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(0,H% = (0,1 x . x(0,1) ¢ 8%
_w— =7 &X ) Wmm

o
L=z .
i i=0

3. Random elements associated with point process

We follow Kallenberg [47 for the definition of random measures op
point processes. Let E be a lecally compact second countability Haus-
dorff topological space (LCS). Let M(E) be the class of measures u such
that u (V) <=, for any bounded V and C(E) be the class of continuous
functions f with compact support. We can make M(E) into a Polish space
with convergence W w iff mmt:ﬂw\ fdu for all f e C(E). The subset
M(E) of integer valued measures in M(E) is Borel.

Let (@,F,P) be a probability space.

Definition 3.1:

A measurable mapping

ut (9, F) > (M(E),BM(E))

is said to be a random neasure on E. If g=mu(E), F= BM(E) and ulw) = o
then u is called the canonical random measure on E. The canonical ran-
dom measure identifies with the probability space (M(E),BM(E) P).

Definition 3.2:

A measurable mapping

kuﬁ@,mu¢hzﬁm7wzﬁm$
is said to be a point process on E. If Q=N(E), F=BN(E) wv(w) =w then

v is called the canonical point process on E. The canonical point pro-

cess identifies with the probability space (N(E),BN(E) P).

Consider a Polish space A and a locally compact secondcountability
group E. There is given on A a family ot automorphisms (o, xek ful-
filling
(a) 9. q% = ale X,y et (group property),

(b) the mapping A xE 5 (o,x) » o,0¢M is measurable.

On M(E) we define a family of automorphisms :xv. x c E by

222
T u(B) = u(B+x], xe¢E , BeBE .
penote for (a,u) € A x M(E)
T (a,u) = (00,10 xecE .

f Let o be a random element on a probability space (@,F,P) assuming valuesg

at A. Let y be a random measure on E defined on the probability space
(2,F,P).

: Definition 3.3:

lhediaiidel b

The pair (a,p) is called the random element associated with random

- measure. The (a,u) is said to be stationary if

or

b G.1) PoT_ =D , xeE ,

1

where P =P o (o,u) ' is the distributien of (o,u).

In the case when y is a point process we adopt the abreviation REAPP
for (a,p)- . ‘

We aim now to define the Palm distribution of P. It is a simply
modification of the definition from [7], where the Palm distribution
was defined not for the random elements associated with random measure
but for the random measure. Erom now on P is stationary that is (3.1)

holds. Define a measure Ar(-)} on (E,BE) by
(3.2) A(B) = Eu(B) , B ¢ BE .

We assume that Ax(.) is non-zero and r(B) <= for bounded B. Then A(-)

is a Haar measure on (E,BE). Let g: E~>R, be such that

Jog(x)a(dx) =1
E

and set for Fe B(A x M(E))

p°(F) = \ %hmv m g(x) 1peT (a,u)u(dx)P(daxdw) .

s : . i s Palm dis-
Clearly P° is a probability measure. We shall call it as the Palm

tribution of P.
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Theorem 3.1 (Mecke [71):
The Palm distribution P® of P is the only probability on A x M(E)

Here «(x,K) denotes the distance from x to K in the Euclidean metric.
It is known (see e.g. [6]) that (K,h) is LCS.

Let u(K) and p(K) denote the center and the radius of the ball
k

such that for all nonnegative B(A x M(E) x E) -measurable functions

z((ayu),x) circumscribing a compact set K< R™. The ball circumscribing a ceompact

set K is a ball of the smallest volume containing K. The following argu-

(3.3) . &hmu m 2((a,p),x)u(dx)P(da x du) = ment shows existence and uniqueness. Define the function r(x) =
x

= min{t: wﬁwwuxnﬁu > K}, which is clearly continuous. Thus there exists
= [ (T (a,w), 00 (dx) PO (da x du)

x_ such that r(x ) =min r(x). If there exists another ball
AxM(E) E °

° k xeK
mﬁmﬂ u%O‘RANOVV U—Au NO%V\O then also

Let (a,v) be a stationary REAPP and suppose that v is a point pro-

cess on xw. In such a case E nxx, »(dx) = radx, where » is the intensity

of v and dx is the Lebesgue measure on xw. Denote

2
wﬁww.ﬁxo|<ou\wvﬂarﬁxov |h_~x0|%o:\m\wuwu > K. However in such a case

mﬂwﬁxou |ﬁ__xo|<o_ﬁ\wvwvw <1(xy) which is impossible.

The mappings u: xAvww and p: K+R_ are continuous and

Ax NORE) = ((a,u) e Ax N(R) 1w (01) = 13 .

. (4.1) u(K+x) = u(X) +x ,
‘ We have the following corollary.
Corollary: (4.2) o (K+x) = p(K), xmmw. KeK.
, If P° is the Palm distribution of a REAPP (a,v), where v is a point

k

process on R~ then Consider a canonical point process y on K, that is a probability

space (N(K),BN(K),P). We assume that y is stationary. It was shown in

PO (4 « N (RE)y (47, Lemma 2.3, that

' Proof. Set in (3.3)

ﬁ&.uv u = w _ﬁWHv 5

1T, p({x}) =21, Xmﬁog._u ’

.| . , ‘
z((a,u),x) =1 . where mw. i=0,1,... 1is a sequence of r.e.’s assuming values at K.
o, otherwise.

Definition 4.1:

The point process u is said to be a process of random sets.

Recall also the following definition.

| Definition 3.4: Using representation (4.3) define random measures

I It is said that a point process v on E is without multiple points
, if 4.4 = .
(4.4 b = T oK) Ty

P({w: v(w)({x}) <1, xeE}) = 1. 4 B
(4.5) LS M _Mw# A*:Am@uw

and the point process
4. Processes of random sets.

. k . Haus~ _ ﬁ#.@u t,» -3 . -
Let K be the space of all compact sets in R~ endowed with the § i tu(K;)
dorff metric given by

}vwwwﬂ< of p(K), |K|, u(K). It is easy to show that Bos Wy v are satio-

h(k,,K;) = max (sup «(x,K;), sup (x,K5)) .
xe Ky xeKy tnary.
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5. Intensity of u.

Consider a stationary ergodic process of random sets p. Let

k
(5.1) A= E uT (0,1
be the intensity of F*. We assume A < «», and c* is without multiple
points.

Definition 5.1.:

The value A we call the intensity of the process of random sets .

The following definition was proposed in [8],{9].

Definition 5.2.:

A system of open, bounded, convex sets aoww~ R>0 is said to be

regular if

(a) 0, <B(R",0,R), R>O,

R

(b) there exists k>0 and R, > 0 such that 1¢Q

0 R 0

In the sequel ﬁoww always denotes a regular system of sets. The
following proposition justifies Definition 5.1. Recall representation

p=I1
i

Ky

Proposition 5.1:

The limit
#{i: K, cQ_}
(5.2) lim :le’JI.'xu y o, a.s. P.
R R
Moreover
#{i: Ki nQp#0)
(5.3) lim ————HF————— = ), a.s. #P.

o T TTTOg]

Proof. First we note that

#{i: K, cQ

=i wv ’

#14.
{i: w(R{) e Qpd
are random variables. It follows from the fact that

C = {BeK: mﬁuowwm BK (see [61),

| >x|B(RY,0,R)|, R>R,..

226
#{i: K (w) €Qp} = u(c) ,

and that the mapping p -+ u(C) is measurable. Also #{i: CAMva oww is a
random variable because u~ is a point process and

(5.4) iz ulK) (w) e Qp) = u'(w)(Qp) -

To prove (5.2) it suffices to show

#{i: u(K.,) ¢ Q 1}
(5.5) lim _oﬂp R_=y, a.s. P
R R

and

#{i: u(k,) €Q_} #{i: K, <Q_}
(5.6) lim (— 5 R _ s Ry=0, a.s. Pp.
Rro R OW

The existence of the limit in (5.5) is the immediate consequence of
(5.4) and the Corollary 1 after Theorem 1 in [7].

To prove (5.6) define a subset of ww

J7(0,r) = {xeQ: EmerS cQ) ,

where Q mmw. Notice that ulﬁo\nwv nu|ﬂo~wwv whenever r,2r,. We have

for each r > 0

(i: u(K;) e Qp} - {i: K; cQp} <

c {i: im%mow-u-aw,imt: =

It
-
-

U(R;) € Qp =7 (Qpsp(K)), 0<p(Ky) <r} v
v {i: w(Ry) € Qp=J (Qpsp(K D), 0(K;) > ¥} <

© (i: u(R;) € Qp=J (Qp,x)}u iz u(K;) eQpro(K;) >r} .

From Lemma 2 in [8] we have

1o, -J (., )l
lim —% R _ 9

TaR1

Eence by the Corollary 1 after Theorem 1 from [8]
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#{i: CCMHV mowlu Aowl.:

e,

228

{x: wAwWLva nQ#gr .

It was shown in the proof of (5.2) that

#{i: u(K;) e Qp =T (Qp,p(K; )01

lim — =0, a.s. P.
Rre TogT
The same corollary from [8] also provides
. #{1i: :@mwvmom\oﬁwmwvvﬁw
lim T
Ros o0 10
= B(F{i: u(R) € (0,0)%,0(K;) >x)), a.s. ©.
Thus for completing the proof of (5.6) we remark that
. ) k
lim E(#{i: canvaoLv \UC.Avan:no , a.s. Ip
R
which follows from that
li: w(K,)e (0,5, 0(K,)>r } <
) =i ! rrh=i 17 7
< #{i: c@mvaQvax\o@mvaku if HHNHM
and

Lim B#{i: u(K,) € (0,1, p(K,) > 1}

r>w

= lim % ({u: p({0}) >r}) = 0
r—+w e
where P° denotes the Palm distribution of the distribution of u. This
completes the proof of (5.2).
Now we prove (5.3). In view of (5.2) we need only to show

#{i: K, nQ, #¢} #{i: K. <Q.}
(5.7) lim ¢ EH_ R - _oJ Ry-0, a.s. P.
R+ R R '.-.
however
ﬁ"m_waowwqwnﬁannowwq ‘g
< i u(K;) e Qp Ky nQp#9)u (it u(k;) dQpsK; nQp 79} ©
c {i: u(K;) € Qp=J (Qpio (K0} o
vt uky) e TTQpe (K ) - 0g)
where

lim =0 , a.s. P.
o TR
In the similar way we can show that
#li: u(K,) e J7(Q,,0(K,)) -0 )
13 e S R’P =i R’ _
im o] =0 , a.s. P.
R R

which completes the proof of (5.3).

Remark:

We related with each wH the point c:A.Hv from m:Nx\c:AHv‘u:Ava.
Sometimes it is more convenient to choose not Exwv but another point
G.ZAHV mmwa.cﬁsz\kowvv. This is just the case in queueing theory whe-

re wu.. are intervals in R' and C_CAHV is the left end-point of xu... We

assume that the function u' is measurable. Then p' =% 1 . is a
- i AC AWHVW
point process and
2'0Qp)
(5.8) lim =X, a.s. P,
Rro  |9R
It follows from the inequalities
. . k
#{1i: mHmoww mm;owv < #{i: B(R limeo@mHZ 3ow*§
and
#(i: BRN,u(K,),0(K,)) nQ, #8) #{i: K, cQ_)
. -1 =1 R i R _
(5.9) lim(— o1 - oo ) =0
Ry R R
a.s. P.

The proof of (5.9) is similar to the proof of (5.7). Note also that p
need not to be stationary unless u'(K) +x=u'(K+x), x ¢ w_f K e K.

6. Formula L =,V.

: ) k
Let u be a canonical process of random sets in R . In other words

i 1s a point process on K and has representation u =1 1

A
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Define L(t): N(K) ~ R, by

k

L(t) = fmt:: B teR,

T
i

i.e. L(t) is the number of sets from AMHW covering the point t. Let

ﬁamw~ mm‘ww be a group of automorphisms on the class of functions
f: ww\va defined by
_ k
ommﬁﬁv = f(t-s) , t,se R .

Lemma 6.1:

{L(t)}, te mw is a random process on (N(K),BN(K),P). Moreover if

P is stationary then {L(t)} is.

Proof. Measurability:

{pu: L(s)(u) =k} = {u: n(K )=k} ,

{s}

where as it was shown in [6]

xﬁmw = {KeK: Kn{s} #0} e BK .

For the stationarity it suffices to point out that

k

o L(s)(u) = WAmVAHﬁcv B t,seR, uelNK) .

Consider a REAPP (yp xm*v~ where i and m*

(4.6). Let P
k

Denote mwﬁwv u%wﬁ> szwwvv~ Ae¢ R . The measure X(-) defined in (3.2) is

xdx, where ) is the intensity cf c*

ww. Then for a non-negative mAzAwwv xwwv - measurable function z(y,x)

and dx is the Lebesgue measure in

we have by (3.3)

(6.1) i s

Z(u,x)v(dx)P,(dy xdv)
Kk K 1
M(RC)xN(R®) R

k

= A H !
k _k

. z2(t_ u,x)dx PJ(dy x dv) .
M{R7)xR" R

Lemma 6.2:

E u,((0,1)%) =&

1=

Hﬁﬁowv »

=0

are defined in (4.5) and
1 be the distribution Am,~mwv and @M its Palm distribution.

Brpr
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where

E Juy(toy =

w({01)PJ(an) .
P1 MRS

Proof. Substitute to (6.1) the function

wlixd) ., xe(o,0)%

z(u,x) = {
o, otherwise ,
Then
w01, xe(O,DF
NAalxc.xv = {
o, otherwise.

Theorem 6 .1:

If 4y is a stationary process of random sets with the finite inten-

sity » then

(6.2) EL(t) = ) E K| ,
=4 o'
154
1
where
_ o]
mao,m_ = Hw w((0PT(dw) .
1 M(R™)
Proof. Denote
a(R) = {i: CAMHV moww ’ b(R) = {i: K
c(R) = {i: m»:owﬂe .
We have

TRy = ey
ica(R) 1R

and from the Corollary 1 after Theorem 1 in [8]

k
lim lam;nmf:?i 1, a.s.
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where J denotes the o-field of invariant sets with respect to ﬁaxw on
(N(K),BN(K).lP). Denote

¥ = E(u,(00,1%))17) .

From Lemma 6.1 we have

Ey

xS tAﬁowvmwAmcv
M(K)

The proof of the theorem is based on the inequality

(6.3) 1 IR, = [ L(s)ds < § K. .

ieb(R) T O iec(R) *

Thus it suffices to show that

L [K., |
. -1
6.4 lim 1¢B(R) = .s.
( ) mww ﬂoHLI ¥, a.s. P,
rIK, |
(6.5) lim mmmwww|||| =y, a.s. P.
R R

To prove (6.4) we find by a similar argument as in the proof of Proposi-
tion 5.1 that for each r > 0

0 < ) K. | - 7} |K. | <
iea(R) 1 ieb(R) *

s ) _ IR |+ ) k1.
{izu(K,;)eQp=J (Qp,1r)} {i:u(R,)eQp 0 (K )>r)

Lemma 2 and the Corollary 1 after Theorem 1 in [8] yields

) K, |

. - 1
Lim {1:u(K;)eQp-J (Qp, 1)}
Roe [Og1
P (0, =1 (Q,,1))
= 1im == R o R =0, a.s. P.
R R

They also provide existence of the 1limit

232
_ ) K, |
Lim ﬁwncﬁwwvmow%ﬁxwvvww ]
R ﬁow_
. wﬁwv_mp_pﬁn,SVAoAmva
= lim £ om| = Wﬂ ; a.s. P.
R>w R
We have ¢ >¢_ , whenever r, <r, and lim E¢_=0 which yields
~r, -I, 1 2 e -r

lim wHuo~ a.s.P. The proof of (6.5) is similar. Thus by (6.3)-(6.5),
r+o
J L(s)ds

HHEJO|TIW ’ a.s. P.
R+ R

On the other hand from the stationarity of {L(s)}, by the ergodic theo-

rem
% L(s)ds
Q
lim .W_..QIT =X, a.s. P
R R
and
EY = EL(0) .
Hence Y=Y¢ , a.s. P and

jzal
<
[

EL(t) = Ey = AE

7. The number of sets overlapping a set K

We finish the paper contributing to the Matheron’s textbook [6],
where a special process of random sets was derived (namely stationary
Poisonian) .

Let p be a stationary canonical process of random sets. Recall
that uw=13: 1 ,

K e K define

where WH" N(K) » K are measurable. For a fixed set

D= {FeK: FPnK # @} .

From [6] it follows that D e BK. We ask for the expected value



Palm distribution. The marginal distribution we denote by mwnbvu
o] k
=€ _(AxN(R")), AeBN(K). Assume that 0< A ummwAAo~pvwvA » and that

1* is without multiple points.

=2 [ | z(r__u,xax P2(dw)= 1 S |KeF|PY, (dF),
NCK) gk -x * K (0

To find Eu(D) we use formula (3.3) setting for y =3z 1 e N(K)
i

(K}
i where wwov is the distribution of random element mnov on Azﬁxv.mzﬁxv.mwv.

1, NH nK#4¢, CANHV =x, ) Thus we arrived at the relation

z(u,x) = { [

o, otherwise. o

onA&mv .
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(7.1) mfwangw%anmﬁov. | Hence by (3.3)
Let IP_ denotes the distribution of the REAPP (u,u”) and B its ] En(D) = | f Nﬁt\wi*ﬁtvﬁmxvmﬁacv =
HoH N
m (7.2) E#(i: K, nK#8) = 1 S [KeF|P
g N (KD

Denote for K,F ¢ K
Note that if K= {0} then (7.2) reduces to (6.2).

Ko™ = {xecR%: Ko (F4x) #9) .

v
From [6] it follows that the mapping K¢ F>F®Ke K is measurable. Note
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SEQUENTIAL uU3TIMATES OF A REGREZSION FUNCTION
BY ORTHOGONLI. SERIES WITH APPLICATIONS IN DISCRIMINATION

Leszek Rutkowski

Technical University of Czgstochowa, Poland

1. Introduction

Let (X,Y) be a pair of random variables. X takes values in e
Borel set A, AC wo, whereas Y takes values in R. Let f be the mar-
ginal Lebesgue density of X. Based on a sample Cf.wgvn....cns. &dv
of independent observations of (X,Y) we wish to estimate the reg-

ression r of Y on X, i.e.
r(x) = wﬁx_xnvm_ .

Let Tww. ¥=0,1,2,... be a complete orthonormal system defined

on A, such that

e, Gl < 6, (1)

for all xe€ A, where *rmwv is a sequence of numbers. Define
h(x) = r(x)f(x).

We assume that functions h and f have the representations

[e,-]

h(x)~ (x), (2)
bd m 2 g (x
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