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Let pj; = IP;(X,, = j) and PM = (pgy))i,j:()’l,m. Show that
and hence

P™ = pr
foralln=1,2,...

Show that an irreducible DTMC with finite state space is positive re-
current.

Show that the entry g;; in the potential matrix G is the expected
number of visits to state j, given that the chain starts from state 7.

Show that state 7 is transient if and only if

Z 1(X,, =1) < o0, P, —as.

n>1

Show that, for 1-D random walk on Z with transition probability ma-
trix

Piit1 =DsDii-1=1—p
for all ¢ € Z is transient if p # 1/2, null recurrent for p = 1/2. Such
the random walk is said sometimes a Bernoulli random walk.

Show that transition matrix in a Bernoulli radom walk is double stochas-
tic, that is ), pij = >, piy = 1. Furthermore show that v; = 1 and
v; = p"/(1 — p)" are invariant. (Asmussen p. 15). Notice that in the
transient case an invariant measure are also possible, but they are not
unique.

Show that random walk reflected at 0 with transition probability matrix

Piivt1 = D, [ Z 07
Pii-1 = 1—p, 1>0,
poq1 = 1

is irreducible, positive recurrent if and only if 0 < p < 1/2.



0.8 Consider a DTMC with transition probability matrix

Diiv1 = Ppi, ©2>0,
Piji—1 = 1l—p; >0,
po1 = 1

Show that the chain is irreducible and positive recurrent if and only if

0<p <1and
ZPO"'pifl
i>1 qo " Gi—1

where ¢; =1 — p;.
0.9 Consider a transition probability matrix of form

1 —bo bp O 0

L—=by—b1 b by O

Pt = : S :
1-— g:O bj bj bjfl bj72

where b; > 0 and >3 b; = 1. Show that, if A3, jb; < 1, then
the chain is positive ergodic and with the stationary distribution m,, =
(1—46)0%, ¢ = 01,2,... and 0 is the positive solution §(x) = z, where
g(x) = 222 bja? is the generating function of {b;}.

0.10 Consider the random walk (Yn)n€Z+ on 72, where Yy = (0,0), Y, =
>_j—1& and (&) .7, are iid.

0.11 Show an example of an explosive CTMC.

0.12 For a CTMC X (¢) defined by (Q, i) let

Z:Zi

>0 4y,

Show that Z = oo-IP,, if and only if the chain is regular.



0.13 Competing risks. Let E;; ~ Exp(g;;) for j # ¢ and

E; = mink;
JFi
I, = argmlnEU Z]l i = E;)

J#i
Show that

IPZ(EZ € dt, [Z = ]) = qijeiqit dt, t Z 0.

0.14 Show that the following all four cases are possible: X (t) is recurrent
(positive recurrent) and Y, is recurrent (positive recurrent).

0.15 Show that a B&D process on a, is irreducible iff A\g, A1,... > 0 and
Hi, p2, ... > 0.

0.16 (i) Consider a queueing B&D process with A\, = X and p, = npu.
(ii) Show that the process is ergodic for any p = A/pu > 0 with the
stationary distribution

'

p
Tn = — exp(—p).
n!

(This is so called the M /M /oo service system).
Show that for the B&D process with

A
/\n = ) n —
A= =L
the stationary distribution is
Tn = — exp(—p),

where p = \/pu > 0.

0.17 Consider a CTMC {X(¢), 0 < ¢t < T} with transition probability
function (p;;(t)) and let X = X(T'—1t), 0 < ¢t < T. Show that
X (t)o<t<r is a nonhomogeneous CTMC with t.p.f.

pi (s,t) = Pr(X7(t) = j|X(s) = i)

Pr(X(T'—t) =)
PrX (T —s) =l =)
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If (X(t)) is stationary, then all processes (X4(t));cr have the same
distribution.

Show the procedure in the spirit of the definition of minimal CTMC
how to generete a doubly ended stationary CTMC (X (t))ser.

Let Q = (gij)ijer be an intensity matrix of a reversible process and
7 its stationary distribution. Let Ml C IE and define a new intensity
matrix Q = (Gij)ijea by @i = qij for i # j. Show that if Q is irre-
ducible, then it defines a reversible intensity matrix, which admits the
stationary distribution 7

Uy

ZjeA Ty ‘

T, =

Let a; >0 (i =1,...,m). Demonstrate that Q defined by

G = { Q UF ]
* _Zy;ﬁjoﬁj =17

is reversible and find the stationary distribution 7. Show an example
that although the original intensity matrix @ is irreducible, the new Q
is not.

Using Burke theorem argue that for m B&D queues in tandem (X, (%), (k =
1,...,m) the stationary distribution of Q@ = (Q1,...,Qm) (Q;(t) is
the number in the system at time t¢), has the product form solution

™ = [, m(llz), where %) is the stationary solution for singe B&D

queue (A, (fn)n>1)-
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Let «(t) be a locally integrable function. We say that II is a Poisson
process on (0,00) if II(0,¢] is a process with independent increments
and

IP(H(a, b] = k) = Meffa(u)du'

Show that «(t) is F'-intensity function.

Let X (t) be a B&D process (A, ) such that ]EVX(O) < oo, where
v is an initial distribution and define M, (t) = — fg’ Ax(s) ds and

My(t fo ) > 0)f1x(5) ds. Show that 1f

Z)\n/o Py (X(s) =n)ds < o0

then M; and M, are ff(fmartingales. Show that the above condition
is automatically fulflled for B&D queues.

Let N be a p.p., which admits F~-stochastic intensity A(t). Show that
if X is left continuous and with right hand limits, adapted ¥, and

then fo s) dM(t) is a martingale. Show that the result does not hold
for some cadlag process X.

Show that in Gordon-Newel networks, the intensity of the flow of jobs
transferred from ¢ to j is

A(t) = H(Qi(t) = i) pipij -
Conclude that the throughput is

t

1
dij =lm — [ A(s)ds—as. .

t—oo t 0

Let (7;);>1 be a renewal (point) process on (0,00), that is such that
(Ti41 — Ti)i>o is a sequence of i.i.d. random variables with a common
distribution function F'(t); 79 = 0. Suppose that F' has the density



function f(t) and let r(t) = f(t)/(1—F(t)) be the corresponding hazard
rate function. Let N be the corresponding point process. Show that
the FN-stochastic intensity function is

)\(t) = ZT(t—Tj)l(Tj <t< Tj+1) .

Jj=20
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Let (IL,,(t))m>0 be a family independent Poisson processes with inten-
sity pn, where pp = A independent of X (0).
(i) Show that

X(t) = X(0) + y(At) — /Ot S (X (= 0) = n) I, (di)

is a regular queueing B&D process. Find its intensity matrix.
(ii) Show that there is a unique solution of the SDE above.

For the M/M/1/N find the stationary distribution for the embedded
DTMC (Y,,).

Let @ be the number of jobs process in M/M/1 system.

M(t) = Q(t) —x — M+ “/o 1(Q(s) > 0)ds

is a martingale.

Suppose that (I1y(%)):>o and (111 (¢))s>0 are independent Poisson process
with intensities A and p respectively. Show that if () is the number of
jobs in the system process in the M/M/1 queue with Q(0) = ¢, then

Q(t) =a max(i+ Z(t), L(t)),

where Z(t) = Ily(t) — II;(¢) and L(t) = supy<,<; Z(s) (Example 7.4 in
Asmussen (2003), p. 98).

Prove that the number of jobs in the system ()(¢) process in M/M/c
queue is positive recurrent if and only if p < 1.

Show that for the M /M /c queue the stationary mean number of jobs
in the system

S A . =
IEWQ:E{Z(n—l)!JFE {(1—p)2+1—p]}7

n=1

the stationary probability that the system is empty

1
o = —,
g
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and the stationary probability that all servers are busy

1p° ¢

et Mepr 00 = —— .
oclc—p

Show that the queue size process in the M/M/c queue is Q,(t) =

(Q(t)—c)+ and find its stationary distribution (that is 7 = lim,_., Pr(Q,(t) =

In M/M/K/K loss system show that the stationary overflow rate (K, \, u) =
A — A% where \* is the steady-state rate of accepted calls fulfills

BIK, A, 1) = AB(K, p).

Let ()1, Q5 are independent random variables representing the number
of customers in the loss system with parameters Ky, K5, A;, Ao and pq,
1o and ) with parameters Ky + Ko, A\; + Ao and p; + po respectively.
Show that

Ql + QQ <r Qa

where <, denotes the monotone likelihood-ratio ordering. Conclude
that

B(Ky + Koy A+ g, i1 + p2) < B(K1, A1, pa) + B(K2, Mg, pia).

Suppose there are K terminals and N users where K < N. We as-
sume that each user request a terminal with intensity A and the time
utilized by a user is exponentially distributed with parameter p. Let
p = A/p. Asusual we suppose that all variables are independent. Show
that under a work conserving dysciple, the number of used terminals
(Q(t), t > 0) is a B&D queueing process with state space {0,... K}
and intensities
A= (N—=n)\  p, =nu.

Hence

and

4 () 0.1)

where p; = A/ ;.
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Show that a vector process X (t) = (Xy(t),..., X;n(t)) of independent
reversible processes (X;(t)) is reversible.

[Bramson] Two single server queueing systems are supposed to share a
common buffer of size N — 2. Jobs for the ¢ = 1,2 system are arriving
at the server according to a Poisson processes II; with intensity A; and
their service requirements (Sr(f))n are i.i.d. exponentially distributed
Exp(p;). We assume that I1;, (Sr(f))n (1 = 1,2) are independent. If the
buffer is full the arriving jobs are lost. Using the result of Exercise 0.21
and 0.10 show that the stationary distribution of Q = (Q1,Q2); Q; is
the number of jobs

n 7
T = TooPy Pa°) ny+nyg <N .

where p; = \;/p; and

To,0 = ( Z prey)

0<n1+n2<N

[Robert, p. 88] Consider the following loss system. The network has 3
nodes, which are vertices of graph {(1,2), (1,3)}. Jobs of type ¢ arrives
according to a Poisson process with rate A; and bring their service
requirements Sr(f) (1t = 1,2). Arrivals and service requirements are
independent. Jobs of type 1 arrive at node 1 and occupe a link along
route (1,2). Similarly jobs of type 2 arrive at node 3 and occupe a link
along route (3,1),(1,2). At route (1,2) there are N; links available
and at route (3,1) there are N links available. Let IE = {n € Z2 :
ny + ny < Nyp,ny < No}. Show that

P1 P2
T, = Too ] ) € Ea
1- N2
where S
1 2
P1 P2 -1
oo = ( ol ol
neg %

Notice that

™, = ]P(le = nl,HPQ = TLQ|HP1 + 172 S Nl,HPQ S NQ) .
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[Kelly, p. 29] Suppose that the stream of jobs arriving at a two-server
queue is Poisson with rate A and each job brings its service requirement
(Sp), where (S,,) are i.i.d. exponentially distributed with paramenter
1. Server 1 works with rate p; and server 2 with rate ps. Arrivals
and service requirements are independent. If a job arrives to find both
the servers free it is allocated to the server who has benn free for the
longest time. Show that the queue is not reversible. Find the stationary
distribution.

Show that the number of jobs at nodes process Q(t) in a system of m
queues in tandem is not reversible.

Show that the number of jobs process @ in m queues in tandem is the
solution of SDE

Q(t) =k + Z(t) + L(t),
where Z(t) = (mo(t) — mi(t), m(t) — ma(t), ..., Tm-1(t) — mn(t)) and

L(t) = ( / 1(Qi(5=) = 0) dmi(s))imt.m -

The process L(t) = 0 until time 7, where 7 = inf{t : min;_; _,,, k; +
Z;i(t) = 0. Note that 7 is the (first) collision time for the process
€(t) = (]{31 + ... +I€m+7T0(t),k2 + ... +I€m+7T1(t),...,7Tm(t)).

Show that the stationary process Q(t) in queues in tandem is not re-
versible.

[Asmussen] Show that the time-reversed process Q(t) of Q(t) in Gordon-
Newel network is again a Gordon-Newel network with routing matrix
P = (ﬁij)a where )\lﬁl] = )\jpji'

[Robert] Consider the Gordon-Newel network with a pure ring struc-
ture, i.e. pj;41 = 1lfore=1,...,m —1 and p,; = 1. Compute the
stationary distribution.

[Robert] Consider the following modification of the Jackson network,
wherein server at node i has a speed ¢;(n;) when there are n; customers
present in node i. We suppose that ¢;(k) > 0 for all £ > 1 and
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¢;(0) = 0. The new intensity matrix is obtained from the standard one
by replacing u; by p;¢i(n;). Show that if for alli =1,...,m

Aiz“i(nkﬁf}( M) <

where p; = \;/p;, then the netowrk is ergodic with stationary distribu-

tion
m
™, = H Wi(ni),
i=1

where
Pz
mi(n;) =

AHkll()

Show that in Gordon-Newel networks, the intensity of the flow of jobs
transferred from ¢ to j is

At) = 1(Q:(t) = 1) pipij -
Conclude that the throughput is

1
dij = tlirglo ;)\(s) ds — a.s. .

Let (Q(t))i>0 be the stationary number of jobs in the system. and let
NY(t) be the number of jobs arriving in (0, ¢) which have to wait;

N (1) :/0 1(Q(s — 0) > ¢) dIT(s) .

Then (NY(t)):>o is the process with stationary increments. Show that
NY is a process with stationary increments.

Prove that under the Halfin-Whitt regime

¢(9)
()P

and find the corresponding asymptotic for C(c, p). Hint. Let II? be
distributed as Poisson with mean p. For the asymptotics of P(II? =
c) = IP(II” = p+ 3,/p) use Stirling formula and for I1I” < ¢) = P(II” <
p + B+/p) use the central limit theorem.

B(c, p) ~



