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1 Lista 1

1.1 Let Q be a probability measure on Y, N a point process on X and
® an independent () marking of N. Prove that for every measurable
f:XxY—[0,00)

Lo(f) = Ln(f7),

where

f7(z) = — log / 1@ Qdy),  reX.

1.2 Let K be a stochastic kernel from X to Y, N a point process on Y and
® a K-marking of N. Let f : XxY — [0, 00) be measurable and define

ff(x) = —log/e_f(“’y) K(z,dy), zeX.

Prove that
Lo(f) = Ln(f7)-

1.3 (M/G/oo queueing system). Assume that customers arrive at a queue-
ing system with infinite many servers at the instants 77,75,... of a
homogenous Poisson process N = Y > 67, of intensity v > 0. As-
sume that the n-th customer requires service Y,,, where the Y,, are i.i.d.
with distribution G and independent of N. Show that the departure

process
o

D= Z 5(Tn+Yn)

n=1
is a Poisson process and compute its intensity measure A. Show that
A is locally finite and that A(dt) = A(t) dt. Compute lim;_, o, A(2).

1.4 Let N be a simple point process on X, identified with its support.
Define
So(B) =P(NNB#0), BeX,

and then inductively, for £ € N

Sk(BO;Bl,...,Bk) =
Sk-1(Bo; By -+, Be1) — Sp1(Bo U Bg; By, ..., By 1), By, ..., By € X.



(i) Show that for £ > 0
(ii) Show that for k£ > 1

Sk(Bo; B, - .., B) :Z(—l)r Z So(BoU By, U...UB,,),

=0 1<y <...<in <k

where the inner sum equal 1 — Sy(By), for r = 0.

1.5 Let N be a simple point process on a finite set X and define

p(F) = P(N=F), FcX
¢(F) = N(NCF),, FcX.

Then

KCF
Show the Mobius inversion formula

p(F) =Y (-1)™"\Ke(K),  FcX.

KCF
1.6 Find a stationary point process, which is not isotropic.

1.7 Let Z be a random closed set and U a random rotation SO, - valued
random variable) independent of Z.
(i) Show that U - Z is stationary random cloised set if Z is stationary.
(il) Assume that U is distributed according to the unique rotation in-
variant probability measure v on SO (that is [ f(vo")v(dv) = [ f(v'v)v(dv) =
[ f)v(dv), v' € SO,). Prove that UZ is isotropic.

1.8 Consider a Boolean model Z in R? with typical grain Z;, = B(0, R),
where R > 0 is a random variable satisfying E R? < co. Let

Co(z) := E[Va(Zo N (Zy — x))]-

(i) Show that

Co(z) = / H (2r° arccos@ — @ 4v? — ||z||?) F(dv),
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where F' is the distribution of R.
(ii) Show that the covariance function C'(z) of Z satisfies

[|z]]
2

Clz)~(2p—1)+ (1 —p)exp !—W/O v? F(dv)

I

as ||z]| — oo.
[Hint. Let B, B, be two ontersecting discs of equal radius r, whose
centers are at distance t. Probe that V5(B; N By) = r? arccos% —

W= |



