Let {(R(t), A(t), A(t))} be a Bjork-Grandell model. Assume that there
exists a constant C' such that in the ordinary case

lim E ™ (B2 mo()-1))AM Ry = ¢, (12.5.1)

uU—r 00
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Show that for any distribution of (A;,S:) such that E (@g(A4,S;) <
oo relation (12.5.1) holds. [Hint. Compare with the proof of Theo-
rem 12.3.6.]

12.6 Subexponential Claim Sizes

Exercises

12.6.1 Consider a Poisson cluster process and let ¢!/ = inf{z : N,({z}) > 0}
denote the most far left point of the n-th cluster. Show that o], + o), is
a Poisson process.

12.6.2 Show that for any point process {o,} with N(¢) = N((0,]) and for Z.
defined in Section 12.6.1

P(Z. > u) < ]P(U (N =€) —u) > n}) .

n>1

12.6.3 Let {J(t)} be a Markov process with finite state space and assume
{J(t)} is irreducible. Let J(0) = 1. Show that ¢ = inf{t > 0: J(¢) =
1,J(t — 0) # 1} is light-tailed. Conclude that also N(¢) is light-tailed.
[Hint. Represent the distribution of ¢ as phase-type distribution.]

12.6.4 Complete the proof of Theorem 12.6.6..
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13

Diffusion Models

In this chapter {W(¢)} is always a Brownian motion. A local martingale
{M (t)} is a stochastic process such that there exists stopping times 71 < 75 <
.. = 0o, called localization sequence, such that {M (7, At)} are martingales
Let {X (t)} be a stochastic process. We say {X( )} € L*ifE fo 2dv <
for all t > 0. We say {X ()} € L% if fo ?dv < oo for all t > 0. Note
that {X (¢)} cadlag implies {X( )} € LE .. For {X ()} € L%, we can define
the stochastic integral { fo v) dW (v)}. This process is a local martingale. If

{X(t)} € L? the the stochastlc integral is a martingale.

loc

13.1 Stochastic Differential Equations

Exercises

13.1.1 Let 0 = t(()") < t§") < ... < t™ =t be partitions of the interval [0,1],

such that sup{t{™ — ™} — 0 as n — oco.
(a) Show that

tim B [(SWE) - W) )] =o.

n—oo

Conclude that, if liminf,_, 3" (W (™) — W (#{™)))2 —t = 0.
(b) Show that

lim E | ‘Z (1)~ w(K))? — 1] =

n—oe

(c) Let {ny} be a subsequence such that

i_ojE Hf_ﬁ(W(tE“k’) ~W(E))? ] < oo.
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Show that with probability one 37, (W (£™)) =W (£"*)))2 is a Cauchy
sequence and conclude that Z?:’“I(W(tz("’“)) - W(tl(f’“l)))2 converges to t
with probability one.
(d) Show that with probability one
n
Sl z}(waﬁ"’) —W(HD))? =t

13.1.2 Let {Y(¢)} be a piecewise constant process, i.e. there exists stopping
times 0 = 19 < 11 < 1 < ... = oo such that Y(¢) = Y(r,) if
Tn < t < Tpt1. Define

/tY(v) dW (v) (13.1.1)
N(t)—1
= Z Y(r)(W(7ig1) = W(m)) + YO (W () — W(Tn))

where N(t) = max{i : 7; < t}. Let 7}, = inf{t > 0: | [J Y(v) dW (v)| >
n}. Show that { f;™ M Y (v) dW (v)} is a uniformly integrable martingale.
13.1.3 Construct a local martingale that is not a martingale.

13.1.4 Let {M(t)} be a cadlag local martingale adapted to {F;}. Show that
it is possible to choose a localization sequence {7,} such that for all n
the martingale {M (7, A t)} is uniformly integrable.

13.1.5 Let {M(t)} be a local martingale and assume that IE M (t)? < oo for
allt > 0.
(a) Show that {M (t)?} is a submartingale.
(b) For v < t show that IE M (v)? < M (t)2.
(c) Fix t > 0. Show that the family {M(v) : 0 < v < t} is uniformly
integrable.
(d) Show that {M(¢)} is a martingale.

13.1.6 Show that the geometric Brownian motion {X (¢)},

X (t) = X(0)exp((u — 02 /2)t + cW (1)) (13.1.2)
is the solution to the stochastic differential equation d X (t) = § X (t) dt +
o dW (¢).
13.1.7 Show that for the geometric Brownian motion {X(t)} defined in
(13.1.2),
EX(t) = X(0)e

Var X(t) = X(0)e20+o)t
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13.1.8 Show that for a deterministic cadlag function h € L?, the random
variable fo v) dW (v) is normally distributed N(0, fo h%(v) dv).

13.1.9 For the Ornstein-Uhlenbeck process {X (t)} with dX (t) = —a(X (t) -
0)dt + o dW (t), where a, 0 > 0 derive the formulae

EX(t) = §+e*(EX(0)-9),
Cov(X(),X(t+h)) = %(efah _ efa(2t+h))

where ¢, h > 0.

13.1.10 Show that

tm Y w (S (w( ) - w (U5 20) < wer.

i=1

13.1.11 Let X be a Markov process and assume that g and Ag are bounded
for a function g in the domain D(A) of the extended generator. Show
that (13.1.33) is a martingale, i.e. g is in the domain of the full generator.

Solutions

13.1.1 (a) Using the independent increment property of the Brownian motion

and that (W(tS")) w (" #m) )/ (n) - tz@1 has the same distribution
as Wi it follows that

E (W (K"”) - W) - ¢ - ")) =0
and therefore
E (S 0v ™) - w7 —1)°) = S0 - )P E W 1),

The latter tends to zero as n — o0o. The liminf follows from Fatou’s

lemma.
(b) This follows from Jensen’s inequality.
(c) We have
Mhk+1
B (3[S0076) - W) - 3 () - )
k=1 i=1 i=1

< 2§:E (\i(wugw) — W (™)) - tD <.
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Thus with probability one

o0 Nk+1

Z‘Z t(”k) (t(Tcl)))2 _ Z (W(tz(nkﬂ)) _ W(tgﬁkl+1)))2 < 00
k=1 i=1 i=1
and Y1, (W(tz("’“)) - I/V(tgﬁ’“l)))2 is a Cauchy sequence. Thus the limit
limy,_ 00 Z:L:’“l(W(tgn’“)) — W(£™)))? exists, and by (a) the limit must
be t.

(d) By (c¢) any subsequence of E?:1(W(t§n)) — W(#™))? has a
convergent subsequence and any convergent subsequence converges to
t. Thus E?:l(W(tZ(")) — W (#™)))? converges to t.

13.1.2 By Lemma 13.1.1 the processes {fT Ny Y(v)dW(v)} are local mar-

tingales. Thus for each n there ex1st stoppmg times {7]}} converging to
AT ALy Y (v)dW (v)} are martingales.
Because | I Ta AT AL Y (v) dW (v)| < n one gets by bounded convergence

that { [~ MY () dW (v )} is a martingale. The uniform integrability
follows from the boundedness.

infinity such that the processes { f;™

13.1.3 In order to construct a local martingale that is not a martingale we
can for instance find a piecewise constant process that is not integrable.
For example let {Y;} be a sequence of independent and identically
distributed random variables, independent of {W (¢)} such that E|Y;| =
oo. Let {Y(t)} be defined as Y (t) = Y. Then for 0 < ¢ < 1 we have
by (13.1.1)

E \/0 Y (v) AW (v)| = E|[YoW (t)| = E [Yo|E|W (t)] = .

Thus fo v) dW (v) is not a martingale.

13.1.4 Let {Tn} be a localization sequence and let 7, = 7,, An. Clearly {7,} is
a localization sequence by the stopping theorem. Let X (t) = M (7, A ).
Then X(t) = E (X (n) | F¢). This gives

E[[E (X (n) | 71X ()] > m] <BE[|X (n)|;[X(#)] > m].

Because supg<;<,, | X (n)|L(| X (¢)| > m) < |X(n)] is integrable it follows
by dominated convergence that {X (¢)} is uniformly integrable.

13.1.5 (a) Let {r,,} be a localization sequence. Using Jensen’s inequality and
Fatou’s lemma one gets for v < ¢t

EM@? | F) > E(IMO||F) =E(lim —|M(r A0 | F)
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Y

(limsup —E (|M (1, At)| | Fo))?
n— oo

lim inf B (| M (5 A t)] | Fo)?

> liminf [E (M (1, At) | Fp)|* = lim M(r, Av)?
n— 00 n—oo

= M(@)?.

Thus {M (¢)?} is a submartingale.
(b) This follows immediately from (a).

(c) We find
E[|M©W)|;|Mv)| >z] < E[M(v) 7LM(U)| >
E M (v)? < E M (t)?
< - < o

and therefore that {M(v) : 0 < v < t} is uniformly integrable.
(d) This follows from the uniform integrability and

EM@)|F,) = E(nli_{%oM(Tn/\t)|‘7:v)=nli_>ngo]E(M(Tn/\t)|‘7:v)
= nlLIr;oM(TnAv)zM(v),

where {7,} is a localization sequence.

13.1.8 Let n € IN and tg") = it/n. Because we only consider cadlag functions

we have that
t
lim — h2(t; h2(v)d
s 2S00 = [ )0

Hence Y, (v) = h(t;) for t; < v < ti41 approximates the process
Y(v) = h(v) in the sense of the definition of the stochastic integral.
By definition fo v) dW (v) has a normal distribution with mean zero
and variance tZ" 1 h2(t;)/n. We get that the variance converges to

fo h?(v) dv. Tt is left to the reader to show that a sequence of N(pin,02)
dlstrlbuted random variables such that pu,, — g and o2 — o2 converges
weakly to a N(u,0?) distributed random variable, see Chapter 2.1 Thus

t
Jo h(v) dW (v) is normally distributed N(0, fo h2(v) dv).
13.1.10 Consider first

S (U520 - w (U520 (w (L) - w(E52)).

i=1

T'Do we have an exercise?
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This sum consists of independent random variables with mean value
2= (D¢ and variance 272"¢>. This gives readily that the above sum
converges almost surely to t/2. Moreover, we know that

Sw (2w (3) - w ()

converges to (W?2(t) — t)/2. Putting these results together yields the
result.

13.1.11 The process {M(t)} defined as M(t) = g(X(t)) — g(X(0)) —
fg Ag(X(v))dv is alocal martingale. Let {7, } be a localization sequence
and note that supg<,<; |M(w)| < 2g+ Agt where g = supy<,,<; |9(w)]
and Ag = supg<,,<; | Ag(w)|. Thus by bounded convergence we have for
w <t
E(M®)|Fu) = E( ILm M@ AT | Fu) = ILm E(M@AT) | Fu)

= lim M(wAT7,)=Muw).
n—oo

13.2 Perturbed Risk Processes

Let {R(t)} be a risk model, called the unperturbed risk model. Let {W (¢)}
be independent of {R(t)}. The process {X(t)} with X (t) = R(t) + eW(t) is
called a perturbed risk model. The claim sizes are denoted by {U;} and the
occurrence times by {o;}. {N(t)} is the claim number process N (t) = sup{n €
IN: 0, < t}. In particular, {R(t)} is modelled as

N(t)
R(t)=u+pBt— Y Ui.
i=1
In a perturbed Sparre Andersen model the adjustment coefficient is the strictly
positive number such that E e~ 7(X(en)~4) — 1 if such an exponent exists. We
let T =09 —0; and A=1/ET.
Exercises
13.2.1 Let {M(t) : t > 0} be a non-negative local martingale. Show that
{M(t)} is a supermartingale. Conclude that if IE M (¢) = IE M(0) then
{M(t)} is a martingale.

13.2.2 Let X(t) = oW(t) + ut be (u,0?)-Brownian motion and M(t) =
SUPg<,<; X (v). Show that for z < m

P(M(t) >m,X(t) <z) = exp(—(z — pt)*/(20°1))

1 x
V2mo?t /_oo
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x exp(—2m(m — 2)/(c°t)) dz
and conclude that the joint distribution of (M (¢), X (¢)) has density

— Tm >z 2(2m — x)
fm,r) = Amz )22

x exp(—((z — pt)* + 4m(m — x))/(20°1))

[Hint. Use that {vW(1/v)} is a standard Brownian motion (Exer-
cise [?7e10.3.1077]).]

13.2.3 Let {X (¢)} be the perturbed compound Poisson model. Define
7t =inf{o; : X(0;) <inf{X(t): 0 <t < 0;}}
and if 77 < o0
Y =—inf{X(#):0<t <7}, Yih=-X(r")-Yr.

Assume that the adjustment coefficient vy exists. Define the new measure
P via the Radon-Nikodym derivative dP(?) = e=7(X()-v) qIP_ Verify

Xl (7) — B+ €2y
v(B—7e2f2)

13.2.4 Let {X(t)} be the perturbed compound Poisson model. Let 12 (u) =
P(r < 00,X(7) = 0). Assume that the adjustment coeflicient +y exists

and that n (1)( ) < 00. Verify

EM (Yd+ + Yc+)

: e2/2
lim 9 (u)e”™ = — (1) e/ .
U—00 A\ ( ) — 13 + 52,),

13.2.5 Consider the perturbed Sparre Andersen risk model {X(t)}. Let
T(t) = on()+1 — t be the time till the next jump. Suppose g(y,w)
is twice continuously differentiable with respect to y and continuously
differentiable with respect to w such that

/ / y — z,w) dFp(w) dFy(z)
N(t)An

E ( X lo(X (o), 7o) ~ 9(X (05— 0),0)]) < oo,

and

t>0,n € IN. Show that g is in the domain of the extended generator
D(A) and the generator has the form

Agly,w) =5 5 00) + B3 o) = 5-gu,).
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13.2.6 Let U and T be positive random variables and 8 and ¢ be positive
constants. Consider the equation

y (s)ir(Bs —e2s%)2) = 1. (13.2.1)

Show that there is at most one solution v # 0 and that this solution
is strictly positive if SET > EU. [Hint. Define 6(s) as the solution to
mu (s)lr(Bs +0(s) —e2s?/2) = 1 and show that 6(s) is convex.]

13.2.7 Let {X(¢)} be the perturbed Sparre Andersen model introduced in
Exercise 13.2.5.
(a) Assume the the adjustment coefficient 7 exists. Show that 7 solves
(13.2.1).

(b) Suppose that v > 0 solves (13.2.1). Show that v is the adjustment
coefficient.

13.2.8 Let {X(¢)} be the perturbed Sparre Andersen risk model introduced
in Exercise 13.2.5. Assume the adjustment coefficient v exists, that is a
positive solution to (13.2.1). Show that the process {M (¢)} defined via

M(t) = e~ Br="7* /DT (6) g=sX (1)
: X, T . X, T - .
is a {F;" }-martingale, where {F; " } is the natural filtration of the
process {(X (¢),T(t))}.

13.2.9 Assume that the adjustment coefficient in the unperturbed Sparre
Andersen risk model exists. Show that v, defined as the positive solution
to (13.2.1) in the perturbed Sparre Andersen risk model exists.

Solutions

13.2.1 Let {7,,} be a localization sequence. Note that IE My = E My, < 00.
Then by Fatou’s lemma
EM@)|F,) = E(lim MEAT,)|F) <lminf E(M({tA1,) | Fy)
n— 00 n—oo
= lim M(vAT7,)=M@)

n—o0
for 0 < v < t. In particular, E M (¢) < IE M(0) < co. Thus {M(t)} is a
supermartingale. Since
EM0) = EM@) =EEM({)|F,))
= E(EM®E) |F,

IN
=
=
S
I
m
=
2
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we have

This implies P(E (M (t) | Fy
13.2.2 Tt follows readily that
P(M(t) >m,X(t) <z)
= ]P( sup oW () +p—mv >0,cW(1/t) +p < a:/t)

>t 1
1 1 m 1
= P( s o(W(0) - W) - mlv =) > F =W~

UW(%) < % —u)-

The process {o(W(v) =W (t 1)) —m(v—t~1) :v > ¢"'} is a Brownian
motion with drift and therefore

P(M(t) <m, X(t) < z)
- E [e72m(mt_lde(t_1)7u)/0'2 : UW(til) < l'/t _ /“L] .
Straightforward calculation gives now the desired results.
13.2.5 Considering the process {X (¢)} up to time o, we have

N(t)An

X(ant) = ut Y (/: (8dv +2dW (v)) - U;)

i=1 i—=

on N\t
+/ (Bdv+edW(v)).
ON(t)An
Applying Ité’s formula to the process {M,(¢)} with

My (t) = g(X(Un/\t);T(Un/\t))—g(u;T(O))—/oan Ag(X(v),T(v))dv,

M) = [ eZgx(w), Tw) dW ()
0 82/

N(t)An

+ Y 9(X(0).T(02) ~ 9(X (03 ~0),0).
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The stochastic integral is by construction a local martingale. Consider
an increment of the sum. We have

E (g(X (0:) | X(0i = 0) = y)
/ / y — z,w) dFr(w) dFy(2) = g(y,0)

and therefore the sum is a martingale. Note that the sum is integrable
by the conditions stated. Let of, be a localization sequence of the

local martingale {f(fsa%g(X(v),T(v))dW(v)} then {M,(t A o))} is a
martingale. This implies that {M (¢)} defined as

M(t) =9(X(t),T(t))—g(u,T(O))—/0 Ag(X(v), T(v)) dv

is a local martingale. Thus g € D(A).

13.2.6 The function I7(s') is monotone and therefore there is at most one

solution s}y to 1hy ()i (s') for every fixed s. This solution exists in any
case if s > 0. Thus 6(s) = s{, — 85 +£?s%/2 is uniquely defined. Because
mu(s) and Ir(s) are continuous functions there is an interval containing
zero on which 0(s) is well-defined. A solution v to (13.2.1) is equivalent
to 8(y) = 0. Without loss of generality we can assume that 6(s) is defined
on an interval different from [0, 0].

Let m(s) = loguy(s) and I(s) = logir(s). The equation can be written

as m(s) + I(Bs + 0(s) — €25%2/2) = 0. By the implicit function theorem
6(s) is differentiable and

mW (s) + (8 + 00 (s) — e25)IV (Bs + 0(s) — e252/2) = 0.
It follows that 6(s) is infinitely often differentiable and

m®)(s) + (8 + 61 (s) — £°5)*1?) (Bs + 6(s) — £°5°/2)
+ (0@ (s) — )W (Bs +6(s) — %52 /2) = 0.

Because m(s) and [(s) are convex functions? and [(s) is decreasing it
follows that 0"(s) — &% > 0, i.e. 6(s) is strictly convex. Since clearly
0(0) = 0 there can at most be another solution v # 0 to 8(s) = 0.
Note that m™)(0) = EU and I(V(0) = —ET. This yields §()(0) =
(EU — BET)/ET. Thus if BET > EU we have #()(0) < 0 and
6(s) > 0 for all s < 0.

2 Add an Exercise in Chapter 2.
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13.2.8 The function g(y,w) = e~ (BY=27*/2we=v fylfils the conditions of
Exercise 13.2.5. Thus {M (¢)} is a local martingale. Since {W(t)} and
{R(t)} are independent we find

EM(t) = Ee 17 /2T@)7R(#H)-7eW (@)

= Fe G172 /DTW) (R —<*7t/2)

The process {R(t) — e%v/2t} is a unperturbed Sparre Andersen model
with premium rate 8 — £2v/2. The process {M'(t)} defined via

M'(t) = o (BY—e*7?/2)T(8)—7(R(t)—e>7t/2)
is then by Theorem 11.5.2 a martingale. Thus

EM(t)=EM'(t) =EM'(0) = EM(0)
and {M(t)} is a martingale by Exercise 13.2.1.

13.2.9 Let 7' be the adjustment coefficient in the unperturbed Sparre
Andersen model. Then iy (y')lr(87') = 1. This implies §(') = e27/2/2
where 6(s) was defined in Exercise 13.2.6. Because 6(s) is convex and
0(s) < 0 for 0 < s small enough, there must be a v € (0,7') such that
0(~y) = 0. Thus the adjustment coefficient in the perturbed risk model
exists.

13.3 Other Applications to Insurance and Finance

Let now {F:} be the natural filtration of the Brownian motion {W(¢)}. A
Black Scholes model is an economy with two assets {X (¢)} and {I(t)}, where
dX (t) = pX(t) dt+0X(t) dW(t) and dI(t) = 6I(t) dt with I(0) = 0. We work
with a finite time horizon ¢3. A F;,-measurable claim Z has at time ¢ the price
E(ZI(t)/I(ty) | F;) where P is an equivalent measure such that the process
{W*(t)} defined as W (t) + (u — 8)t/o is a Brownian motion under P. Thus
dX (t) = 6X (t) dt+o dW*(t). A trading strategy is a two-dimensional adapted
cadlag process {(a(t),¥(t))}. A trading strategy is called self-financing if the
value process {V'(¢)} with V (¢) = a(t) X (t)+~(t)I(t) has the property dV (t) =
a(t)dX(t) + v(t)dI(t) and if {f(f a(v) X (v)/I(v) dW*(v)} is a martingale. If
a claim Z has the property that EZ? < oo then there exists always a self-
financing trading strategy {(a(t),y(¢t))}, called duplication strategy, such that

to

Z =K Z/I(to) +/t0 a(v) dX (v) +/ v(v) dI(v).
0

0

Exercises
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13.3.1 Let {M(t)} be a bounded local martingale. Show that {M(t)} is a
martingale.

13.3.2 Fix b < 0 < a. Let g : [0,1) —» R4 be a continuous function such
that fol g(t)>dt = oo. Define the stopping times 7, = inf{t > 0 :
Jogw)dW(v) = a} and 7,5 = inf{t > 0 : [ g(v)dW (v) € {a,b}}.
Let t,, be such that fo" g(t)2dt = n. We consider the special case of a
Black-Scholes model with I(¢t) =1 and dX (¢) = X (¢t) dW (¢).

(a) Show { ;" g(t)dW(t) : n € IN} is a random walk with standard
normally distributed increments.

(b) Show that P (7, € (0,1)) = 1.

(c) Show that there exists a trading strategy {(a(t),v(t))} fulfilling
a®)X(t) +~(t) = f(f a(v)dX (v) with a(1)X (1) + (1) = a. That is,
it is possible to generate the capital a out of nothing. [Hint. Use (b).]
(d) Calculate P (74,5 # Ta)-

(e) Show E (—info<i<1(a(t) X (t) +7(t))) = 00, i.e. the expected capital
needed to play the above strategy is infinite.

13.3.3 Let L(t) = exp{—&W (t) — k2t/2}. Define the new measure IP on F; via
the Radon-Nikodym derivative dP = L(t) dIP. Let {W*(t) : 0 < t < 1}
be defined as W*(t) = W (t) + xt. Show that {W*(t) : 0 <t <1} is a
standard Brownian motion under the measure P.

13.3.4 Show that the price at time ¢ of the European call option with strike
price K, g(X (to)) = (X(to) — K)+, is C(X(t),to — t) where
log(z/K) + (6 + 02/2).1/)
v
_ 2
- ke svp (/104 6?2
v

Show, moreover, that the duplicating strategy is given by

alty = @ (1og(X(t)/K)a+ Efj:’ /2)(t0—t)> 7
stom [(log(X(t)/K) + (6 — 0?/2)(to — 1)
—_Ke 9 (I)( T 0 ) .

Clz,y) = m(

2
—~

o~
~—

13.3.5 Let forz > 0and 0 <t < tg
log(z/K) + (6 +02/2)(to — t))
oto—t
- remsto=ng (1Bl K) + 0 /200 -0)
ov/tg —t ’

flz,t) = mCIJ(
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Verify that f(x,t) fulfils the differential equation
ft(.’L',t) + %fzz(mat)UQZ'Q + fo(z,t)0z — 6 f(x,t) = 0.

13.3.6 Suppose an equity linked insurance contract with guaranteed sum
G is written with an a-year old. Let T, denote the time of death
of the customer. A term insurance contract gives then the payoff
(T, < t)(GV X(T,)) and a pure endowment contract gives the
payoff I(T, > t0)(G V X (to)). Let F,(t) = P(T, < t) and assume
that F,(t) is absolutely continuous with density A\,y+F,(t). We assume
that the premium rate is proportional to the equity price, i.e. the (fair)
premium rate at time ¢ is dX (¢). It is assumed that T, and {X(¢)}
are independent. We use the equivalence principle for the calculation
of premiums, that is expected premiums and expected outflow coincide
under the measure P, where T}, is not affected by the change of measure.
Show that

/ B ((GV X(©))/I(0)) Aoty (1 = Fa(v)) dv
O)E [*" I(w)~1dw

in the term insurance case and

E ((G V X (t))/1(to)) (1 — Fu(to))
0O)E fo ™o I(w)=1 dw

in the pure endowment insurance case. Explain why 6X (0) = 8 where
B is the (fair) premium rate in the case where the premium rate is
constant.

13.3.7 Suppose a company sells a classical life insurance, paying out the
amount b upon survival up to time tg. The premium is paid as a single
premium. The force of interest {d(¢)} is assumed to follow an Ornstein-
Uhlenbeck process

dé(v) = —a(6(v) — ) dv + o dW (v).

Let T be the time of death and

to

w(t,z) =E (bexp(— 0 dv) 1(T > to) ‘ T >t,6(t) = z)

denote the reserve if the customer still is alive at time ¢.
(a) Calculate pq (¢, 2) directly.
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(b) Verify that p (¢, 2) fulfils the differential equation

—p1(t, 2)qi2(t) — zpa (t, 2)

O s
+ 5 (6:2) —ald) =) Z=(t2) + 5 55

with the boundary condition pi(to,2) = b. Here ¢12(t) is the force of
mortality, i.e. P(T > t) = exp(— fot q12(v) dv).

13.3.8 Let {(t)} follow a Merton model §(t) = at + oW (t). Calculate
o t
! — J—
d'(t) = 5 logE exp( /o d(v) dv) .

Solutions

13.3.1 Let {r,} be a localization sequence. Then E(M(r, A t) | F,) =
M (7, A v). The result follows by bounded convergence.

13.3.2 (a) This follows from Exercise 13.1.8.
(b) Because limsup,,_,, [," 9(t) dW(t) = oo (Theorem 6.3.1c) we get
T, < 1.
(c) Such a strategy is obtained by choosing a(t) = I(t < 74)g(t)/X (t)
and y(t) = fi a(v)dX (v) — a(t)X(t). Then

a(l)X(1)+7(1):/0 o(v) dX (v) :/Orag(v) AW() =a.

(d) The process { fOT“"’Atg(v) dW(v)} is bounded and therefore a

uniformly integrable martingale. The optional stopping theorem yields
Ta,b
0=E / 9(0) AW (v) = AP (10 = 1) + WP (10 # 72)
0

from which (7,5 # a) = a/(a — b) follows.
(e) Note that

Ta AL
a(t)X(£) +4(t) = / o(v) AW ().
Since {info<i<r, [y 9(v) AW (v) < b} = {70 # 74} we have

0
E(- inf (a(d)X(0)+7(0) = / Pl )t = cx.
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13.3.3 It is clear that W*(0) = 0 and that {W*(¢)} has continuous paths.
From

E (exp(s(W*(t) — W*(v))) | Fo)
E (exp(s(W*(t) — W*(v)))L(t) | F»)
L(v)
= E(exp(s(W(t) = W(v) + &(t —v)) = s(W(t) - W(v))
— &2t —v)/2) | F)
= Eexp((s— &) (W(t) — W) + (sk — k*/2)(t —v))
= exp(s®(t—v)/2).
It follows that {WW*(¢)} has stationary and independent increments that

are normally distributed with mean zero and the same variance as a
Brownian motion. Thus {W*(¢)} is a Brownian motion under P.

13.4 Simple Interest Rate Models

In this section we use the natural filtration of the Brownian motion {W (¢)}.
The force of interest {4(¢)} is modelled as a diffusion. That is, the value at
time ¢ of a monetary unit invested at time zero is I(t) = exp fo v)dv). A
zero coupon bond with maturity ¢ is a contract that pays out one monetary
unit at time ¢. Its value at time v < ¢ is denoted by D(v,t). We assume that
there is an equivalent measure P such that

D(v,1) :]E(exp(— /vté(w) dw) ‘]—')

Exercises

13.4.1 Let {W*(t)} be the Brownian motion under the measure P. Show that
D(t,t0) is a diffusion process of the form

dD(t,t0) = 8(t)D(t, to) dt + op (t) D(t, to) dW*(1) . (13.4.1)

13.4.2 Let {Z(t)} € L2, such that {L(t)} with

loc

L(t) = exp(~ /Ot Z(v) AW (v) — %/OtZ(Uydv)

is a martingale. Deﬁne the measure P on the o-algebra F;, as dP/dP =
L(to). Let W*(t) = +f0 v) dv. Show that {W*(¢)} is a Brownian
motion under ]P
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13.4.3 Let {Z(t)} € L. and assume that

E exp(% /Ot Z(v)? dv) < oo

for all t > 0. Define the process {L(t)} as

L(t) = exp( /0 * Z(0) AW () /0 " 202 av)

and the process {M(t)} as

M(t) = exp(} /Ot 2() AW ().

(a) Show that {L(t)} is a supermartingale.

(b) Show that {f(f Z(v)dW (v)} is a martingale.

(c) Show that M(t) is integrable for all ¢ > 0 and conclude that {M(t)}
is a submartingale.

(d) Let for 0 < a < 1 the process {L,(t)} be defined as

a2

exp(a /Ot Z(v)dW (v) — 5 /Ot Z(v)? dv)

(L) (exp(li“a% /Ot Z(v) dW(v)))l_a2 _

La(t)

Let x > 0. For 0 < t <ty show the inequalities
B [Lo(t); La(t) > 2] < (BL()* (B[M(t); Lo(t) > a])?1-2)
< (E[M(ty); sup Lo (v) > 2])?¢(1=9) | (13.4.2)
'UStO
(e) Show that {L,(t)} is a martingale.

(f) Show that {L(t)} is a martingale. [Hint. Let @ 1 1 in (13.4.2) for an
appropriately chosen .

13.4.4 The value I(t) at time ¢ of a monetary unit invested at time zero fulfils
dI(t) = 6(¢)I(t)dt with I(0) = 1. Assume that there is an equivalent
measure P such that D(t,t;) = E (I(t)/I(t;) | F;). By Exercise 13.4.1
we have

dD(t,t;) = 8(8)D(t, t;) dt + 03 () D(t, t;) AW* (£)

where {W*(t)} is a Brownian motion under P. The trading strategy
{(a1(t),...,an(t),v(t))} denotes the number a;(t) of zero-coupon bonds
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with maturity ¢; in the portfolio at time ¢ and ~(t)I(¢) is the amount
invested in the riskless bond. We assume «;(t) = 0 for ¢ > ¢;. Then

Zaz D(t,t;) +~v(t)I(t)

is the value of the portfolio at time t.

(a) Formulate the condition for a trading strategy to be self-financing.
[Hint. For the technical condition needed solve (b) first.]

(b) Let V*(t) = V(¢)/I(t) and assume that {(a1(t),...,an(t),(t))} is
self-financing. Show that {V*(¢)} is a martingale under .

(c) Show that there is no arbitrage in a market with securities {D(¢, ;) }
(1 < n) and {I(¢)}, that is for a self-financing trading strategy such that
V(0) <0 and P(V(tg) > 0) = 1 we must have P(V(tg) = V(0) = 0) =
1.

13.4.5 We assume, see Exercise 13.4.1, that {D(t,0)} fulfils the stochastic
differential equation (13.4.1). Assume that the process {L(t) : 0 <t <
to} defined as

L(t) = exp( /0 () AW (0) - L /0 op(0)? )

is a martingale under P. We define the measure Py, via the Radon-
Nikodym derivatwe d]P,g0 /dP = L(ty). The process {Wi,(t)} with
Wi, (t) = W*(t fo op(v)dv is then a Brownian motion under Py, .
The measure ]Pt0 is called forward adjusted risk measure. Let {X (t)} be
a diffusion process such that {X(¢)exp(— fo v)dv)} is a martingale
under P. For example, X (t) is the price of a ﬁnanc1a1 claim as for
instance the price of a zero-coupon bond with maturity ¢; < tq.

(a) Solve the stochastic differential equation (13.4.1).

(b) Show that X (t)/D(t,t0) is a local martingale under Py, .

(c) Show that X (t) = D(t,t0)E+, (X (to) | Ft) for t < to. Conclude that
X (t)/D(t,t0) is in fact a martingale.

13.4.6 Let {6(t)} follow a Vasicek model, i.e. dd(t) = —a(d(t) — &) dt +
o dW*(t) where {W*(t)} is a Brownian motion under the risk neutral
measure IP. The arbitrage-free time ¢ price of an call option with exercise
time ¢; and strike price K on a zero-coupon bond with maturity to > t;
is then

p(t) = B (D(t1,to) exp (- " S0y o) | 7).

t
Calculate p(t).
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13.4.7 Consider the following Cox-Ingersoll-Ross type model { X (¢)} satisfying
= X ({#)dW(t) with X(0) = =z > 0. Suppose there exists

a solution to the above stochastic differential equation. In fact, it is
possible to show that there is a unique solution.
(a) Show that {X (¢)} is a supermartingale.
(b) Show that IE X (t) < oo for all ¢ and conclude that {X ()} is a
martingale. Conclude that for z = 0 we have X (¢) = 0 for all ¢.
(c) Find E X (¢)%.

13.4.8 Let {4(t)} follow a Cox-Ingersoll-Ross model, i.e. do(t) = —a(d(t) —
0)dt + /() dW*(t) where {W*(¢)} is a Brownian motion under the
risk neutral measure IP. Find the Laplace transform

E <—3(5(t0) -5 ‘ 5(v) dv) .

0
[Hint. Try a function of the form exp(—dg; (to;s,s’) — 6(0)gz(to; s, 5'))-
If f(y,z) fulfils

2 52 o 0
LI - )28 WD gy~

with boundary condition f(0,z) = e**, then {M(¢)} defined as

M = f(to — t,6(t) exp / d(v dv

is a martingale.]
Solutions

13.4.1 The process D*(t,tg) = D(t,tg)exp(— fo is a martingale

under the measure . By the martingale representation theorem
(Lemma 13.4.1) there is a process {Y (¢)} such that

t
D*(t, o) = D(0, to) + /0 Y (v) dW* (v).

From Itd’s formula we find
t

aD(tty) = exp( / B(v) dv) Y (1) AW (1)
0

+ D*(t,t9)d exp/6 dv

S(t)D(t, to) dt + exp / B(v) dv) Y (1) AW (1)
0

Thus op(t) = Y (t)/D*(t, to).
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13.4.2 The process {W*(¢)} has continuous paths and W*(0) = 0. Let ¢t > v
and s € IR. Then

E (exp(is(W*(t) — W*(v))) | )
E (exp(is(W* () — W*(v)))L(t) | Fo)
L(v)

B (exp (is(W(1) ~ W) + / " Zw) ) - / ' Zw) AW (w)

- %/tZ(w)Zdw) ‘fv)

v

E (exp(- / (Z(w) — is) AW (w) — L / (Zw) - is)? aw) | 7,)
x exp(—s>(t —v)/2).

Il
o
g

Suppose the expected value is one. Then W*(t) — W*(v) has the same
distribution as a Brownian motion and is independent of F,, that is
{W*(¢t)} is a Brownian motion. Consider the process

M(t) = exp( - /Ot(Z(w) —is) AW (w) — %/Ot(Z(w) s dw).

From It6’s formula it follows that dM(t) = (Z(w) — is) dW (w) and
therefore M (t) is a complex valued local martingale, i.e. both the real
part and the imaginary part are local martingales. Thus there exists
a localization sequence {7,}, 7, — o0, such that {M(r, A t)} are
martingales. This gives

Tn A\t Tn AL
E (exp(- / (Z(w)—is) dW (w)—1 / (2(w)—is)? dw) ‘ F)=1.
Tn AV Tn AV
The absolute value of the integrand is bounded by
Tn\Z Tn\Z
exp(—/ Z(w)dW (w) — %/ Z(w)? dw) .
Tn AV Tn AV

Because {L(t)} is a martingale the latter is uniformly integrable. It
follows therefore that

E (exp(— / t(Z(w) —is)dW (w) — & / t(Z(w) _is)? dw) ‘ ]—'v) =1.

v

13.4.3 (a) From It6’s formula we find dL(¢t) = Z(t)L(t)dW (¢) and {L(t)}
is a local martingale. Because L(t) > 0 it follows that {L(¢)} is a



176

supermartingale.

(b) From Jensen’s 1nequa11ty it follows that IE fo 2dv < oo and
therefore that { fo dW( )} is a martlngale

(c) We have M(t ) t) exp(% fo ))Y/2 and it follows from

Schwartz’ inequality

EM(t) = \/EL(t)E exp(% /t Z(v)? dv) <o0.
0

That {M(¢t)} is a submartingale follows now from Jensen’s inequality.
(d) By Jensen’s inequality we have

E [Lq(t); La(t) > 2]

_ ]E[(L(t))a2 (exp(li"a%/OtZ(v)dW(v))n(La(t) >x))17”2]

IN

®LO)" (E [exp(lifla% /0 " 2) AW () L(La(t) > m)])l_“2

w10 (elen(? [ Zravioo- )

E
(E[E (M(to) | Fo); La(t) > 2])** =)
(E[M(to); La(t) > a])**~®

(]E [M( 0); sup Lg (v )>x])2a(1ia)

Uto

IN

IN

IN

where we used 2a < 1+ a in the second inequality. (e) Since the process
{Ly(t) : 0 <t < to} is uniformly integrable by (d), it is a martingale.
(f) For z = 0 we have

1=ELy(t) < (EL()* (BM(t)21-2) — EL(t)

as a 1T 1. Since {L(t)} is a supermartingale we have EL(t) = 1 =
L(0). Thus {L(t)} is a martingale. The latter follows analogously to
Exercise 13.2.1.

13.4.4 (a) There should be no cash flow in the interval (0,%y) and therefore

we need

n t t
°)+Z/0 a,-(v)dD(v,tz-)+/0 v(v)dI(v).

From (b) or from the definition in the Black-Scholes model one needs
that {f(f a;(v)d(D(v,t;)/I(v))} are martingales under P. This is for



DIFFUSION MODELS 177

instance the case if E fot a;(v)%0;(t)2D(v,t;)? dt < oo.
(b) We have by Ito’s formula

v (1) d;/(g) _ V(?(gj; (t)
_ é i ) v(tgg ® _ 6(t)% dt
_ 2: a;(t dD (t,t;) 6(t)V(t) —I(f:)(t)I(t) a
_ z ( dD (1) _ 50 ai(t)II()t()t, ;) dt)

s
o).

This gives that {V*(t)} is a martingale under IP.

(c) Suppose {(a1(t),...,an(t),v(t))} is a self-financing trading strategy
such that V(0) < 0 and V(¢9) > 0. Then also V*(0) < 0 and V*(¢) > 0.
Thus 0 < EV*(tg) = V*(0) < 0 and P(V*(0) = V*(to) = 0) = 1. Thus
also P(V*(0) = V*(to) = 0) = 1. Therefore there is no arbitrage.

13.4.5 (a) The solution is

D(t,to) = exp( /0 t op(v) dW (v) + /0 t(6(v) —op(v)?/2) dv) .

(b) Analogously to Exercise 13.4.1 we find that dX (¢) = 6(¢) X (¢) dt +
ox (t) X (t) dW*(t) for some process {ox(t)}. By It6’s formula we obtain

( X(t) )= dX(t)  X()dD(tt)
D(t to)

B D(ta tO) D(ta t0)2
2X (t)op(t)*D(t,t0)* dt  ox (t)X (t)on(t)D(t,to) dt

2 D(t,to)3 D(t,to)?
= (ox(0) = o (O) 5 o5 (A () = op(0) i)
— (o) = op) 5y s AWl

and {X (t)/D(t,to) is a local martingale under ]Pt0
(c) From the martingale property of {X (t) exp(— fo } it follows
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E (X (to) exp (- * 5 ) | )

t

»

~~

=
[

B, (X (to) exp( - tto 5(v) dv — /t * o) dW (o)

+ %/tto op(v)? dv) ‘ .7-",5)

= E(X(to)D(t,t0)/D(to, to) | Fi) = D(t,t0)E (X (to) | F2)

by (a) and D(to,t9) = 1. Thus X (¢)/D(t,t0) = E,(X(to) | Ft) is a
martingale under Py, .

13.4.7 (a) {X(¢)} is positive and a local martingale. Hence it is a super-
martingale.
(b) We have E X (t) < E X (0) = z. Thus E [} (/X (v))?dv < tz for all

t implying that {f(f VX (v)dW (v)} is a martingale. If z = 0 we have
E X (t) = 0 and therefore P(X (t) = 0) = 1.
(c) We find

E X(t)? =E(;1:+/Ot\/WdW(v))2 =x2+/0tEX(v)dv =z’ tx.

®
—— End of forwarded message from Volker Schmidt —



